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PREFACE  TO  THE  SIXTH  EDITION 

IN  the  interval  since  the  publication  of  the  fifth  edition  of  the 
present  book  but  few  striking  changes  in  the  design  or  manufacture 
of  dynamos  and  alternators  have  been  made  The  more  economical 
use  of  materials  and  higher  speeds  may  perhaps  have  doubled 
the  power  obtained  from  a  machine  of  given  weight  or  occupying 
a  given  floor  space,  but  every  advance  has  been  won  by  close 
attention  to  minor  improvements  in  details,  unless  the  wider 
adoption  of  artificial  ventilation  in  modern  high-speed  machines 
be  claimed  as  a  new  departure  in  principle  For  central-station 
work  the  artificially-ventilated  turbo-alternator  has  continued  to 
oust  its  engine-dnven  rival,  and  the  sizes  in  which  it  is  successfully 
manufactured  have  very  greatly  increased  to  meet  the  growing 
demands  for  power  The  progress  of  electric  generating  machinery 
has  indeed  been  mainly  towards  units  of  larger  and  larger  capacity. 
In  1910  Prof.  Miles  Walker  summarized  the  then  position  m  the 
following  words — 

"  If  we  look  at  the  growth  in  the  kilowatt  capacity  of  machines 
during  the  last  thirty  years,  we  are  driven  toxthe  conclusion  that 
the  kilowatt  capacity  of  large  units  in  the  immediate  future  will 
be  as  great  as  15,000  or  20,000  kW.  In  the  year  1880  a  10-kW 
machine  was  considered  large :  in  1885  a  100-kW ;  in  1890  a 
300-kW,  m  1895  a  500-kW;  in  1900  a  1,000-kW;  in  1905  a 
5,OOOjkW;  in  1910  we  have  10,000-kW  steam  turbine-driven 
generators  and  17,000-kVA  water  turbine-driven  generators."1 
In  spite  of  the  interposition  of  the  great  war,  the  progress  has 
been  maintained,  and  now  in  1921  we  have  40,000  kVA  single-unit 
steam  turbine-driven  alternators  a  and  32,500  kVA  water  turbine- 
driven  alternators.  It  would,  however,  appear  that  a  halt  may 
shortly  be  anticipated,  even  if  it  be  only  temporarily. 

But  as  pointed  out  by  Dr.  Hans  Behn-Eschenburg 3  so  long 
ago  as  191 1 ,  the  real "  modem  "  development  in  electrical  generators 

»  Journ,  I.E.E.,  Vol.  45,  p.  319. 

1  And  m  rare  cases  even  higher  up  to  50,000  kVA  (Connors  Creek  station 
of  the  Detroit  Edison  Co.)  and  60,000  kVA  (Rheiniscli  Westfahsche  Kraftwerke, 
Cologne). 

»  "  Charaktensche  und  mecharusche  Jugenachaften  moderner  Generatoreu 
mabesontlere  solcher  hOherer  Tourenzahl,"  Turin  International  Congress, 
Sept.,  1911. 
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is  not  so  much  the  output  and  size  of  machines  as  the  disappeai  .m«  o 
of  the  limitations  which  were  formerly  regarded  as  restricting  the 
power  that  could  be  developed  $er  pole,  and  this  has  been  entirely 
due  to  the  demands  of  the  steam-  and  the  water-turbine  Two-pole 
alternators  for  12,500  kW  or  more  at  3,000  revolutions  per  mm. 
and  a  frequency  of  50  are  now  in  use,  and  machines  of  16,000  kW 
(20,000  kVA  at  0  8  power-factor)  at  the  same  speed  are  proposed 
in  1921 .  On  the  other  hand,  low-speed  alternators  and  continuous- 
current  generators  have  again  to  a  limited  extent  been  called  foi 
in  connection  with  Diesel  and  semi-Diesel  oil-engines 

In  spite  of  continuous  and  costly  experimenting  the  dinxlly- 
coupled  continuous-current  turbo-dynamo  has  succumbed  to  the 
medium-speed  generator  driven  by  the  steam  tuibmc  lluou^li 
mechanical  reduction  gearing,  or  to  the  competition  from  the 
rotary  converter  fed  from  an  alternating-current  transmission 
system.  The  output  of  the  continuous-current  machine  remains, 
therefore,  far  below  that  of  the  turbo-alternator,  and  seldom 
exceeds  from  2,000  to  3,000  kW.  Neither  the  honiopolai 
dynamo  nor  the  asynchronous  induction  generator  con  bo  MU! 
to  have  found  more  than  a  limited  use  in  special  cases  up  to  Hit' 
present. 

In  conclusion,  it  may  safely  be  predicted  that  m  the  fuliuo  as 
in  the  past,  the  course  of  electrical  design  and  the  type  of  machine 
will,  in  the  main,  be  determined  by  the  economical  and  technical 
considerations  which  govern  the  power  of  the  most  favoured  prime 
movers,  unless  some  new  form  of  using  and  distributing  electrical 
energy,  as  e  g.  at  telephonic  or  even  higher  frequencies,  assumes 
commercial  importance. 

Turning  to  the  present  revision,  greater  space  has  been  devoted 
to  the  treatment  of  the  E  M.F.  of  the  dynamo  by  vectorial  methods, 
the  flux-curve  of  the  field  being  assumed  to  be  resolved  into  its 
fundamental  and  harmonics.  The  theory  of  armature  winding 
has  also  been  re-considered  and  expanded— in  both  the  above  cases 
the  new  treatment  being  largely  influenced  by  the  papers  of  Dr. 
S  P.  Smith,  published  in  the  Journal  of  the  Institution  of  Electrical 
Engineers.  In  the  last  edition,  the  drum  armature  having 
almost  entirely  superseded  the  ring  armature,  but  little  reference 
was  made  to  the  latter ;  in  the  present  edition  the  drum  armature 
in  its  toothed  form  is  given  stall  greater  predominance  to  the 
practical  exclusion  of  the  older  smooth-core  armature.  Yet  not 
to  the  extent  that  could  have  been  wished.  It  must  be  confessed 
tnat  a  theory  of  the  E.M.F.  of  the  toothed  drum  which  will  be 
complete  and  take  into  account  ripples  in  the  E.M.F.  wave  and  all 
minor  phenomena  with  rigid  accuracy  has  not  yet  been  presented 
or,  so  far  as  the  writer  is  aware,  worked  out  in  a  simple  form  In 
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consequence  the  student  has  still  to  approach  the  fundamentals 
of  design  through  a  theory  of  an  ideal  machine  which  presupposes 
a  steady  and  unvarying  field,  so  that  many  of  the  statements 
deduced  from  it  are  only  strictly  true  of  a  smooth-core  armature. 
The  writer  has,  therefore,  confined  himself  to  an  endeavour,  in 
Chapter  V  at  least,  to  indicate  the  difficulties  of  the  problem  by  a 
fuller  discussion  of  the  actual  physical  causes  of  an  induced  E  M.F 
Even  if  the  views  there  put  forward  prove  to  be  mistaken,  it  is 
hoped  that  they  will  re-direct  the  attention  of  engineering  readers 
to  a  fundamental  and  most  interesting  portion  of  the  subject  and 
suggest  new  lines  of  thought  more  in  consonance  with  the  theories 
underlying  the  modem  study  of  electrons  and  of  the  electric  waves 
with  which  radio-telegraphy  deals. 

As  the  starting-point  for  the  elementary  theory  of  the  electric 
machine,  whether  as  dynamo  or  motor,  is  now  placed  the  mechanical- 
force  equation  ;  the  "  watts  per  rev  per  mm  "  being  the  decisive 
guide  to  the  size,  cost  and  value  of  the  rotating  machine,  it  is  believed 
that  the  torque — resisting  or  driving — should  be  treated  as  the 
primary  and  most  fundamental  property,  and  that  the  equation 
Expressing  it  should  on  this  account  take  precedence  of  the  E  M.F. 
equation,  which  can  be  derived  from  it  by  means  of  the  principle 
of  the  conservation  of  energy.  The  logical  deduction  of  the  usual 
equation  for  ttfe  E.M.F.  of  the  continuous-current  hetciopolar 
dynamo  has  also  been  given  more  attention. 

Other  new  matters  that  have  been  added  in  the  present  volume 
ire  a  section  on  the  oscillation  of  a  mechanical  system  as  affording 
in  analogy  to  the  electrical  effects  of  capacity  and  as  bearing  on 
Lhe  critical  whirling  speed  of  shafts  and  the  running  of  alternators 
n  parallel — a  discussion  of  the  compressive  stress  on  the  mica 
Dlates  in  high-speed  commutators — an  analysis  of  the  unbalanced 
magnetic  pull  when  a  rotor  is  displaced  eccentrically  to  the  bore 
)f  the  stator — commutating  poles  and  their  leakage  flux — and  the 
winding  of  shunt  coils  with  two  sizes  of  wire. 

The  symbols  have  been  altered  throughout  to  agree  with  those 
•ecommended  by  the  International  Electrotechmcal  Commission 
md  with  the  list  published  and  adopted  in  Papers  on  the  Design 
>/  Alternate  Current  Machinery  by  Messrs.  Smith,  Neville,  and  the 
present  writer.  It  is  hoped  that  by  this  change  readers  will  be 
•nabled  to  pass  readily  and  without  hindrance  from  the  one  book 
o  the  other. 

Mr.  F.  Wallis  having  been  unable,  owing  to  other  calls  on  his 
ime,  to  take  part  in  preparing  either  this  or  the  last  edition,  the 
tame  of  the  present  writer  alone  appears  on  the  title-page.  In 
o  extensive  a  revision,  undertaken  single-handed  in  the  intervals 
if  other  work,  many  slips  have  doubtless  passed  undetected, 
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and  mistakes  must  have  crept  in  ,  for  all  such  the  reader's  indulgence 
must  again  be  asked. 

My  thanks  are  due  to  the  several  firms  and  companies  who  have 
been  good  enough  to  furnish  photographs  for  reproduction  or  other 
information  as  acknowledged  in  the  text,  to  Mr.  S.  Neville  for 
valuable  criticisms  and  suggestions,  and  lastly  in  especial  to  Dr. 
S.  P.  Smith  for  kindly  undertaking  the  onerous  work  of  reading 
the  greater  part  of  the  proofs. 

C.  C.  H. 

LONDON, 
November,  1921. 
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LIST  OF  CHIEF  SYMBOLS  EMPLOYED 
IN  VOLUME  I 

A  .   —  amperes  or  area. 

AT  .   —  ampere-turns 

AT,t        .         —  half  of  demagnetising  or  back  ainpere-turns  of 

continuous-current  armature  (Chap  xvi,  §  4). 
A'fc       .     .   =  ampere-turns  of  excitation   over  half  length  of 

path  in  armature  core. 
ATf  .   =  ampere-turns  of  excitation  on  a  half  magnetic 

circuit  or  per  pole  (Chap  xvi,  §  2) 

ATa       .     .  =  ampere-turns  of  excitation  over  single  air-gap 
ATm      .        =  ampere-turns  of  excitation  over  one  field-magnet 

core 
AT i  .     .     .  =  ampere-turns  of  excitation  over  length  of  one 

tooth 
ATV       .     .  =  ampere-turns  of  excitation  over  half  length  of 

path  in  yoke. 
ATP       .     .  —  half  of  ampere-turns  of  excitation  acting  between 

pole-pieces  (Chap,  xvi,  §  5). 

ATfc      .     .  =  magnetic  potential  of  commutating  pole-face 
ATm      .        =  ampere-turns  of  series  winding  per  pole. 
AT,  .     .     .  =  ampere-turns  of  shunt  winding  per  pole. 
a      .     ,     ,  ~  number  of  pairs  of  armature  paths  =  g/2  (Chap 

x,  §7) 

e=  pi  ejection  at  one  end  of  armature  beyond  pole-face 
=  sectional  area. 
ae     .     .     .  —  twice  sectional  area  of  armature  core  below  slots 

in  square  centimetres. 

ag     .     .     .  =  sectional  area  of  air-gap  in  square  centimetres. 
am    .     .     .  =  sectional  area  of  magnet-core  in  square  centimetres. 
a v     .     .     .  =  twice  sectional  area  of  yoke-ring  in  sq.  cm. 
a"     ...  s=  projection  of  straight  armature  bar  from  slot  at 

one  end  (eq.  83  and  84). 
ac     .     .     .  ==  ampere-conductors  per  unit -length  of  armatuie 

circumference. 

#£...=  specific  ampere-turns  per  cm.  length  of  path. 
#tol  atm,  att,  atv=*  specific  ampere-turns  per  cm.  length  of  path  in 

armature  core,  magnet  core,  tooth  and  yoke 

respectively. 
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B     .     .     .   —  magnetic  induction  or  flux-density  in  C  G  S  lines 

per  sq.  cm. 

B0    .     .     .  =  flux-density  in  armature  coie  below  teeth. 
Bg    .     .     .  =  flux-density  in  air-gap. 
Bem  .     .        =  flux-density  at  point  x  in  air-gap 
Bgmuc     •     •   ==  maximum  instantaneous  flux-density  in  air-gap 

at  a  point  (Chap,  xvi,  §  7). 
BO  max    •     '  =  maximum  flux-density  in  air-gap,  averaged  over 

a  tooth-cycle  or  tooth-pitch  (Chap,  xvi,  §  7) 
Bgw      •     •  =  average  flux-density  in  air-gap. 
Bgl,  BgS,  Bgo,  —  fundamental    and    harmonics    of     flux-density 

etc.  curve. 

B,    .         .  =  flux-density  in  slot. 
Bt    .          .  =  flux-density  in  teeth 

Bt'    .     .     .  =  unconnected  flux-density  in  teeth  (Chap  xvi,  §  8). 
Btl        .        —  flux-density  in  teeth  at  top. 
Bti  .          .  =  flux-density  in  teeth  at  bottom 
Bv    .     .     .  =*=  flux-density  in  yoke. 
Bm  .  =  flux-density  in  field  magnet. 

=  bending  moment. 

BA    .     .     .  =  equivalent  bending  moment. 
b      .     .        =  damping  force  per  unit  velocity  (Chap,  vi,  §  23). 
ba     .     .     .  =  breadth  of  arm  of  huh. 
/?      .     .     .  =  ratio  of  pole-arc  to  pole-pitch. 

.  =  capacity  in  farads. 
=  no.  of  coils  or  of  sectors  in  continuous-current 

machine. 

.   =  ditto  in  parent  machine  (Chap.  xii). 
.   =  half  interpolar  gap  measured  on  the  armature 

circumference  (Fig.  252). 
=  no.  of  coils  or  sectors  per  slot. 
=  ratio  of  excitation  of  air-gap  to  excitation  over 

half  magnetic  circuit,  =  ATgjATf. 
=  conLrollmg  force  per  unit  displacement  (Chap  vi, 
§23). 

D     .     .     .  =  diameter  of  armature. 

d      .     .     .  =  distance    between    adjacent    end-connectors    in 

barrel  winding  (eq.  83  and  84). 
d'     .     .     .  =  diameter  of  journal  in  inches. 
dj_     .     .    .  =  diameter  of  insulated  wire. 
d      .     .     .  =  deflection  of  shaft  or  displacement  of  armature 

core  from  centre. 

=  total  thickness  of  insulation  on  wire, 
&t   .     .     .  =  difference  of  temperature, 
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E  .     .   =  modulus  of  elasticity. 

E0     .     .     .  =  modulus  of  elasticity  of  copper. 
Em  .   —  modulus  of  elasticity  of  mica. 

e,  £",  E  .        =  instantaneous,  virtual  and  maximum  instantane- 
ous value  of  alternating  E.M.F.  in  volts 

ea>  Ea     .     .   =  instantaneous  and  virtual  value  of  E  M.F.  gen- 
erated per  phase  in  alternator  armature. 
et,  Et,  E,      .  —  instantaneous,  virtual,   and  maximum  value   of 

impressed  alternating  E.M.F. 
e r,  Er,  E,     .   =  instantaneous,  virtual,   and  maximum  value   of 

resultant  or  active  alternating  E.M.F. 
ea,  Eai  E,     .   =  instantaneous,  virtual,   and  maximum  value   of 

E  M  F.  of  self-induction. 
es',  Ea',  Ea'  .   =  instantaneous,  virtual,  and  maximum   value   of 

E  M.F.  consumed  by  self-induction. 
e  .  =  base  of  natural  logarithms. 

=  angular  difference  between  coil-pitch  and  pole- 
pitch  (Chap,  ix,  §  12) 

Y\      .     .     .  —  hysteretic  coefficient  (Chap  xiv,  §  8). 
=  efficiency. 
=  angle  of  lag  of  displacement  behind  applied  force 

(Chap  vi,  §  23) 

=  compression  or  expansion  of  commutator  copper 
and  rings  (Chap,  xui,  §§  26,  27) 

F      .     .     .  —  mechanical  force. 

Fc     .          .   =  total  centrifugal  force  summed  up  round  periphery 

of  cylinder  (Chap,  xm,  §  5). 

Fac         .     .  =  centrifugal  force  of  whole  commutator. 
/  .  .  —  frequency  in  complete  periods  per  second  (Chap. 

viii,  §  5,  and  Chap,  ix,  §  6). 
=  H.C.F.  of  S  and  p,  i.e.  no.  of  repetitions. 
/„      .     .     .  =  centrifugal  force  per  unit  arc  of  cylinder. 
fao     •     •        —  centrifugal  force  per  sector  of  commutator. 
/,      .     .     .   =  safe  permissible  shearing  stress. 
ft  .  =  safe  permissible  tensile  stress. 

g      .     .     .  s=  acceleration  due  to  gravity. 

yt     .     .     .  =  clectncal  angle  of  displacement  between  two  coils. 

#     .     .     ,  =  magnetic  difference  of  potential  m  C.G.S.  units, 

or  magnetizing  intensity. 

Hw    .     .     .  =  loss  by  hysteresis  in  watts  (eq.  97). 
h      .     .     .  =  specific  loss  by  hysteresis  in  joules  per  cycle  per 

c  cm.  (eq.  96). 
5=s  height  of  copper  commutator  faector. 


xvhi  THE  DYNAMO 

h  .     .   =  H.C  F  between  ya  and  C,  i.e.  the  no.  of  independent 

windings  (Chap.  XL,  §  9). 

ha          .     .  =  thickness  of  arm  of  armature  hub  (eq.  69) 
h0          .     .  =  radial  depth  of  armature  core  below  slots. 
ha  .  =  depth  of  slot  in  toothed  armature 

hw  .  =  winding  depth  between  wedge  and  bottom    of 

slot. 
ha     .          .   =  depth  of  wooden  wedge  in  slot. 

I      .     .     .  =  moment  of  inertia. 

»,/,!.        =  instantaneous,  virtual,  and  maximum  values  of 

alternating  current  in  amperes. 

7a     .     .        =  total  current  of  continuous-current  armature. 
1B  —  current   in   external   circuit    (RM.S.    value   for 

alternator) 
If      .     .     .  —  shunt  current  of  continuous-current  machine. 

/  .  =  virtual    amperes    in    any    one    conductor    on 

armature. 
=  intensity  of  magnetization 

K          .     .  —  voltage  factor  in  E.M  F.  equation  (38i)  of  altei- 

nator  (Chap  ix,  §  15),  =  kt .  kd. 
=  extension   coefficient   for  air-gap   length   (Chap 

xvi,  §  7) 

Ks         .     .  =  ratio  of  iron  +  air  to  net  iron  (eq.  117) 
K!    .     .     .  =  coefficient  for  interpolar  fringe  (Chap  xvi,  §  6«) 
Kz    .     .     .  =  coefficient  for  pole-flank  fringe  (Chap  xvi,  §  6/j) 
K3    .     .     .  —  coefficient  for  air-ducts  (Chap,  xvi,  §  6c). 
kW  .     .     .  ==  kilowatts. 
kVA      .        =  kilovolt-amperes. 

t° .  S 
k      .     .     .  =  heating  coefficient      '    *  (Chap,  xvi,  §  16),  =  1/f. 

=  ratio  of  average  to  maximum  flux-density  in  air- 
gap  =  2/7T  for  sinusoidally  distributed  field 
=  ratio  of  applied  to  natural  undamped  frequency 

(Chap,  vi,  §  23). 

kf     .     .     .  =  form  factor,  i.e.  ratio  of  R.M.S.  to  average  value 
of  a  varying  quantity  =  77/2-^2  for  sinusoidally 
varying  quantity. 
kd     .     .     .  —  differential  factor. 

kao    .     .     ,  =  differential  factor  of  continuous-current  armature, 
kda    .     ,     .  =  differential  factor  with  sinusoidally  distributed 

field  (Chap,  ix,  §  11). 

A',11  &*»a.  #'«  =  pitch  differential  factor  of  coil  for  fundamental 
etc.  and  harmonics  of  flux-curve  (eq.  33). 
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L  .   =  gross  length  of  armature  core 

=  axial  length  of  magnet  bobbin 

J£  .  =  inductance  in  henrys. 

Lf  =  width  of  pole-face  along  axis  of  armature  core. 

Z,  .  =  net  axial  length  of  iron  in  armature  core 

10  .  =  length  of  turn  on  outside  of  magnet-coil 

lc  =  length  of  magnetic  path  in  armature  core  in  cm 

lg  .        =  length  of  magnetic  path  through  single  air-gap 

It  =  length  of  magnetic  path  through  one  armature 

tooth 

lm          .        =  length  of  magnetic  path  through  one  magnet-core 

lv  .        =  length  of  magnetic  path  in  yoke. 

lx  .  =  mean  length  of  exciting  turn 

lmx         .     .  =  mean  length  of  series  exciting  turn. 

llx          .        =  mean  length  of  shunt  exciting  turn 

/'.  .  =  length  of  journal  in  inches 

=  length  of  end-connector  at   one   end   of   drum 
coil  (eq  84). 

/„  .   =  axial  projection  of  winding  at  one  end  of  barrel- 

wound  drum  (eq  83) 

A  .  =  angle  of  lead  of  brushes 

%0  =  ratio  of  pitch  of  coil  to  pole-pitch  (Chap,  ix,  §  12). 

M     .  =  mass 

m     .     ,     .   =  "  creep  "  per  coil  traversed  in  terms  of  sectors, 

=  ajp  (Chap,  xi,  §  11). 
—  half-pitch    of    armature   winding    measured    on 

circumference  (Chap  xui,  §  22) 
H      .     .     .  •=  permeability 

=  coefficient  of  friction 

=  elect  ncal   angle   of   displacement   between   coils 
in  continuous-cm  rent  winding  (Chap  x,  §  8). 

N  --  number  of  i evolutions  pci  minute. 

N0    .     .     .  ~  total  number  of  field-magnet  coils. 

N0    .     .     .  --  crucial  speed  of  self-excitation  (Chap  xvu,  §  11) 

Nvh  ...--  numbci  of  phases. 

N,    .     .     .   =  number  of  linkages   of  self-induced  lines  with 

circuit 

n      .     .     .  ~  number  of  revolutions  per  second. 
wa     .     .     .  =  number  of  arms  in  armature  hub. 

=  number  of  conductors  abreast  in  one  layer  in 

slot. 

nd     .     .     .  —  number  of  air-ducts  in  armature  core. 
«t     .     .     .  =  number  of  layers  of  conductors  in  a  slot. 
v       .     .     .  =  leakage  coefficient  =  Om/0a. 
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P      .     .     .   =  number  of  poles. 

=  load  on  bearing  in  pounds 
Pm   .     .     .  =  total  uniform  magnetic  pull  summed  up  all  round 

armature  (eq   980). 
Pn/  .  =  resultant  magnetic  pull  on  one-half  of  armature 

when  its  value  is  non-uniform  (Chap  xiu,  §  5) 
Pm"  .     .     .  =  magnetic  pull  all  round  armature  if  supposed  to 

be  uniformly  at  its  maximum  value. 

P,     .     .     .  =  pull  due  to  transmitted  torque  (Chap,  xm,  §  6) 
Pu     .          .  =  unbalanced  magnetic  pull  (eq   101) 
§       .          .  =  permeance. 
e?j  .  =  leakage  permeance. 

p.      .     .     .  =  number  of  pole-pairs  in  heteropolar  dynamo,  or 

number    of   polar    projections    in    homopolar 

alternator  (Chap,  viii,  §  5) 

=  intensity  of  pressure  in  pounds  in  square  inch 
=  2mlT6  (Chap,  vi,  §  23) 

p'      .     .     .   =  number  of  pole-pairs  in  parent  machine 
pm"  .  =  maximum  abnormal  pull   due   to   deflection   of 

yoke-ring  per  radian  (Chap  xv,  §  16) , 

<?,  Q>  Q  •  •  =  instantaneous,  virtual,  and  maximum  value  of 
charge  on  condenser  in  coulombs 

q  .  .  .  =  number  of  parallel  paths  through  armature 
winding,  per  phase  in  an  alternator,  and  =  2a 
in  a  continuous-current  machine. 

qi  .  .  .  =  number  of  vectors  to  be  added  together  (Chap, 
ix,  §  12). 

R  .  =  radius. 

=  resistance  in  ohms. 

Ra     •     -  -  —  resistance  of  armature  in  ohms. 

Jf?6     .     .  .  =  resistance  of  brushes  in  ohms 

R0     .     .  .  =  resistance  of  a  connection  between  brushes   of 

same  sign  (Chap  xii,  Note). 

Re     .     .  .   =  resistance  of  external  circuit  in  ohms. 

Rm  .  =  resistance  of  series  winding  in  ohms. 

Rr          .  .  =  resistance  of  rheostat  in  ohms, 

R,     -     .  .   —  resistance  of  shunt  winding  in  ohms 

R0,  Rm,  Rf  .  =  outer,  mean,  and  inner  radius  of  hollow  cylinder. 

RP    .     .  .  =  radius  to  pole-face. 

iH  .  =  magnetic  reluctance. 

5fi»    .  .  =  magnetic  reluctance  of  armature. 

tftff     .     .  .  =  magnetic  reluctance  of  air-gap. 

Sftt     .     .  .  =  magnetic  reluctance  of  leakage  paths. 

aHm    .     .  .  =s  magnetic  reluctance  of  field  magnet. 
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ra      .     .        —  radius  to  centre  of  gravity. 
r rt  .     .  =  radius  of  arm  of  hub  (eq.  69) 

rn  —  radius  to  nave  of  hub  (eq.  69) 

p  .  =  specific  electrical  resistivity,  i  e  resistance  between 

opposite  faces  of  a  cm  cube  in  ohms 

S  .  =  number  of  slots  or  teeth  in  toothed  armature 

5'  .        =  ditto  in  parent  machine  (Chap  xii,  §  5) 

50     .     .     .   =  cooling  surface  of  field-magnet  bobbins  or  armature 

(Chap  xvi,  §  16). 

fa  .   =  stress  on  material  of  armature  core  due  to  centri- 

fugal force  and  magnetic  pull  (eq   66) 
sfl'     .     .        =  stress  on  material  of  armature  core  at  junction 

with  arm  (eq  67) 
sc  .  =  stress  on  material  due  to  centrifugal  force 

=  compressive  stress  on  commutator  copper  and 

mica  (Chap,  xin,  §  29) 

sb  =  bending  stress  on  arm  of  hub  (eq  69). 

a      .     .     .  =  space  factor,  ratio  of  copper  volume  to  total 

volume. 
=  ratio  of  final  to  initial  displacement  in  oscillating 

system  (Chap,  xiii,  §  10). 
=  ratio  of  wound  arc  to  pole-pitch   (Chap,   xviii, 

§4). 

r  .  =  number  of  turns. 

=  torque. 

=  driving  tension  in  belt. 
T0     .     .        =  turns  of  coil. 
Tf          .     .   =  turns  of  field-magnet  coil. 
Tv    .          .  =  periodic  time  in  seconds. 
J\     .     .     .   —  periodic  time  of    forced  oscillation   in    seconds 

(Chap,  vi,  §  23). 
Tm   .     .     .  —  twisting  moment  of  shaft  (eq.  68). 

~  number  of  series  turns. 
T,  .  .  =  number  of  shunt  turns. 
7°  .  .  .  =  temperature 

t .  .  ,  .  —  number  of  turns  in  coil,  or  of  active  conductors 
in  one  belt  corresponding  to  one  pole  and  phase 
on  alternator  armature  (Chap  ix,  §  15) 

=  time  in  seconds. 

=  depth  of  winding  of  bobbin. 
t°      .     .     .  =  rise  of  temperature. 
/!      .     .     .  =  tooth-pitch. 
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U  .   =  number  of  coil-sides  or  elements  in.  drum  winding 

(Chap,  xi,  §  5). 
«      .     .     .   =  number  of  coil-sides  per  slot  in  toothed  armature. 

V  .  =  velocity  in  cm.  per  second. 

Vb  .  =  voltage  at  brushes 

Fn    .    ..     .   =  volume  of  iron  in  c  cm. 

Vf  =  voltage  at  terminals  of  external  circuit  (R  M.S 

value  if  alternating). 
Vx    .  =  exciting  voltage. 

v  .  =  peripheral  speed  of  journal  m  feet  pei  minute 

(Chap,  xiii,  §  12) 
vg     ,     .     .   =  linear  velocity  of  centre  of  giavity. 

W,  w  =  watts 

W  .             —  weight. 

Wa  .     .        =  weight  of  armature. 

W0  .             =  weight  concentrated  at  one  point. 

Wd  .        =  weight  distributed  along  shaft 

Wv  .             =  weight  of  pole 

Wy  .        —  weight  of  complete  yoke-ring 

w  =  weight  of  unit  volume. 

Wt  .   =  width  of  ventilating  air-duct  in  armature  core. 

re»3  .     .     .   =  width  of  slot-opening. 

ws  .             •=  width  of  slot. 

wt  .             =  width  of  tooth. 

Tf,i  •          •   =  width  of  tooth  at  top. 

wt%  .     .   =  width  of  tooth  at  bottom 

X     ,     .     .   =  reactance 

Xf    .     .        =  ampere-turns  of  excitation  on  one  magnet  circuit 

or  per  pair  of  poles,  =  2A  Tf 
Xp    .          .  =  ampere-turns  acting  between  pole-pieces  =  '2A  Tp 

Y     .     .        =  pole-pitch. 

y  .  =  total  or  resultant  pitch  (Chap,  x,  §  6),  =  yB  -f 

y,  algebraically. 

Vtq  ~  equipotential  pitch  (Chap,  xii,  §§  7  ff). 

yr     .     .     .   ==  front  pitch  of  armature  winduig  at  commutator 

end  in  elements  (Chap,  x,  §  6). 
yB     •     •     •  =  back   pitch   of   armature  winding   in   elements 

(Chap  x,  §  6). 
yj-    ,     ,     .  =  back  pitch  of  armature  winding  in  slots  (Chap. 

xi,  §  12). 
y0     •     •     •  =  average  pitch,  or  pitch  in  commutator  sectors 

(Chap,  x,  §  8),  =  y/2  =  }  (y.  +  yr). 
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y9h  .  =  phase-pitch  in  arm.itme  winding  tapped  for  N 

phases 

Z      .     .     .  =  modulus  of  section. 
=  impedance 

=  total  number  of  conductors  on  armature. 
z       .     .     .  =  number  of  conductors  per  slot. 
<I>      .     .     .  =•  magnetic  flux,  number  of  COS.  lines. 
<Da     .     .     .  =  total  number  of  useful  lines  passing  through  one 

pole-pitch  into  armature  core. 

<!><,'  .  .  .  =  total  number  of  lines  entering  armature  of  homo- 
polar  alternator  within  the  pole-pitch  (Chap, 
viii,  §  6). 

Oz     .     .     .  =  flux  linked  with  loop  or  circuit. 
<E>V<I>3,<I>0,  etc  =  fundamental  and  harmonics  of  flux. 
<Dro  .   =  total  number  of  lines  passing  through  a  magnet- 

core. 

Or     .  =  total  flux  of  one  commutating  pole. 

<f>      .     .     .   =  angle  subtended  by  pole-face. 

=  angle  of  lag  or  lead  of  alternating  current  or  E.M  F. 
<f>a     .     .        =  angle  of  lag  of  armature  current  behind  E.M  F. 
<f>e     .     .        =  angle  of  lag  of  external  current  vector  behind 

terminal  voltage. 

(f)a'     .     .     .  =  useless   lines   entering   armature   of   homopolar 
alternator  beyond  the  pole-pitch  (Chap  vui,  §  6) 
<f>l  .  =  number  of  leakage  lines  in  one  magnet  circuit. 

<f>r     .     .     .  =  useful  flux  of  one  commutating  pole. 
£       .     .     .   =  reluctivity  (Chap,  ni,  §  11). 

=  multiplier  in  approximate  expression  for  length 

of  path  in  air-fnnge  (Chap,  xvi,  §  6) 
=  loss  in  watts  per  unit  area  per  1°  rise. 
^      .     .     ,  *=  angular  width  in  radians  of  belt  of  distributed 

winding  (Chaps,  ix,  §  12,  and  x,  §  12) 

y       .     .     .  -=  angle  of  displacement  of  vectors  (Chap,  ix,  §  12). 
co      .     .     .  =  mechanical  angular  velocity  in  radians  per  sec. 

—  resistance  of  unit  length  of  copper  of  given  section. 
<u'     .     .     .  =  resistance  of  1,000  yards  of  copper  of  given  section 

at  68°  F.  (20°  C.) 
Merit       •     '  —  critical  angular   velocity  for  whirling  of   shaft 

(Chap,  xih,  §  10.) 
co,  or  o) .     .  —  electrical  angular  velocity,  ZTT/,  in  radians  per  sec. 

NOTE  —Clarendon  (that  is,  heavy)  letters  indicate  the  maximum 
value  of  quantities  varying  in  time. 
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THE  DYNAMO 


CHAPTER  I 

INTRODUCTORY 

§  1.  Definition  of  the  dynamo. — The  theory  of  the  dynamo  is  one 
among  the  many  meetmg-pomts  of  electricity  and  magnetism,  and 
in  its  use  the  engineer  finds  what  is  perhaps  the  chief  industrial 
application  of  the  two  sister  sciences  From  their  union  the  dynamo 
derives  its  characteristic  dual  nature,  which  is  reproduced  in  its 
structure  as  a  machine ;  for  it  may  broadly  be  regarded  as  built 
up  of  a  copper  or  electric  portion  and  an  iron  or  magnetic  portion. 
The  mechanical  is,  however,  of  no  less  importance  than  the  electro- 
magnetic aspect  as  shown  by  the  word  "  dynamo-electric  "  in  its 
full  form  Its  fundamental  principles  are  therefore  three  in 
number — the  mechanical,  the  electrical,  and  the  magnetic ;  and 
its  design  is  correspondingly  based  on  three  fundamental  equations 
The  first  two,  dealing  with  the  mechanical  and  electrical  sides, 
both  involve  a  magnetic  element,  but  require  to  be  supplemented 
by  a  third  equation  dealing  solely  with  the  facts  and  laws  of 
magnetism. 

The  dynamo  may  be  defined  as  a  machine  in  which  a  system  of 
conductors  forming  part  of  an  electric  circuit  is  given  continuous 
motion  relatively  to  a  magnetic  field  or  fields,  and  so  is  caused  to  cut 
across  the  magnetic  flux,  or  to  be' linked  with  a  varying  number  of 
lines  ;  an  electromotive  force  is  tliereby  induced  in  the  conductors,  so 
tJtat  when  the  circuit  is  closed  a  current  flows,  and  mechanical  energy 
is  converted  into  electrical  energy. 

§  8.  The  dynamo  as  a  generator  of  electric  pressure.— The 
function  of  the  dynamo  is  primarily  and  essentially  to  generate 
an  electric  pressure  or  electromotive  force,  and  to  maintain  it 
when  the  circuit  is  closed  and  a  current  flows.  The  entire  circuit  is 
divisible  at  two  points,  say,  A  and  D,  into  two  portions,  the  points 
A  and  D  forming  the  terminals  at  which  the  internal  unites  with 
the  external  portion  of  the  circuit.  Within  the  former,  which 
comprises  the  dynamo,  an  electromotive  force  is  set  up,  which 
results  in  a  difference  of  potential  between  the  terminals  A  and  D, 
so  that  the  one  is  positive  or  at  a  higher  potential  than  the  other 
which  is  negative.  When  A  and  D  are  joined  by  the  external 
portion  of  the  circuit,  or,  as  it  is  called  for  shortness,  the  external 
circuit,  a  current  flows  from  the  positive  to  the  negative  terminal 
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in  the  external  circuit  and  from  the  negative  to  the  positive 
terminal  within  the  dynamo  itself.  The  potential  would  thus 
become  equalized  throughout  the  entire  circuit,  were  it  not  for  the 
fact  that  the  dynamo  maintains  the  difference  of  potential  between 
A  and  D,  which  constitutes  the  voltage  of  the  machine.  Thus  the 
dynamo  does  not  generate  electricity,  any  more  than  an  hydraulic 
pump  driving  a  motor  through  a  closed  pipe  circuit  generates  the 
water.  Neither  is  it  the  electricity  that  is  consumed  or  lost  in 
passage  round  the  circuit,  but  the  pressure  under  which  it  flows, 
just  as  the  "  head  "  of  the  water  is  lost  m  its  passage  through  the 
pipe  and  motor,  only  to  be  renewed  by  the  action  of  the  pump. 

§  3.  The  output  ol  the  dynamo. — The  output  of  the  dynamo  is 
the  rate  at  which  it  develops  electric  energy  in  the  external  circuit, 
i.e.  it  is  the  product  of  the  voltage  Ve  at  its  terminals,  and  the  cur- 
rent Ie  in  amperes  in  the  external  circuit.  Since  the  watt  is  but  a" 
small  unit  of  power,  the  output  is  usually  expressed  in  units  of 
1,000  watts,  i.e  in  kilowatts  (1  H.P  =  746  watts,  so  that  1  kilowatt 
nearly  =  1$  H.P  ) 

As  the  product  of  the  factors,  volts  and  ampeies,  the  same 
output  may  be  due  to  many  different  combinations  of  the  two. 
Taut,  for  transmission  of  electric  energy  over  considerable  distances 
machines  of  reasonably  high  voltage  are  required,  for  traction  and 
direct  lighting  machines  of  moderate  voltage,  while,  at  the  opposite 
extreme,  for  electro-deposition  and  other  chemical  or  metallurgical 
processes  large  currents  at  low  voltages  are  required.  Although 
their  power  may  be  the  same,  the  construction  of  the  machines  is 
very  widely  different,  owing  to  the  different  natures  of  the  work 
for  which  they  are  respectively  suited. 

§  4.  The  conversion  of  mechanical  into  electrical  energy,  and 
the  efficiency  ol  the  process. — By  the  principle  of  conservation  of 
eneigy  it  is  impossible  that  any  form  of  energy  can  be  created  ; 
in  any  machine  it  can  only  be  transmuted  from  one  form  to  another, 
and  in  the  case  of  the  dynamo  in  which  electrical  energy  is  developed, 
our  definition  states  that  the  energy  is  supplied  to  it  in  a  mechanical 
form,  one  portion  of  the  machine  being  continuously  moved 
relatively  to  another  portion  against  a  resisting  force  opposing  the 
motion.  The  movable  portion  of  the  dynamo  may  be  driven  by 
means  of  a  belt  and  pulley,  or  by  rope  gearing  ;  or  it  may  be  coupled 
directly  to  the  main  shaft  of  the  prime  mover,  as  to  the  crank 
shaft  of  a  steam-engine  or  the  shaft  of  a  steam  or  water  turbine  ; 
but  whatever  be  the  method  of  driving,  the  input  is  mechanical 
power  which  reappears  mainly  as  electrical  power.  The  dynamo 
is  thus  distinguished  from  the  transformer  ;  in  this  there  is  no  rela- 
tive motion,  and  the  input  is  electrical  power  which  reappears  at 
a  different  pressure  but  still  in  an  electrical  form.  The  extensive 
use  of  electrical  energy  for  commercial  purposes  has,  hi  fact,  been 
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rendeicd  possible  by  icason  of  the  ease  and  cheapness  with  which 
mechanical  energy  can  be  applied  to  dnve  the  dynamo.  The  cobt 
of  the  chemical  materials  which  voltaic  batteries  require  prohibits 
their  use  on  a  large  scale,  while  fnctional  machines  only  yield  veiy 
small  cmients  at  inconveniently  high  pressures,  so  that  it  was  the 
invention  of  the  dynamo  by  Faraday  an  1831  which  first  led  the 
way  to  a  icady  means  for  obtaining  electrical  energy  economically 
and  in  a  convenient  form. 

But  in  no  machine  can  the  conversion  of  energy  from  one  form 
to  anothei  be  earned  on  without  some  loss,  by  which  is  meant  its 
re-appearance  in  a  useless  form  or  in  useless  places.  Apart  from 
the  loss  by  friction  in  the  bearings  of  the  dynamo  and  from  windage, 
there  is  a  necessary  loss  from  its  total  rate  of  development  of 
electrical  energy,  owing  to  the  absorption  of  power  by  the  current 
in  passing  through  the  electrical  resistance  of  the  dynamo  itself 
and  to  other  secondary  causes.  In  consequence  of  these  mechanical 
and  electrical  losses,  if  the  rate  of  supply  of  mechanical  energy  to 
the  shaft  of  the  dynamo  be  one  horse-power,  its  output  must  be 
something  less  than  746  watts.  Nevertheless,  the  efficiency  of  the 
dynamo  or  the  ratio  between  the  useful  power  obtained  from  it 
and  the  power  supplied  to  it  mechanically  is  very  high,  since  in 
all  but  very  small  machines  it  is  practically  and  commercially 
possible  to  obtain  at  least  as  much  as  90  per  cent,  of  the  mechanical 
input,  returned  at  the  terminals  of  the  dynamo  in  its  new  form  of 
electrical  energy,  and  in  large  machines  even  higher  percentages  are 
usually  attained.  Much  improvement  cannot  therefore  be  expected 
on  the  score  of  efficiency,  although  the  dynamos  of  the  future  may 
be  cheaper  to  construct.  Indeed,  of  all  machines  yet  invented,  the 
dynamo  may  rank  as  one  of  the  most  perfect  converteis  of  energy, 
only  surpassed  by  the  transformer,  in  which,  however,  there  is  no 
true  conversion  of  the  nature  of  the  energy,  but  only  a  transformation 
of  electrical  energy  from  one  pressure  to  anothei . 


CHAPTER  II 

THE  MAGNETIC  CIRCUIT  AND   ITS  LINES  OF  FLUX 

§  1.  The  inductive  property  of  the  magnetic  field  and  its  inves- 
tigation by  an  exploring  coil. — With  the  exploration  of  the  field  of 
force  surrounding  a  magnet  or  solenoid  by  means  of  an  ideal  unit 
N.  pole,  and  with  its  mapping  by  lines  of  force,  the  reader  will  be 
familiar.  It  is,  however,  with  the  inductive  property  of  the  magnetic 
field  that  the  student  of  the  dynamo  is  more  directly  concerned. 
Like  the  dynamic  property  m  virtue  of  which  a  magnetic  field 
exerts  force  on  a  unit  pole,  this  second  property  is  a  directed 
quantity,  expressible  at  each  point  by  a  vector  having  direction, 
sense  and  magnitude.  In  place  of  the  unit  pole,  the  appropriate 
instrument  in  older  to  investigate  it  is  the  unit  exploring  coil,  i  e. 
a  single  loop  having  an  area  of  one  square  centimetre  connected  by 
twisted  leads  to  a  ballistic  galvanometer,  the  total  resistance  of 
the  circuit  so  formed  being  one  absolute  electromagnetic  unit  of 
resistance  on  the  C.G.S  system,  or  10~9  ohm. 

Let  the  loop  be  placed  in  the  magnetic  field  due  to  a  solenoid 
or  electromagnet  or  other  electric  circuit  of  which  the  exciting 
current  can  be  made  or  broken  or  reversed,  and  let  it  be  turned  m 
every  direction  about  its  centre,  so  that  its  axis  or  the  perpendicular 
passing  centrally  through  its  plane  occupies  different  positions  in 
space.  In  each  position  let  the  exciting  current  be  broken  or 
reversed  ;  it  will  then  be  found  that  except  when  the  perpendicular 
falls  in  one  particular  plane,  a  current  is  induced  and  a  certain 
quantity  of  electricity  passes  which  can  be  measured  by  the  ballistic 
galvanometer ,  further  that  this  quantity  varies  according  to  the 
direction  of  the  perpendicular  and  reaches  a  definite  maximum 
foi  one  particular  direction.  This  maximum  occurs  when  the  loop 
is  itself  in  the  plane  which  has  been  described  as  containing  all 
positions  of  the  axis  that  gave  no  inductive  effect,  and  when  in 
consequence  the  perpendicular  is  at  right  angles  to  this  plane. 

§  2.  Lines  oE  magnetic  induction— their  direction,  sense  and 
number. — If  the  unit  exploring  loop  is  placed  in  any  part  of  a 
magnetic  field  with  its  perpendicular  in  the  position  for  greatest 
inductive  effect,  and  the  quantity  of  electricity  that  passes  through 
the  secondary  circuit  of  the  loop  and  ballistic  galvanometer  when 
the  primary  or  exciting  current  is  broken  is  one  absolute  unit  or 
one  deca-coulomb,  the  inductive  property  now  un4er  investigation 
is  defined  to  have  unit  magnitude.  Expressed  in  terms  of  this  unit, 
its  value  at  any  spot  is  termed  the  "induction,"  and  is  symbolized 
by  B. 
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The  direction  of  the  magnetic  induction  at  any  spot  is  that  of 
the  perpendiculai  to  the  loop  when  in  the  position  that  gives  the 
greatest  inductive  effect  on  making  or  breaking  the  exciting 
current.  It  is  further  defined  by  the  convention  that  the  sense 
of  the  induction  is  related  to  that  of  the  current  in  the  secondary 
in  the  same  way  as  the  forward  or  backward  movement  of  a  right- 
handed  screw  is  related  to  its  rotation  (compare  Fig.  I).1  Thus, 
on  breaking  the  primary,  if  the  secondary  current  is  clockwise 
from  the  observer's  end,  the  induction  passes  through  the  loop  of 
the  exploring  coil  away  from  the  observer  or  in  the  same  direction 
as  from  the  face  of  the  dial  to  the  works  of  the  clock.  If  a  line 
be  drawn  so  that  the  tangent  to  any  point  in  it  gives  a  continuous 
record  of  the  direction  of  the  induction  as  we  pass  from  point  to 
point  along  its  length,  such  a  line  is  called  a  hne  of  induction,  and 
if  the  process  of  drawing  it  be  repeated  for  all  parts  of  the  field 
an  infinite  number  of  such  lines  can  be  obtained. 

But  as  in  the  case  of  magnetic  force,  a  certain  number  of  lines 
may  now  be  marked  out  or  labelled  such  that  their  density  per  unit 
area  on  a  plane  normal  to  their  direction  is  equal  to  the  magnitude 
of  the  induction  at  that  place  ,  they  then  become  C.G.S.  lines. a  In 
a  field  of  uniform  induction  if  any  surface  be  taken  on  the  normal 
plane  the  density  of  such  lines  multiplied  by  the  area  of  the  surface 
will  give  the  total  induction  passing  through  it.  Thus  by  means 
of  the  unit  exploring  coil  the  direction  and  magnitude  of  the  induc- 
tion can  be  surveyed,  and  a  complete  quantitative  system  of  lines 
be  derived  by  a  process  exactly  analogous  to  the  mapping  of  the 
lines  of  force  by  a  free  unit  N.  pole. 

§  3.  Distinction  between  lines  of  induction  and  lines  of  force. — 
Whenever  the  space  under  investigation  is  a  vacuum  or  is  filled 
with  air  or  other  non-magnetic  medium,  identically  the  same 
system  of  lines  is  obtained  whethei  the  starting-point  be  the  force 
on  a  unit  pole  01  the  inductive  property  of  the  magnetic  field. 
The  lines  of  induction  aie  linked  with  a  cuiient-cairying  wiie, 
circular  loop,  01  solenoid  when  these  arc  immersed  in  air,  just  as 
the  lines  of  foicc ;  they  follow  the  same  paths,  and  arc  the  same  in 
number.  The  two  systems  arc  not,  however,  identical,  and  then 
difference  comes  out  when  we  pass  to  the  interior  of  any  iron  mass. 
For  the  exploring  loop  may  be  applied  to  investigate  the  internal 
state  of  an  electro-magnet.  Thus  it  may  be  wound  on  the  outside 
of  the  iron-coied  electromagnet,  of  which  the  pnmary  current  is 
made  or  broken  as  before.  Or,  if  need  be,  tho  coil  can  actually  be 


1  Cp.  Clerk  Maxwell,  Traatise  on  Electricity  and  Magnetism,  Vol.  II,  Pt.  IV, 
p.  138  6t  ssy,  and  Jeans,  Electricity  and  Magnetism,  p.  427. 

*  At  the  Pans  Conference  of  1900  the  term  "  Maxwell "  was  recommended 
for  adoption  to  express  a  unit  of  induction,  or  one  C.G.S.  line. 
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bui  led  in  the  substance  of  the  iron  so  as  to  measure  the  induction 
at  any  spot  when  the  primary  current  is  altered  in  value.  It  may 
even  with  certain  modifications  be  applied  to  throw  light  on  the 
internal  condition  of  the  permanent  magnet.  We  are,  in  fact, 
able  to  trace  the  passage  of  the  lines  of  induction  through  the  mass 
of  an  iron  magnet  by  direct  experiment,  wheieas  the  determination 
of  the  lines  of  force,  within  the  iron,  is  only  possible  by  theoretical 
and  indirect  methods. 

§  4.  Lines  of  induction  always  closed  curves.  —  If  now  the 
exploring  coil  be  used  to  map  out  the  induction  within  an  non-cored 
solenoid  or  permanent  bar  magnet,  it  will  be  found  that  as  many 
lines  of  induction  pass  through  a  section  of  the  iron  taken  at  the 
centre  of  its  length  as  there  are  in  its  external  field,  and  that  each 
line  within  the  iron  finds  its  appropriate  continuation  in  one  of 
the  lines  of  the  external  field  (Fig.  3).  Every  line  of  induction  is, 
in  fact,  a  closed  curve,  which  either  loops  round  an  electric  current 
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or  currents  (and  in  this  case  may  be  entirely  in  air  or  entirely  in 
iron,  or  partly  in  one  and  partly  in  the  other),  or  at  some  portion  of 
its  endless  path  passes  through  a  piece  of  permanently  magnetized 
steel  or  iron.  Wherever  lines  of  induction  issue  out  of  iron  into  air 
or  other  non-magnetic  material,  there  a  north  pole  is  developed  ; 
and  wheiever  they  enter  from  air  into  iron,  a  south  pole  results  ; 
within  the  iron  their  direction  is  from  south  to  north  ;  without  it, 
from  north  to  south. 

It  will  only  here  be  necessary  to  remind  the  reader  that  round 
a  straight  wire  carrying  an  electric  current,  the  direction  of  the 
lines  is  related  to  the  direction  of  the  current,  just  as  the  direction 
of  rotation  of  a  right-handed  screw  is  associated  with  the  direction 
of  its  forward  or  backward  movement  as  viewed  torn  its  head  A 
to  which  the  screw-driver  is  applied  (Fig.  1).  When  bent  up  into 
a  loop,  the  same  relation  holds,  so  that  if  the  current  in  the  loop 
be  as  shown  in  the  upper  part  of  Fig.  1,  the  lines  will  pas?  through 
the  loop  in  the  direction  of  the  horizontal  arrows  (cp.  Fig.  2).  This 
leads  to  the  following  simple  and  convenient  rule — 

Curve  the  right  hand  round  the  outside  of  the  loop,  keeping  the  palm 
towards  its  axis,  so  that  the  direction  of  the  flow  of  current  is  front 
the  wrist  to  the  tips  of  the  fingers  ;  then  the  outstretched  thumb  will 
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point  along  the  positive  direction  of  flie  lines  within  the  loop,  tJic  N. 
face  from  which  they  issue  being  therefore  mi  the  same  side  of  the 
hand  as  the  thumb. 

Similarly,  when  several  loops  aie  combined  in  a  stiaight  solenoid, 
if  the  right  hand  be  curved  round  the  outside  of  the  helix  with  the 
palm  towards  its  axis  and  with  the  current 
flowing   from  wrist  to  finger-tips,  the    out- 
stretched thumb  will  point  towards  the  N  pole  ;'  .      '    . 
or  end  from  which  the  lines  issue  (Fig.  3). 

If  the  solenoid  be  bent  round  until  its  ends 
meet,  or  if  a  number  of  insulated  turns  arc 
wound  round  an  endless  ring-core  of  circular 
cross-section,  a  toroid  is  formed  (Fig.  4).  When 
closely  and  uniformly  over-wound,  the  circular 
lines  are  confined  to  the  section  within  the 
turns,  and  there  are  no  poles 

§  5.  The  total  flux  of  a  magnetic  circuit.— 
In  every  case  the  lines  of  induction  may  be  regaided  as  a  circuital 
stream  flowing  round  a  closed  path  either  in  air  or  iron,  01  partly  in 
one  and  partly  in  the  other.  They  may  therefore  be  regaided  as  a 
magnetic  flux  passing  round  a  circuit .  Their  t  otal  number  within  any 
area  may  be  called  the  total  flux,  and  the  number  passing  through  uni  t 
area,  i.e  on  the  C.G.S.  system  through  one  square  centimetre,  on  a 
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He    2 — Field  of 
loop. 


FIG.  3  — Fiold  of  solenoid. 


FIG.  4 — Field  of  toroid. 


plane  normal  t  o  their  direction  is  the  flux-density  at  the  spot ,  the  latt  or 
expression  being  synonymous  with  "  the  induction  "  B.  The  lines 
of  flux  in  the  case  of  the  uniformly  wound  closed  toroid,  such  as 
Fig.  4,  are  endless  curves  within  the  interior  of  its  ring-core,  wlicthor 
this  be  made  of  iron  or  wood  or  simply  consists  of  air.  All  the  linos 
of  the  straight  solenoid  or  electromagnet  are  hot,  however,  linked 
with  the  entire  number  of  the  exciting  turns ;  some  lines  escape 
fiom  the  surface  of  the  bobbin  without  traversing  its  whole  length. 
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Yet  every  line  pauses  tluough  the  coils  for  a  gu-atei  01  loss  distance* 
in  its  path  And  in  the  same  way,  though  some  of  the  lines  of  the* 
peimaiient  bar  magnet  issue  from  01  cntei  into  the  iicm  short  of 
the  eiuK  yet  all  pass  tlnongh  its:  cioss-set'lion  at  the  renlio.  We 
thus  reach  tho  conception  of  a  magnetic  cimnt  Uiiough  which  a 
certain  flux  passes  under  a  magnetomotive  foic,1,  just  as  ar  elect  lie 
cmrent  flows  round  an  elcctnc  circuit  under  an  ekrtiomutive  forte. 
The  expression  "magnetomotive  force1"  requites  lo  be  furthei 
defined,  and  will  be  found  to  foim  a  connecting  link  between  the 
two  systems  of  magnetic  force  and  induction. 

§  8.  Magnetomotive  force  of  a  oircuii—If  ony  two  points  are 
taken  in  a  magnetic  field,  and  a  free  unit  N.  pole  be  moved  iiom 
one  point  to  the  other  along  any  line  joining  them,  a  certain  amount 
of  woik  will  be  done  if  the  direction  of  movement  of  the-  pole  lus 
any  component  along  the  linos  of  force  of  the  field.  If  Ihe  motion 
be  against  the  sense  of  the  lines  the  woik  will  be  done  on  the  pole, 
or  if  it  be  with  their  senso  it  will  be  dono  by  the  pole.  If  the  field 
be  in  vacua  or  in  air  or  other  magnetically  indifferent  medium,  this 
woik,  measured  in  ergs,  is  the  difference  of  magnetic  potential  existing 
between  the  two  ends  of  tho  length  under  consideration.  Its  value, 
is  most  simply  calculated  if  the  path  chosen  coincides  throughout 
its  whole  length  with  the  direction  of  the  lines  of  foice  ;  thus  if  a 
length  of  one  centimetre  be  taken  anywhcie  along  a  line  of  force, 
and  the  intensity  of  the  field  is  measured  by  one  dyne  throughout 
the  centimetre  length,  the  work  done  by  a  unit  N.  pole  in  moving 
from  one  end  to  the  other  against  the  force  will  bo  one  erg,  and 
unit  diflEoren.ee  of  potential  exists  between  the  two  end*.  Or  in 
general,  if  tho  intensity  of  the  field  in  vacuo  or  in  air  has  the  uniform 
value  H,  and  a  centimetre  length  be  taken  along  its  direction,  the 
difference  of  magnetic  potential  over  that  length  is  also  measured 
by  II.  If  an  endless  Hue  looped  round  an  elcrtiic  c  urrent  be  sub- 
divided into  very  small  elements,  and  the  successive  differences 
of  potential  anj  calculated  for  each  small  element  until  the  whole 
length  of  tho  path  has  been  traversed  once,  tho  sum  of  their  values 
or  the  line-integral  of  the  magnetic  force  is  called  the  magnetomotive 
force  along  the  line  in  question.  When  the  line  round  which  the 
differences  of  potential  aio  integrated  follows  the  dilution  of  the 
field,  and  tho  field  has  a  uniform  intensity  throughout  its  length, 
the  magnetomotive  force  is  simply  tho  prodwt  of  the  intensity  of 
tho  field  and  tho  length  of  tho  line,  or  if  we  use  thcs  ronvenii-nt 
abbreviation  of  M.M.F.  for  magnetomotive  force,  on  the  analogy 
of  E.M.F.  for  electromotive  force,  we  then  have 

HM.F.  -  J9T  X  I 

A  straight  wire  carrying  an  electric  current  of  which  the  return  is  a 
long  way  of!  gives  the  fundamental  case  connecting  magnetomotive 
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force  and  current.  If  any  one  of  the  '&rc^b\concentric  lines 
be  taken  of  which  the  distance  from  the  -axisj^^Ttiie  WJTQ 
centimetres,  and  the  wire  be  carrying  A  amperes  («=  j^/i^ks 
units  of  current  on  the  C.G  S.  electromagnetic  systemjTtfte-intensity 
of  the  field  in  vacuo  or  in  air  at  radius  r  has  the  uniform  value  of 
2A/10r,  and  its  direction  is  throughout  that  of  the  chosen  line,  of 
which  the  length  is  2arr  ;  the  line-integral  of  the  force  is  thus  simply 

2A 


the   product    of   the   two,    or    :rr-  x  *bnr  =  -^r-  .     In  the  case 

of  the  straight  solenoid  of  Fig  3,  of  which  the  length  /  is  great  as 
compared  with  the  radius  of  its  cross-section,  the  intensity  of 
the  field  at  a  point  in  its  interior  well  away  f~om  its  ends  is 

A  A  np 

—  X  —j-  where  T  is  the  total  number  of  turns  and  A  is  the  current 
it)  I 

in  amperes  flowing  through  them.  Since,  however,  the  intensity 
decreases  as  we  approach  the  ends  of  the  coil  or  pass  outside  it, 
the  magnetomotive  force  of  the  coil  is  not  easily  calculated  in  this 
particular  form,  and  the  case  must  be  simplified  by  bending  the 
solenoid  round  until  its  two  ends  meet  and  a  toroid  is  formed. 
Since  the  coil  now  has  no  ends,  the  intensity  in  its  interior  is  through- 

A  A  *T* 

out  the  same  as  at  the  centre  of  the  straight  coil,  or  -      X  o-     where 


2arR  is  the  length  of  the  circle  corresponding  to  the  mean  radius 
of  the  ring  ;  this  length  may  be  immediately  multiplied  by  the 
intensity  to  obtain  the  magnetomotive  force,  or 


Thus  the  single  current  round  which  the  lines  of  the  straight  wire 
were  looped  is  replaced  in  the  coil  by  T  turns  each  carrying  A 
amperes. 

If  now  an  iron  core  be  inserted  in  either  the  toroid  or  solenoid, 
and  its  M.M.F.  is  to  be  determined  by  the  imaginary  operation  of 
taking  a  unit  pole  round  a  circuit  linked  with  the  coil,  theory  shows 
that  certain  precautions  are  necessary  in  carrying  out  the  process. 
If  a  very  small  hole  be  supposed  to  be  drilled  along  the  direction 
of  magnetization  at  any  place,  and  the  free  unit  pole  be  brought 
to  the  place  in  question,  it  will  be  acted  upon  by  a  certain  force  in 
dynes  ;  if  on  the  other  hand,  the  incision  into  the  iron  takes  the 
Eorm  of  a  transverse  cut  at  right  angles  to  the  direction  of  magnetiza- 
tion, and  the  free  unit  pole  be  placed  within  the  infinitely  thin 
:revasse  formed  by  the  cut,  it  will  be  acted  on  by  a  different  force  in 
iynes.  It  is  the  former  force,  or  the  intensity  of  the  field  as  measured 
Dy  the  unit  pole  within  the  thin  tube  or  hole,  which  determines  the 
iifference  of  potential  for  each  small  element  of  length  ;  and  if  the 
Dole  be  moved  round  the  circuit  through  the  tljin  tube  once,  the 

a— (5063) 
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work  done  will  be  the  line-integral  of  the  force,  or  the  magnetomotive 
force.  For  the  exact  nature  and  reason  of  the  above  necessary 
precautions  in  determining  H  in  iron  the  reader  must  be  referred 
to  larger  works1  dealing  more  fully  with  the  subject  ,  it  will  only 
here  be  added  that  the  value  of  H  as  found  by  the  first-described 
theoretical  process  is  identical  with  the  original  intensity  of  the 
field,  HOI  in  the  same  toroid  in  air  before  the  introduction  of  the 
iron  core.  Hence  the  effect  of  the  increase  in  the  number  of  the 
lines  of  induction  as  compared  with  the  original  lines  of  force  in 
air  lias  been  eliminated,  and  the  line-integral  of  H,  determined  in 
the  above  manner  as  indicated  by  theory,  for  any  closed  line  passing 

through  the  u  on-cored  coil  is—  AT,  or  the  same  as  for  the  hollow 

toroid.  No  difference  in  this  respect  has  been  introduced  by  the 
piesence  of  the  iron  coie,  and  in  general  the  magnetomotive  force 
of  any  coil,  whether  iron-cored  or  not,  is  equal  to  4-77/10  or  1-257 
times  the  ampere-turns 

§  7.  Magnetic  flux  as  related  to  the  magnetomotive  force  ot 
the  circuit. — The  magnetic  flux  is  related  to  the  magnetomotive 
force  in  such  a  definite  way  that  the  latter  may  be  regai  ded  as  the 
cause  of  the  former.  The  lelative  proportion  of  the  ampeies  to 
the  turns  is  immaterial,  but  for  the  same  number  of  ampere-turns 
the  flux  may  be  very  different,  according  to  the  nature  of  the  material 
of  which  a  given  circuit  is  composed  The  quantitative  relation  be- 
tween the  two,  or  the  fundamental  equation  of  the  magnetic  circuit, 
is  most  easily  established  by  again  returning  to  the  circular  closed 
toroid  uniformly  wound  over  its  whole  periphery  with  turns  fitting 
close  to  the  core  Since  the  Imes  of  flux  are  in  this  simple  case 
entirely  confined  to  the  inside  of  the  turns,  there  can  be  no  question 
as  to  the  area  of  cross-section  of  the  magnetic  circuit ;  it  is  a  =  iff*, 
where  /  is  the  radius  of  the  circular  core.  There  is  further  no  doubt 
as  to  the  exact  path  of  the  lines  ;  since  each  is  circulai,  their  mean 
length  is  I  =  2irR,  where  R  is  the  radius  of  the  circular  axis  running 
through  the  centre  of  the  core.  Such  a  toroid  therefore  supplies 
us  with  the  type  of  a  perfect  magnetic  circuit .  From  its  symmetrical 
shape,  the  flux-density  r  cross  any  radial  section  through  the  coil 
with  which  it  is  overwound  must  be  the  same,  and  if  r  be  small  as 
compared  with  R,  the  flux-density  may  be  taken  as  uniform  over 
the  whole  area  a  of  the  cross-section.  The  total  number  of  lines 
is  thus  <D  =  B  x  a,  when  a  is  measuied  in  square  centimetres 
Now  when  H  is  measured  as  directed  in  the  preceding  section, 

1  For  a  full  treatment  of  this  and  other  points  in  magnetic  theory,  see 
Prof  Ewmg'a  Magnetic  Induction  in  Iron  and  other  Metals,  and  Dr.  H  Du  Hois' 
The  Magnetic  Circuit ;  and  for  a  clear  r£sum6  of  the  subject  within  short 
compass,  Prof.  Fleming,  The  Alternate  Current  Transformer,  vol  1,  chap.  2 
(2nd  edit ). 
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B  =  n  H,  where  /*  is  a  definite  coefficient  for  a  given  material  under 
given  conditions,  and  HI  =  rjr  AT.    The  complete  equation  for 

the  magnetic  circuit  m  its  simplest  form  is  thus  — 

«  4?r   .  „,  a 

d>  =  J9  x  «  =  JQ  AT  X  /i-j 

or  if  £  =  1/p  =  H/B, 


§  8.  Equation  of  the  simple  magnetic  circuit.  Reluctivity 
and  reluctance.  —  The  denominator  of  the  above  fraction  bears  a 
close  resemblance  to  the  expression  for  the  electrical  resistance  of 
a  conductor,  namely,  R  =  pl/a,  where  p  is  the  specific  electrical 
resistivity  of  the  material  of  which  the  conductor  is  composed, 
I  and  a  being  its  length  and  sectional  area  ,  and  considered  from 
this  point  of  view,  the  fundamental  equation  is  seen  to  be  of  the 
same  form  as  the  well-known  expression  for  a  continuous  current 
in  terms  of  electromotive  force  and  resistance,  namely,  /  =  E/R. 
The  comparison  of  the  flow  of  lines  of  induction  to  the  flow  of  a 
current  through  an  electrical  circuit  is  more,  therefore,  than  a 
mere  verbal  illustration  ;  there  is  a  genuine  analogy  between  the 
two  of  sufficient  accuracy  to  guide  us  in  the  solution  of  many 
magnetic  problems.  The  entire  path  of  the  lines  forms  in  all  cases 
a  magnetic  circuit  closed  upon  itself,  and  having  a  certain  length 
and  area.  Through  this  circuit  under  the  action  of  a  magneto- 
motive force  there  flows  a  stream  of  lines,  and  this  total  number  is 
the  quotient  of  the  magnetomotive  force  divided  by  the  magnetic 
resistance  or  (to  give  this  property  its  distinctive  name)  the 
reluctance  of  the  circuit.  Thus  analogous  to  Ohm's  law  for 
continuous  currents, 

*       E.M.F. 
electric  current  = 

resistance 

we  have 

M.M.F. 

magnetic  flux  or  total  number  of  lines  =     ,     , 
0  reluctance 

The  magnetomotive  force  is  proportional  to  the  number  of  ampere- 
turns  wound  round  the  circuit,  and  is  the  equivalent  of  the  internal 
electromotive  force  of,  e.g.  an  electric  battery.  Both  produce  a 
difference  of  potential,  in  the  one  case  electric  and  in  the  other 
magnetic,  which  is  gradually  expended  over  the  resistance  or 
reluctance  of  their  circuits.  The  current  or  the  flow  of  lines  is, 
in  fact,  the  rate  of  change  of  the  potential  over  the  resistance  or 
the  reluctance.  The  magnetic  reluctance  of  an  entire  circuit,  or  of 
any  portion  of  it,  is  proportional  directly  to  its  Jength  and  inversely 
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to  its  area.  Further,  just  as  different  substances  under  similar 
conditions  have  a  different  specific  resistance  or  resistivity  to  the 
passage  of  an  electric  current,  so  the  specific  magnetic  reluctance 
for  unit  length  and  unit  area  of  cross-section,  or  the  rel-uctwify,  £, 
vanes  with  different  materials. 

§  9.  Permeability  and  permeance. — The  different  resistivity  of 
various  substances  may  also  be  expressed  in  converse  terms  by 
saying  that  all  substances  do  not  conduct  electricity  equally  well. 
In  the  same  way  we  may  say  that  all  substances  are  not  equally 
permeable  to  the  passage  of  magnetic  flux,  and  this  specific  property 
of  magnetic  permeability  is  related  to  reluctivity  as  its  reciprocal, 
just  as  electric  conductivity  is  related  to  resistivity.  In  many  cases 
of  electric  circuits  it  is  convenient  to  deal  with  conductance  instead 
of  with  its  reciprocal,  resistance,  and  in  magnetic  circuits  it  is  still 
more  common  to  speak  of  the  permeance  rather  than  of  its  reciprocal, 
the  reluctance.  The  fundamental  equation  may  then  also  be 
expressed  as 

magnetic  flux  =  M.M.F.  X  permeance, 

the  expression  for  the  permeance  being  of  the  form  p  a/I.  Thus 
/z  =  l/£  represents  the  permeability  of  a  substance  through  which 
magnetic  flux  of  density  B  is  passing,  and  when  in  the  particular 
condition  implied  by  the  fact  of  such  a  flow  of  lines. 

On  the  C.G.S  system  the  permeability  of  vacuum  is  unity,  and 
for  all  non-magnetic  substances,  such  as  air,  wood,  copper  or  brass, 
it  is  also  sensibly  equal  to  unity.  The  same,  too,  may  be  said  of 
any  of  the  metals,  with  the  single  exceptions  of  iron,  cobalt,  and 
nickel,  and  certain  of  then-  alloys  and  compounds.  With  these 
three  exceptions,  therefore,  we  are  justified  in  ranking  all  substances 
as  on  a  level,  and  in  classing  them  as  non-magnetic  or  magnetically 
indifferent.  Even  in  the  case  of  bismuth,  which  shows  the  greatest 
divergence  as  compared  with  a  vacuum,  the  difference  is  only  in 
the  fourth  or  fifth  place  of  decimals,  or  as  0-99982  : 1. 

But  within  iron  or  steel  the  importance  of  \JL  may  be  judged 
from  the  fact  that  it  may  amount  to  as  much  as  2,500,  and  the  lines 
of  force  and  of  induction  are  not  necessarily  identical  in  either 
number  or  direction. 

§  10.  Consequences  from  the  relative  permeabilities  of  various 
substances. — The  difference  between  the  high  permeability  of  iror 
or  steel  under  certain  conditions  and  the  permeability  of  air  is  of 
the  same  order  as  that  between  the  conductivity  of  silver  or  copper 
and  carbon.  It  is  therefore  evident  that  the  great  contrast  between 
the  conductivities  of  metals  and  bad  conductors  or  insulators,  such 
as  indiarubber,  cannot  be  matched  by  any  equal  difference  between 
the  permeabilities  of  different  substances.  There  are,  in  fact,  no 
magnetic  insulators,  bismuth  itself,  which  is  the  least  permeable, 
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being  only  very  slightly  inferior  to  air.  When  air,  gun-metal, 
brass,  or  wood  are  spoken  of  and  often  used  as  magnetic  insulators, 
it  must  be  remembered  that  they  are  so  only  to  a  comparatively 
small  degree.  At  the  best  their  permeability  to  magnetic  flux  is 
only  some  two  or  three  thousand  times  less  than  that  of  iron,  and 
at  the  worst  this  difference  may  sink  to  practically  nothing.  Yet 
it  is  noteworthy  that  in  spite  of  this  the  distinction  between  the 
magnetic  and  non-magnetic  classes  is  more  sharply  defined  than 
between  good  electric  conductors  and  insulators.  Out  of  the  three 
•  magnetic  substances  the  magnetic  quality  of  cobalt  and  nickel, 
though  sensible,  is  not  to  be  compared  with  that  of  iron  or  steel, 
so  that  practically  the  contrast  lies  between  iron  with  its  alloys  on 
the  one  side  and  all  remaining  substances  on  the  other  side. 

Next,  it  may  be  noted  that  the  flux-density  obtainable  from 
an  electromagnet  with  an  iron  core  is  much  greater  than  that 
due  to  any  permanent  magnet,  and  hence  the  total  flux  from  an 
electromagnet  is  much  greater  than  can  be  obtained  from  any 
combination  of  permanent  magnets,  when  both  are  of  reasonable 
dimensions.  Owing  to  this  fact  the  magnetic  field  which  must  be 
present  in  any  dynamo  is  now  always  produced  by  means  of  electro- 
magnets, strongly  excited  only  when  the  dynamo  is  in  use  ;  so  long 
as  the  electrical  engineer  was  dependent  on  permanent  magnets 
for  supplying  him  with  a  magnetic  field,  the  powerful  dynamos  of 
the  present  day  were  impossible. 

§  11.  Analogy  ol  magnetic  reluctance  and  electric  resistance 
not  exact. — On  one  point  a  warning  must  at  once  be  given  as  to 
a  vital  distinction  between  the  magnetic  and  electric  circuits.  The 
passage  of  an  electric  current  through  a  conductor  does  not  alter  its 
specific  resistivity ;  it  may  raise  its  temperature  and  thereby 
alter  its  length  and  its  resistivity,  but  when  the  secondary  effects 
of  temperature  have  been  eliminated  or  corrected  for,  the  resis- 
tance of  the  conductor  has  been  proved  to  be  the  same  whether 
a  current  of  a  milliampere  or  of  many  thousands  of  amperes  is 
passing.  On  the  other  hand,  the  permeability  of  a  magnetic 
substance  is  dependent  on  the  value  of  the  induction,  or,  in  other 
words,  on  the  density  of  the  flux  which  it  is  at  the  moment  passing. 
It  is  not,  therefore,  a  constant  quantity,  and  our  definition  of  JA  = 
B/H  was  so  worded  as  to  imply  that  the  value  of  p  could  not  be 
given  unless  at  the  same  time  B  was  specified.  Further,  the  value 
of  p  for  the  same  induction  depends  upon  how  that  value  has  been 
reached,  and  lastly,  is  affected  by  the  temperature  of  the  iron. 
On  these  and  other  points  more  will  be  said  in  Chapter  XIV. 

§  IB.  Magnetic  reluctances :  (a)  in  series  and  (b)  in  parallel.— 
The  example  on  which  was  based  the  fundamental  equation  of 
the  magnetic  circuit  was  a  closed  ring  of  iron,  of  the  same  nature 
and  of  the  same  cross-section  throughout  its  length .  But  a  magnetic 
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circuit  may  also  be  made  up  of  different  materials  having  different 
permeabilities  ;  these  again  may  have  different  areas  of  cross- 
section  and  different  lengths,  while  further  they  may  be  arranged 
either  so  that  each  line  of  induction  in  its  closed  path  traverses 
them  in  succession  (t  e.  they  are  "  in  series  ")  or  so  that  the  path 
followed  by  some  lines  is  different  from  that  of  others,  either  en- 
tirely or  at  some  portion  of  its  length  (*  e.  they  arc  "  in  parallel  "). 
In  such  cases  the  analogy  of  the  electric  and  magnetic  circuits, 
although  not  perfect,  yet  is  useful  as  affording  a  ready  clue  to  a 
mode  of  treatment  which  is  very  closely  correct  in  most  practical 
instances.  Just  as  the  total  resistance  of  a  number  of  elcctnc 
conductors  in  series  is  the  sum  of  then-  separate  resistances,  so  if 
a  circuit  or  a  portion  of  a  circuit  is  divisible  into  sections  having 
different  lengths,  areas,  and  permeabilities,  and  these  are  travel  sed 
by  the  same  group  of  lines  in  succession,  the  total  magnetic  reluc- 
tance which  must  be  overcome  by  the  magnetomotive  force  is 
the  sum  of  the  separate  reluctances  of  the  different  sections  ;  e.g 
if  /jflj^i,  ;aflajua,  /3fl3jM8  .....  are  the  respective  lengths,  cross- 
sections,  and  permeabilities  of  the  different  portions,  their  total 
magnetic  reluctance  is 

91  =     91^   -f-    oRjj    -f-    ofts    -]-•••• 


Similarly  the  total  permeance  is  the  reciprocal  of  the  sum  of  the 
reluctances,  or 


Next,  if  at  any  point  in  their  path  the  lines  of  a  group  separate 
and  follow  different  parts  or  sections  of  the  total  area  of  the  magnetic 
circuit,  the  law  which  they  obey  is  analogous  to  the  law  of  electric 
circuits  in  parallel,  namely,  that  the  number  of  lines  flowing  through 
any  section  of  the  magnetic  circuit  is  the  quotient  of  the  difference  of 
magnetic  potential  between  opposite  ends  of  the  section,  and  the 
reluctance  of  the  section  ;  thence  it  also  follows  that  when  there  arc 
several  paths  for  the  lines  and  the  same  difference  of  magnetic 
potential  exists  between  their  ends,  the  total  flux  divides  between 
the  several  paths  directly  as  their  permeances,  as  determined  by 
the  respective  lengths,  cross-sections,  and  permeabilities  of  the 
different  portions  ;  and  the  joint  permeance  of  the  parallel  paths 
is  simply  the  sum  of  their  several  permeances,  or 

#=37T1  +  r»-  +  Tr  +  •  .  .  . 

all        otj        oftg 

§  13.  Example   of  a  magnetic  circuit  with  leakage.—  As  an 

illustration  of  these  laws,  let  ampere-turns  be  grouped  entirely  on 
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one  side  of  a  closed  iron  ring  composed  of  a  curved  electromagnet 
and  an  armature  or  keeper  A  (Fig.  5,  I) :  the  arrangement  may  be 
likened  to  a  battery,  shown  at  its  side,  of  which  each  cell  represents 
a  current  loop,  and  the  ends  of  which  are  joined  by  a  thick  piece 
of  copper  wire  Re :  there  is  a  rise  of  magnetic  potential  as  we  pass 
through  the  loops  from  south  to  north,  analogous  to  the  rise  of 
electric  potential  through  the  ceUs  of  the  battery ;  and  since  the 
ends  between  which  there  is  a  difference  of  potential  are  joined  so 


FIG   5.— Analogy  of  magnetic  and  electnc  circuits. 

as  to  form  a  closed  circuit,  there  is  a  flow  of  lines  or  of  current 
round  the  circuit  which  within  the  magnetic  or  electnc  battery  is 
from  the -or  S.  end  to  the  +  or  N.  end,  but  without  is  from  the 
+  or  N.  to  the  -  or  S.  end.  But  at  this  point  there  enters  a  very 
important  difference :  as  there  are  no  insulators  for  magnetism 
it  follows  that,  if  between  any  two  points  there  exists  a  difference 
two  of  magnetic  potential,  there  will  be  a  flow  of  lines  between  those 
points  equal  to  the  difference  of  potential  divided  by  the  magnetic 
reluctance  of  the  path,  whatever  be  the  substance  of  which  it  is 
composed.  The  flux  will  therefore  not  be  confined  entirely  to  the 
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iron,  as  it  was  in  Fig.  4,  but  will  pass  across  from  the  N.  end  of  the 
magnet  to  the  S  end  through  the  air  as  well  as  through  the  iron  of 
the  keeper.  Thus  there  will  be  a  flow  from,  eg  b  to  a^siucc  I  is 
at  a  higher  magnetic  potential  than  a,  i.e  from  one  portion  of  the 
magnet  to  the  other  ;  such  flow  will  increase  as  we  pass  away  fi  om 
the  centre  of  magnet  towards  its  ends,  and  will  again  dcciease  us 
we  near  the  centre  of  the  keeper.  If,  therefore,  the  analogy  be- 
tween the  electromagnet  and  the  battery  is  to  be  retained,  we  might 
regard  the  latter  as  immersed  in  a  conducting  liquid  or  elcctrolytr, 
through  which  currents  may  flow  across  even  from  one  cell  of  the 
battery  to  another  in  addition  to  the  external  current  through  the1 
wire  joining  the  terminals.  Such  currents  would  be  a  leakage  as 
fax  as  useful  current  in  Rt  is  concerned,  and  in  the  same  way  the 
flux  in  the  air  of  Fig  5, 1,  and  in  similar  cases,  is  frequently  spoken 
of  as  magnetic  leakage,  stray  lines,  or  waste  field  from  the  point  of 
view  that  only  lines  passing  through  the  keeper  or  armature  ate 
useful  and  desirable.  The  whole  illustrates  the  case  of  two  or  more 
magnetic  paths  joined  together  "  in  parallel "  to  form  a  composite 
magnetic  circuit.  And  this  leads  to  a  second  point  which  iniiy 
again  be  emphasized :  it  is  that,  owing  to  the  non-existence  of 
magnetic  insulators,  it  is  impossible  to  define  the  exact  limits  of 
the  magnetic  circuit  or  the  various  paths  followed  by  the  linos, 
except  in  a  few  simple  cases  such  as  a  closed  toroid.  Conse- 
quently the  equation  of  the  magnetic  circuit,  which  demands  a 
knowledge  of  the  exact  length,  area,  and  permeability  of  the  different 
portions  of  the  magnetic  circuit,  only  admits  of  an  approximately 
accurate  application.  In  the  case  of  the  toroid  uniformly  wound 
over  its  whole  periphery  there  was  no  doubt  about  the  dimensions 
of  the  magnetic  circuit  and  its  permeance,  all  the  lines  were  confined 
entirely  to  the  iron,  and  the  number  fLwing  through  any  section 
across  it  was  identical ;  there  was,  in  fact,  no  polarity  and  no 
"  leakage  "  of  lines  out  of  the  loops  and  across  the  air.  The  reason 
is  that  all  points  of  the  ring-core  are  at  the  same  magnetic  potential, 
since  the  magnetomotive  force  supplied  by  the  loops  over  any 
length  ]ust  suffices  to  pass  the  total  number  of  lines  through  that 
length.  It  may  be  likened  to  a  closed  loop  of  wire  in  which  an  E.M  .F. 
is  generated,  the  amount  generated  per  unit  length  of  the  wire 
being  uniform  throughout  the  whole  circuit ;  a  current  flows  under 
the  E  M  F.,  but  all  points  of  the  bop  are  at  the  same  potential, 
since  the  E.M.F.  developed  in  any  length  just  suffices  to  pass 
the  current  through  the  resistance  of  that  length. 

But  now  in  the  new  case  of  an  iron  ring,  in  which  the  winding 
is  grouped  on  one  side  only,  the  total  magnetic  reluctance  of  the 
circuit  is  a  complex  combination  of  the  internal  reluctance  of  the 
magnet,  the  reluctance  of  the  armature,  and  the  reluctance  of  the 
external  air-paths.  How,  then,  is  the  reluctance  of  the  air  to  be 
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calculated,  since  the  paths  of  the  lines  through  it  are  so  manifold 
and  differ  so  much  in  their  length  ?  They  flow  not  only  from  the 
extreme  ends,  but  across  from  all  points  of  the  magnet,  so  that  the 
number  of  lines  earned  by  the  magnet,  and  therefore  their  density 
within  the  iron,  is  continually  varying  ;  at  its  centre  they  are  a 
maximum,  but  thence  they  gradually  leak  out  on  all  sides,  especially 
towards  the  ends,  so  that  a  smaller  number  passes  through  the 
iron  of  the  keeper  than  through  the  magnet.  The  calculation  can 
most  readily  be  performed  by  certain  assumptions  which  are  only 
approximately  true.  We  must  represent  the  whole  by  an  electric 
battery,  between  the  terminals  of  which  there  are  two  paths,  one 
of  a  low  resistance  and  one  of  high  resistance  Ra  (Fig.  5,  1),  placed 
as  a  shunt  to  the  other.  The  second  represents  the  reluctance  of 
the  air,  which  is  very  high  as  compared  with  that  of  the  iron 

For  the  sake  of  simplicity,  therefore,  the  reluctance  of  the  air  is 
regarded  as  being  in  parallel  with  the  reluctance  of  the  keeper,  as 
if  all  the  lines  passed  right  through  the  iron  of  the  magnet  from  one 
end  to  the  other,  and  then  at  its  ends  divided  into  two  groups, 
some  going  through  the  keeper  and  some  through  the  air,  these 
latter  being  the  leakage  lines,  which  are  thus  supposed  to  issue 
forth  from  and  enter  into  the  magnet  only  at  its  ends.  On  this 
assumption,  then,  if  oda  and  SRj  are  the  reluctances  of  the  two  paths, 
afforded  respectively  by  the  keeper  and  the  air,  the  external 

#?aX  St. 

reluctance,  being  their  joint  reluctance  in  parallel,  is  L0     .  ,_„ 

on  0  -j-  on  j 

and  this  is  in  series  with  the  internal  reluctance  of  the  magnet  cRro. 
The  total  reluctance,  therefore,  of  the  entire  magnetic  circuit  is 

•  ^(j'/ij 

oRt  =  oftm  +  .   _r  ~*g 

oiifl  -f  *"l 

and  the  total  number  of  lines  produced  by  a  given  number  of 
ampere-turns  encircling  the  circuit  is 


where  $t  is  the  reciprocal  of  the  total  reluctance. 

cfl0is  equal  to  ljfiofiv  where  lv  av  and  pa  are  the  mean  length, 
area,  and  permeability  of  the  iron  of  the  keeper,  and  5ftm  similarly 
=  lJ{Amam.  The  reluctance  Sflj  of  the  air-paths,  or  their 
permeance  tf  „  can  be  calculated  by  assigning  a  certain  mean  length 
of  path  and  a  certain  area  of  cross-section  to  them  ;  or  we  may 
determine  experimentally  the  number  of  lines  flowing  through 
the  middle  of  the  magnet  <&m,  and  the  number  flowirg  through  the 
keeper,  <Da  ;  the  difference  bet  ween  the  two,  <bm-®»  gives  us  ^,, 
or  the  number  of  lines  which  leak  through  the  air, 
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On  the  same  assumptions  the  total  number  of  ampere-turns 
required  in  order  to  produce  a  given  number  of  useful  lines,  Oa, 
through  the  iron  of  the  keeper  can  also  be  calculated  ;  just  as  the  pro- 
duct of  a  current  and  a  resistance  through  which  it  flows  gives  the 
number  of  volts  which  must  be  applied  to  the  ends  of  the  resistance 
in  order  to  produce  the  current,  so  the  pioduct  of  a  number  of  lines 
of  flux  and  a  reluctance  through  which  they  flow  gives  the  difference 
of  magnetic  potential  which  must  exist  between  the  ends  of  the 
reluctance  in  order  that  the  given  number  of  lines  may  flow  through 
it,  i.e  M.MF.  =$jH.  Hence  the  difference  of  magnetic  potential 
which  must  exist  between  the  ends  of  the  armature  in  order  that 
Offl  lines  may  pass  through  it  is  Oa  X  Sfla  =  0  4arAT^  But  this  is 
also  the  difference  of  magnetic  potential  under  which  the  leakage 
lines  are  assumed  to  flow,  consequently,  if  we  multiply  04^-47, 
by  $1,  the  permeance  of  the  air,  the  product  is  the  number  of  leakage 
lines,  which  we  call  fa  ;  the  sum  <E>0  +  fa  =  Om  is  the  number  of 
lines  flowing  through  the  magnet,  and  the  difference  of  magnetic 
potential  required  to  drive  this  larger  number  through  the  magnet 
is  Om  X  5flm  =  Q-4arAT%  The  total  magnetomotive  force  required 
is  therefore  0 4ar(ATi  +  ATZ]  =  0 4nAT 

§  14.  Example  of  an  imperfect  magnetic  circuit  with  double 
ail-gap. — Next,  let  the  keeper  be  held  at  a  little  distance  away 
from  the  magnet,  so  as  to  interpose  in  the  magnetic  circuit  two 
equal  air-gaps,  one  at  either  end  of  the  keeper,  with  parallel  faces 
and  having  a  certain  definite  length  (Fig  5,  II). 

At  once  the  total  flux  produced  by  a  given  number  of  ampere- 
turns  wound  on  the  magnet  is  enormously  decreased,  owing  to 
the  high  reluctance  of  the  two  air-gaps.  The  effect  may  be  repeated 
in  the  case  of  the  battery  if  we  add  in  series  to  each  end  of  the 
external  portion  of  the  circuit  a  short  lergth  of  wire  havirg  a  very 
high  resistivity,  but  of  the  same  diameter  as  our  original  external 
resistance  these  will  reduce  the  total  current,  and  the  current 
through  Rs  will  bear  a  much  larger  proportion  to  the  current 
through  Ra  than  formerly,  since  the  two  resistances  Re  and  Ra 
have  become  more  nearly  comparable.  In  the  same  way  the 
number  of  lines  through  the  armature  is  greatly  decreased  by  the 
interposition  of  the  two  air-gaps,  but  the  magnetic  reluctance  of 
the  rest  of  the  surrounding  air  remains  the  same  as  before,  and  the 
number  of  lines  therein  will  be  the  same  if  the  difference  of  mag- 
netic potential  at  the  poles  of  the  magnet  remains  the  same  ,  the 
proportion,  therefore,  which  they  bear  relatively  to  the  number 
hi  the  armature  or  to  the  number  in  the  magnet  is  very  much  in- 
creased. Before,  almost  all  the  lines  passed  round  the  magnetic 
circuit  entirely  through  iron  ;  now,  a  much  larger  proportion  go 
partly  through  the  surrounding  air.  The  two  air-gaps  being  in 
series  with  the  iron  of  the  keeper,  the  total  reluctance  of  the  three 
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is  the  sum  of  then  separate  reluctances.  Hence,  if  the  reluctance 
of  one  air-gap  be  $„,  and  they  are  both  equal,  the  total  reluctance 
25Hff  +  &a  must  be  substituted  for  cfl0  m  the  equations  for  the 
number  of  ampere-turns  or  lines  of  flux  It  might  be  thought 
that  it  would  be  easy  to  calculate  5ftfl,  since  the  exact  length  of  each 
air-gap  can  be  measured,  as  also  the  exact  area  of  the  parallel  faces 
of  the  iron  where  the  circuit  is  divided.  But  here  again  a  caution 
is  required ;  although  most  of  the  lines  pass  straight  across  from 
face  to  face  of  the  gap  in  the  iron,  yet  at  the  edges  they  spread 
outwards,  and  pass  across  by  curved  paths,  which  form  a  kind 
of  "  fringe,"  gradually  shading  off  in  density.  Consequently  the 
exact  area  and  length  of  their  paths  is  not  known,  and  an  allowance 
for  the  fringe  has  to  be  made  by  the  aid  of  theory  and  experiment. 
The  imperfect  magnetic  circuit  illustrated  above,  in  which  the  iron 
is  completely  divided  by  two  aii-gaps,  is  typical  of  the  magnetic 
circuit  m  most  dynamos.  For  the  production  of  the  E.M.F.  there 
is  required  as  large  a  total  flux  as  possible,  within  a  small  space, 
and  produced  with  a  reasonable  expenditure  of  electrical  energy 
in  the  coils  through  which  the  magnetizing  current  flows.  An 
electromagnet  with  an  iron  core  must,  therefore,  be  employed  in 
order  to  produce  the  field,  and  in  order  to  obtain  as  many  lines  as 
possible  round  a  whole  magnetic  circuit  or  through  any  portion 
of  it  with  a  given  excitation  in  ampere-turns,  the  length  of  the 
path  under  consideration  must  be  as  short  as  possible,  its  area 
large,  and  its  permeability  great.  But  we  cannot  have  a  closed 
magnetic  circuit  entirely  of  iron,  since  there  must  be  at  least  one 
and  usually  there  are  two  air-gaps  in  each  circuit,  to  permit  of  the 
continuous  motion  of  one  portion  of  the  magnet  system  or  of  the 
electiic  conductors  alone  or  of  a  portion  of  the  magnetic  circuit 
carrying  with  it  the  electric  conductors,  relatively  to  the  rest  of 
the  system 


CHAPTER  III 

THE  CLASSIFICATION  OF  DYNAMOS 

§  L  The  two  structural  portions  of  the  dynamo.— The  variety 
of  different  forms  which  the  dynamo  may  take  is  very  great,  yet 
in  all  there  may  be  traced  the  two  structural  portions  which  thi' 
dual  nature  of  the  machine  requires,  and  between  which  there  is 
to  be  relative  motion. 

There  is,  first,  the  field-magnet,  the  function  of  which  is  to  serve 
as  the  path  for  the  lines  of  flux  constituting  the  field,  and  which 
is  therefore  composed  entirely  of  iron.  It  may  usually  be  divided 
into  three  parts,  and  these  can  be  distinguished  in  Fig.  6,  which 
shows  a  typical  four-pole  belt -driven  machine  of  small  size.  They 
are :  (1)  the  magnet  poles  or  cores  (dd),  on  which  the  exciting 
coils  (ee]  are  wound  or  placed,  and  through  which  the  lines  pass  up 
to  or  away  from  the  pole-pieces  ;  (2)  the  "  yoke  "  (y),  which  joins 
together  the  poles  of  the  magnet ;  and  (3)  the  pole-pieces  them- 
selves (N,  S).  These  latter,  by  reason  of  their  particular  shape, 
cause  the  lines  to  issue  forth  into  and  pass  through  the  air-gaps 
in  such  directions  and  with  such  density  as  will  best  adapt  them 
to  be  cut  by  the  active  conductors. 

Secondly,  there  is  the  armature  (a),  which  consists  of  a  number 
of  conductors — wires  or  bars — almost  invariably  of  copper,  which 
are  systematically  arranged  and  connected  in  a  definite  and 
particular  order  ;  in  the  dynamo  of  Fig.  6  they  form  portions  of  a 
large  number  of  loops  or  coils  of  wire,  each  of  which  is  entirely 
insulated  from  the  structure  upon  which  they  are  wound,  and  also 
from  every  other  coil,  save  where  the  end  of  one  coil  is  electrically 
joined  to  the  beginning  of  the  next.  In  the  active  conductors 
E.M.F.'s  are  generated,  and  by  their  grouping  are  added  together 
in  series  or  placed  in  parallel,  or  in  general  brought  into  practical 
use  at  certain  definite  points  or  "  terminals  "  (A,  D)  to  which  the 
external  circuit  is  applied.  When  we  leave  the  sphere  of  theoretical 
diagrams,  it  is  evident  that  the  active  conductors  must  be  supported 
in  some  way,  and  in  most  cases  they  are  in  practice  wound  upon, 
or  embedded  in  slots  in  the  surface  of,  a  cylindrical  iron  structure, 
which  itself  forms  part  of  the  magnetic  circuit  and  is  traversed  by 
the  lines  of  flux ;  it  is  this  structure  of  iron  to  which,  in  the  first 
instance,  was  given  the  name  of  the  armature  or  "  keeper  "  of 
the  magnet  or  magnets  employed  to  produce  the  field,  lius  in 
the  ordinary  two-pole  dynamo  the  cylindrical  armature  of  iron 
(Fig.  15)  may  be  likened  to  the  "keeper"  placed  between  the 
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two  poles  of  a  simple  horseshoe  magnet  ;  but  from  its  intimate 
connection  with  the  electrical  conductors  which  it  supports,  the 
term  has  now  been  extended  to  cover  the  system  of  conductors, 
the  iron  portion  itself  being  called  the  "  core  "  of  the  armature 

§  2.  Rotary  motion  of  the  active  conductors  or  field-magnet — 
The  student  will  doubtless  be  familiar  with  the  idea  of  an  E.M  F. 
as  being  generated  by  movement  of  a  conductor  thiough  a  magnetic 
field  so  as  to  cut  the  lines  of  flux.  Although  more  will  be  said  on 
this  subject  in  Chapter  V  with  especial  reference  to  the  toothed 
armature,  it  will  for  the  present  introductory  purpose  be  sufficient 
to  assume  such  "  line-cutting  "  as  the  source  of  the  E  M  F.  of 
the  dynamo,  since  from  it  may  correctly  be  obtained  the 
necessary  criteria  upon  which  to  classify  the  several  types  of 
machine. 

Evidently  simple  rectilinear  motion  of  a  conductor  in  one  and 
the  same  direction  across  a  magnetic  field  between  two  pole-pieces 
(cp.  Fig.  30)  cannot  practically  be  maintained  for  any  length  of 
time,  since  the  length  of  the  pole-pieces  would  have  to  be  infinite 
in  order  to  provide  the  infinitely  long  magnetic  field.  But  the 
definition  of  the  dynamo  demands  "  continuous  relative  motion," 
and  hence,  when  the  conductor  has  been  moved  to  one  end  of  the 
magnetic  field,  its  direction  of  movement  must  be  reveised.  We 
thus  pass  to  oscillatory  or  reciprocating  motion,  first  in  one  direction 
and  then  back  again  in  the  opposite  direction.  Such  a  motion 
would  be  obtained  by  attaching  the  active  conductor  directly  to 
the  piston  of  a  steam  engine  ;  it  would  give  an  E.M.F.  alternating 
in  direction,  and  if  the  field  were  of  uniform  density  the  value  of 
the  E.M.F.  would  vary  as  the  speed  of  movement,  reaching  a  maxi- 
mum during  the  middle  of  the  stroke,  and  reversing  at  either  end. 
But  the  arrangement  is  not  convenient,1  since  it  is  not  easy  to, secure 
a  speed  high  enough  to  give  an  appreciable  number  of  volts  with  any 
practicable  length  of  wire  and  density  of  field  in  the  air-gap.  No 
such  difficulty  meets  us  when  we  have  recourse  to  rotary  motion, 
and  hence  in  all  practical  dynamos,  without  exception,  it  is  by 
rotation  that  the  "  continuous  relative  motion "  of  field  and 
conductor  is  secured,  and  an  E  M  F.  continuously  generated. 

Thus  in  Fig.  6  the  field-magnet  is  stationary,  but  its  four  pole- 
pieces,  alternately  N.  and  S.,  are  bored  out  so  as  to  embrace  the 
circumference  of  the  rotating  armature  a.  In  other  cases  the 
armature  is  itself  stationary  and  forms  the  external  "stator," 
as  it  is  called,  within  the  bore  of  which  revolves  the  magnet  system 
or  "rotor." 

§  3.  Bases  lor  classification  ot  dynamos.— In  the  classification 
of  dynamos  several  bases  of  division  present  themselves,  each  of 

1  It  was  used  m  the  "  escalator  "  devised  by  Tesla  (Electr  Eng ,  vol.  13, 
p  83)  for  the  production  of  small  currents  at  high  frequencies. 
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which  has  its  advantages  in  throwing  light  upon  the  affinity  of  one 
machine  to  another.  It  might  be  thought  that  the  distinction 
between  dynamos  yielding  an  E  M  F  and  current  always  in  the 
same  diiection  round  the  external  circuit,  and  those  yielding  an 
alternating  E.M.F.  and  current  in  the  external  circuit,  would  be 
the  most  fundamental  ;  yet  it  will  be  found  that  of  two  so-called 
"  continuous-current  "  dynamos  giving  a  current  umdirected  in 
the  external  circuit,  the  one  may  be  entirely  distinct  from  the  other 
in  its  whole  nature  and  structure  As  a  matter  of  fact,  dynamos 
which  primarily  and  in  themselves  give  an  EMF  and  current 
continuously  in  the  same  direction  are  few  and  comparatively 
unimportant — at  least  up  to  the  present  time 

The  fundamental  questions  to  be  asked  and  answered  when 
considering  any  form  of  dynamo  are  as  follows — 

(1)  Does  the  E  M.F.  produced  in  each  active  conductor  always 
have  the  same  direction  along  its  length,  or  does  it  alternate  by 
reason  of  the  same  lines  being  cut  twice  over  in  each  revolution  in 
alternate  directions  ? 

(2)  Is  the  active  length  of  the  conductors  (a)  parallel  to,  or  (&) 
at  right  angles  to,  the  axis  of  rotation  ? 

The  first  deals  with  the  question  whether  each  active  conductor 
is  the  scat  of  an  alternating  EMF.  The  second,  dealing  with  the 
position  of  the  length  of  the  active  conductor  and  the  direction  of 
the  field  relatively  to  the  axis  of  rotation,  determines  the  form  of 
field-magnet  required  and  the  structure  of  the  armature  core  ;  from 
(a)  aiises  the  "  axial "  or  cylindrical  type  of  dynamo,  from  (&)  the 
"  radial "  or  disc  type. 

Thirdly  and  lastly  comes  the  question  whether  the  external 
voltage  and  current  arc  alternating  or  uni-directed.  Although 
of  the  greatest  importance  so  far  as  the  use  of  the  dynamo  is  con- 
cerned, it  ih  not  so  fundamental  in  the  theory  of  its  action  as  shown 
e.g.  by  the  rotary  converter,  which  under  suitable  conditions  can 
r  supply  from  Ihe  same  armature  either  direct  or  alternating  current 
to  an  external  circuit. 

§  4.  Dynamos  divided  into  (I)  homopolai  and  (II)  heteropolar.— 
By  the  firM:  cnterior,  dynamos  are  divided  into  Class  I,  homopolar 
dynamos,  or  those  in  which  each  active  conductor,  when  cutting 
lines,  is  always  cutting  them  in  the  same  direction,  ard  therefore  the 
E.M.F  induced  in  it  is  always  in  the  same  direction  along  its  length, 
and  Class  II,  heteropolar  dynamos  or  those  m  which  each  active 
conductor  in  each  revolution  cuts  the  same  lines  twice  over  in 
opposite  directions — once  as  they  issue  from  a  N  pole  and  once 
as  they  enter  into  a  S.  pole— so  that  the  E.M.F.  induced  in  it 
alternates  in  direction. 

In  the  homopolar  dynamo  (Class  I)  there  is  a  single  field,  and 
from  the  nature  of  the  flux  in  an  imperfect  magnetic  circuit  divided 
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by  an  air-gap,  it  exists  between  a  pair  of  poles  ;  but  this  single  field 
is  only  cut  once  in  each  revolution,  and  the  cutting  always  takes 
place  in  the  same  direction,  so  that  there  is  no  reversal  of  the  direc- 
tion of  the  E.M  F.  along  the  length  of  a  conductor.  Since  the  lines 
are  always  cut  in  the  same  direction,  it  may  be  said  that  they  are 
cut  as  e  g.  they  emerge  from  a  N.  pole  ;  the  necessary  presence  of 
the  second  or  S  pole  may  therefore  in  imagination  be  left  out  of 
sight,  since  it  is  not  wanted  to  concentrate  and  collect  the  lines 
for  them  to  be  cut  a  second  time  in  the  same  revolution,  and  hence 
the  type  of  dynamo  of  Class  I  has  also  been  termed  "  unipolar." 
The  fundamental  principle  of  the  homopolar  dynamo  is  illustrated 
by  Fig.  7,  which  shows  a  single  conductor  ab  rotated  between  two 
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FIG.  7  — Homopolar  dynamos  of  (a)  and  (b)  types  with  single 
active  conductor 


curved  pole-pieces,  its  length  being  either  (a)  parallel  to  the  axis 
of  rotation,  or  (6)  at  right  angles  thereto.  The  E.M.F.  generated 
in  both  cases  will  always  be  m  the  same  direction  along  the  con- 
ductor's length,  and  it  will  last  so  long  as  it  is  moving  past  the  pole- 
faces,  quickly  dying  away  practically  to  zero  in  the  neutral  gap. 
There  is,  however,  nothing  to  forbid  the  single  field  of  the  homo- 
polar  or  unipolar  field-magnet  from  being  divided  into  two  or  more 
groups  of  dense  lines  or  "  fields,"  separated  by  as  many  gaps  of 
very  weak  density,  each  such  field  corresponding  to  a  polar  pro- 
jection. It  may  thus  become  in  a  sense  multipolar,  but  the  fields 
are  always  of  the  same  sign,  i  &  have  the  same  direction,  and  an 
active  conductor  never  cuts  the  same  lines  twice  in  a  revolution, 
so  that  the  dynamo  never  loses  its  distinctive  "  homopolanty." 

In  heterofiolar  dynamos  (Class  II)  successive  fields  are  of  different 
sign,  corresponding  to  a  N,  and  S.  pole  in  a  bipolar  dynamo  or  to 
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N  and  S.  poles  occurring  in  alternate  succession  in  the  multipolar 
dynamo.  Each  group  of  lines  belonging  to  a  distinct  magnetic 
circuit  is  therefore  cut  twice  by  each  active  conductor  in  each 
revolution,  opposite  to  a  N.  and  S.  pole-face  respectively,  and  the 
E  M  F.  in  each  conductor  is  alternating.  Fig.  6  illustrates  a 
heteropolar  dynamo  of  the  (a)  or  axial  type. 

§  5.  Homopolar  dynamos  with  field  uniform  in  the  path  oi  the 
movement  (Class  I.  i). — Let  the  pole-faces  in  either  of  the  two  types 
of  Fig  7  be  extended  to  cover  the  whole  circle  of  the  path  traversed 
by  the  rotating  conductor,  which  will  thus  become  continuously 
active,  i.e.  let  the  pole-faces  be  made  cylindrical  in  case  (a],  or 
annular  m  case  (b).  We  thus  reach  homopolar  dynamos  in  which 
the  field  is  of  uniform  density  in  the  path  of  movement  as  required  by 


(a) 

FIG    8  — Homopolar  continuous-current  dynamos  of  Class  I.  i. 
with  single  active  element 

the  heading  of  the  present  section.  The  flux-density  and  the 
rate  of  line-cutting  may  vary  along  the  length  of  the  conductor, 
but  it  will  be  uniform  and  unvarying  along  any  circle  concentric 
with  the  axis  of  rotation.  The  E.M.F.  of  the  conductor  will  there- 
fore with  constant  speed  be  maintained  continuously  a.,  an  absolutely 
constant  value  without  break  or  fluctuation. 

A  number  of  conductors  can  be  similaily  arranged  in  a  circle 
round  the  axis  of  rotation — in  the  (a)  type  parallel  to  the  axis, 
and  in  the  (&)  type  radially  thereto  When  connected  in  parallel 
or  touching  one  another,  a  laigcr  cuiient  can  be  carried  by  them 
without  increase  of  the  E.M.F.  Finally,  when  the  whole  circle  is 
filled  with  contiguous  strips  in  parallel  with  each  other,  we  amvc 
in  case  (a)  at  a  tube  or  hollow  cylinder  of  copper  concentric  with 
the  shaft,  and  in  case  (6)  at  a  solid  circular  disc  of  metal.  If  con- 
nection to  a  stationary  external  resistance  R6  is  then  made  by 
brushes  which  press  on  and  so  make  contact  with  the  back  and 
front  ends  of  the  cylinder  or  outer  and  inner  peripheries  of  the  disc, 
homopolar  dynamos  are  obtained  which  give  a  continuous  uni- 
directed  and  constant  E.M.F.  and  current,  both  externally  and 
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within  the  armature  itself,  without  the  need  for  any  "  commutator  " 
c,  such  as  forms  part  of  the  continuous-current  heteropolar  dynamo 
of  Fig  6. 

Fig.  8  shows  the  complete  cylindrical  or  annular  poles  with  their 
exciting  coils  E,  E,  combined  with  a  complete  cylinder  and  disc 
as  the  single  active  element — forming  the  two  fundamental  types 
of  the  homopolar  continuous-current  dynamo.  As  shown,  the 
stationary  brushes  A  and  B  press  on  the  shaft  and  on  the  end  of 
the  cylinder  in  type  (a)  or  the  outer  circumference  of  the  disc 
in  type  (6)  To  the  latter  type  belongs  the  original  disc  dynamo 
of  Faraday  shown  in  the  frontispiece — a  type  which  still  survives 
in  essentials  m  certain  ampere-hour  meters.  Stationary  brushes 
can  be  placed  on  the  periphery  of  the  disc  or  on  either  end  of  the 
cylinder  at  as  many  points  of  collection  as  are  desired. 

The  present  type  of  dynamo  with  uniform  field  is  not,  however, 
confined  to  the  case  of  the  complete  C3'lmder  or  disc.  It  also  covers 
separate  conductors,  forming  parts  of  a  cylinder  or  disc  but  insulated 
from  one  another.  In  this  case  each  conductor,  in  order  to  maintain 
contact  with  the  stationary  brushes,  must  be  connected  to  slip- 
rings  on  which  the  brushes  may  continuously  press  as  the  active 
conductor  rotates.  By  the  use  of  such  slip-rings,  it  becomes  possible 
to  connect  two  or  more  active  conductors  in  series  so  as  to  add  up 
their  E  M  F.'s,  as  will  be  further  explained  in  Chapter  VII. 

The  reason  for  treating  the  above  homopolar  dynamos  in  which 
the  field  is  uniform  in  the  path  of  movement  as  a  separate  group 
is  that  the  fact  of  the  pole-faces  forming  a  complete  circle,  cylindrical 
and  concentric  with  the  shaft  or  annular  in  a  radial  plane,  carries 
with  it  an  important  consequence,  namely,  that  it  is  only  by  the 
iifae  of  sliding  contacts  and  slip-rings  that  the  E.M.F.  of  two  or  more 
separate  conductors  can  be  added  up  (see  §  4  Chapter  VII).  There 
is  therefore  no  method  of  winding  the  armature  of  such  a  type  of 
machine  in  the  true  sense  of  the  word. 

§  6.  Homopolar  dynamos  in  which  the  field  is  non-uniform  in 
the  path  o!  movement  (Class  I.  ii). — Reverting  to  Fig.  7,  if,  as  there 
shown,  the  pole-faces  are  not  complete  circles,  let  a  second  similar 
conductor  be  added  in  the  gap  on  the  opposite  side  of  the  shaft,  and 
let  a  connecting  wire  be  taken  peripherally  round  to  ]oin  the  two 
6  ends  From  the  a  end  of  the  second  conductor  a  connection  can 
be  taken  to  the  a  end  of  a  third  conductor.  The  E.M  F.  of  the 
third  conductor  can  then  be  added  to  that  of  the  first,  the  counter 
E.M  F.  of  the  second  conductor  which  acts  as  a  connecting  piece 
being  very  small  owing  to  its  position  in  the  very  weak  field  of  the 
region  beyond  the  pole-face.  Thus  a  loop  can  be  formed,  and  by 
such  loops  without  the  use  of  slip-rings,  it  becomes  possible  to 
connect  two  or  more  active  conductors  in  series  by  a  true  winding 
The  loop  in.  the  homopolar  machine  does  not  itself  join  two  active 
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conductors  in  series  ;  it  is  only  a  means  by  which  this  may  subse- 
quently be  done.  It  will  now  be  noticed  that  as  rotation  proceeds, 
the  two  sides  of  the  loop  change  their  idle  ;  the  conductor,  which 
first  serves  as  a  simple  connector,  itself  enters  the  field  within  the 
air-gap  and  generates  E.M.F ,  while  the  former  active  conductor 
becomes  a  simple  connector  Thus  there  is  never  more  than  one 
active  conductor  at  any  one  time  in  each  loop,  and  as  the  E.M.F. 
generated  in  each  conductor  is  always  in  the  same  direction  along 
its  length,  it  alternates  in  ^direction  round  any  complete  loop  The 
characteristic  feature  of  the  preceding  Class  I  i,  is  thereby  entirely 
lost,  since  the  homopolar  dynamo  is  now  made  to  yield  an  alter- 
nating EMF.  Further,  it  now  becomes  immaterial  whether  it 
be  the  field-magnet  or  the  armature  that  is  rotated.  The  same 
E.M.F.  is  in  either  case  generated,  and  the  former  is  the  arrangement 


FIG   9  — Homopolar  drum  alternator  of  Class  I.  li. 


that  has  usually  been  adopted  in  practice.  In  Fig.  9  is  therefore 
shown  a  homopolar  machine  of  type  (a)  with  a  single  rotating 
polar  projection  N.  and  a  stationary  external  armature  wound  with 
one  drum  loop  The  magnet  is  excited  by  the  coil  E  which  may 
either  rotate  or  be  stationary,  and  at  one  side  has  a  polar  projection 
with  semicircular  face  between  which  and  the  stationary  armature 
core  there  exists  a  strong  magnetic  field.  The  remaining  half  of 
the  internal  circle  of  the  armature  core  which  at  any  time  is  not 
covered  by  the  pole  forms  a  neutral  space  through  which  few  or 
no  lines  pass.  At  the  other  end  the  second  break  or  moving  joint 
in  the  magnetic  circuit  at  S.  has  as  short  a  length  of  air-gap  as  is 
found  practicable,  and  the  necessity  for  it  is  only  due  to  the  fact 
that  it  is  mechanically  convenient  to  attach  the  loops  to  a  stationary 
portion  A  of  the  iron  circuit.  The  lines  of  the  flux  are  as  it  were 
taken  out  of  the  end  of  the  magnet,  and  so  do  not  cut  the  conductors 
a  second  time.  While  the  rotating  field  is  sweeping  across  one  side 
of  the  loop  at  ab,  and  generates  an  E.M.F.  in  it,  the  other  side  cd 
is  a  simple  connector.  But  immediately  afterwards  the  inactive 
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connecting  piece  will  itself  become  active  when  in  its  turn  it  is  cut 
by  the  flux,  while  ab  will  cease  to  be  active.  As  the  field  rotates, 
one  side  of  the  loop  is  active  for  one-half  of  the  revolution,  and  then 
during  the  other  half  of  the  revolution  becomes  a  simple  connector, 
or  in  general  with  a  number  of  loops  the  same  conductors  serve 
either  purpose  alternately.  A  homopolar  drum  alternator  is  thus 
obtained  when  the  ends  ad  of  the  complete  loop  are  brought  to  a 
pair  of  terminals. 

The  loops  must  have  a  span  at  least  equal  to  the  angular  width  of 
the  pole  ;  otherwise  there  would  be  no  distinction  always  present 
between  the  wires  which  are  active  for  the  time  being,  and  those 
which  are  mere  connectors.  If  this  distinction  be  not  maintained, 
and  both  sides  of  the  loop  are  allowed  to  be  cut  by  the  flux  simul- 
taneously, the  E.M.F.'s  generated  in  the  two  sides  act  in  opposition 


FIG    10  — Homopolar  disc  alternator  of  Class  I.  u. 
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to  each  other,  or,  as  it  is  termed,  act  "  differentially,"  the  net  • 
resultant  E  M  F.  being  simply  the  difference  between  the  two. 
Any  such  differential  action  is  therefore  detrimental  to  the  full 
use  of  the  machine.  For  the  same  reason  it  is  not  electrically 
permissible  for  the  width  of  the  field,  e.g.  with  a  single  polar  pro- 
jection, to  extend  over  more  than  half  the  circumference  of  the 
pathtiaversedby  it  ;  i  e.  the  neutral  space  must  be  at  least  equal 
in  peripheral  width  to  the  polar  projection. 

Fig.  10  represents  similarly  a  homopolar  disc  alternator  of  (6) 
type  with  stationary  armature.  While  the  leading  edge  of  the 
rotating  field-magnet  moves  from  1  to  3,  no  lines  traverse  cd,  and 
therefore  no  E.M.F.  is  induced  in  it ;  but  when  by  further  rotation 
the  leading  edge  moves  from  3  to  1,  ab  does  not  in  turn  cut  any  lines 
itself,  and  consequently  the  E.M.F.  is  induced  only  in  cd. 

§  7.  Heteropolar  dynamos  (Class  ID  ol  (a)  type.— Passing  to 
heteropolar  dynamos  of  Class  II,  in  Ihe  fiist  place  those  in  which 


CLASSIFICATION  OF  DYNAMOS 


29 


the  length  of  the  active  conductors  is  parallel  to  the  axis  oj  rotation, 
ie.  the  (a)  or  axial  type,  will  be  considered.  The  fundamental 
rctive  element  of  an  armature  of  this  type  takes  the  lorm  of  a 
straight  conductor  mounted  on  an  iron  core  with  its  length  parallel 
to  the  axis  of  lotation  (Fig.  11).  In  order  to  reduce  the  interfenic 
or  air-gap  space  as  much  as  possible,  the  inner  surface  of  the  pole- 
pieces  is  bored  out  so  as  to  follow  the  path  traversed  by  the  rotating 
conductor,  and  the  latter  is  mounted  on  a  cylindrical  iron  armatui  e, 
only  such  "  clearance  "  being  allowed  as  is  required  from  considera- 
tions of  mechanical  safety  and  satisfactory  working.  There  are  thus 
only  two  short  air-gaps,  and  the  density  under  the  pole-pieces  will 
far  exceed  that  of  any  straying  lines  between  the  pole-tips  Besides 
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Curves  of  Instantaneous  E,M,F  for  one  revolution  at  constant  speed, 
FIG    11  — Simple  active  element  of  heteropolar  dynamos  of  («)  type 


its  function  of  i  educing  the  exciting  ampere-turns  to  a  minimum 
for  a  given  number  of  lines  by  shortening  the  length  of  the  air-path, 
the  cylinder  also  serves  as  a  supporting  structure  on  which  the  active 
conductors  can  be  secured.  When  the  armature  is  the  part  that 
is  to  be  rotated,  and  the  iron  core  is  used  as  a  support  for  the  wires, 
it  must  itself  bo  lotated  with  them,  although  on  any  other  ground 
this  is  entirely  unnecessary.  The  problem  of  rotating  the  winding 
only  round  a  stationary  iron  core  has  possessed  great  atti  action 
for  inventors  ;  the  difficulties  inherent  to  it  have,  however,  proved 
too  great,  and  the  mechanical  simplicity  of  rotating  both  core  and 
winding  has  led  to  its  universal  adoption.  Apart  from  certain 
secondary  and  minor  effects  which  need  not  here  be  considered, 
the  rotating  of  the  iron  has  no  effect  on  the  field  of  flux.  But  owing 
to  the  insertion  of  the  iron  core  the  lines  enter  the  core  nearly  radi- 
ally, and  are  distributed  over  the  arc  embraced  by  the  pole-piece 
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almost  uniformly  (Fig.  12).  Upon  the  exact  distribution  depends 
I  the  shape  of  the  curve  of  instantaneous  E  M  F  In  order  to  detei- 
mme  this,  the  value  of  the  field-density  in  the  air-gap  or  Ba  for  each 
point  round  the  circumference  of  the  armature  core  must  be  known  ; 
at  the  foot  of  Fig  12  this  is  plotted  from  a  starting-point  in  the 
centre  of  an  mtei polar  gap,  and  the  same  curve  to  some  other  scale 
will  also  represent  the  curve  of  the  instantaneous  induced  E  M  F 
for  one  revolution  at  a  constant  speed  of  rotation  (Fig  11).  If 
the  density  of  the  lines  were  strictly  uniform  over  the  polar  arc  and 
confined  thereto,  their  directions  at  all  points  being  exactly  ladial, 
the  curves  of  flux-density  and  of  E  M.F.  would  consist  of  a  series 
of  detached  rectangles  ;  but  in  reality  the  corners  are  rounded 

off  by  the  existence  of  a 
weak  field  or  "  fringe  "  of 
lines  at  each  pole-tip  which 
is  not  truly  radial,  and  the 
curve  of  induced  E.M.F.  foi 
each  half-pei  iod  is  flat- 
topped  with  sloping  sides, 
or  intermediate  between  a 
sine  curve  and  a  rectangle 
(Fig.  11). 

If  the  ends  of  the  active 
conductor  are  electrically 
connected  with  two  collect- 
ing rings  fixed  on  the  shaft 
and  insulated  from  it, 
against  which  stationary 
brushes  are  pressed,  the 
elementary  heteropolar  alter- 
nator is  obtained,  yielding 
an  alternating  difference  of 

potential  at  the  two  brushes  to  which  an  external  circuit  can  be 
attached.  A  multipolar  field  is  also  shown  hi  Fig.  11,  the  only 
change  introduced  thereby  being  that  for  a  given  speed  of  rotation 
the  number  of  alternations  per  second  is  increased  in  proportion  to 
the  number  of  pairs  of  poles. 

But  the  E.M  F.  generated  by  one  single  conductor  of  reasonable 
length  thus  rotating  in  a  field  of  high  density,  and  at  as  high  a 
i  speed  as  is  practicable,  is  very  small,  not  amounting  to  more  than 
a  few  volts  at  the  most ;  hence  in  almost  all  commercial  dynamos 
there  is  a  number  of  active  conductors,  and  they  must  be  connected 
in  series  so  as  to  add  up  their  separate  small  E.M.F.'s.  If  arranged 
symmetrically  round  the  armature  core  (Fig.  13)  parallel  to  our 
original  conductor,  at  any  moment  each  of  the  conductors  moving 
under  the  N.  pole  has  an  E.M  F.  induced  along  its  length,  in  the 
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opposite  direction  (as  viewed  by  an  obbeiver  at  eithei  end)  from 
the  E  M  F  induced  in  each  of  the  wires  moving  under  the  S.  pole, 
as  shown  by  the  crosses  and  dots  in  Fig  13  1  This  fundamental 
fact  must  be  the  guide  to  any  method  by  Which  the  conductors  can 
be  connected  together  electrically  in  a  useful  manner 

Two  methods  of  adding  togethei  the  inductive  action  of  a  pair 
or  more  of  elements  at  once  present  themselves  ,  by  the  first,  con- 
ductor 1  of  Fig  13  is  connected  in  series  with  another  conductor 
such  as  2',  which  in  the  bipolar  machine  is  situated  nearly  dia- 
metrically opposite  on  the  other  side  of  the  core,  by  the  second  it 
is  connected  with  another  active  conductor  2,  which  is  next  to  it 
on  the  surface  of  the  core  or  lies  immediately  above  it,  and  under 
the  same  pole-piece 

§  8.  (1)  Dram  winding.— The  first  or  drum  method  is  identified 
with  the  name  of  "  Siemens  "    In  its  complete  form  it  was  first 
introduced    in    1871   by   von   Hefner 
Alteneck   as   a    modification   of    the 
original  Siemens  shuttle-wound  arma- 
ture.    It  is  the  simplest  method,  and 
consists  in  joining  the  farther  end  of 
one  active  conductor  by  a  connecting 
piece  of  wire  passing  across  the  end 
of   the  core  to   the   farther   end   of 
another  conductor  situated  nearly  dia-     ^  13  _Actlve  conductors 
metrically   opposite  to  the    first    and        parallel  to  a-as  of  rotation 
under  the  opposite  pole-piece  (Fig.  14) 

The  E  M  F.'s  induced  in  the  two  active  conductors  will  assist 
each  other  round  the  loop  thus  formed,  being  in  opposite 
directions  along  their  length  as  viewed  from  either  end.  The  core 
now  becomes,  as  it  were,  a  cylindrical  "  drum,"  which  may,  if 
necessary,  be  solid  right  down  to  the  shaft.  By  bringing  the  wire 
across  the  near  end  of  the  drum,  i  e  by  the  addition  of  a  second 
connector,  the  loops  may  be  multiplied,  the  end  of  one  loop  forming 
the  starting-point  of  the  next.  It  will  be  seen  that  the  winding 
of  Fig.  9  is  also  an  instance  of  a  drum  winding  on  an  external 
stationary  armature,  but  as  applied  to  a  homopolar  machine. 

§  9.  (2)  Ring  winding. — The  second  or  ring  method  was  em- 
ployed by  Pacmotti  in  1860,  and  described  by  him  in  1865,  but 
is  also  frequently  called  by  the  name  of  the  French  electrician 
Gramme,  who  reintioduced  it  in  1870  If  the  iron  core,  which 
serves  to  guide  the  lines  through  the  space  between  the  pole-pieces, 

1  The  marking  of  the  direction,  of  currents  or  E  M  F.'a  by  crosses  and  dots, 
according  as  they  are  away  from  or  towards  one's  point  of  view,  is  a  useful 
convention  ;  it  is  easy  to  recall  if  we  consider  the  cross  to  represent  an  end 
view  of  the  feathers  of  a  receding  arrow,  and  the  dot  to  represent  its  advancing 
point. 
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be  supported  at  some  distance  radially  from  the  shaft  by  means  of 
an  open  hub  or  spider  of  some  non-magnetic  metal,  such  as  gun- 
metal,  a  connecting  piece  of  wire  can  be  brought  through  the  inside 
space  between  the  core  and  the  shaft,  passing  between  the  arms 
of  the  hub  ;  by  it  the  far  end  of  wire  1  (Fig.  13)  can  be  connected 
to  the  near  end  of  2,  the  wire  next  to  it  on  the  surface  of  the  core, 
and  the  whole  arrangement  is  shown  in  the  ring-wound  armature 
of  Fig  14.  Without  the  iron  core  the  flux  would  go  straight  across 
the  gap  from  pole  to  pole ;  the  inner  connector  would  therefore 
be  cutting  lines  as  well  as,  and  in  the  same  direction  as,  the  outer 
active  wire,  and  an  E.M  F  would  be  produced  in  each.  These  two 
E  M  F  's  thus  acting  round  the  loop  would  oppose  and  tend  to 
neutralize  each  other,  so  that  the  net  E  M  F  would  be  merely  the 
difference  between  the  two.  But  with  the  iron  core  interposed  the 
lines  take  a  more  or  legs  curved  path  through  the  mass  of  the  iron, 
as  shown  by  dotted  lines  in  Fig  6  ;  and  li  the  core  be  supported 
by  a  non-magnetic  hub  very  few  lines  will  leak  across  the  internal 
centre  space  ;  consequently  there  is  little  or  no  E  M  F  induced 
in  the  inner  wire,  which  thus  serves  purely  as  a  conducting  connector 
to  sum  up  the  E.M  F 's  produced  in  the  two  external  active  wires, 
and  does  not  itself  cut  the  lines  of  the  field.  If  any  E  M  F.  is 
induced  in  the  inner  wire  it  is  simply  harmful,  but  with  proper 
methods  of  construction  and  right  proportioning  of  the  iron  in  the 
armature  coie  it  becomes  so  very  small  that  it  may  be  neglected. 

It  will  be  seen  that  this  method  really  amounts  to  threading  the 
same  wire  through  the  central  hole,  so  as  to  form  a  "  loop,"  and 
then  winding  a  second  loop  of  the  same  wire  continuous  and  side 
by  side  with  the  first.  A  coil  of  two  loops  is  thus  formed,  containing 
two  active  wires  on  the  outside  of  the  core,  whose  E.M.F.'s  are 
added  together  in  series,  and  the  core  becomes  a  "  ring  "  over- 
wound with  a  coil,  whence  the  term  "  ring-winding  "  arises.  As 
before,  two  active  conductors  have  been  placed  in  series,  and  pre- 
cisely the  same  amount  of  the  surface  of  the  armature  core  has  been 
covered  up  and  rendered  useful ;  and,  therefore,  two  loops  of  the 
ring  winding  are  the  exact  equivalent  of  one  loop  of  the  drum.  To 
both  the  rirg  and  the  drum  the  iron  core  is  essential,  but  in  the  ring 
there  are  internal  conductors  to  be  shielded  from  any  inductive 
action,  while  m  the  drum  all  the  winding  is  external.  It  is  evident 
that  in  the  ring  the  process  of  winding  the  wire  round  the  core  may 
also  be  continued  so  as  to  form  a  coil  of  three  or  any  larger  number 
of  loops  that  may  be  desired. 

§  10.  Simple  alternator  and  unidireoted-current  armatures. — 
If  the  curve  of  E.M  F.  induced  by  either  the  drum  or  ring  arrange- 
ment of  Fig.  14  be  plotted,  then  with  the  same  field  and  speed  of 
rotation  the  ordinates  will  have  twice  the  height  that  they  have  in 
Fig.  11 ;  and  if  the  free  ends  of  the  loops  db  be  taken  along  the  shaft 
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and  connected  to  two  insulated  collecting  rings  mounted  thereon, 
we  have  the  simple  bipolar  "  drum  "  and  "  ring  "  alternator  arma- 
tures of  Fig  14.  This  figure  also  shows  the  curve  of  E.M.F.  acting 
during  one  revolution  at  the  brushes  A  and  B,  which  lead  to  the 
external  circuit,  the  angle  through  which  the  loops  have  rotated 
being  reckoned  as  before  from  the  time  when  they  axe  situated 
midway  between  the  pole-pieces. 

For  a  variety  of  purposes  an 
alternating  E.MF.  is  incon- 
venient or  positively  useless ; 
yet,  from  the  nature  of  the 
dynamos  under  Class  II,  the 
E  M.F.  induced  in  each  loop  is 
necessarily  alternating,  since  it 
is  produced  by  first  cutting 
lines  in  one  direction,  and  then 
in  the  opposite,  by  continuous 
rotation,  and  therefore  any 
current  flowing  under  that 
E.MF.  must  necessarily  be 
alternating  in  the  armature 
conductors  themselves,  what- 
ever it  may  be  in  the  external 
circuit.  It  remains  to  be 
inquired  how  the  alternating 
E.M.F.  of  the  armature  loops 
can  be  "commuted"  or 
changed  to  an  E.MF.  always 
acting  in  one  direction  in  the 
external  circuit.  When  in  the 
course  of  rotation  the  loop  or 
loops  arrive  at  a  central 
position  under  the  two  pole- 
pieces,  the  E.M.F.  is  a  maxi- 
mum and  collecting  ring  a  is, 

say,  positive  ;  later,  when  the  loops  have  turned  through  90°, 
or  have  reached  a  position  in  the  gap  between  the  poles,  no 
E.M.F.  is  being  generated,  since  no  lines  are  being  cut,  and  they 
have  reached  the  position  of  revdrsal  Immediately  after  passing 
this  point,  ring  a  will  be  negative,  ring  6  positive.  What  is  required, 
therefore,  in  order  that  the  E.M.F.  at  the  brushes  may  act  always 
in  the  same  direction  round  the  external  circuit,  is  that  the  rings 
in  contact  with  the  springs  or  brushes  should  be  automatically 
reversed  at  the  instant  when  the  direction  of  the  E  M  F.  in  the  loop 
is  reversed,  so  that  a  should  now  touch  B,  and  6  touch  A.  This 
is  easily  effected  by  making  a  and  6  each  half  of  one  and  the  same 
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split  ring,  the  two  halves  being  separated  from  each  other  by  air 
or  other  insulating  material,  and  further,  by  so  setting  the  biushes 
that  they  pass  over  respectively  from  a  to  b,  and  from  b  to  a  at  the 
instant  of  reversal  (Fig  15).  This  device  is  the  simplest  form  of 
commutator,  by  which  each  brush  always  remains  either  positive  or 
negative,  as  the  case  may  be,  and  therefore  the  current  flowing  m 
the  external  circuit  is  unidirected,  although  in  the  loops  of  the 
armature  itself  it  is  alternating  in  direction 

A  ring  and  a  drum  umdirected-current  machine  have  now  been 
obtained,  and  the  curve  of  E  M  F  at  the  terminals  or  brushes  A ,  B 
will  be  entirely  above  the  horizontal  hne  (Fig.  15)  Given,  therefore, 
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FIG    15  — Bipolar  dynamos  with  two  acbve  conductors  in  series 
giving  a  umdirected  E  M  F 


two  open  ends  of  a  loop  or  loops  a  and  b,  the  same  armature  yields 
either  an  alternating  or  a  umdirected  current,  according  as  they 
are  attached  to  a  pair  of  collecting  rings  or  to  one  split-ring 
commutator. 

§  11.  Heteropolar  dynamos  (Class  H)  of  the  radial  or  (b)  type.— Hetero- 
polar  dynamos  of  the  second  or  (b)  group  of  Class  II,  in  which  the  length  of 
the  active  wires  is  at  right  angles  to  the  axis  of  rotation,  seldom  are  used  in 
practice,  and  therefore  may  be  briefly  dismissed,  as  of  less  importance  For 
a  dynamo  to  belong  to  Class  II  it  is  necessary  that  the  conductors  should  cut 
the  same  lines  twice  in  different  directions  A  second  air-gap  must,  therefore, 
be  brought  into  the  circular  path  of  the  active  conductor  by  breaking  the 
magnetic  circuit  at  a  second  place 

(3)  Disc  winding  In  the  true  disc  heteropolar  machine,  opposite  poles  are 
of  opposite  sign,  and  the  lines  pass  straight  across  each  air-gap  from  one  pole- 
piece  to  the  other  The  method  of  connecting  two  radial  wires  in  series  is 
then  to  join  the  outer  end  of  one  active  wire  by  a  connecting  piece  passing 
round  the  periphery  to  the  outer  end  of  another  active  wire,  situated  nearly 
diametrically  opposite,  under  the  second  pair  of  poles  (Fig  16),  the  loop 
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being  completed,  if  required,  by  a  second  connector,  joining  the  inner  ends  of 
two  active  wires,  so  as  to  render  a  series  of  continuoub  loops  posbible  It  will 
be  seen  that  the  radial  wires  are  actually  in  the  central  plane  of  rotation, 
and  the  peculiarity  of  the  true  dibc  machine  is  that  it  is  indifferent  whether 
the  loop  bo  wound  on  an  iron  core  or  not  A  supporting  core  may  be  neces- 
sary, but  it  need  not  be  of  iron  so  as  to  guide  the  lines  m  the  right  direction 
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FIG    16 — Disc  armature  with  two  active  conductors  m  series 

through  the  air-gap,  since  the  two  opposite  poles  can  be  brought  close  together, 
only  allowing  sufficient  room  for  the  coils  to  pass  between  them  It  -will  be 
recognized  that  Fig.  10  shows  the  same  type  of  winding  as  applied  to  a 
homopolar  machine. 

(4)  Discmdal  or  flat-ring  wtndtitg — The  winding  of  the  discoidal  machine 
is  exactly  analogous  to  the  ring  armature  of  Fig  14,  if  it  is  imagined  to  be 
flattened  out  until  its  radial  depth  is  greater  than  its  length  parallel  to  the 


FIG.  17  — Discoidal  ring  armature  with  two  active  conductors  in  series 


axis  of  rotation,  and  it  assumes  a  discoidal  form  ,  tho  polar  surfaces  are  then, 
presented  to  the  ends  of  the  cylinder  instead  of  to  its  periphery  But  now 
a  second  magnet,  M'  (shown  dotted,  Fig.  17)  can  be  presented  to  the  other  face 
of  the  flat-ring  core,  the  poles  of  this  second  magnet  being  exactly  opposite 
to  those  of  the  first  and  of  the  same  sign  The  lines  will  thus  enter  the  core 
from  both  sides  alike,  and  will  pass  in  opposite  directions  round  the  armature, 
to  leave  it  where  the  second  set  of  poles  is  presented  to  its  surface.  By  this 
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means  both  sides  of  the  winding  become  active,  and  the  inactive  connectors 
are  reduced  to  the  short  lengths  of  wire  at  the  top  and  bottom  of  the  core. 
The  entire  loop  of  the  flat  ring  machine,  although  containing  two  inductive 
portions,  should  therefore  be  regarded  as  equivalent  to  a  single  loop  of  the 
ring,  the  hnes  of  one  field  being  simply  divided  into  two  portions,  one  on  either 
side  of  the  core 

§  12.,  Superiority  in  practical  importance  of  the  dram  method 
of  winding. — While  the  above  brief  description  of  the  four  methods 
of  winding,  drum,  ring,  disc  and  discoidal,  is  necessary  in  order  to 
elucidate  their  characteristic  differences,  it  remains  to  be  added 
that  except  in  special  cases  the  drum  winding  possesses  such  marked 
superiority  that  it  is  almost  universally  used  in  preference  to  the 
three  other  methods.  Attention  may  therefore  be  henceforth 
almost  exclusively  directed  to  the  drum  loop  and  coil  as  the  impor- 
tant constituent  of  the  modern  dynamo.  The  formation  of  the  coil 


FIG    18. — Dmm  armature  with  coil  of  three  loopd 


of  many  loops  by  winding  on  more  wire  is  illustrated  in  the  case  of 
the  drum  by  Fig.  18,  which  shows  a  bipolar  armature  with  a  coil 
of  three  turns,  by  which  six  active  wires  are  joined  together  in  series 
with  a  consequent  increase  in  the  E  M.F.  As  before,  the  two  free 
ends  of  the  coil  may  be  taken  either  to  a  pair  of  collecting  rings  to 
form  an  alternator  (as  in  the  diagram  on  the  left  where  one  of  the 
rings  is  shown  of  larger  diameter  in  order  to  be  visible  behind  the 
other),  or  to  a  split-ring  commutator  (as  in  the  right-hand  diagram) 
and  by  means  of  the  brushes  a  current,  alternating  or  unidirected, 
in  the  two  cases  is  led  into  the  external  circuit.  The  ring  and  dis- 
coidal-ring  windings  can  be  used  without  alteration  in  a  multipolar 
field,  but  in  the  multipolar  drum  or  disc  machines  the  nature  of  the 
windings  requires  that  the  angular  span  of  the  loops,  which  is 
approximately  180°  or  across  the  diameter  in  the  two-pole  machine, 
should  be  reduced  to  approximately  90°  in  the  four-pole  (op.  Fig. 
19)  or  60°  in  the  sixvpole  field,  and  so  on.  As  the  number  of  poles 
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I  Smooth  IL  Toothed 

FIG    19  — Rotating  multipolar  Armatures  with  single  drum  coil 


Developed  Plan  rtewed  from  interior. 
Fie.  20,--Stationary  alternator  armature  with  single  drum  coil, 
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is  increased  the  chord  becomes  shorter,  which  has  the  practical 
effect  of  reducing  the  curvature  of  the  coil. 

Thus  Figs.  19  and  20  show  the  drum  coil  of  many  turns  as  applied 
either  on  the  outer  surface  of  an  armature  revolving  within  an 
external  multipolar  field,  or  to  the  inner  surface  of  an  external 
stationary  armature,  so  that  the  resemblance  to  a  drum  is  to  a  great 
extent  lost.  In  either  case,  again,  the  active  surface  of  the  armature 
may  be  smooth  as  in  Fig  19  (i),  with  the  wires  fastened  along  the 
outside  of  the  core,  or  it  may  be  toothed  with  the  winding  embedded 
in  slots  sunk  radially  into  the  periphery  of  the  core  as  in  Fig  19  (n) 
or  20,  where  the  coils  shown  ar'e  adapted  respectively  for  a  direct - 
current  machine  and  for  an  alternator.  From  the  fact  that  the 
slotted  core  allows  of  a  shorter  air-gap  and  better  mechanical 
protection  for  the  winding,  combined  with  certain  practical 
advantages  in  manufacture,  the  toothed  or  slotted  armature  is 
much  the  most  usual  construction  in  both  alternators  and 
continuous-current  dynamos. 

The  further  consideration  of  the  several  modes  by  which  coils, 
each  of  one  or  more  loops  or  turns,  may  be  connected  together  in 
order  to  increase  still  further  the  total  EM.F.  of  different  types 
of  machines,  will  be  resumed  in  Chapters  VIII  and  IX. 


CHAPTER  IV 

THE  MAGNETIC   PULL 

§.  1.  The  electrodynamic  action  between  current  and  magnet.- 

In  the  year  1819  a  Danish  physicist,  H.  C.  Oeistedt,*  di.st'oveied 
that  when  a  magnetic  needle  was  brought  near  a  wire  ouuyinK 
an  electric  current  it  was  deflected  into  a  definite  position  relatively 
to  the  wire  ;  m  other  words,  between  the  conductor  convoying  an 
electric  current  and  the  magnet  he  found  that  there  existed  a  certain 
mechanical  force  which,  if  the  conducting  wire  wore  stationaiy^uid 
the  needle  movable,  would  cause  the  latter  to  sot  itself  in  a  definite 
direction.  For  example,  if  the  conductor  conveying  the  euncnt 
is  a  long  straight  wire  held  horizontally  over  a  compass  needle,  the 
latter  tends  to  set  itself  at  right  angles  to  the  length  of  the  wire  ; 
and  further,  the  direction  in  which  its  north  polo  points  when  it 
has  so  set  itself  depends  upon  the  direction  in  which  the  cuneut 
is  flowing  m  the  wire. 

In  the  above  great  fact  of  the  electrodynamic  action  of  an  electric 
current  on  a  magnet  is  involved  the  whole  principle  of  dynamo- 
electric  machinery.  The  simple  experiment  of  Oerstcdt  was,  in 
fact,  the  first  instance  that  had  been  observed  of  the  conversion  of 
electrical  energy  into  mechanical  work,  and  as  such  illustiated  tlu1 
principle  of  the  electric  motor  ;  for  the  needle  as  it  move"*  could 
be  made  to  do  mechanical  work. 

§  3.  The  mechanical  torque  of  dynamo  or  motor.  Bui  it  H 
equally  the  fundamental  principle  upon  which  the  dynamo  rests. 
It  cannot  be  too  strongly  insisted  upon  that  the  measuii!  of  tin1 
usefulness  of  the  dynamo-electric  machine,  whether  as  dynamo 
or  motor,  depends  on  the  mechanical  force  which  has  to  be  exert rd 
upon  or  is  exerted  by  the  moving  member,  i.e.  on  the  mechanical 
torque  that  the  rotating  member  can  absorb  or  give  out  ;  foj  upon 
this  in  conjunction  with  the  speed  depends  the  electrical  power  01 
mechanical  horse-power  that  it  can  develop.  Just  us  the  pnrchasei 
of  a  steam-engine  buys  a  machine  capable  of  exerting  a  certain 
torque  on  its  crankshaft  when  supplied  with  steam  at  n  given 
pressure,  so  the  purchaser  of  a  dynamo  or  motor  buys  a  machine 
capable  of  absorbing  or  exerting  a  certain  torque  when  Us  Jield 
is  fully  excited  and  it  is  supplied  with  mechanical  or  vlectrirnl 

1  For  an  appreciation  of  the  work  of  Oerstedt  and  hia  conlemporurie*  Amnerti 
and  Arago.  one  hundred  years  ago,  see  Journ.  Anwr.  !.£.£.,  vol,  39,  Dec.  lt»2Q, 
pp.  1021-33. 
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energy.  The  speed  at  which  it  is  driven  or  at  which  it  runs, 
although  fundamental  to  its  design  and  use  in  so  far  as  it 
determines  the  power  and  also  the  voltage,  yet  in  comparison 
is  a  secondary  matter  ;  for  upon  the  torque  depends  primarily 
the  size  and  cost  of  the  machine,  and  it  may  even  in  practice 
be  adapted  to  run  at  any  speed  within  a  fairly  wide  range. 
So  important  is  the  torque  that  electric  machines  are  comparable 
as  to  their  relative  usefulness,  size  and  cost  in  terms  of  the  watts 
per  revolution  per  minute  that  they  can  give,  a  "  watt  per  revolution 
per  minute  "  being  a  special  unit  of  torque  which  owes  its  origin 
to  its  appropriateness  in  electrical  work,  and  which  has  the  same 
dimensions  as  a  dyne-centimetre  or  a  pound-foot.  One  watt  being 

60 

107  ergs  per  second,  the  particular  value  of  this  unit  =  ^-  X  107 

ZTT 

dyne-centimetres,  or 

1  watt  per  rev.  per  min.  =  9-55  X  107  dyne-centimetres 

9-55  X  107 
=  QQI  y  in?  =  0'974  kilogrammetres 

=  7-051b.-ft. 

§  3.  The  mechanical  force  on  a  current-carrying  conductor  in 
a  magnetic  field. — In  order  then  to  develop  the  first  fundamental 
equation  of  the  dynamo  dealing  with  the  connection  between 
mechanical  force  and  electric  current,  the  elementary  case  of  a 
straight  conductor  carrying  an  electric  current  and  immersed  in 
a  magnetic  field  will  first  be  considered. 

Let  a  straight  conductor  AD,  in  which  a  current  is  flowing  along 
its  length  from  D  to  A,  be  placed  in  any  position  in  a  uniform 
magnetic  field  (Fig  21)  ;  the  rest  of  the  circuit  which  must 
necessarily  exist  is  for  the  present  disregarded. 

Whatever  the  relative  positions  of  the  hues  which  represent  the 
directions  of  field  and  length  of  conductor,  they  fall  under  one  or 
other  of  two  cases  .  either  the  length  of  the  conductor  is  parallel 
to  the  direction  of  the  field,  or  it  is  not.  Now,  in  the  first  case, 
the  conductor  conveying  the  current  is  entirely  unacted  on  by  any 
force  due  to  the  external  magnetic  field  in  which  it  is  placed,  and 
it  has  no  tendency  to  move  in  any  direction.  But  in  the  second 
case  it  becomes  the  seat  of  a  mechanical  force  which,  unless  resisted 
by  an  equal  and  opposite  force,  will  cause  it  to  move  in  a  definite 
direction.  This  second  case  is  equally  well  expressed  by  saying 
that,  if  there  is  to  be  a  mechanical  force  acting  on  the  conductor, 
the  projection  of  its  length  on  a  plane  normal  to  the  direction  of 
the  field  must  be  a  line,  and  not  a  point.  In  Fig.  21  let  AD  be  a 
conductor  whose  length  does  not  coincide  with  the  direction  of 
field  in  which  it  is  placed,  and  let  ad  be  the  projection  of  its  length 
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on  a  plane  normal  to  the  field.  At  right  angles  to  ad  and  also  in 
the  normal  plane  draw  a  line  OM.  Then  the  conductor  AD  is 
acted  upon  by  a  force  equally  distributed  throughout  its  entire 
length  (since  it  is  entirely  immersed  m  a  uniform  field),  and  the 
direction  of  this  force  at  each  portion  of  its  length  is  m  the  plane 
normal  to  the  field  and  parallel  to  OM ,  in  other  words,  if  it  is  free 
to  move,  the  conductor  will  move  parallel  to  itself  through  the 


I 


(I)  End  Elevation  from  M 


(II)  Side  Elevation  from  Y 


wi&lftjjt*" 


field  owing  to  the  action  of  forces, 
which  may  be  summed  up  and 
represented  by  one  force  along 
the  line  OM. 

The  "  sense  "  of  this  magnetic 
force  or  pull  is  determined  as 
follows.  In  Fig.  21,  if  the 
direction  of  the  lines  of  the  field 
be  vertically  upwards,  and  the 
current  flows  in  the  conductor 
from  D  to  A,  the  du-ection  of  the 
pull  on  the  conductor  will  be  from 
left  to  right  towards  M.  Hence 
if  the  left  hand  is  placed  out- 
stretched along  the  length  of  the 
conductor,  so  that  the  direction  of 
current  is  from*wrist  to  the  finger-tips,  while  the  thumb  points  down 
the  direction  of  the  lines  of  the  field,  the  direction  of  the  mechanical 
pull  on  the  conductor  will  be  across  the  hand  from  the  back  to  the 
palm ;  in  other  words,  the  palm  will  face  the  direction  towards 
which  the  conductor  tends  to  move.  The  force  is  a  mutual  action 
between  the  conductor  and  the  field-magnet,  so  that  if  the  conductor 
is  held  fast,  and  the  pole-pieces  between  which  the  field  exists  are 
free  to  move,  the  direction  in  which  they  will  move  is  of  course 
opposite,  i.e.  from  the  palm  of  the  hand  across  to  the  back 

§  4.  The  mechanical  force  equation.— Next,  as  regards    the 
magnitude  of  the  force,  if  /  be  the  length  of  the  conductor  AD  as 
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(110  Plan  on  a  plane  normal 
to  the  Field 

FIG.  21. — Force  on  current- 
carrying  conductor  in 
magnetic  field. 
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projected  on  to  the  plane  normal  to  the  field  of  uniform  density, 
then  the  force  acting  on  AD  at  right  angles  to  its  length,  and  tending 
to  move  it  parallel  to  itself  along  OM,  is  proportional  to  the  product 
of  the  density  of  the  flux,  the  projected  length  of  the  conductor, 
and  the  current,  or  F  oc  Bgil. 

On  the  C.G.S.  system,  the  force  measured  in  dynes  is  equal  to 
the  above  product  when  I  is  in  centimetres,  Bg  in  C  G  S.  lines  per 
square  centimetre,  and  *  is  in  absolute  electromagnetic  units  of 
current.  But  if  i  is  in  amperes,  since  one  ampere  =  ^-th  of  an 
absolute  electro-magnetic  unit, 

F  =  Bgil  X  10-1  dynes 

But  I  =  L  sm  a,  where  a  is  the  angle  which  the  length  of  the 
conductor  makes  with  the  direction  of  the  field  (Fig  21,  i),  so  that 

F  =  BgiL  sin  a  X  10"1  dynes 

or  F  =  Ba  .  i/lQ  dynes      per  cm.  of  projected  length 

«    *          1 
=  BO  10  X      -  grammes 


=  1  02  Bgi  X  10'7       kilogrammes  „        „          „  „ 

=  5-7  Bai  x  10-7         Ib.       per  inch      „ 

There  is  no  tendency  for  the  conductor  to  rotate  so  as  to  alter 
the  angle  a,  but  for  a  given  length  of  conductor  and  given  current, 
the  force  is  a  maximum  when  the  length  of  the  conductor  is  itself 
at  right  "angles  to  the  direction  of  the  lines,  i  e.  when  it  lies  wholly 
in  the  plane  normal  to  the  field,  as  shown  in  Fig.  22  and  a  =  90°. 
The  maximum  force  is  then 

F  =  Btt\L  x  10-1  dynes  .....      (2) 

=  5-7  BgiL"  x  10-7  Ib.  .  (2«) 

when  i  is  in  amperes,  and  in  the  second  alternative  L"  is  in  inches 
although  Bg  is  retained  in  C  G  S.  lines  per  sq.  cm  Since  in  dynamo 
and  motor  alike,  the  length  of  the  active  conductors  is  arranged  as 
far  as  possible  to  lie  in  the  plane  normal  to  the  field,  the  above 
expression  may  be  regarded  as  the  first  fundamental  equation  of 
the  dynamo  or  motor. 

When  the  conductor  is  inclined  to  the  direction  of  the  field,  the 
accual  force  acting  on  it  due  to  the  magnetic  pull  is  always 

F  =  BgiL  sin  a  X  10'1  dynes 

along  the  line  OM.  But  the  whole  or  part  of  this  may  be  balanced 
by  other  external  forces.  The  component  force  along  any  line 
of  action,  which  may  or  may  not  be  unbalanced,  is  then  simply 
obtained  by  resolving  the  force  F  along  the  given  line.  Thus 
m  Fig.  21  let  Om'  be  the  line  of  action  under  consideration,  its 
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projection  on  the  noimal  plane  (Fig.  21,  iii)  being  along  Om  ; 
then  the  component  of  the  force  F  actuig  along  the  line  Om  is 

/=  F  siny 

where  y  is  the  angle  which  the  projection  of  the  line  of  action  makes 
with  the  projected  length  of  the  conductor  Further,  the 
component  of  /along  the  line  Om'  is 

/'=/sm/? 

where  /ff  is  the  angle  which  the  line  of  action  makes  with  the  direction 
of  the  field  (Fig.  21,  n).  Hence  the  force  acting  on  the  conductor 
along  the  given  line  of  action  Om'  is 

/'  =  BgiL  sin  a  sin  (3  sm  y  X  10'1  dynes    .         .         .         .     (3) 

One  feature  still  remains  to  be 

mentioned.    When  the  conductor  of  Direction  of  magnetic  pull 

Fig.  21  is  unconstrained  and  moves  _   v°"  conduct0^- 

parallel  to  itself  in  the  direction  of 
the  line  OM,    it   passes  broadside          t|t©tttt!fftt 


of  lines  cut  is  a  maximum.    Further, 

since  the  force  F  has  no  component      r  _  "  A 

in  a  vertical  direction  or  along  the          ............ 

length  of  the  conductor,  it  is  evident  "   '  i  .......... 

that  there  is  no  tendency  for  the          \   \  [    '.  \   X   .  T  !   !   1 
conductor  to  move  up  and  down  the  .   .  ^    ......... 

lines  or  end-on  through  them       It          •  •  •   ......... 

is    essential,     therefore,     for     the     ^  j)  D 

existence  of  force  along  any  line  of     FJG  22  _Position  for  maximum 
action  that  the  conductor,  by  move-        pull  on  current-carrying  con- 
ment  in  that  direction,  should  cut        ductor  in  magnetic  field. 
lines  of  the  field  along  its  length. 

§  5.  The  magnetic  pull  as  arising  bom  the  interaction  ol  two 
magnetic  fields.  —  The  mechanism  from  which  arises  the  mechanical 
pull  on  a  current  -carrying  conductor  is  to  be  found  in  the  interaction 
of  its  own  magnetic  field  with  the  external  field  in  which  it  is  situated. 
Thus  the  composition  of  the  circular  lines  surrounding  the  straight 
conductor  of  Fig.  22  with  the  original  field  would  lead  to  the  resultant 
lines  being  bent  round  the  conductor  so  that  the  density  "becomes 
greater  on  its  left  and  less  on  its  right  side  (cp.  Fig.  23  for  curved 
pole-pieces),  Again,  take  the  case  of  a  rectangular  loop  of  wire 
round  which  a  current  flows,  and  placed  so  that  its  plane  is  parallel 
to  the  direction  of  the  field  between  two  external  pole-pieces  (Fig. 
24).  Then  it  follows  from  the  electrodynamic  law  that  if  the 
direction  of  the  current  round  the  loop  be  as  shown  by  the  arrow, 
the  upper  side  will  be  subjected  to  a  force  tending  to  move  it  towards 
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the  right,  as  seen  from  D,  while  the  lower  side  will  be  subjected 
to  an  equal  force  tending  to  move  it  towards  the  left ;  the  ends 
will  while  parallel  to  the  field  have  no  force  exerted  on  them,  and 
when  in  a  plane  normal  to  the  field,  or  in  any  intermediate  position, 
the  force  tending  to  move  the  one  in  one  direction  will  be  counter- 
balanced by  the  force  tending  to  move  the  other  in  the  opposite 


FIG   23  —Resultant  field 

direction.  The  whole  loop  will  therefore  be  acted  upon  by  a  couple 
tending  to  rotate  it  in  a  clockwise  direction,  and  the  position  which 
it  will  take  up  if  free  to  move  is  one  in  which  its  plane  is  normal 
to  the  direction  of  the  field,  as  shown  by  dotted  lines.  When  the 
loop  is  vertical  and  is  subjected  to  a  magnetic  pull,  the  lines  that 
would  be  due  to  the  current  alone  would  pass  through  it  from 
right  to  left,  as  seen  from  D.  Such  a  supposed  field  must,  however, 
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FIG    24. — Torque  and  resultant  field  for  loop. 
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be  compounded  with  the  original  vertical  field  and  the  result  of 
this  composition  is  that  the  lines  of  the  actual  field  in  nature  arc 
twisted  out  of  their  direct  path.  When  the  loop  has  rotated  into 
its  position  of  rest,  the  lines  that  would  be  due  to  the  current  alone 
coincide  in  direction  with  the  lines  of  the  original  field,  i.e.  pass 
vertically  upwards  through  the  loop.  Hence,  as  the  loop  rotates, 
the  lines  of  the  resultant  field  shorten  their  path,  and  further  become 
a  maximum. 

If  a  magnetic  field  be  divided  up  into  tubes  of  flux,  each  of  which, 
though  possibly  of  varying  area,  conserves  the  same  amount  of 
induction  throughout  its  whole  circuital  length,  Clerk  Maxwell  has 
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shown  that  the  state  of  stress  in  a  medium  which  is  magnetically 
indifferent *  may  be  specified  if  it  be  supposed  that  the  tubes  of  flux 
are  subjected  to 

(i)  a  hydrostatic  pressure,  the  same  in  all  directions,  and  of 
magnitude  H*/&jr  dynes  per  sq.  cm.,  and 

(11)  a  longitudinal  tension  BH/4xr  dynes  per  sq.  cm.  in  the 
direction  of  the  lines  of  induction.  When,  therefore,  the  lines  of 
an  external  field  are  distorted  or  deflected  out  of  their  original 
normal  path  by  the  presence  of  the  current  -carrying  loop  and  are 
thereby  caused  to  traverse  a  longer  path,  the  interaction  of  loop 
and  field  tends  to  cause  relative  movement  through  which  the  lines 
are  enabled  again  to  straighten  themselves.  The  following  general 
laws,  illustrated  by  the  above-described  case,  may  therefore  be 
stated — 

(1)  To  the  lines  of  a  compound  field,  if  distorted  from  their 
initial  path  by  current-carrying  conductors  may  be  attributed 
a  tendency  to  shorten  themselves,  and  if  relative  movement  be- 
tween coil  and  magnet  be  possible,  this  tendency  will  cause  move- 
ment hi  such  direction  that  the  lines  become  progressively  straighter, 
and  shorter. 

(2)  Every  closed  circuit  carrying  a  current  tends  to  set  itself 
so  that  the  lines  embraced  by  it  are  a  maximum,  and  the  direction 
of  the  movement  will  be  such  as  to  cause  the  linked  flux  to  increase. 

In  simple  cases  the  forces  are  easily  calculable, 2  and  even  approxi- 
mate diagrams,  such  as  Fig.  23  or  24,  of  the  flux  round  current- 
carrying  conductors  immersed  in  a  magnetic  field  are  always  useful 
as  pictures  suggestive  of  the  direction  of  the  mechanical  thrust 
or  torque  on  them  or  on  the  surrounding  iron, 5  although  in  com- 
plicated cases  they  cannot  be  used  as  a  means  for  quantitative 
calculation  of  the  magnetic  pull. 

§  6.  Magnetic  pun  on  the  conductors  of  a  smooth  armature. — 
Let  us  now  consider  the  case  of  a  smooth  iron  cylinder  along  the 
outside  of  which  and  parallel  to  its  length  are  arranged  a  number 
of  conductors  conveying  currents,  the  whole  being  placed  in  a 
magnetic  field  between  two  pole-pieces  (Fig  25).  The  direction 
of  the  lines  in  the  aii -space  between  the  iron  poles  and  the  iron 
cylinder  will  be  nearly  radial,  except  for  a  small  fringe  of  lines  near 
the  intci  polar  gaps,  and  even  here  the  immediate  entrance  of  the 
flux  into  the  armature  core  or  its  emergence  therefrom  is  practically 
radial. 

1  Electricity  and  Magnetism,  vol  2,  §  642.  In  a  ferromagnetic  medium  if 
B  and  H  diverge  in  direction,  the  case  is  more  complicated. 

•  See  especially  G.  F.  C.  Searle  "  On  the  Magnetic  Field  due  to  a  Current 
in  a  Wire  placed  parallel  to  the  Axis  of  a  Cylinder  of  Iron,"  Electrician,  vol  40, 
p.  453  (28th  Jan,  1898). 

•  Even  in  the  case  of  a  dynamo  with  compensating  field-winding ;    cp. 
chap.  19,  §  19. 
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As  will  be  seen  later,  when  current  flows  through,  the  conductors 
the  flux-density  does  not  remain  uniform  even  under  the  actual  pole- 
faces,  but  if  Baa  is  the  flux-density  at  any  part  where  a  conductor 
is  situated  at  any  moment,  the  force  acting  on  it  is  Bgx  iL  x  10'1 
dynes,  where  L  is  the  length  in  cm.  of  the  conductor  within  the 
influence  of  the  field.  If  the  conductor  is  situated  at  a  radius  of 


D/2  cm,  its   torque    is  BgxiL  — 


FIG  25  — Magnetic  pull  on  the  active  conductors 
of  a  smooth  armature 


kB 


D 


dyne-centimetres.     Let 

BH  maas  be  the  maxi- 
mum density,  and  let 
k  be  a  coefficient  re- 
ducing its  value  to  the 
average  density  over 
a  whole  pole-pitch  so 
that  kBgmw=Baw. 
If  then  by  rotation 
the  conductor  passes 
through  all  values  of 
Bga)  its  average  torque 
during  passage  through 
the  field  of  a  pole-pitch 
will  for  a  given  con- 
stant current  be  pro- 
portional  to  the 
average  density, 


0  maw 


i.e.  it  will  be  =  kB,  max  iL  -5  x  lO"1  dyne-centimetres. 

(a]  Now  as  shown  in  Fig.  25  let  the  directions  of  the  currents  in 
the  one  half  of  the  conductors  (marked  with  a  dot)  under  one  pole- 
piece  be  towards  an  observer,  looking  at  the  cylinder  from  its  end, 
and  in  the  other  half  (crossed)  away  from  the  observer.  By  appli- 
'  cation  of  the  left  hand  it  will  be  found  that  each  conductor  is  sub- 
jected to  a  pull  tangential  to  a  circle  passing  through  the  centre 
of  the  conductors.  The  directions  of  a  few  of  these  forces  are  shown 
on  the  diagram.  The  whole  may  be  considered  as  a  number  of 
loops  all  tending  to  set  themselves  vertical,  so  as  to  embrace  all 
the  lines  of  the  field,  while  the  ends  of  the  loops  will  exert  neither 
an  upward  nor  a  downward  pull.  The  total  result  of  the  action  will 
be  that,  unless  otherwise  constrained,  the  whole  system  of  con- 
ductors will  rotate  in  a  clockwise  direction,  and  if  the  above  repre- 
sents an  electric  motor,  the  conductors  will  so  rotate.  The  tangen- 
tial pull  on  each  conductor  is  removed  and  put  on  again  twice  in 
each  revolution  as  it  passes  over  from  under  one  pole  to  the  other, 
but  is  always  in  the  same  direction  relatively  to  the  rotation. 
Further,  let  the  current  in  each  conductor,  although  in  different 
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directions  in  the  two  halves  of  the  armature,  have  the  same  steady 
value  of  /  amperes.  The  case  of  the  armature  of  a  2-pole 
continuous-current  dynamo  or  motor  is  then  reproduced  The 
average  magnetic  drag  or  pull  on  one  conductor  passing  through 
a  double  pole-pitch  (the  directions  of  current  and  flux  chang- 
ing simultaneously)  is  kBgnaaJL  x  10'1  dynes  and  its  average 
torque  is — 

}  kBa  maa  JDL  x  10'1  dyne-centimetres. 

The  same  also  holds  if  the  machine  is  multipolar ,  hence  if 
there  are  Z  conductors  in  all  on  the  armature,  the  total  torque  will 
be  Z  times  the  average  torque  of  a  single  conductor,  i.e.  it  will  be — 

T=$kBama!aJZDL  x  10-1  dyne-centimetres  .         .     (4) 

or  in  the  special  unit  of  torque  of  §  2. 


60  X  107 
2rr 


7T 

QQ  DL  X  10'8  watts  per  rev.  per  min 


Let  Oa  =  the  total  number  of  C  G.S.  lines  which  issue  from  any 
one  pole  and  pass  into  the  armature,  or  which  emerge  from  the 
armature  and  enter  into  a  pole  of  opposite  sign,  in  either  case 
forming  a  single  field  in  the  air-gap  extending  over  a  pole-pitch. 
Then  kB9  max  irDL  is  equal  to  the  total  flux  of  all  fields,  i.e. 
—  2/>Oa,  where  p  is  the  number  of  pairs  of  poles.  Therefore, 
alternative  expressions  for  the  total  torque  are — 


a 

T  =   -  -—    x  10-1  dyne-centimetres  ....     (46) 


X  1(H  lb'~feet 


X  10"8  watts  per  rev.  per  mm.  . 


Multiplying  (4)  or  (46)  or  (4c)  by  CD  the  angular  velocity  in  radians 
per  sec.  (  =2irN/6Q  where  2V  is  the  number  of  revs,  per  mm.  )  ,  we  obtain 
the  rate  of  absorption  or  development  of  mechanical  energy  in  the 
machine  either  in  ergs  per  second  in  the  first  case,  or  in  foot-pounds 
per  second  in  the  second  case,  and  multiplying  (4#)  or  (4d)  by  N, 
it  is  given  directly  in  watts. 

In  the  older  types  of  dynamos  or  motors  with  smooth-core  arma- 
ture, such  as  that  shown  in  Fig.  25,  the  density  of  field  in  the  air- 
space through  which  the  conductors  moved  was  usually  at  least 
5,500  C.G.S.  lines  per  square  centimetre.  The  force  acting  on  each 
conductor  per  foot  of  active  length  is  then  0-0376  Ib.  for  every 
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ampere  of  current  flowing  through  it,  or  nearly  3|  Ibs.  for  100 
amperes.  The  active  wires  had  therefore  to  be  securely  fastened  to 
the  armature  of  the  dynamo,  and  prevented  from  slipping  under  the 
action  of  the  magnetic  drag.  This  was  effected  by  thin  hard-wood 
driving  strips  (preferably  of  hornbeam)  let  into  shallow  grooves 
milled  longitudinally  across  the  armature  core. 

(&)  Next,  in  reference  to  alternating-current  machines  let  it  bo 
assumed  that  the  density  of  the  field  of  each  pole-pair  is  constant  in 
time  but  is  distributed  after  a  sine  law  over  the  double  pole-pitch  ; 
that  the  currents  in  the  conductors  follow  a  sinusoidal  law  in  time, 
and,  therefore,  also  spacially  at  any  one  moment  over  the  double 
pole-pitch ;  and  lastly,  that  the  maximum  value  of  the  current  I 
(=  A/2  times  the  virtual  current  /)  coincides  with  a  position  of 
the  conductor  carrying  it  in  the  maximum  flux-density  which  we 
will  symbolize  by  Bgs  „<„,  to  indicate  that  the  field  is  assumed 
to  be  sinusoidally  distributed.  Reckoning  the  angular  position 
of  a  conductor  from  a  point  where  current  and  field  change  direction, 
the  instantaneous  value  of  the  current  is  I  sin  a  =  A/2/  sin  a  and 
of  the  flux-density  in  which  it  is  situated  is  Bgs  maa  sin  a.  Since 
one  pole-pitch  corresponds  to  rr  electrical  radians,  the  magnetic 
drag  or  pull  from  one  conductor  averaged  over  a  pole-pitch  is — 


*w  man  sm  a  V2/  sin  a.  <Za  X  10'1  per  cm.  length 

v?» 

77 
1 


X   /    sinaa.rfaX  10"1  per  cm.  length 

77  Jo 


A/2    'Bm<u>     x  10rl  dyne3  per  cm> 

If  I-  be  the  length  in  cm.  of  the  conductor  within  the  influence 
of  the  field,  the  average  total  pull  of  its  whole  length  during 
movement  over  the  pole-pitch  is  — 

x  10-1  dynes 


and  at  radius  D/2  in  cm.,  its  average  torque  is  — 
JLD  x  10'1  dyne-centimetres. 


2/2  • 
Since  there  are  Z  such  conductors,  the  total  torque  of  the  machine  is 

B"  "•*  JZLD  x  10"1  dyne-centimetres     ,        .      (5) 


TT 

60  ^  X  ^  wa^;ts  Per*ev«  Per 
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The  previous  expression  for  the  continuous-current  case  was  given 
in  terms  of  the  average  density,  kBa  moflr  On  the  basis  of  our 
assumed  sinusoidal  distribution  of  the  field  in  the  alternating- 
current  case,  k  =  2/7T,  and  we  may  equally  well  write  — 

T  =          •  kB>  ««  JZ      DL  x  10"8  watts  P61  rev- 


where  k  has  the  special  value  of  2/rr  for  the  ca«e  of  Bgs  For 
kBg8  maa  .  nDL  =  2Bga  n<M  .  DL  may  then  be  substituted  2^0W, 
where  Oag  is  the  total  flux  of  one  pole-pitch  when  the  field  is  sinu- 
soidally  distnbuted.  Alternative  expressions  for  the  torque  m 
terms  of  the  flux  per  pole-pitch  in  the  alternating  cafe  are,  therefore, 

^    *'       X  10-1  dyne-centimetres    ....     (5&) 


7T          p  'Pflf  J  £ 

==2V2'"425      X  10"8  lb'"feet          '  '         '     (5c) 

=  -j—7?.  .  -    JJf —  X  10'8  watts  per  rev.  per  mm.         .     (5d) 

Z-yZ  Ov 

A  fmther  approach  to  the  conditions  of  practice1  is  given  in 
Chapter  VI,  §  14,  where  it  is  shown  that  when  the  change  of  direction 
of  the  current  in  the  conductors  does  not  coincide  with  their  position 
on  the  line  where  the  field  changes  direction  but  lags  behind  it, 
allowance  must  be  made  for  this  by  multiplying  the  above  expressions 
by  the  cosine  of  the  angle  of  lag.  Lastly  in  practice  the  alternating 
current  does  not  spacially  vary  strictly  after  a  sine  law  over  the 
double  pole-pitch,  even  if  in  any  one  conductor  it  varies  temporally 
after  a  sine  law  :  the  conductors  are,  in  fact,  divisible  into  a  com- 
paratively small  number  of  groups,  in  each  of  which  the  current 
at  any  moment  has  one  and  the  same  value,  since  the  conductors 
of  which  it  is  composed  are  in  seiies.  To  take  account  of  this 
departure  from  the  conditions  assumed  above,  the  expression 
must  be  multiplied  by  a  differential  factor,  kd,  which  will  be  further 
explained  later. 

Both  the  continuous-current  and  alternating  cases  may  then  be 
brought  under  one  .general  formula,  as — 

T=kf.kd  k.  Bg  mw  J2—DLX  1(H  watts  per  rev.  permin.  (Se) 
or 

=  kf .  kd .       J!       X  10"8  watts  per  rev.  per  min.          (5/) 

i  If  the  field-distribution  is  not  purely  sinusoidal,  then  as  a  first  approx- 
imation and  with  but  little  error  may  be  taken  the  fundamental  of  the  flux- 
curve,  and  for  BM  ncm  and  0>M  will  be  substituted  B^,  and  <DX.  In  most  cases 
this  initial  step  in  the  complete  process  for  the  actual  field  is  all  that  is  required 
for  practical  purposes. 
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where  in  the  continuous-current  case  kf  and  £d  are  both  unity,  and 
in  the  alternating  case  with  a  sinusoidally  distributed  field  kf  = 
Tr/2\/2  and  k  =  2/ir,  the  former  being  the  "  form  factor "  or 

virtual  value        ,  ,,     ,    ,      Jt        .         average  value 
ratio  .       and  the  latter  the  ratio  r—    of 

average  value  maximum  value 

a  sine  function.  If  in  the  latter  case  the  change  of  cunent- 
direction  does  not  coincide  with  change  of  field-direction,  T  is  the 
1  hypothetical  torque  that  would  result  if  there  was  coincidence, 
measured  in  volt-amperes  per  rev.  per  min.,  and  the  real  torque 
in  watts  per  rev.  per  min.  will  be  given  by  the  product  of  the 
hypothetical  torque  and  the  angle  of  lag  cos  <j)a 

§  7.  The  toothed  or  tunnel  armature  and  its  magnetically  shielded 
conductors. — Next  let  the  current-carrying  <  onductors  be  embedded 
in  slots  on  the  surface  of  the  armature,  as  in  Fig.  6,  or  be  actually 
threaded  through  closed  tunnels.  Thereby  they  become  magnetically 
shielded,  so  that  the  flux-density  Bt  within  the  slot  or  tunnel  is 
only  a  very  small  fraction  of  Ba,  the  average  flux-density  in  the 
air-gap,  and  a  still  smaller  fraction  of  Btt  the  flux-density  in  the 
teeth.  The  mechanical  force  on  a  conductor  is  then  strictly 
proportional  to  B8>  the  density  of  the  field  m  which  it  is  immersed 
m  the  slot,  and  obeys  the  fundamental  law1  of  equation  (2)  For 
the  same  total  flux  therefore  the  mechanical  toique  on  the  conduc- 
tors of  the  toothed  armature  is  very  much  reduced  as  compared 
with  its  value  for  the  same  conductors  and  current  on  the  surface 
of  a  similar  smooth-core  armature.  Yet  actually  it  is  found  by 
experiment  that  the  total  torque  on  the  toothed  armature  as  a  whole 
A  is  precisely  the  same  as  on  the  conductors  of  the  similar  smooth-core 
armature. 

The  explanation  of  this  apparent  paradox  is  again  to  be  sought 
in  the  interaction  of  the  magnetic  field  of  the  conductors  in  the  slots 
with  the  main  field.  The  influence  of  the  magnetomotive  forces 
of  the  conductors  extends  into  the  air-gap  and  causes  the  flux  to 
take  a  slanting  direction  across  the  gap  from  the  iron  surface  of 
the  pole-pieces  to  the  iron  surface  of  the  armature.  Its  path  is 
therefore  longer,  and  the  tension  of  the  lines  causes  a  magnetic 
pull  between  the  tips  of  the  teeth  and  the  iron  pole-faces  which  has 
a  tangential  component. 

Fig.  26 a  shows  the  path  of  the  lines  in  the  air-gap  after  emerging 
from  a  block  of  iron,  which  is  immersed  in  a  uniform  magnetic 
field  and  in  which  is  embedded  an  insulated  conductor  carrying  a 

1  For  experiments  in  proof  of  this,  cp  W.  M  Mordey,  Journ  I  E.  E., 
vol.  26,  p.  566 ,  cp.  also  P.  M  Heldt,  Elec  World  and  Engtnefr,  vol.  33, 
p.  699  (1899) 

1  Taken  from  Mr.  Searle's  paper  above  quoted  (§  6),  to  -which,  the  reader 
is  again  especially  referred. 
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FIG   26. — Force  on  iron  containing  an 
embedded  conductor 


current  directed  away  from  the  observer.    In  drawing  the  diagram, 

in  order  to  show  the  distortion  of  the  lines,  the  strength  of  the 

original  uniform  field  H0  in  the  air  has  been  made  small  as  compared 

with  the  magnetic  force  due  to  the  current  at  the  points  in  the  air 

nearest  to  the  current ; 

in  an  actual  dynamo 

it   would  be  greater, 

and  the  distortion  less, 

although  always 

present        From   the 

tension   and   pressure 

mentioned  in  §  5,  there 

results   across   any 

plane   in    the    ether 

paiallel  to  the  face  of 

the  block  and  above  it 

not     only    a    tension 

tending  to  lift  the  block,  but  also  a  shearing  stress  tending  to  make 

all  the  system  below  the  plane  move  towards  the  right.    The  sloping 

direction  of  the  lines  as  they  leave  the  iron  shows  that  the  iron  will 

experience  a  foice  towards  the  right.    The  whole  of  the  force 

parallel  to  the  face  of  the  iron  iH0  would  in  any  case  finally  come 

upon  the  block  of  iron,  but  now  if  the  tunnel  is  circular  and  small 
the  force  on  the  conductor  parallel  to  the 
face  of  the  iron,  per  cm.  length,  is 
only  ZiHJft  dynes,  and  the  remainder 
iH0(\  -  2/fj,)  falls  directly  on  the  iron. 

Fig.  27  shows  roughly,  and  to  an 
exaggerated  scale,  the  path  of  a  line 
through  a  double  air-gap  and  cylindrical 
iron  core,  when  the  latter  has  a  current- 
carrying  loop  embedded  in  it  near  its 
surface,  in  the  position  of  greatest  torque. 
Again  by  far  the  greater  part  of  the 
mechanical  torque  falls  directly  on  the 
iron. 1 

When  the  armature  is  toothed  with 
open  or  semi-closed  slots,  an  accurate 
pictorial  representation  and  quantitative 
calculation  of  the  relative  forces  on  iron 
and  conductor  becomes  more  difficult. 

The  qualitative  effect  is  therefore  only  roughly  indicated  in  Fig.  28. 

The  flux  of  the  field  after  passing  through  the  air-gap  proper  divides 

1  See  especially  "  The  Magnetic  Field  in  Tunnel  Armatures,"  by  Prof.  F.  G. 
Baily,  Electrician,  vol.  39,  p  810  (15th  Oct.,  1897),  -with  subsequent  corre- 
spondence, and  "  On  Magnetic  Shielding,"  by  Prof  H.  Du  Bois,  Elecfnnan, 
vol.  41,  p.  108  (20th  May,  1898). 


FIG  27.  —  Approximate 
path  of  lines  giving  riso 
to  torque  on  iron 
cylinder  containing  an 
embedded  loop. 
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between  the  alternative  paths  offered  by  the  teeth  and  the  slots 
in  proportion  to  their  permeances  since  the  two  paths  are,  roughly 
speaking,  in  parallel ;  the  relative  densities  within  tooth  and  slot 
are  therefore  B^B,  =  p,  where  p  is  the  permeability  of  the  iron 
teeth  for  the  induction  Bt  within  them.  Since  the  permeability 
of  good  iron  stampings  even  at  as  high  a  flux-density  as  20,000 
lines  per  square  centimetre  is  to  that  of  air  as  66  : 1,  it  is  evident 
that  if  the  width  of  the  teeth  is  comparable  with  that  of  the  slots 
almost  all  the  lines  will  follow  the  iron  path.  But  the  lines,  instead 
of  being  nearly  uniformly  distributed  over  the  face  of  each  tooth, 
become  denser  on  the  trailing  than  on  the  leading  side ;  by 
the  "  leading  side  "  is  indicated  that  side  which  during  rotation  as 

a  dynamo  first  enters 
or  leaves  the  gap  be- 
tween two  poles,  (the 
"trailing"  side  being 
that  which  is  the  last 
to  enter  or  leave  the 
interpolar  gap),  and 
the  difference  between 
the  densities  of  the 
two  edges  increases  as 


the  current  is  increased. 
The  lines  tend  to 
shorten  and  straighten 
themselves,  so  that  the 
result  of  the  unsym- 
metrical  distribution  is 

to  produce  directly  on  the  armature  core  a  magnetic  pull 
dependent  upon  the  amount  of  current  that  is  flowing  in  the 
conductors.  The  extent  to  which  the  driving  force  that  the 
conductors  would  experience  on  a  smooth  core  with  the  same 
total  flux  is  transferred  to  the  iron  of  the  toothed  armature  de- 
pends upon  the  degree  to  which  the  teeth  are  unsaturated,  i e. 
upon  the  average  density  in  the  air  gap  and  the  relative  propor- 
tions of  the  widths  of  tooth  and  slot.  If  Bf  =  6900,  and  the  width 
of  the  slot  is  about  twice  that  of  the  tooth,  the  above-mentioned 
relative  densities  would  be  obtained,  namely,  J3</B«  =  20,000/300 
=  66 ;  the  force  on  the  active  conductors  is  then  BJBg  =  300/6900 
=  sford  of  that  to  which  they  would  be  subjected  on  a  smooth 
core  with  an  equal  average  density,  and  fjrds  of  the  total  pull  is 
transferred  directly  to  the  iron.  The  conductors  themselves, 
therefore,  and  the  insulation  between  the  conductors  and  the  walls 
of  the  slot  are  relieved  from  the  greater  part  of  the  driving  stress — 
a  fact  of  great  importance  to  the  dynamo  designer. 
Thus  the  toothed  armature,  which  in  an  elementary  form  was  first 


FIG 


—  Direction  of  rotation  as  generator 
-»•          ii         ii        it        it  motor. 

28  — Distribution  of  flux  in  toothed 
armature  carrying  current 
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employed  in  the  ung  armature  of  Pacmotti,  not  only  gives  good 
mechanical  protection  to  the  conductors,  but  affords  a  perfect 
system  of  driving.  Largely  on  this  account  it  has  displaced 
the  smooth-core  armature  formerly  in  vogue,  and  is  now  almost 
universally  employed  for  all  classes  of  machines. 

But  whether  the  armature  be  smooth  01  toothed,  the  importance 
of  sufficient  mechanical  strength  to  core,  shaft  and  framework  in 
general  in  view  of  the  forces  described  in  the  present  Chapter  will 
be  clear.  It  only  remains  to  be  added  that  in  spite  of  the  transfer- 
ence of  the  major  part  of  the  torque  from  the  conductors  to  the  iron 
in  the  toothed  armature,  the  total  torque  on  the  armature  as  a  whole 
remains  discoveiable  by  equations  4-5,  when  Bg  is  interpreted  as 
the  density  in  the  air-gap,  and  the  conductors  are  imagined  to  be 
situated  therein  as  they  would  be  on  an  equivalent  smooth  armature. 


CHAPTER  V 

THE  PRODUCTION   OF  AN  ELECTROMOTIVE  FORCE 

§  1.  The  laws  and  the  causes  of  induced  E.M.F. — The-  theory  of 
the  induced  E  M  F.  of  the  dynamo  as  presented  in  textbooks  has 
usually  been  based  according  to  the  preference  of  the  author  either 
on  a  line-cutting  law  or  on  the  rate  of  change  of  line-linkages,  the 
former  being  a  concept  which  may  be  connected  especially  with 
the  work  of  Faraday,  and  the  latter  with  that  of  Clerk  Maxwell. 
It  is  further  usually  stated  .that  the  two  laws  may  be  regarded  as 
mutually  convertible,  and  that  either  may  be  chosen  as  convenience 
dictates.  Although  this  is  very  largely  true,  it  may  be  questioned 
whether  the  matter  is  really  so  simple  as  is  commonly  supposed. 
So  long  as  only  smooth  armatures  were  in  general  use,  no  difficulty 
was  felt  since  the  theory  of  their  action  is  equally  well  explained  on 
either  basis,  but  the  introduction  of  the  toothed  armature  for  almost 
all  classes  of  machines  raises  a  problem  which  calls  for  a  re-examma- 
tion  of  the  fundamental  theory  and  possibly  for  its  re-statement 
on  somewhat  different  lines 

Before  proceeding  to  discuss  the  validity  of  the  two  laws  based 
on  the  concepts  of  line-cutting  and  of  rate  of  change  of  linkages, 
each  will  in  turn  be  given  some  further  consideration,  with  a  view 
to  bringing  out  their  essential  natures  and  differences.  Certain 
suggestions  in  regard  to  the  physical  causes  of  an  induced  E.M  F. 
will  then  be  tentatively  put  forward,  the  grounds  for  which  follow, 
and  finally  in  the  light  of  these  suggestions  a  return  will  be  made 
to  the  two  laws,  in  order  to  test  their  validity  and  connection. 

I.  THE  LINE-CUTTING  LAW 
§  2.  Movement  of  a  body  in  a  stationary  magnetic  field. — It  has 

been  shown  in  Chapter  II  that  in  the  presence  of  a  permanent 
magnet,  electromagnet  or  current -carrying  conductor  the  surround- 
ing space  possesses  certain  distinctive  properties.  It  has  further 
been  shown  that  the  properties  of  the  magnetic  field  of  induction  at 
any  point  may  be  completely  defined  by  a  vector  having  a  certain 
direction,  magnitude  and  sense. 

Let  a  straight  rod  or  an  element  so  small  that  it  may  be  regarded 
as  stiaight,  of  any  material  substance,  conductive  or  insulating, 
be  moved  in  a  stationary  magnetic  field  (cp.  Fig.  29)  Three  direc- 
tions are  then  concerned,  viz.,  those  of  the  field,  of  the  length  of 
the  moving  body,  and  of  the  movement,  (a)  If  all  three  coincide, 
no  difference  of  state  can  be  detected  and  no  E.M.F.  is  induced. 


THE  PRODUCTION  OF  AN  E.M.F.  55 

If  two  of  them  are  inclined  to  one  another  at  some  angle,  a  plane 
containing  them  is  thereby  defined,  and  two  further  cases  then  arise. 
Either  (6)  the  third  direction  falls  in  the  plane  defined  by  the 
other  two,  or  (c)  the  three  directions  are  not  in  the  same  plane  In 
the  former  case  again  no  E.M.F.  is  induced,  and  nothing  distin- 
guishes the  movement  from  movement  through  unmagnetized 
space ;  it  is,  in  fact,  perfectly  indifferent  whether  the  magnetic 
field  surrounds  the  moving  body  or  not.  But  in  case  (c)  an  electro- 
meter applied  to  the  ends  of  the  moving  body  will  show  that  an 
E.M.F.  is  induced  during  the  movement,  the  potential  of  one  end 
being  raised  above  that  of  the  other. 

The  feature  which  distinguishes  the  third  case  from  the  other 
two  is  that  the  body  now  does  not  simply  move  m  the  field,  but  is 
caused  to  cwtf  across  the  magnetic  field,  its  length  intersecting  or 
passing  athwart  the  lines  which  as  we  have  seen  mark  the  direction 
of  the  field.  The  cutting  action  is  at  once  rendered  evident,  if 
the  reference  plane  is  taken  as  formed  by  the  length  of  the  element 
and  by  the  direction  of  its  movement ;  then  by  the  definition  of 
the  third  kind  of  movement  the  direction  of  the  magnetic  field 
must  either  be  perpendicular  to  the  above  plane  or  have  a  com- 
ponent at  right  angles  to  it,  so  that  the  lines  or  resolved  components 
of  them  are  directly  cut  by  the  moving  element. 

To  this  law  there  is  no  exception,  and  it  matters  not  what  may 
be  the  material  of  the  body,  whether  it  be  a  solid  conductor  or  a 
liquid  electrolyte  or  an  insulator.  If  the  body  is  a  conductor,  and 
its  ends  are  electrically  joined  (as  e.g.  in  Fig.  22)  so  as  to  complete 
a  closed  circuit  of  conducting  material,  part  of  which  is  outside  the 
magnetic  field,  a  current  of  elcctiicity  begins  to  flow  under  the 
induced  E  M.F.  and  continues  to  flow  until  aftei  the  conductor  has 
ceased  to  cut  through  the  field.  The  conductor  within  the  magnetic 
field  may  be  appropriately  regarded  as  having  become  active  owing 
to  the  action  having  its  origin  within  its  length. 

That  the  origin  of  the  E.M.F.  causing  the  current  is  located  in 
the  length  of  the  body  moved  across  the  magnetic  field  may  fairly 
bo  concluded  from  certain  elementary  cases,  such  e.g.  as  a  single 
conductor  lotated  in  a  uniform  homopolar  field  (cp.  Fig.  8).  It  is 
true  that  untfl  some  more  or  less  definite  circuit  is  applied  to  the 
ends  of  the  conductor  through  an  indicating  instrument,  we  can 
have  no  knowledge  as  to  whether  there  is  any  difference  of  potential 
between  its  ends  or  E  M  F.  induced  in  it  ;  thus  even  when  an  electro- 
meter is  employed  as  the  indicating  instrument,  its  circuit,  though 
an  imperfect  one,  is  virtually  closed  through  the  ether  between 
the  plates  of  the  electrometer,  and  we  only  become  aware  of  the 
presence  of  an  induced  E.M  F.  by  reason  of  the  charging  or  "  dis- 
placement "  cunrent  that  flows  through  it.  Hence  the  effect  of 
the  movement  of  the  conductor  can  only  appear  in  the  circuit  as 
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a  whole.  Yet,  in  such  a  case  as  that  cited  above,  it  is  the  only 
reasonable  assumption  that  the  E.M  F.  is  induced  in  the  moving 
conductor,  since  everything  else  remains  entirely  unchanged  and 
unaffected. 

§  3.  Simple  translation  of  a  straight  element  through  a  magnetic 
field. — The   fundamental   idea  of   line-cutting  to  which  reference 
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will  frequently  have  to  be 
made  may  best  be  illustrated 
by  further  consideration  of  the 
simple  case  of  a  straight  element 
when  its  movement  through  a 
magnetic  field  is  one  of  trans- 
lation only.  In  the  previous 
statement  the  two  directions 
contemplated  as  forming  a 
reference  plane  were  the  length 
of  the  element  and  the  direc- 
tion of  its  movement,  and  the 
direction  of  the  field  relatively 
to  that  plane  decided  the 
question  of  whether  an  E.M  F. 
was  induced.  But  a  plane 

normal  to  the  field  is  at  once  defined  by  the  direction  of  the 
latter,  and  by  reference  to  this  normal  plane,  the  case  can  be 
put  in  an  alternative  form  Let  the  length  of  the  active  element 
AD  be  inclined  to  the  direction  of  the  field  at  some  angle  a  (Fig.  29i); 
then  the  projection  of  its  length  on  the  plane  normal  to  the  field  is 
ad  (Fig.  29  iu).  Next  let  the  direction  of  the  motion  Om'  (Fig. 
29  u)  be  inclined  to  the  direction  o±  the  field  at  some  angle  /?,  and 
let  the  projection  of  Om'  on  the  normal  plane  be  Om ;  then  if 
these  two  projections  ad  and  Om  enclose  any  angle,  the  movement 
of  the  conductor  causes  it  to  cut  across  lines  along  its  length.  If 
the  three  directions  coincide  as  was  first  supposed  in  case  (a)  of 
§  2,  the  projections  of  the  active  conductor  and  of  the  direction  of 


(1 1 1).  Plan  on  a  plane  normal 
to  the  Field 

FIG    29. — Simple  translation  of 
straight  element 
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movement  on  the  normal  plane  coincide  as  a  point,  and  the  con- 
ductor merely  passes  end  on  through  the  field.  If  the  plane  formed 
by  the  length  of  the  conductor  and  the  direction  of  movement  also 
contains  the  direction  of  the  field  (case  (b)  of  §  2),  the  projections 
of  the  two  former  on  the  normal  plane  fall  in  one  straight  line,  and 
do  not  enclose  any  angle  ;  in  this  case  either  the  conductor  simply 
slides  up  and  down  the  lines,  or  its  motion  is  partly  endwise  through 
the  field  and  partly  sliding  along  the  lines,  but  no  lines  are  cut  on 
either  alternative. 

But  when  the  above  expressions  are  used,  it  must  always  be 
borne  in  mind  that  no  question  of  the  avoidance  of  discrete  lines 
by  the  moving  conductor  is  in  reality  m 

,       ,       , ,~      ,*  i  -,  -i  Direction  ol  Movement  of  Active  wire 

involved ;   the  field  is  everywhere      ,        s    - 
present  in  the  space  surrounding  the      ^^V^^^^V^Y^ 
moving  body,  and  it  is  structureless  ® 

although  it  has  direction.  The 
appearance  of  separate  and  distinct 
lines  is  only  an  accompaniment  of 
the  pictorial  representation  of  the 
field  and  is  simply  due  to  the  con- 
vention by  which  the  strength  of 
the  field  is  indicated  by  the  number 
of  lines  per  square  centimetre 
§  4.  The  direction  of  the  E.M.F.—  _Q 

When  the  length  of  the  conductor 

,  ,,       ,    b  ,  ,     .,     £  ,j          FIG.  30 — Maximum  E  M.F. 

lies  in  the  plane  normal  to  the  field,         from  conductor  moved  in 

and  it  is  moved  at  right  angles  to  its  magnetic  field, 

length  in  that  plane  (Fig.  30),  then  if 

the  field  is  directed  as  shown  in  that  figure,  the  "  sense  "  or  direction 
in  which  the  E.MF.  acts  along  the  length  AD  is  from  the  observer, 
so  that  the  end  A  is  at  a  higher  potential  than  the  end  D,  as 
shown  by  the  arrow  in  the  plan. 

In  this,  the  simplest  case  of  electromagnetic  induction,  it  will  be 
soon  that  the  directions  of  the  field,  of  the  length  of  the  active 
element,  and  of  the  movement  are  all  at  right  angles  to  each  other, 
and  form  co-ordinate  axes,  as  indicated  in  perspective  in  Fig.  31  ; 
further,  the  direction  of  the  induced  E.M.F.  is  most  easily  remembered 
and  discovered  by  means  of  the  following  rule.  Place  the  right 
Jiand  outstretched  in  the  line  of  the  active  conductor,  so  that  the  thumb 
points  along  the  direction  of  the  field,  i.e.  towards  the  S.  pole,  and 
further  so  that  when  relative  movement  takes  place  the  lines  of  induction 
pass  across  the  hand  from  the  palm  to  the  back ;  then  the  induced 
E  M.F.  is  directed  from  the  wrist  to  the  tips  of  the  fingers  (as  shown 
in  Fig.  31).  It  will  be  found  that,  accordirg  to  this  lule,  if  it  is 
the  conductor  which  is  moved  while  -the  field  is  stationary,  the  palm 
of  the  hand  must  face  in  the  direction  towards  which  1  he  movement 
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is  made,  as  in  the  case  illustrated  ;  but  the  direction  of  the  E.M.F. 
would  be  exactly  the  same  if  a  moving  field  crossed  the  conductor 
in  the  opposite  direction,  the  conductor  itself  remaining  stationary, 
in  which  case  it  is  the  back  of  the  hand  which  must  face  in  the 
direction  of  movement.  Or  again,  both  field  and  conductor  may 
move  in  opposite  directions  ;  but  in  all  cases  the  lines  of  the  flux 
must  by  the  movement  traverse  the  right  hand  from  the  palm  to 
the  back,  if  the  direction  of  the  E.M  F.  is  to  be  found  by  the  above 
rule. 

In  the  general  case  of  Fig.  29,  it  is  only  necessary  to  apply  the 
same  rule  to  the  projection  of  the  actual  length  of  the  conductor 
on  the  plane  normal  to  the  field.  By  the  rule  of  the  right  hand, 
when  laid  outstretched  along  the  pro]ected  length  ad  of  the  active 


FIG   31  — Co-ordinate  axes  of  length  of  conductor,  and  directions  of 
movement  and  field 

conductor,  so  that  the  lines  traverse  the  hand  from  the  palm  acioss 
to  the  back,  the  E  M.F.  is  diiected  from  the  wrist  to  the  tips  of  the 
fingers. 

§  5.  The  magnitude  of  the  E.M.F.,  and  its  average  and  instant- 
aneous values. — Just  as  the  nature  of  the  material  makes  no 
difference  to  the  inducing  of  an  E  M  F.  when  the  three  directions 
are  not  in  the  same  plane,  so  likewise  it  does  not  in  any  way  affect 
its  magnitude.  A  crucial  experiment  in  proof  of  this  was  mado 
by  Faraday  when  he  showed  that  an  iron  wire  and  a  copper  wire 
twisted  together,  joined  at  one  end  and  connected  at  their  other 
ends  through  a  galvanometer,  gave  no  deflection  when  the  pan- 
was  passed  across  a  magnetic  field. 

The  actual  magnitude  of  the  E.M.F.  induced  along  the  length 
of  the  element  considered  is  in  all  cases  proportional  to  the  rate 
at  which  the  lines  giving  the  strength  of  the  field  are  cut  along  that 
length.  The  larger  the  number  cut  in  a  given  time,  or  the  shorter 
the  time  taken  to  cut  a  given  number,  the  greater  is  the  E  M  F. 

The  average  rate  of  cutting  to  which  the  average  E.M.F.  is 
proportional  is  the  ratio  of  the  number  of  lines  cut  in  any  time  to 
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the  time  taken  to  cut  them  ;  so  that  if  <I>  is  the  total  number  cut 
along  the  length  of  the  body  under  consideration,  in  time  t,  the 
average  E  M  F.  induced  between  the  ends  of  that  length  is  pro- 
portional to  <D/rf,  or  Eav  =  k®lt,  where  k  is  some  constant,  the  value  of 
which  depends  on  the  system  of  units  according  to  which  the  field 
is  mapped  out  in  lines  and  time  is  reckoned.  On  the  C  G.S.  absolute 
system  the  magnitude  of  a  unit  of  induction  is  so  chosen  that  one 
line  cut  per  second  generates  the  absolute  unit  of  electromotive 
force,  and  k  is  1.  As,  however,  unit  E  M.F.  on  the  absolute  system 
is  inconveniently  small,  the  practical  unit  of  the  volt  is  one  hundred 
million  times  greater,  and  consequently  100,000,000  C.G.S  lines 
cut  per  second  produce  one  volt.  If,  therefore,  O  be  reckoned  in 
C.G.S.  lines,  and  t  m  seconds,  and  E  is  to  be  measured,  as  is  usual, 
in  volts,  k  =  10~8,  or 

0 

^OMnwa  =  7  X  10-8  VOlts. 

The  C  G.S.  unit  line  is  therefore  as  inconveniently  small  as  the 
absolute  unit  of  E  M.F.,  and  a  "  kilohne,"  equivalent  to  103  C.G  S. 
lines,  or  a  "  megalme  "  equivalent  to  10°  C.G  S.  lines,  have  been 
sometimes  adopted  as  the  practical  unit  of  flux,  so  that  the  fluxes 
and  densities  met  with  m  dynamo  practice  may  be  expressed  by 
more  manageable  quantities. 

But  if  the  rate  of  cutting  is  variable,  then  (as  m  the  case  of  all 
phenomena  which  can  be  expressed  in  terms  of  a  time  rate)  a  dis- 
tinction must  be  drawn  between  its  average  and  instantaneous 
values.  To  approximate  to  the  actual  rate  of  cutting  when  this 
is  variable,  the  number  of  lines  cut  in  a  very  short  time  must  be 
taken  and  must  be  divided  by  that  small  time,  until  finally  for 
complete  accuracy  the  actual  rate  of  cutting  at  any  instant  is  the 
limiting  value  obtained  when  the  infinitesimally  small  number 
of  lines  cut  is  divided  by  the  infinitesimally  small  time  in  which 
they  are  cut,  or  in  Leibnitz's  notation  of  the  calculus,  the  actual 
E  M.F  induced  at  any  moment  is — 

&  Instantaneous  ==  ~TT  X  10"     Volts          .....       (6) 

§  6.  The  magnitude  of  the  EJMLF.  induced  by  simple  translation 
of  a  straight  element  in  terms  of  the  virtual  cutting  length  and 
velocity  in  the  plane  normal  to  the  field. — Returning  to  Fig.  30 
representing  a  straight  wire  being  moved  parallel  to  itself  across  the 
lines  of  a  uniform  field,  it  will  be  seen  that  the  plane  containing 
the  length  of  the  wire  and  the  direction  of  movement  is  itself 
normal  to  the  field,  and  that  the  direction  of  movement  in  that 
plane  is  at  right  angles  to  the  length  of  the  wire.  Let  L  be  its  active 
length  within  the  field  in  cm.,  and  upon  the  line  giving  the  direction 
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of  movement  let  a  length  V  be  marked  off  equal  to  the  velocity  in 
cm.  per  second ;  then  the  area  in  sq.  cm.  swept  through  in  one 
second  is  ADD' A'  =  LV.  Hence  if  Bff  is  the  uniform  density  of 
the  flux  in  the  air-gap  in  C.G.S.  lines  per  cm.2,  the  E.M.F.  induced 
between  the  points  A,  D  is — 

e  =  B0LV  X  10-8  volts (7) 

But  in  the  more  general  case  of  Fig.  29  when  the  three  directions 
of  field,  active  element  and  movement  are  not  all  at  right  angles 
to  each  other,  and  considering  the  plane  normal  to  the  field  as  in 
§  3,  the  projection  of  the  length  L  of  the  active  element  on  this 
plane  is  1  =  L  sin  a  (Fig.  29  i),and  this  value  must  be  taken  instead 
of  L  as  being  the  effective  cutting  length.  The  velocity  V  inclined 
at  an  angle  ft  to  the  direction  of  the  field  may  be  resolved  into  two 
components  V  sin  /?  in  a  plane  normal  to  the  field,  and  V  cos  /? 
in  a  plane  parallel  to  the  lines  of  the  field.  So  far  as  the  latter 
component  is  concerned,  the  movement  is  merely  a  sliding  one  along 
the  lines,  so  that  it  is  only  the  former  component  v  =  V  sin  /?  which 
is  effective  in  inducing  an  E  M.F.  In  the  projection  Om  of  the 
direction  of  movement  on  the  normal,  let  Op  =  dg  =  v  (Fig  29, 
m}.  The  parallelogram  adge  formed  by  the  effective  length  and 
the  effective  velocity  is  then  the  projection  on  the  normal  plane 
of  the  actual  area  ADGE  swept  through  in  one  second.  If  y  be 
the  angle  of  inclination  of  I  and  v  to  each  other,  the  projected  area 
=  /  v  sin  y.  Over  this  area  the  full  density  Ba  holds,  and  the 
number  of  lines  cut  -per  second  is  Ba  I  v  sin  y.  Substituting  the 
previous  expressions  for  I  and  v,  the  induced  E.M  F.  is  therefore — 

e  =  Ba  LV  sin  a .  sin  p .  sin  y .  x  10'8  volts  .         .     (8) 

The  E.M.F.  induced  an  a  rectilinear  element  by  simple  translation 
through  a  field  is  thus  proportional  to  the  virtual  area  swept 
through  on  the  normal  plane  when  the  length  and  velocity  of 
the  rectilinear  element  are  projected  thereon,  multiplied  by  the 
density  of  the  lines  assumed  uniform  over  that  area. 

Such  is  the  complete  law  of  the  E.M.F.  induced  in  a  straight 
conductor  moved  parallel  to  itself  through  a  magnetic  field,  and 
the  close  analogy  of  (8)  with  the  expression  (3)  previously  obtained 
for  the  magnetic  pull  on  a  straight  current-carrying  conductor 
immersed  in  a  magnetic  field  will  be  noted.  They  may  be  put  into 
similar  words  as  follows — 

With  any  position  of  the  conductor  relatively  to  the  line  of  field 
and  the  line  of  action,  or  line  of  movement  in  the  E  M.F.  case, 
either  the  projections  of  the  conductor's  length  and  of  the  line  of 
action  or  movement  are  in  the  same  straight  line,  or  they  are  in- 
clined to  each  other  at  some  angle  other  than  JjSO6.  In  the  first 
case  there  is  no  magnetic  pull  acting^on  the  conductor  tending  to 
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move  it  in  the  given  line ;  nor  is  there  any  E.M.F.  through  move- 
ment along  the  given  line.  In  the  second  case  there  is  a  magnetic 
force  or  component  of  a  pull  along  the  line  of  action,  and  a  certain 
E.M  F.  induced  by  movement  along  the  line  of  movement.  When- 
ever a  conductor  is  subjected  to  a  magnetic  pull,  the  line  of  action 
along  which  the  force  is  a  maximum  is  at  right  angles  to  the  pro- 
jected length  and  in  the  normal  plane,  and  it  is  along  a  similar  line 
of  movement  that  the  greatest  E.MF.  is  induced  for  any  given 
inclination  of  the  conductor  to  the  field. 

§  7.  Lena's  Law.— By  comparing  Figs.  22  and  30  it  will  be  seen 
that  the  direction  of  gieatest  magnetic  pull  is  exactly  opposed  to 
the  direction  in  which  the  conductor  must  be  moved  in  order  to 
give  the  greatest  E  M.F.  Again,  by  comparing  Figs  21  and  29 
it  will  be  seen  that  there  is  a  component  of  the  magnetic  pull  along 
a  line  of  action  which  in  Fig.  21  was  chosen  so  as  to  be  directly 
opposite  to  the  line  of  movement  of  Fig.  29.  Yet  in  both  cases 
the  current  has  been  shown  directed  similarly  to  the  E.M  F.,  i  e.  from 
D  to  A.  This  opposition  of  the  pull  to  the  movement  giving  the 
E.M  F.  is  embodied  in  the  rule  that  in  determining  the  direction 
of  an  E.M.F.  along  a  given  line  of  action  the  right  hand  is  used, 
while  in  determining  the  direction  of  pull  on  the  conductor  the  left 
hand  is  used.  Suppose  that  the  conductor  conveying  a  current 
fiom  D  to  A  is  free  to  move  under  the  action  of  the  pull ;  then  at 
once  it  cuts  the  lines  of  the  field,  and  the  induced  E.M.F.,  as  shown 
by  the  apphcation  of  the  right  hand,  is  from  A  to  D  ;  it  is  therefore 
a  back  E.M  F.  opposing  the  flow  of  the  current.  This  is  the  case  of 
the  electric  motor.  Whenever  a  conductor  is  free  to  move  under  the 
magnetic  pull  on  it,  or  under  some  component  of  it,  it  always  cuts 
lines  along  its  length,  and  induces  an  E.M.F.  so  directed  as  to 
oppose  the  .flow  of  current  to  which  this  movement  is  itself  due. 
That  it  must  so  oppose  the  current  is  evident  if  we  consider  what 
would  be  the  consequences  were  it  to  assist  the  flow  of  current  ;  the 
latter  would  be  increased,  the  pull  would  proportionately  increase, 
and  the  conductor  would  move  with  ever-increasing  velocity,  which 
in  turn  would  induce  a  continually  increasing  E.M.F.  in  the  same 
direction  as  the  current ;  this  process  would  then  go  on  for  ever 
until  both  the  E.M.F.  and  current  were  infinitely  great.  An  indefi- 
nite amount  of  energy  in  an  electrical  form  would  thus  be  obtained 
without  the  expenditure  of  any,  in  contravention  of  the  law  of  the 
conservation  of  energy 

Next,  let  the  current  in  AD  be  itself  due  to  movement  of  it 
through  the  magnetic  field ;  that  is,  an  E.M.F.  is  being  generated  in 
it,  acting  from  D  to  A,  and  the  case  is  that  of  tne  dynamo  or  electric 
generator.  The  direction  of  movement  must  be  towards  the  left, 
but  the  direction  of  the  force  acting  on  the  conductor,  due  to  its 
carrying  a  current  from  D  to  A,  is  towards  the  right,  and  so  is 
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directly  opposed  to  the  movement  which  produces  the  E.M.F. 
Hence  the  movement  of  the  conductor  is  resisted  by  a  mechanical 
drag  in  the  opposite  direction,  and  this  fact  may  conveisely  be 
used  to  determine  the  direction  of  the  E  M  F.  along  the  length  of 
the  active  wire.  For,  suppose  a  current  to  flow  under  the  induced 
E.M.F.,  the  direction  of  the  two  being  the  same  ;  then  this  direction 
must  be  such  that  there  shall  be  a  force  acting  on  the  wire  opposing 
the  movement  which  induces  the  E.M  F.  In  all  cases,  therefoi  e, 
of  electromagnetic  induction  the  direction  of  the  induced  E  M  F 
must  be  such  that  a  current  flowing  under  it  tends  by  its  electn,- 
dynairuc  action  to  stop  the  motion  which  produces  the  E.MF 
This  general  statement  was  formulated  by  Lenz  in  1834,  and  is 
known  as  Lends  law 

§  8.  The  E  JLF.  in  terms  o!  the  component  oi  the  flux-density 
normal  to  the  plane  containing  L  and  V  and  the  angle  between 
L  and  V  in  that  plane. — If  it  is  preferred  to  consider  the  reference 


G  G 

View  from  above  the  nonmal  plane        Plane  normal  to  field  and  containing  land  v. 

FIG.  32 

plane  containing  L  and  7  as  in  §  2,  let  L  and  7  be  inclined  to  one 
another  at  the  angle  y'.  The  area  of  the  complete  parallelogram 
swept  through  in  one  second  is  then  ADGE  =  LV  sin  /  (Fig.  32). 
If  the  direction  of  Bg  is  not  at  right  angles  to  the  plane  of  L  and  7, 
let  it  be  resolved  into  two  components,  one  parallel  to  the  plane 
and  the  other  at  right  angles  to  it.  The  value  of  the  ktter  com- 
ponent is  Bg  cos  a',  where  a'  is  the  angle  between  the  direction  of 
the  field  and  the  normal  to  the  plane  of  LV,  and  it  gives  the  virtual 
density  over  the  area  LV  sin  /  at  right  angles  thereto  The 
induced  E.M.F.  is  then— 

6  —  B0LV cos  o'.sn/.  x  10'8  volts  .        .        .     (9) 

I*.  The  E.M.F.  is  thus  from  this  point  of  view  proportional  to  the 
area  swept  through  in  one  second  multiplied  by  the  component  of 
the  flux-density  which  is  al  right  angles  to  the  plane  of  L  and  7. 

The  equivalence  of  the  two  modes  of  expression  (9)  and  (8) 
follows  at  once  from  the  proposition  of  solid  co-ordinate  geometry 
that  if  AQ  is  the  area  of  any  closed  plane  figure  and  A  is  the  area 
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of  its  projection  on  another  given  plane,  A  =  A0  cos  a',  wheie  a' 
is  the  angle  between  the  planes,  i  e.  the  angle  that  the  direction  of 
a  normal  to  one  makes  with  the  direction  of  a  normal  to  the  other. 
In  the  present  case  if  AG  is  the  diagonal  of  the  parallelogram 
formed  by  L  and  V,  it  is  inclined  to  the  normal  plane  at  the  angle 
a!  which  is  the  same  as  the  angle  between  Ba  and  its  component 
perpendicular  to  the  plane  of  L  and  V,  and  the  area  formed  by  L 
and  V,  viz ,  LV  sin  y't  when  projected  on  to  the  normal 
plane,  is  LV  sin  y'  cos  a!  =  I  v  sin  y  .  Hence  cos  a'  sin  y'  = 
sin  a  sin  ft  .  sin  y. 

§  9.  Effect  o!  width  o!  active  element.— In  the  production  of  an 
E  M  F  by  line-cutting,  any  line  of  action  joining  two  points  A 
and  D  in  a  conductor  may  be  considered, 
and  this  line  need  not  coincide  with  the 
length  of  the  conductor,  as  tacitly  ;rf'"*S. 
assumed  in  the  previous  cases.  It  might 
eg.  be  necessary  to  find  the  EMF. 
acting  across  or  slanting  from  one  side  to 
the  other  of  a  wide  conductor  ,  it  would 
only  then  be  necessary  to  consider  a  thin 
lamina  within  the  substance  of  the  con-  •  •  .  .» 
ductor  and  across  it  in  the  required  direc-  \  .  )  •  . 
tion,  and  to  treat  it  as  the  length  of  the 
active  element  in  the  same  way  as  before, 
by  eg.  projection  of  it  on  to  the  plane  FIG  33 

normal  to  the  field. 

Again,  when  the  active  element  has  width,  as  AD  in  Fig  29, 
and  it  is  required  to  find  the  E.M.F.  acting  between  its  two  ends  A 
and  D,  in  strictness  it  would  be  necessary  to  divide  it  mentally 
along  its  length  into  a  number  of  very  thin  laminae  lying  side  by 
side  ;  the  area  traversed  by  any  of  these  would  in  any  time  be  equal 
since  they  move  with  equal  velocity  in  the  same  direction,  and 
therefore  with  a  field  of  uniform  density  the  E  M.F.  induced  along 
each  would  be  equal,  and  they  may  all  be  regarded  as  in  parallel. 
But  if  the  one  edge  of  the  whole  bar  were  moving  in  a  field  of  different 
density,  as  in  Fig.  33,  where  al  is  moving  in  a  stronger  field  than  cd, 
then  ah  will  induce  a  greater  EM.F.  than  cd.  Consequently, 
unless  the  thin  laminae  are  electrically  separated  by  some  insulating 
material,  a  current  will  flow  round  the  ftar  as  a  whole  in  the  direction 
shown  by  arrows.  The  case  is  introduced  owing  to  its  importance 
m  the  manufacture  of  dynamos,  as  will  subsequently  appear  ;  it 
will  only  here  be  added  that  the  difficulty  is  overcome,  if  midway 
in  the  length  of  the  bar  the  positions  of  the  insulated  laminae 
are  transposed  by  twisting  the  whole  through  180°,  so  that  e.g 
the  lamina  which  is  on  the  right  outside  edge  for  half  its  length 
reappears  on  the  left  outside  edge :  the  E.M.F.'s  of  all  laminae  are 
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thereby  equalized,  and  they  can  be  joined  in  parallel  by  soldering 
at  the  ends  ad,  be  without  fear  of  any  parasitic  current  flowing 
up  one  side  and  down  the  other. 

II.  THE  "  LINE-LINKAGE  "  LAW 

§  10.  Time-variation  oS  magnetic  flax  linked  with  an  electric 
circuit.  —  In  place  of  a  small  portion  of  a  possible  circuit,  let  a  loop 
forming  a  closed  circuit  be  considered,  and  let  it  be  linked  with  a 
certain  flux  Ot  The  classical  experiments  of  Faraday  then  showed 
that  if  the  flux  linked  with  the  loop  be  varied,  an  E.M.F.  is  induced 
m  the  closed  circuit,  and  that  its  magnitude  is  proportional  to  the 
time-rate  of  change  of  the  lines  of  the  flux  linked  with  the  loop. 
In  the  practical  unit  of  the  C.G.S.  electromagnetic  system 

*  =  -^-'x  10-8  volts        ......     (10) 

the  negative  sign  indicating  that  if  the  linked  flux  increases  the 
E.M  F  induced  thereby  is  a  back  E.M.F.  so  directed  that  if  a  current 
flowed  in  its  direction,  it  would  always  by  its  magnetic  effect  oppose 
the  increase  of  the  linked  flux.  This  leads  to  the  rule  that  if  an 
observer  is  looking  along  the  lines  of  flux  in  their  positive  direction 
as  they  pass  through  the  circuit,  and  the  number  linked  with  it 
increases,  the  direction  of  the  E.M  F.  round  the  circuit  is  counter- 
clockwise. 1  The  relation  between  the  circular  direction  of  the  E.M.F. 
lound  the  circuit  as  viewed  from  the  side  which  the  lines  enter,  and 
mciease  or  decrease  of  their  number  is  therefore  exactly  the  opposite 
of  that  between  the  rotation  and  the  forward  or  backward  movement 
of  a  right-handed  screw. 

If  the  circuit  has  several  loops  or  turns  Te  in  series,  and  each  of 
these  T0  loops  were  interlinked  with  the  same  flux,  the  time-rate 
of  change  of  the  flux  will  induce  the  same  E.M.F.  in  each  loop,  and 
the  total  E.M.F.  may  be  written  indifferently  either  as  -  T6  dQJdt 
or  as  -  d(Ta  .  $i)/di.  But  in  general  the  same  flux  will  not  thread 
through  all  the  loops,  and  in  such  a  case  for  the  circuit  as  a  wholo 


<I>i  being  the  linked  flux  in  relation  to  each  loop  separately,  and 
any  fraction  of  a  loop  beiflg  taken  into  account,  while  T0  need 
not  be  a  constant. 

If  the  equation  be  written  e  =  -  dN/dt  x  10'8,  where  N  is  the 
total  number  of  linkages  of  lines  with  the  circuit  (any  line  which 

1  A  circuit  being  now  in  view,  the  negative  sign  is  inserted  and  bears  a 
definite  meaning,  whereas  it  would  be  inappropriate  in  equation  (6),  which 
deals  solely  with  line-cutting  by  an  isolated  conductor  which  only  potentially 
forms  part  of  a  circuit. 
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passes  through  n  turns  and  so  is  linked  n  times  with  the  circuit  being 
reckoned  as  giving  n  linkages), the  E.M  F  is  made  to  be  proportional 
to  the  time-rate  of  change  of  the  number  of  linkages.  But  when 
the  law  is  so  expiessed  and  N,  which  is  virtually  a  composite  symbol 

S'o 

for  the  number  of  linkages  =  £  0Z)  is  employed  (as  in  almost  all 

i 

cases  it  may  be),  it  must  be  borne  in  mind  that  it  is  essential  under 
the  present  law  that  in  any  loop  in  which  an  E.M.F.  is  induced  there 
must  be  a  time-vaiiation  of  Ot.  It  may  in  exceptional  cases  be 
possible  for  the  number  of  linkages  to  be  varied  by  alteration  of  the 
nunibei  of  loops  in  the  circuit  without  alteration  in  the  values  of 
<[>i  in  those  which  at  any  instant  aie  present,  and  therefore  without 
any  induced  E.MF.1 

To  this  second  law  of  electromagnetic  induction  based  on  the 
time-rate  of  change  of  the  flux  threading  tluough  a  circuit,  there 
is  again  no  exception.2 

§  11.  The  line-linkage  law,  not  limited  to  cases  when  mechanical 
motion  is  absent. — The  above  law  of  electromagnetic  induction  is 
evidently  especially  appropriate  to  the  case  of  the  static  transformer 
in  which  mechanical  motion  is  absent.  Under  this  second  law 
electrical  energy  supplied  to  a  primary  conducting  circuit  can  be 
transmitted  through  space  to  a  secondary  conducting  circuit,  where 
it  still  appears  as  electrical  energy.  But  though  the  rates  of  supply 

1  As  in  the  experiment  devised  to  test  the  question  and  tried  by  A.  Blondel, 
Comptes  Rendus,  vol  159,  pp.  67-679,  abstracted  in  Electrician,  llth  June, 
1915.  Vol.  75,  p.  344. 

*  The  ingenious  experiment  due  to  Carl  Henng  (Trans.  Amer.  IEE , 
vol.  27,  part  II,  p.  1341,  and  Electrician,  vol.  75,  p  559,  16th  July,  1915, 
with  subsequent  correspondence)  only  contradicts  the  shortened  form  of 
words  in  which  the  law  is  often  expressed  and  -not  its  true  meaning ;  it 
admits  of  a  simple  explanation  upon  which  no  E.M  F.  should  be  expected 
from  it.  As  soon  as  the  spring  clip  in  the  original  form  of  the  experiment 
touches  the  magnet  and  opens,  there  are  no  longer  two  definite  circuits, 
one  electric  and  the  other  magnetic,  simply  interlinked,  and  the  law  in 
its  simple  form  does  not  directly  apply.  The  real  connection  across  the 
blades  of  the  dip  is  the  whole  of  the  magnet  section — not  the  skin  of  the 
upper  part  of  the  magnet  any  more  than  the  skin  of  the  lower  part,  nor  an 
imaginary  shortest  line  between  the  contact  surfaces  of  the  spnngs  which 
would  in  truth  make  the  linked  flux  progressively  decrease.  The  section  of 
the  magnet  then  forms  to  all  intents  and  purposes  a  second  closed  electric 
loop  embracing  a  certain  amount  of  flux.  By  the  operation  of  drawing  down 
the  spring  clips,  this  second  loop  is  forcibly  thrust  against  and  finally  into  the 
first  loop  of  the  clips,  electrical  continuity  being  maintained.  The  circuit 
therefore  at  the  commencement  of  the  drawing-off  process  is  not  the  simple 
one  which  embraced  the  flux  originally,  but  a  composite  one,  consisting  of  a 
smaller  loop  inside  and  touching  the  larger  loop,  and  the  flux  which  is  supposed 
to  be  linked  with  the  latter  is  really  contained  within  a  convolution  temporarily 
in  contact  with  the  large  loop.  All  that  is  proved  is  that  with  two  closed 
electric  loops,  the  one  inside  the  other,  and  the  inner  embracing  flux,  the  inner 
with  its  flux  can  be  withdrawn  through  an  opening  in  the  outer  without  the 
latter  being  necessarily  opened  electrically. 


66  CHAPTER  V 

of  electrical  energy  to  the  primary  on  the  one  hand,  and  of  its 
development  in  the  secondary  on  the  other  hand  are  equal  (under 
ideal  conditions  and  apart  from  certain  secondary  effects),  the 
transmission  is  usually  accompanied  by  a  transformation  of  the 
voltage,  so  that  the  voltage  and  current  forming  the  factors  m 
the  two  rates  are  different  in  the  primary  and  secondary  system 
i  espectively. 

But  in  order  that  there  may  be  any  conversion  of  mechanical 
into  electrical  energy,  there  must  be  actual  mechanical  motion  of 
one  portion  of  the  total  system  relatively  to  another  portion,  as 
called  for  by  the  definition  of  the  dynamo  (Chapter  I,  §  1),  and  the 
application  of  the  line-linkage  law  is  in  no  way  limited  to  cases  in 
which  mechanical  motion  is  absent.  This  is  shown  by  Faraday's 
original  experiment,  m  which  the  increase  or  decrease  of  the  linked 
flux  was  produced  by  the  insertion  of  a  magnet  into,  or  its  with- 
drawal from,  a  helix  of  wire.  The  change  of  linked  flux  which  the 
law  presupposes  need  not  be  due  to  alteration  of  exciting  current- 
strength,  but  alternatively  may  be  due  to  mechanical  movement. 
In  the  latter  case,  the  direction  of  the  E.M.F.  is  such  that  if  a  current 
flows  under  it,  the  magnetic  pull  that  would  arise  between  con- 
ductor and  magnet,  or  between  the  two  portions  of  the  magnetic 
system  that  are  moved  relatively  to  one  another,  will  always  oppose 
the  movement. 


/  §  12.  The  two  causes  (A)  and  (B)  of  induced  E.M.P.— Now  though 
each  of  the  above  two  laws  may  be  true  and  may  hold  over  a  wide 
field  or  even  universally,  it  does  not  necessarily  follow  that  either 
must  be  the  best  or  only  expression  for  the  true  physical  cause  of 
an  induced  E.M.F.  When  the  analysis  is  pushed  far  enough,  the 
physicist  finds  that  there  is  still  much  to  be  learnt  as  to  the  ultimate 
causes  Hence  even  at  the  cost  of  introducing  greater  complexity 
and  with  it  perhaps  a  loss  of  lucidity,  something  more  must  be 
added  from  the  stand-point  of  the  engineer  in  regard  to  the 
confessedly  obscure  problem 1  of  the  causes  of  induced  E.M.F. 

Making  use  of  modern  views  of  electromagnetism,  the  writer 
believes  that  two  closely  related  but  distinct  causes  can  be  formu- 
lated by  either  of  which  or  by  both  simultaneously  an  E.M.F.  is 
induced.  They  are  as  follows — 

(A).  Motion  of  a  material  body  through  magnetized  ether,  in 
such  wise  that  the  direction  of  movement  is  at  right  angles,  or  has 
a  component  at  right  angles,  to  the  direction  of  the  magnetization. 
This  yields  what  has  been  called  a  "  motional "  electric  intensity 

1  See  S  J  Barnett,  "  Report  on  Electromagnetic  Induction,"  Trans  Amer. 
I.E.E ,  vol.  38,  part  II,  p  1495,  and  W.  F.  G  Swann,  "  Unipolar  Induction," 
Physical  Review,  2nd  series,  vol.  15,  p  365. 
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at  a  point  in  the  moving  body,  and  a  tnotumal  E.M.F.  along  any 
line  of  action  in  it.1 

(B)  The  propagation  of  a  wave  of  electric  force  from  each  and 
every  spot  at  which  the  flux-density  B  in  the  ether  is  changing  in 
time.  When  such  a  wave,  proceeding  with  the  velocity  of  light 
from  any  and  all  spots  at  which  there  is  disturbance  of  the  ether's 
magnetic  state,  meets  the  whole  or  a  portion  of  an  electric  circuit, 
it  is  the  EMF.  induced  therein.  The  cause  is  here  the  rate  of 
change  dB/dt  in  the  ether,  and  to  the  E  M.F.  yielded  by  it  the  term 
induced  is  sometimes  confined  2 

The  first  cause  (A)  presupposes  motion  of  the  material  body  in 
which  the  E.M.F.  is  induced ;  the  second  or  (B)  process  does  not 
necessarily  imply  any  motion  of  a  material  body,  although  often 
the  magnetic  disturbance  of  the  ether  may  be  due  to  such  motion 
The  first  is  typically  the  case  of  the  heteropolar  or  homopolar 
machine,  each  with  revolving  smooth  armature  and  stationary 
field-magnet.  The  second  finds  its  most  striking  example  in  the 
static  transformer  in  which  there  is  no  motion  of  any  material  body. 

If  the  two  causes  have  been  correctly  differentiated  and  formu- 
lated, it  is  evident  that  the  absence  of  any  disturbance  of  the  mag- 
netic state  of  the  ether  or  change  of  the  spacial  flux-density  in  time 
in  the  former  case  with  a  stationary  field-magnet  prevents  it  from 
being  brought  under  cause  (B),  and  the  absence  of  mechanical 
motion  in  the  transformer  case  prevents  it  from  being  brought 
under  cause  (A).  It  may,  however,  be  that  by  some  widening  or 
modification  of  the  statements  the  E.M.F.  of  the  one  class  may 
successfully  be  explained  as  being  due  to  the  same  cause  as  that 
which  acts  in  the  other  class.  In  this  direction  the  attempt  has 
mostly  been  made  to  bring  the  static  transformer  under  a  widened 
line-cutting  law  by  the  ascription  of  movement  to  the  lines  of  flux 
in  it.  The  two  causes  (A)  and  (B)  must,  therefore,  each  in  turn  be 
further  considered,  in  order  to  bring  out  their  distinctive  differ- 
ences, and  as  a  result  to  show  that  it  is  questionable  whether  any 
ti  ue  explanation  of  the  physics  of  the  static  transformer  and  toothed 
armature  can  be  ob  tamed  on  the  supposition  of  moving  lines  of  flux. 

(A)  MOTION  OF  A  MATERIAL  BODY  THROUGH  MAGNETIZED 

ETHER 

§  13.  The  "  drift  "  ot  electrons. — The  properties  of  the  magnetic 
field  cannot  attach  to  the  empty  space  of  geometry,  so  that  even 
though  ordinary  ponderable  matter  may  be  absent,  they  may  for 
our  present  purpose  be  assigned  to  an  all-pervading  ether.  Hie 

1  No  origin  by  which  to  judge  of  the  relative  movement  of  body  and  ether 
is  stated  or  is  needed,  for  &  reason  which,  it  is  hoped,  will  be  made  clearer 
in  §  15 

>  Cp  S  J.  Barnett,  lop.  nt.t  p.  1152. 
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progress  of  physical  science  may  necessitate  a  radical  modificatio 
'or  even  abandonment  of  former  theories  as  to  the  nature  c 
"the  ether,  but  such  possibilities  of  the  future  need  not  affect  th 
elementary  use  of  the  conception  that  is  alone  required  here. 

When  a  material  body  is  moved  mechanically  through  a  sta 
tionary  magnetic  field  in  such  a  way  as  to  cut  across  the  line 
marking  the  direction  of  the  flux  in  the  magnetized  ether  (c$ 
Fig.  30),  there  seems  no  doubt  that  the  reason  for  the  inducing  c 
the  E.M  F.  is  to  be  explained  as  follows  :  by  such  movement  th 
electrons  of  the  ponderable  matter  are  definitely  carried  across  th 
magnetized  state  of  the  ether,  and  whenever  this  is  the  case, 
regular  "  drift "  is  given  to  them1  along  the  length  of  the  bod} 
negative  electrons  moving  towards  one  end  and  making  it  negativel 

charged,  while  a  corresponding  positiv 
charge  appears  at  the  other  end  Th 
only  difference  between  an  insulato 
and  a  conductor  is  that  in  the  forme 
the  degree  of  freedom  with  which  th 
electrons  can  move  is  much  restricted 
If  the  body  is  a  conductor  and  it 
circuit  is  closed,  as  e  g.  in  Fig.  22,  th 
flow  of  electrons  becomes  continuous  s< 
long  as  the  motion  lasts,  forming  . 
current  of  electricity. 

§  14.  Rotation  ol  a  homopolar  magne 
ol  Class  I,  i,  giving  a  steady  magnetii 
field  which  is  uniform  in  the  directioi 
ol  movement.— Before  proceeding  t< 
the  ordinary  homopolar  machine  o 
class  I,  i,  let  us  consider  the  case  of  z 

permanent  magnet,  the  shape  of  which  is  a  solid  of  rotation 
arranged  as  in  Fig  34  with  a  conducting  loop  connecting  the  axii 
of  the  magnet  with  its  central  neutral  zone  by  contacts  permitting 
the  loop  or  the  magnet  to  be  rotated.  When  the  loop  is  rotated 
its  electrons  are  moved  through  magnetized  ether,  and  an  E.M.F.  r 
induced  as  shown  by  a  current  through  the  galvanometer,  the  case 
being  similar  to  that  mentioned  in  §  13.  But  now  when  the  loop  it 
stationary,  and  the  bar  magnet  of  circular  section  is  rotated,  ai 
E.M.F.  is  induced  and  current  flows,  although  the  loop  is  at  rest  ir 
a  magnetic  field  which  at  each  point  is  constant  in  its  magnitude 
direction,  and  sense.  The  state  of  magnetization  of  the  ethei 
cannot  be  said  either  to  revolve  or  to  stand  still,  rest  or  motior 
as  applied  to  such  magnetization  being  meaningless.2  Yet  the 

1  As  explained  by  Prof  G.  W.  O  Howe,  "  Some  Problems  of  Electro 
magnetic  Induction/'  Electr.,  Nov.  5,  1915,  vol  76,  p.  169. 

•  Cp.  Steinmetz,  Trans  Amer.  I E  E.,  vol.  27,  part  II,  p.  1353,  and 
H.  PomcarS,  Eclairage  Eleotr.,  vol.  23,  p.  41. 
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steel  is  being  moved  through  magnetized  ether  and  there  is  an 
E.M  F.  induced.  The  explanation  is  that  the  electrons  of  the  steel 
magnet  are  being  forcibly  moved  through  the  region  of  magnetized 
ether  which  exists  within  the  magnet  itself ;  they  separate,  and 
so  far  as  the  flux  passes  outwards  through  the  polar  sides  of  the 
magnet  and  not  from  the  ends,  those  of  one  sign  move  to  each  end 
of  the  magnet,  leaving  the  centre  oppositely  charged.1  If  then  the 
centie  of  one  end  of  the  magnet  is  connected  to  the  surface  at  the 
centre  of  its  length  by  a  stationary  external  wire,  a  continuous 
current  will  flow. 

A  feature  special  to  the  above  case  is  that  the  rotating  magnet 
itself  forms  part  of  the  electric  circuit,  and  the  torque  arises  from 
the  mutual  force  between  the  two  portions  of  the  electric  circuit 
which  move  relatively  to  one  another. 

Passing  to  the  ordinary  homopolar  type  of  Class  I,  i  as  shown  in 
Fig  8,  let  the  armature  be  stationary,  and  let  the  magnet  be  rotated 
The  presumption2  then  is  that  as  m  the  preceding  case,  the  carnage 
of  the  electrons  of  the  magnet  through  the  ether  in  its  magnetized 
state  will  cause  minute  currents  to  flow  in  the  iron  as  the  magnet 
is  brought  up  to  speed,  and  these  currents  will  cause  a  re-distnbuiion 
of  electric  charges,  so  that  the  whole  pole-face  on  both  sides  of  the 
air-gap  becomes,  say,  positively  charged,  and  the  centre  of  the 
magnetic  circuit  oppositely  charged  The  static  charges  on  the 
pole-faces  then  induce  an  opposite  charge  on  the  stationary  cylin- 
drical armature.  The  action  of  the  machine,  so  far  as  the  production 
of  a  difference  of  potential  between  the  ends  of  the  armature  is 
concerned,  is  thus  reversible,  but  in  this  and  similar  cases  when  the 
magnet  rotates,  no  use  can  be  made  of  the  static  sepai  ation  of  charges. 
When  the  potential  difference  set  up  thereby  is  equal  and  opposite 
to  the  inducing  E.M.F. ,  the  action  ceases.  It  is  only  when  the 
circuit  is  closed  as  in  Fig.  8  that  a  continuous  current  flows,  but  now 
the  external  circuit  being  taken  through  the  magnet  must  rotate 
with  its  brushes  B  and  A,  so  that  again  there  is  relative  movement 
between  the  two  portions  of  the  electric  circuit,  and  the  torque 
eventually  falls  on  the  iron  magnet. 

§  15.  Movement  or  otherwise  o!  the  ether  itself  immaterial. — 
In  the  case  of  a  homopolar  field  perfectly  uniform  in  the  path  of  the 
movement  and  perfectly  constant,  rest  or  motion  cannot  be  pre- 
dicated of  the  lines  of  the  field.  The  question  of  whether  they 
move  with  the  magnet  when  this  rotates  or  remain  stationary  is 
only  asked  owing  to  the  convention  by  which  the  magnetic  field 

1  The  writer  again  follows  the  above-quoted  article  by  Prof.  Howe,  qu.  v. 

*  Although  not,  so  far  as  the  writer  is  aware,  indisputably  proved  nor 
indeed  easily  susceptible  of  a  clear  experimental  proof.  Any  testing  lead,  when 
carried  through  the  rotating  magnet  to  the  far  end  of  the  armature,  itself 
becomes  the  seat  of  an  induced  £  M,F. 
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is  pictonally  represented  by  discrete  lines  of  induction  :  one  is 
led  thereby  to  argue  as  if  they  could  be  labelled  and  identified,  and 
would  then  be  found  to  be  either  attached  to  the  iron  faces  of  the 
pole-pieces  or  to  the  armature,  whereas  the  magnetic  field  is 
structure-less 

But  this  granted,  the  question  of  whether  the  ether  itself,  in 
contrast  to  its  magnetized  state,  takes  or  any  rotation  01  is  at  rest 
has  not  been  disposed  of.  It  has  been  tacitly  assumed  above  in 
§  §  12  and  13  that  the  ether  is  at  rest  and  cut  through  by  the 
material  particles  of  the  conductor  in  the  first  case  or  of  the  iron 
magnet  in  the  second  case.  But  now  it  will  be  noted  that  if  the 
ether  rotates  with  the  rotating  conductor  and  at  the  same  speed, 
the  pole-face  will,  as  assumed  in  the  second  case,  become  charged 
and  again  induce  an  E  M  F.  in  the  circuit  of  the  closed  conductor  ; 
if  the  ether  rotates  with  the  rotating  pole-pieces,  the  E  M  F  becomes 
induced  in  the  conductor  as  assumed  in  the  first  case  and  calls  for 
a  similar  charge  on  the  pole-face,  while  for  any  intermediate  speed 
of  the  ether,  the  E.M.F.  in  the  conductor  will  be  due  partly  to  the 
first  and  partly  to  the  second  cause  On  all  three  suppositions, 
it  may  reasonably  be  assumed  that  the  resulting  E.M.F.  would  bo 
identical.  The  consequence  is  that  no  experiment  on  the  lines  of 
Fig.  8  can  afford  any  information  as  to  the  movement  or  otherwise 
of  the  ether.  Without  entering  into  the  question  of  relativity  and 
a  deeper  analysis  of  the  physical  and  philosophical  problems 
involved  therein,  the  view  taken  here  is  that  the  physics  of  the 
ether  for  the  reason  stated  above  become  for  our  purpose  immaterial, 
and  therefore  under  cause  (A)  no  definite  statement  is  made  as  to 
whether  the  ether  in  its  magnetized  state  is  stationary  or  moving. 
In  either  case  there  is  in  the  dynamo  movement  of  a  material  body 
through  magnetized  ether,  because  there  is  relative  movement 
between  two  portions  of  the  combined  magnetic  and  electric  system, 
and  m  the  end  between  two  portions  of  the  electric  circuit,  although 
the  torque  may  by  the  mechanism  of  the  ether  be  transferred  from 
the  latter  to  the  iron.  In  any  actual  experiment,  V\\\  the  equation 
e  =  BLV  finally  turns  out  to  be  the  iclative  velocity  between  two 
material  parts,  and  the  induced  pressure  as  measured,  being  the  bum 
(or  difference)  of  an  electromagnetically  and  an  electrostatically 
induced  pressure,  is  independent  of  the  speed  of  the  ether.  In  any 
explanations  or  calculations  of  an  E.M.F.  that  may  bo  icquired, 
the  ether  can  therefore  in  all  cases  be  assumed  to  be  at  rest. 

§  16.  The  line-cutting  law  as  applied  to  cause  (A).— Cause  (A) 
includes  (among  others  as  will  be  seen  later)  all  cases  of  smooth 
armatures  rotating  in  a  heteropolar  or  homopolar  field  due  to  a 
stationary  magnet  system,  and  to  all  these  cases  the  line-cutting 
law  applies.  Its  immediate  applicability  to  the  case  of  an  armature 
rotating  in  a  stationary  heteropolar  field  is  evident.  It  is  equally 
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evident  that  it  applies  also  to  a  smooth  armatuie  rotating  in  a 
homopolar  field  when  this  is  due  to  a  stationary  field-magnet  system, 
and  is  not  uniform  in  density  in  the  path  of  the  motion,  i  e.  in  cases 
where  the  polar  surface  is  broken  up  into  definite  polar  projections 
of  the  same  sign  and  the  armature,  if  so  desired,  can  "be  truly  wound 
The  line-cutting  law  may  also  be  extended  to  the  smooth  armature 
rotating  in  a  stationary  homopolar  field-magnet  in  which  there  are 
no  polar  projections  and  in  which  the  flux-density  is  perfectly 
constant  and  uniform  in  the  path  of  the  movement.  It  is  true  that 
in  this  latter  case  it  cannot  be  asserted  that  the  flux,  whether 
in  the  shape  of  discrete  lines  or  as  a  structureless  state,  stands  still 
in  order  to  be  cut  by  the  rotating  conductor.  But  the  essential 
idea  being  motion  at  right  angles  to  the  direction  of  flux  as  causing 
an  E  M.F.  at  right  angles  to  both,  there  is  but  little  objection  to 
"  line-cutting  "  upon  the  arbitrary  convention  that  the  lines  of  the 
stationary  field-magnet  are  attached  to  it  and  stand  still  with  it, 
provided  that  it  is  clearly  borne  in  mind  that  the  true  cause  is  the 
motion  of  the  conductor  through  and  at  right  angles  to  the 
magnetized  ether. 

(B)  THE  PROPAGATION  OF  A  WAVE  OF  ELECTRIC  FORCE  BY  REASON 
OF  CHANGE  IN  THE  MAGNETIC  STATE  OF  THE  ETHER 

§  17.  The  line-cutting  law  under  cause  (B).— But  it  must  not  be 
supposed  that  the  truth  of  the  line-cutting  law  as  a  quantitative 
expression  of  the  E.M.F.  is  confined  to  cases  under  cause  (A).  We 
therefore  pass  to  cases  in  which  the  cause  of  the  E.M.F.  is  to  be 
found  under  (B),  and  the  first  of  these  is  the  case  of  the  stationary 
smooth  armature  when  a  field-magnet  which  is  either  heteropolar 
or  homopolar  but  of  non-uniform  flux-density  in  the  path  of  the 
motion,  revolves  about  it.  Under  (B)  the  cause  of  the  E.M  F.  is 
dB/dt,  and  this  rate  of  change  must  be  considered  for  each  spot  in 
relation  to  the  ether  permeating  air  and  iron,  and  not  in  relation 
to  any  unit  volume  of  iron  in  which,  as  it  moves,  B  may  perhaps 
remain  constant. 

§  18.  Movement  of  a  steady  magnetic  field  which  is  non-uniform 
in  the  path  o!  the  movement  as  a  cause  of  E.MJ?.  in  a  stationary 
conductor. — Returning  to  the  case  of  Fig.  30,  let  the  pole-pieces  now 
be  of  finite  length  so  that  at  the  edges  the  strength  of  the  magnetic 
field  must  taper  of,  or,  to  go  still  further,  let  the  field  become 
reversed  in  direction  owing  to  the  presence  of  a  second  pair  of 
pole-pieces  of  opposite  polarity.  Let  the  inducing  element  be  at 
rest,  and  let  the  pole-pieces  be  mechanically  moved.  As  the  pole- 
pieces  move,  at  their  edges  and  especially  at  the  centre  of  an  inter- 
polar  gap  the  ether  undergoes  a  magnetic  disturbance  which  pro- 
gresses in  space  with  the  motion.  Thereby  a  wave  of  electric  force 
is  propagated  with  the  velocity  of  light  from  each  centre  of 
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disturbance  opposite  an  interpolar  gap  up  to  the  pole-centic,  where 
the  two  waves  reinf oice  one  another  and  produce  a  maximum  electric 
force  in  a  direction  at  right  angles  to  the  magnetic  field  and  parallel 
to  the  stationary  element.  When,  therefore,  the  centre  of  the 
pole-pieces  passes  the  stationary  element,  the  latter  experiences 
the  maximum  induced  E.M.F  which  is  primarily  due  to  action 
elsewhere  owing  to  the  field  not  being  uniform,  but  tapenng  01 
reversing  in  the  interpolar  gap  When  the  armature  is  smooth, 
the  waves  simply  result  in  a  distribution  of  electric  force  in  the 
space  between  the  poles  and  the  armature  and  in  the  surrounding 
space,  which  is  constant  and  moving  with  the  poles  The  conductoi , 
being  stationary,  is  not  cutting  through  magnetized  ether,  so  that 
the  source  of  the  E.M  F.  cannot  be  looked  for  undei  cause  (A)  by 
its  definition.  The  magnetic  state  of  the  ether  in  which  it  is 
immersed  is,  however,  progressively  changing,  and  this  changing 
state  of  magnetization  does  in  fact  traverse  across  the  conductor, 
so  that  the  line-cutting  concept  has  meaning  as  applied  to  the  case. 
Owing  to  the  field  being  non-uniform  in  the  path  of  the  rotating 
field-magnet,  the  vector  defining  it  vanes  at  each  point  of  space 
as  movement  proceeds,  but  since  the  field  always  remains  similar 
to  itself  or  constant,  the  vector  system  although  occupying  different 
positions  in  space,  remains  otherwise  unchanged,  and  may  truly 
be  said  to  move  at  the  same  speed  as  the  pole-pieces  and  to  cut  the 
conductor  transversely  along  its  length.  With  this  limitation  then 
to  a  constant  magnetic  field  which  is  non-uniform  in  the  path  of 
the  movement,  it  becomes  legitimate  to  say  that  the  magnetic 
field  moves  with  the  poles,  although  the  magnetic  state  at  each 
point  including  the  position  occupied  by  the  conductor  is  more  truly 
conceived  as  alternately  dying  away  and  growing  again. 

It  must  now  be  laid  down  that  in  such  a  case  of  a  moving  non- 
uniform  field  which  retains  under  movement  its  configuration  and 
the  lengths  of  path  of  its  flux-lines  (when  so  represented),  if  any 
loop  is  formed  to  embrace  a  part  of  the  flux,  the  total  effect  of  the 
wave  of  electric  force  from  th'e  changing  magnetic  state  of  the 
ether,  as  it  meets  the  two  sides  of  the  stationary  loop  wherever  these 
are  situated,  is  precisely  equal  to  the  algebraic  difference  in  the 
rates  at  which  the  two  sides  of  the  loop  are  cut  by  the  lines  expressing 
the  density  of  the  fields  in  which  at  the  moment  they  are  actually 
situated.  That  this  equality  must  hold  and  that  the  line-cutting 
quantitative  law  in  the  above  formremains  true,  although  the  E,M  F. 
is  due  to  cause  (B),  is  supported  by  consideration  of  the  case  of  a 
horseshoe  magnet  with  a  conductor  in  its  air-gap,  when  the  whole, 
including  the  conductor,  is  moved  bodily  through  space.  The 
circuit  of  the  conductor  can  be  completed  as  a  loop,  of  which  the 
second  side  can  be  arranged  so  as  to  be  virtually  outside  the  field 
in  unmagnetized  air.  There  is  no  net  E.M.F.  induced  in  the  loop, 
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yet  the  change  of  the  flux-density  in  the  ether  through  which  the 
magnet  is  moved  especially  at  the  edges  of  the  air-gap  will  from 
cause  (B)  yield  a  wave  of  electric  force  and  an  E  M  F.  in  the  conduc- 
tor in  the  air-gap  The  presumption  then  is  that  it  is  exactly 
balanced  by  the  E.MF  from  cause  (A),  due  to  the  fact  that  the 
conductoi  is  being  forcibly  moved  through  ether  that  is  magnetized, 
at  the  spot  where  it  is  situated  If,  therefore,  the  conductor  re- 
mains stationary  and  there  is  no  such  balancing  effect,  there  is 
left  an  E  M  F.  expressible  as  a  rate  of  cutting  flux-lines,  although 
it  is  now  the  varying  magnetized  state  of  the  ether  that  is  cut 
through  and  not  the  ether  itself 

To  distinguish  the  present  case  the  E  M  F.  due  to  it  will  be 
termed  "  quasi-motional " 

§  19.  The  connection  between  the  "rotational  E.M.F.'s " 
above  considered  and  the  mechanical  force  on  the  conductor. — In 
all  the  cases  above  considered  the  E  M  F.'s,  whether  purely  "  mo- 
tional" under  cause  (A),  or  "quasi-motional"  and  induced  under 
cause  (B)  as  having  their  physical  origin  in  dB/dt  m  the  ether,  may 
be  grouped  together  as  "rotational  E  M.F.'s,"  and  to  them  the 
line-cutting  law  applies. 

It  will  now  also  be  noticed  that  throughout  the  above  cases  the 
rotational  E  M.F.  for  a  given  speed  of  mechanical  movement  is 
a  simple  linear  function  of  the  flux-density  m  which  the  conductor 
is  actually  situated  at  each  moment.  So  also  is  the  mechanical 
force  on  the  conductor  for  a  given  current  The  one  is  therefore 
proportional  to  the  other,  and  it  is  by  reason  of  this  fact  that  the 
rate  of  absorption  or  development  of  mechanical  energy  in  the 
conductor  as  a  dynamo  or  motor  can  be  equated  to  the  rate  of 
development  or  absorption  of  electrical  eneigy  in  it,  so  far  as  the 
rotational  E  M.F.  enters  as  a  factor. x  The  establishment  of  this 
fundamental  relation  as  required  by  the  principle  of  the  conservation 
of  energy  is  as  follows. 

When  the  conductor  of  Fig.  30  is  mechanically  moved  towards 
the  left  with  velocity  v  cm.  per  sec.,  and  the  EM.F.  induced 
in  it  is  6  =  BaLv  X  10'8  volts,  let  *  be  the  current  m  amperes 
flowing  through  it  under  this  E.M.F.  when  its  circuit  is  closed 
as  in  Fig.  22.  The  rate  of  development  of  electrical  energy  in 
the  circuit  is  then  fit  =  BgLvi  X  10'8  watts.  But  the  conductor 
is  acted  on  by  a  force  F  —  BgLt  X  10"1  dynes  tending  to  pull  it 
towards  the  right  ;  this  force  is  overcome  through  a  distance  v 
m  unit  time,  so  that  mechanical  energy  has  to  be  expended  in  moving 
the  conductor  as  a  dynamo  at  the  rate  of  Fv  ergs  per  second  = 
BgLvi  x  10'1  ergs  per  second  =  BgLvi  x  10"B  watts,  which  is  identical 
with  the  expression  for  the  rate  of  development  of  electrical  energy. 

1  The  bearing  of  the  latter  proviso  will  appear  when  the  case  of  the  toothed 
armature  is  considered. 
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be  truer,  physically,  to  imagine  the  growth  or  decay  of  the  magnetic 
state  which  is  described  as  a  flux,  as  taking  place,  so  to  speak,  in 
situ  in  its  original  paths.  E  g.  in  the  case  of  a  uniformly  and  closely 
wound  toroid,  it  is  not  difficult  and  perhaps  even  simpler  to  regard 
the  denseness  of  the  magnetic  state  as  growing  or  dying  away  in 
each  infinitesimal  circular  ring  within  the  coils  without  concentrating 
attention  on  a  particular  value  of  B  as  moving  inwards  and  out- 
wards with  consequent  alteration  of  the  length  of  path  over  which 
it  holds.  The  closely  allied  nature  of  the  phenomena  is,  however, 
borne  witness  to,  if  the  stator  winding  of  a  polyphase  induction 
motor  01  the  armature  reaction  of  a  polyphase  alternator  be  con- 
sidered ;  by  the  addition  of  two  or  more  phases,  an  effect  for  which 
the  explanation  in  the  case  of  a  single  phase  must  be  sought  under 
the  present  section  can  be  made  to  pass  into  the  quasi-motional 
category. 

Finally,  therefore,  in  cases  such  as  that  of  the  static  transformer 
where  the  change  of  flux-density  is  due  solely  to  variation  of  the 
exciting  current,  according  to  the  view  here  maintained,  the  wave 
of  electric  force  summing  up  the  whole  effect  of  dB/dt  over  the  area 
within  the  primary  coils  meets  primary  and  secondary,  and  is  the 
E  M  F  induced  therein.  Its  value  follows  the  change  of  B  prac- 
tically instantaneously,  since  the  velocity  of  propagation  of  the 
wave  is  that  of  light.  Mechanical  motion  being  absent,  it  will  be 
called  a  "  transformer  E  M  F  of  the  first  kind  " 

§  23.  The  toothed  armature.— The  extension  of  the  line-cutting 
law  to  explain  the  whole  of  the  E.M.F.  of  the  toothed  armature 
rotating  within  a  stationary  field-magnet  system  by  ascription  of 
movement  to  the  lines  of  flux  is  made  in  much  the  samp  way  as 
in  the  static  transformer  above  considered. 

For  a  given  fluxtheE.M.F.  of  the  rotating  toothed  armature  (when 
minor  pulsations  are  neglected)  is  the  same  as  that  of  a  similar 
smooth  armature.  The  virtual  equivalence  of  the  two  would  best 
appear  in  the  case  of  an  armature  having  a  single  conductor  em- 
bedded in  a  closed  slot  or  tunnel  close  to  the  periphery  and  rotating  in 
a  homopolar  field  uniform  in  the  path  of  the  motion.  There  would 
then  be  no  minor  pulsations  to  confuse  the  issue.  But  as  explained 
in  Chapter  IV  §  7,  the  densities  within  the  closed  slot  or  tunnel 
and  in  the  iron  beyond  it  would  be  as  Ba :  Bt,  where  B,  is  only  a 
very  small  fraction  of  Bt,  say,  yfaj-,  and  but  little  larger  in  proportion 
to  Bg  in  the  air-gap.  If,  therefore,  the  conductor  situated  in  the 
weak  field  of  density  Be  is  to  yield  the  same  E.M.F.  and  for  the  same 
reason  as  the  conductor  on  the  surface  of  the  equivalent  smooth 
armature,  nothing  is  easier  than  to  assume  that  the  lines  of  flux 
snap  across  the  tunnel  against  the  direction  of  rotation,  yielding 
an  increased  relative  velocity  V,  which  so  far  exceeds  that  of  the 
rotating  armature  that  its  product  with  B,  is  equal  to  the  product 
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of  Bg  with  the  peripheral  velocity  V  of  the  armature,  or  V,  B3  = 

V.B0  and  V8=V^ 
•»» 

As  quantitatively  true  over  a  tooth-cycle  or  any  fraction  of  a 
tooth-cycle,  no  exception  can  be  taken  to  the  above  supposition 
of  an  increased  relative  velocity  of  the  lines,  but  to  its  truth  as  a 
physical  explanation  there  remains  a  fatal  objection.  The  exact 
correspondence  between  the  rates  of  development  or  absorption  of 
electrical  and  mechanical  energy  in  dynamo  or  motor  is  the  founda- 
tion stone  of  dynamo-electric  theory.  In  the  case  of  the  toothed 
or  tunnel  armatuie  experiment  has  conclusively  shown  that  the 
force  on  the  conductor  is  only  that  corresponding  to  the  weak  field 
in  which  it  is  situated  By  no  possibility  then  can  the  conductor 
absorb  or  develop  in  dynamo  or  motor  mechanical  energy  at  a  rate 
greater  than  that  corresponding  to  the  product  of  the  mechanical 
force  acting  on  it  and  its  own  mechanical  velocity  Yet  this  does 
not  account  for  the  whole  of  the  electrical  or  mechanical  power 
The  current  as  one  of  the  factors  of  the  electrical  energy  cannot 
be  divided,  and  if  the  whole  of  the  induced  E.M  F.  were  the  same 
in  kind,  due  to  the  cutting  of  lines  at  an  increased  speed,  the  whole 
of  the  mechanical  force  or  torque  must  fall  on  the  conductor  It 
remains  then  to  recognize  that  the  E.M.F  is  divisible  into  two  parts, 
and  that  the  division  corresponds  to  the  two  different  causes  to 
which  they  are  respectively  due,  as  now  to  be  shown. 

In  the  homopolar  field  of  uniform  density,  whatever  the  position 
of  the  conductor  in  the  slot  or  tunnel,  it  is  always  situated  in  a  weak 
field  of  definite  density.  In  the  heteropolar  field,  the  field  in  the 
slots  at  any  moment  consists  of  isolated  portions,  as  many  as  there 
are  slots,  but,  whether  there  be  one  or  many  slots  and  whatever 
the  position  of  the  conductor  in  the  slot,  the  conductor  is  always 
situated  in  the  same  density  at  the  same  spot  relatively  to  the 
stationary  poles.  The  density  in  which  it  is  immersed  is  therefore 
a  continuous  function  of  the  space  moved  through  and  forms  a 
steady  continuous  field,  constant  in  time.  In  either  case,  therefore, 
the  conductor  is  in  fact  being  driven  forcibly  through  ether  which 
is  weakly  magnetized  either  to  a  uniform  or  to  a  spacially  varying 
degree.  It  has  therefore  set  up  in  it  by  cause  (A)  an  E.M.F. 
which  is  subject  to  the  line-cutting  law  ;  this  is  a  pure  "  E  M.F. 
of  rotation,"  and  is  in  strict  correspondence  to  the  mechanical 
force  on  the  conductor. 

But  in  addition  at  each  edge  of  the  moving  slot  or  tunnel  the 
ether  is  undergoing  a  marked  magnetic  disturbance  from  a  strong 
to  a  weak  magnetization  or  vice  versd.  Therefrom  a  wave  of  electric 
force  is  continuously  propagated  to  the  centre  of  the  slot  and  meets 
the  conductor,  causing  in  it  an  additional  E.M.F.  which  may  be 
called  a  "  transformer  E.M.F.  of  the  second  kind,"  as  being  due  to 
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relative  motion  between  parts  of  the  magnetic  system.  Exactly 
in  so  far  as  there  is  such  a  transformer  E.M.F.,  for  a  given  current 
in  the  conductor  the  mechanical  force  falls  solely  on  the  iron 
portions  of  the  structure. 

A  transformer  E  M  F.  which  is  not  subject  to  the  line-cutting 
law  is  therefore  the  accompaniment  of  the  magnetic  shielding  of 
the  conductor.  If  we  start  with  a  smooth  armature  and  gradually 
embed  the  conductor  within  the  iron,  the  E.M.F.  gradually  changes 
from  a  pure  rotation  E.M.F.  to  a  composite  of  which  the  rotation 
part  becomes  less  and  less  in  proportion  to  the  transformer  pait, 
and  ends  by  being  comparatively  unimportant. 

In  the  stationary  toothed  armature  with  rotating  field-magnet 
the  whole  of  the  E.M.F.  falls  under  cause  (B),but  is  again  divisible 
into  the  same  two  portions.  So  far  as  the  magnetic  disturbance 
is  that  due  to  the  movement  of  the  field  as  a  whole  without  change 
in  its  configuration  or  in  the  lengths  of  its  flux-lines,  the  E  M.F. 
is  quasi-motional  or  a  "  rotation  E.M  F."  identical  in  nature  with 
that  described  in  §  18,  and  of  the  same  value  as  in  the  rotating 
toothed  armature.  But  this  disturbance  does  not  exhaust  the 
whole  rate  of  change  dB/dt  in  the  ether  ;  at  the  edge  of  the  slots 
there  is  again  a  rapid  change  in  its  magnetization,  yielding  the 
same  transformer  E.M  F.  as  above  described. 

§  24.  The  limitations  ol  the  line-cutting  law. — The  line-cutting 
concept  is  thus  directly  applicable  to  all  cases  under  cause  (A), 
but  if  the  rotating  member  be  toothed  and  the  embedded  conductor 
be  thereby  magnetically  shielded,  as  a  physical  explanation  of  the 
cause  of  the  E.M.F.  it  is  only  true  of  one  portion  of  the  E.M  F.  ; 
further,  it  is  applicable  to  cases  under  cause  (B)  in  which  there  is 
change  of  magnetic  state  and  a  wave  of  electric  force  from  a  rotating 
field-magnet,  but  again  if  the  stationary  conductor  be  shielded, 
it  is  only  physically  true  as  a  cause  of  E  M.F.  in  so  far  as  the  weak 
magnetization  in  the  slot  or  tunnel  changes  and  is  virtually  cut 
by  the  conductor.  Although  the  line-cutting  law  is  quantitatively 
true  in  all  the  above  cases,  yet  the  extension  of  line-cutting  as  a 
•  cause  to  the  whole  of  the  E  M.F.  of  the  toothed  armature  involves 
a  somewhat  artificial  explanation  and  obscures  a  physical  difference 
which  is  of  vital  importance  to  the  dynamo  designer,  while  its 
extension  to  the  remaining  cases  under  (B)  in  which  there  is  no 
mechanical  motion  may  again  be  mathematically  true,  but  has  no 
independent  physical  evidence  to  support  it. 

§  25.  The  line-linkage  law  as  the  more  general  concept.— Line- 
cutting  hardly,  therefore,  affords  a  satisfactory  bridge  from  a 
physical  point  of  view  between  the  extreme  cases  of  (A)  and  (B), 
i.e.  between  a  smooth  armature  rotating  in  a  uniform  homopolar 
field  and  a  static  transformer.  It  may,  however,  still  be  possible 
to  bring  both  types  of  E.M.F.,  though  due  to  different  causes,  under 
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a  more  generalized  concept,  and  this  is  in  fact  found  in  the  line- 
linkage  law  based  on  the  rate  of  change  of  the  lines  linked  with  the 
electric  circuit.  Although  not  free  from  certain  difficulties  to  be 
mentioned  later,  the  law  holds  over  the  whole  range  of  practical 
cases,  in  the  sense  that  with  or  without  mechanical  motion,  the  total 
E.M.F.  induced,  whether  due  to  (A)  or  (B),  can  be  quantitatively 
expressed  through  the  time-rate  of  change  of  the  line-linkages. 

§  26.  The  equivalence  of  the  two  laws  in  the  case  o!  smooth 
armatures  in  a  heteropolar  or  non-uniform  homopolar  field. — The 
immediate  equivalence  of  the  two  concepts  in  the  case  of  all  dyna- 
mos with  smooth  armatures  in  a  heteropolar  or  non-uniform 
homopolar  field,  is  at  once  evident,  and  it  is  a  matter  of  convenience 
only  which  concept  is  chosen.  It  has  been  already  pointed  out 
that  the  application  of  any  form  of  E.M.F.  indicator  to  the  ends 
of  the  inducing  element  virtually  amounts  to  the  formation  of  a 
closed  electric  circuit,  even  though  it  may  be  an  imperfect  one 
which  only  permits  of  a  displacement  current.  It  will  then  be  found 
that  wherever  the  indicating  instrument  and  its  leads  are  placed, 
if  the  rate  of  line-cutting  is  d$/dt  in  any  case  coming  under  the  above 
heading,  the  flux  threading  through  the  closed  circuit  is  varying 
at  a  rate  d/Qj/dt  which  is  precisely  equal  to  dQ>/dt,  so  that  the  same 
induced  E  M.F.  is  given  by  either  law  That  is  to  say,  when  the 
lines  linked  with  the  circuit  are  being  altered  in  number  owing  to 
the  mechanical  movement  of  the  circuit  and  the  latter  is  in  no 
way  magnetically  shielded,  some  portion  of  it  must  have  been  cut 
by  the  lines  as  they  passed  into  or  out  of  its  embrace,  and  this 
portion  is  the  element  or  system  of  elements  which  has  been  assumed 
to  be  active.  Or  if  it  be  the  field-magnet  which  is  moved  while 
the  conducting  circuit  is  kept  fixed,  the  magnetized  state  which  is 
described  as  the  flux-density  is,  say,  growing  up  on  one  side  of  an 
inducing  single  element  and  dying  away  on  its  other  side.  The 
two  concepts  then  become  indistinguishable,  since  such  growth  and 
decay  on  the  two  sides  is  essentially  the  same  as  the  passage  of 
flux  across  the  inducing  element.  But  it  must  be  noticed  that  in 
this  case  when  the  magnet  is  the  rotating  member,  there  is  no 
change  in  the  configuration  or  lengths  of  the  lines,  so  that  the  identity 
of  the  two  concepts  is  confined  to  the  motional  and  quasi-motional 
cases,  if  the  idea  of  the  increased  relative  velocity  of  the  lines  in 
a  toothed  armature  is  abandoned  as  not  physically  true. 

§  87.  The  line-linkage  law  as  applied  to  homopolar  dynamos  with 
smooth  armature  rotating  in  a  field  uniform  in  the  path  of  movement. — The 

equivalence  of  the  two  concepts  in  the  case  of  a  smooth  armature  rotating  in 
a  homopolar  field  which  is  perfectly  constant  and  uniform  in  the  path  of  the 
movement  is.  more  difficult  of  establishment,  but  may  still  be  maintained 
The  difficulty  lies  in  the  interpretation  of  the  fundamental  idea  underlying 
the  phrase  ''enclosure "  of  flux  by  the  circuit  in  these  cases.  To  assist  in 
analysing  the  problem,  take  a  single  radial  conductor,  extending  from  a  shaft 
to  a  slip-ring,  which  on  the  line-cutting  hypothesis  cuts  the  lines  of  a  uniform 
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field  running  parallel  to  the  shaft  Let  an  external  circuit  R  lying  in  a  ver- 
tical plane  be  applied  by  means  of  brushes  BB',  as  shown  in  Fig  35a  Then 
it  -will  be  recognized  that,  the  electric  circuit  being  in  one  portion  of  its  length 
split,  there  are  two  loops  to  be  considered  in  the  one,  DAEB'RB,  the 
enclosed  or  linked  flux  is  diminishing  and  becomes  zero  when  AD  passes  RB, 
after  which  it  again  increases  ,  in  the  other,  DAE'B'RB,  the  hnked  flux  is 
increasing  to  a  maximum  when  AD  passes  RB  The  rate  of  change  m  each 
is  the  same,  and  the  cyclic  direction  of  the  E  M  F  in  each  is  such  (as  shown 
in  Fig  35a)  that  it  is  directed  radially  outwards  along  DA  and  radially  inwards 
from  B'  to  B  through*??  As  soon  as  A  D  passes  RB,  the  first  loop  becomes  tho 
second  loop,  and  viciversd,  and  the  flux  in  each  is  equal  when  AD  completes 
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FIG   35,  a,  b,  c 


the  diameter  with  RB  The  two  E  M  F  's  are  not  additive  along  DA,  but  are 
complementary,  the  one  to  the  other,  in  the  sense  that  the  radial  conductor 
AD  could  be  mentally  divided  into  two  portions  in  parallel,  one  for  each  loop. 
But  now  let  the  external  circuit  be  arranged  to  one  side  of  the  collector  ring 
(Fig  356).  Then  wherever  the  connecting  lead  BRB'  is  placed,  the  tendency 
is  to  regard  the  linked  flux  as  that  shown  increasing  in  Fig  35&,  and  to  ignore 
the  complementary  truth  which  would  appear  if  the  external  circuit  were 
removed  to  the  other  side  as  urFig  35c  In  the  case  of  a  homopolar  dynamo 
with  uniform  field,  a  single  active  element  and  collector  ring,  a  cyclic  E.M.F. 
arises  as  much  from  what  at  first  sight  is  outer  flux  as  from  the  inner  which 
appears  more  evidently  embraced  within  the  circuit  Consider  a  pair  of 
parallel  conductors,  joined  by  a  conductor  AD,  and  the  whole  sliding  under 
a  pair  of  brushes  BB'  attached  to  an  external  circuit,  so  that  DA  cuts  across 
the  lines  of  a  uniform  field  (Fig  36a).  Then  as  soon  as  the  collector  bars  are 
bent  up  into  closed  circles  (Fig  3Gb),  so  as  to  permit  of  continuous  rotation, 
and  the  passage  of  the  lines  correspondingly  becomes  radially  outwards, 
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the  flux  to  the  right  of  DA  round  to  the  radial  plane  in  which  BB'  fall  13  as 
much  enclosed  in  the  second  loop  as  the  flux  to  the  left  of  DA  up  to  the  same 
plane  of  BB'.  If  R  lies,  as  it  may,  very  close  to  the  ring,  so  that  B'RB  also 
encloses  the  radial  flux,  the  enveloping  sheet  representing  the  area  of  the  one 
circuit  must  be  carried  from  D  clockwise  to  BB',  and  then  fold  back  on  itself 
to  R,  so  that  the  flux  from  jR  to  BB'  cancels  out,  while  correspondingly  the 
sheet  for  the  other  circuit  proceeds  counter-clockwise  from  D  to  BB',  and 
then  must  be  extended  up  BB'  to  R. 

To  the  homopolar  dynamo  with  single  active  element,  whether  of  the 
axial  or  of  the  radial  type,  let  a  second  active  element  now  be  added,  say  at 
the  opposite  side  of  the  circle.  Nothing  in  principle  is  thereby  altered,  and 
each  may  be  credited  with  its  own  two  loops  Carried  then  to  the  limit  when 
the  entire  cylindrical  or  the  entire  radial  face  has  been  filled  with  active 
elements,  we  reach  the  homopolar  dynamo  with  complete  cylinder  or  disc, 
which  is  thus  to  be  regarded  as  made  up  of  an  infinite  number  of  pairs  of  loops, 
such  as  have  been  described  Wherever  and  however  these  are  placed  and 
paired,  so  long  as  they  conform  to  the  required  conditions,  the  same  axial  or 
radial  E  M  F  is  inevitably  reached  over  the  whole  fac»  of  the  disc  or  surface 
of  the  cylinder. 1 

B' 
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(a)  (b) 

FIG.  36,  a  and  b. 

So  far  then  the  "  line-linkage  "  law  cannot  be  said  to  fail.  Yet  in  its 
application  to  homopolar  machines  with  field  uniform  in  the  path  of  the  motion 
it  loses  much  of  its  own  initial  simplicity,  and  does  not  afford  such  a  convincing 
explanation  of  the  natural  phenomenon  as  that  which  is  given  by  the  line- 
cutting  law.  Further  the  province  to  which  the  concept  of  d  <D./<#  naturally 
applies  is  that  of  all  cases  in  which  it  sums  up  and  expresses  the  integrated 
effect  of  dBjdt  over  the  area  of  the  circuit,  but  in  homopolar  machines  of  the 
present  kind  there  is  no  quantity  dB/dt  existent  at  any  spot,  whether  B  13 
considered  m  relation  to  the  ether  or  air  or  iron. 

§  88.  The  line-linkage  law  as  applied  to  the  toothed  armature.— If  the 
line-linkage  law  is  not  to  obscure  the  important  physical  characteristic  of 
the  toothed  or  tunnel  armature  and  therefore  is  not  to  be  open  to  the  same 
objection  as  that  already  urged  hi  §  22  against  the  supposed  movement  of  all 
flux-lines  across  the  slots,  it  must  be  interpreted  m  the  following  way 

The  "  true  rotation  E  M.F  "  of  a  loop  on  the  toothed  armature  will  be 
given  by  considering  the  effect  of  an  infinitely  small  movement  of  the  loop 
within  the  slots  when  the  slots,  armature  iron  and  poles  are  held  stationary, 


1  It  is  suggested  that  the  line  of  explanation  here  adopted  adheres  more 
closely  to  the  real  nature  of  the  physical  facts  than  the  alternative  explanation 
which  has  frequently  been  given.  This  concentrates  attention  only  on  one 
loop  and  treats  its  area  as  expanding  indefinitely  so  as  to  embrace  an  ever- 
increasing  amount  of  flux.  But  the  analogy  to  a  trigonometrical  angle  of 
unlimited  magnitude  appears  to  the  writer  to  partake  too  much  of  the  nature 
of  a  mathematical  subterfuge  to  be  accepted  as  a  satisfactory  explanation. 
The  simple  fact  is  that  after  N  revolutions  the  flux  embraced  by  the  loop,  say 
of  Fig  35b,  is  not  larger  by  N  times  the  total  flux  but  is  the  same  as  before. 
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and  the  exciting  ampere-turns  are  unvarying,  i  e  by  taking  the  partial  differ- 
ential of  the  linked  flux  with  respect  to  the  angle  a  expressing  the  relative 
position  of  loop  to  poles.  The  transformer  E  M  F  "  can  itself  be  resolved 
into  two  components,  according  to  whether  an  infinitely  small  movement 
of  the  armature  iron  relatively  to  the  poles  with  the  loop  imagined  stationary 
alters  the  linkages  when  the  exciting  ampere-turns  are  constant,  or  whether 
the  effective  ampere-turns  of  excitation  vary  and  therefore  the  total  flux  of  a, 
pole-pitch  would  pulsate  even  when  poles,  armature  iron,  and  loop  were 
stationary.  That  is,  in  addition  the  partial  differentials  of  the  linked  flux 
must  be  taken  with  respect  to  the  angle  /J  expressing  the  relative  position  of 
armature  teeth  to  the  pole,  and  with  respect  to  time  Thus  — 


Since  in  fact  the  loop  and  armature  iron  are  rigidly  connected, 

da  =•  dji  =  codt 
whence  l 

True  rotation 

E  M  F.          Transformer  E  M  F. 


' 

Rotation  E  M  F.  Pulsation 

E.MF. 

Since  the  first  two  E  M  F  's  arise  from  rotation  and  correspond  to  mechanical 
torque  on  conductor  or  iron,  they  may  be  and  frequently  are  grouped  together 
(as  shown  in  the  lower  line)  as  the  "  rotation  E  M.F."  in  a  different  sense  to 
that  used  above,  and  in  contrast  with  a  "  pulsation  E  M  F  "  which  is  not 
related  to  any  mechanical  torque. 

Thus  at  least  theoretically  me  hue-linkage  law  does  not  labour  under  the 
same  disadvantage  as  the  line-cutting  law  that  it  cannot  predict  the  true 
instantaneous  E  M  F.  of  the  toothed  armature  and  differentiate  its  causes. 

§  29.  Snmmary  and  conclusion.-^  But  though  the  more  general- 
ized concept  of  the  line-linkage  law  may  even  be  held  to  be  univer- 
sally true,  it  does  not  appear  to  afford  so  clear  an  insight  into  the 
physical  processes  of  nature  as  the  separate  causes  which  have 
been  classified  as  (A)  and  (B). 

A  chief  difference*  between  the  two  causes  and  the  two  lawsT  is 
that  in  the  case  of  (A)  when  the  magnetic  field  is  undergoing  no 
change,  under  the  line-cutting  law  as  applied  to  that  case  the 
electric  force  or  intensity  induced  at  a  point  has  immediate  reality 
and  is  definable.  In  case  (B)  when  the  magnetic  state  is  changing, 
our  lack  of  real  knowledge  as  to  the  contour  of  the  wave-front  of 
electric  force  which  results  from  the  integrated  effect  of  the  regions 
of  magnetic  disturbance  renders  it  difficult  to  determine  the  electric 
force  at  a  point.2 

i  Cp.  Fritz  Emde,  E.  u.  M.,  1909,  No.  34,  and  R.  Rudenberg,  E.  u.  M., 
1907,  p.  600. 

8  Except  perhaps  by  a  generalized  expression  based  on  the  vector  potential 
of  the  moving  electrons  which  themselves  produce  the  magnetic  field  but 
without  using  the  magnetic  field  as  an  intermediate  link.  C^.  S  J  Barnett, 
loc  at.,  p  1160,  and  W.  F.  G.  Swann,  loc.  c%t. 
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We  are  thus  compelled  under  cause  (B)  to  fall  back  (m  practical 
cases)  on  the  total  effect  in  the  circuit  as  a  whole  given  by  the  rate 
of  change  of  the  line-linkages,  and  since  this  is  dB/dt  integrated 
over  the  area  enclosed  by  the  circuit,  it  is  essentially  a  function  of 
that  area  :  consequently  the  effect  remains  a  property  of  the 
circuit  as  a  whole.  The  electric  force  at  a  point  cannot  then  be  laid 
down,  and  the  induced  EMF.  cannot  be  located  except  to  the 
extent  that  in  some  closed  circuits  considerations  of  exact  symmetry 
as  between  different  portions  can  be  applied 

A  summary  of  the  views  that  have  been  here  put  forward  may 
assist  the  reader,  and  is  given  on  page  83  in  tabular  form  The  dotted 
bracketed  portions  in  the  first  part  indicate  the  less  defensible 
extensions  of  the  two  laws.  The  second  part  is  merely  an  additional 
classification  based  on  the  first  part  and  intended  to  bnng  out  the 
difference  between  the  causes  acting  in  smooth  and  toothed 
armatures  respectively 

Fortunately  the  fact  that  the  two  causes  do  not  appear  to  admit 
at  present  of  ultimate  synthesis  into  a  single  universal  law  resting 
on  a  physical  foundation  does  not  lead  to  any  difficulty  in  the 
practical  cases  that  meet  the  dynamo  designer.  Indeed  the  two 
causes  need  not  have  been  considered  at  such  length,  were  it  not 
for  the  distinction  mechanically  between  the  cases  of  the  smooth 
armature  and  the  toothed  armature. 


CHAPTER  VI 

SELF-INDUCTION  AND  ALTERNATING-CURRENT  PHENOMENA 

§  1.  Second  consequence  of  flow  of  current.— One  of  the  con- 
sequences which  follow  from  the  magnetic  field  that  surrounds  a 
current -carrying  conductor,  namely,  the  pull  on  it  when  immersed 
in  an  external  field,  has  been  considered,  and  in  explaining  the 
interaction  between  the  two  we  have  spoken  of  its  own  magnetic 
field  as  being  superposed  upon  the  external  field.  A  second  impor- 
tant consequence  of  its  magnetic  properties  remains  to  be  traced, 
and  with  especial  reference  to  dynamo  work  when  the  current  in 
the  conductor  is  itself  due  to  an  external  field  it  has  now  to  be  asked, 
What  is  the  effect  of  the  co-presence  of  the  two  fields  as  regards  the 
E.M.F.  induced  in  the  active  conductor  ?  In  actual  nature  at 
any  point  in  space  there  can  never  be  more  than  one  magnetic  field 
as  mapped  out  by  lines  of  induction,  and  this  will  be  the  resultant 
arising  from  the  magnetomotive  force  of  the  winding  that  produces 
the  original  inducing  field  combined  with  the  M.M  F  of  the  current- 
carrying  circuit.  But  it  is  often  possible  and  legitimate  to  regard 
each  of  these  M.M.F  's  as  producing  its  own  field  or  set  of  lines, 
and  to  consider  each  set  as  existing  separately  and  thus  to  arrive 
at  the  actual  resultant  E  M  F. 

§  2.  The  E.M.F.  of  self-induction  and  the  inductance  of  a  circuit 
or  conductor. — The  current -carrying  circuit  has  lines  of  flux  linked 
with  it,  and  so  also  has  the  conductor  as  forming  part  of  a  circuit. 
In  the  case  therefore  of  the  conductor  as  much  as  in  the  case  of 
the  circuit  as  a  whole,  if  a  current  in  it  begins,  or  ends,  or  vanes  in 
strength,  its  line-linkages  vary  and  an  E  M.F.  is  induced  in  it  which 
being  induced  by  the  current  itself  is  called  the  E.M.F.  of  self- 
induction  It  is  always  so  directed  as  to  oppose  the  change  of 
current  of  which  it  is  itself  the  effect,  and  all  changes  from  one 
definite  value  of  current  to  another  definite  value  must  take  a 
certain  time  and  cannot  be  instantaneous. 

The  well-known  analogy  of  the  effects  from  electrical  "  self- 
induction  "  to  those  arising  from  mechanical  "inertia"  is  obvious, 
since  in  virtue  of  the  inertia  attaching  to  any  mass  of  matter,  a 
finite  velocity  cannot  be  given  to  it  or  taken  from  it  instantaneously, 
nor  can  it  be  instantaneously  altered  to  another  value,  as  shown 
by  the  familiar  instance  of  starting  from  rest,  or  stopping,  or  altering 
the  speed  of  a  heavy  flywheel  It  must,  however,  be  clearly  under- 
stood that  the  current  itself  has  no  quality  analogous  to  inertia  , 
it  is  only  to  the  current  as  producing  a  magnetic  field  that  the 
property  attaches.  For  with  the  same  current  flowing  round  a 
circuit,  the  self-induction  can  be  altered  very  greatly  by  any  change 
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which  affects  the  magnetic  field  surrounding  the  circuit  ;  and  it  is 
therefore  truer  to  regard  every  circuit  as  possessing  a  definite  quality 
other  than  its  electrical  resistance,  but  which  in  conjunction  with 
its  electrical  resistance  determines  the  current  flowing  through  it 
at  any  instant  under  any  E  M.F.  ;  in  this  quality  is  included  its 
capacity  as  a  condenser,  but  of  still  greater  importance  is  its  property 
of  electro-magnetic  inertia,  or  as  it  is  briefly  called  its  inductance 
since  upon  it  depends  the  E.MF.  of  self-induction.  Obviously 
the  inductance  of  a  circuit  will  be  dependent  on  the  magnetic 
conditions  which  determine  the  number  of  lines  connected  with  it 
when  a  given  current  is  flowing,  and  hence  is  governed,  not  only  by 
the  geometrical  form  or  shape  of  the  conducting  path,  but  more 
especially  by  the  presence  of  iron  within  or  near  it.  By  a  further 
extension  in  cases  where  some  portion  of  the  total  magnetic  field 
of  the  circuit  can  be  legitimately  assigned  to  a  portion  of  the  con- 
ducting circuit  as  causing  it,  it  becomes  practically  permissible 
to  speak  of  the  inductance  of  a  portion  only  of  the  circuit  or  of  a 
single  conductor  as  forming  a  possible  part  of  a  circuit. 

§  3.  The  calculation  of  inductance.—  The  general  formula  for 
the  inductance  of  a  circuit  or  part  of  a  circuit  in  C  G.S.  absolute 
units  is  J£=  Ngji  where  Ns  is  the  number  of  linkages  (each  C  G.S. 
line  encircling  n  loops  or  turns  being  reckoned  as  giving  n  linkages) 
and  %  is  the  current  in  absolute  electromagnetic  units.  The  prac- 
tical unit  of  inductance,  the  henry,  being  109  tunes  the  absolute, 


Thus  the  inductance  is  one  henry  if  one  absolute  unit  of  current 
flowing  in  the  circuit  or  conductor  gives  rise  to  109  linkages,  or  one 
ampere  gives  rise  to  108  linkages. 

In  the  presence  of  iron  with  its  varying  permeability,  the  induc- 
tance is  not  a  constant  quantity,  but  depends  on  the  current  and 
other  conditions  which  must  be  specified  :  in  fact,  the  term 
"  inductance  "  then  admits  of  more  than  one  definition  In  dynamo- 
electnc  machines  iron  is  almost  invariably  present  in  parts  of  the 
circuit  for  which  the  inductance  has  to  be  calculated.  Yet  in  most 
cases  it  usually  suffices  to  consider  <%  as  constant,  so  that  for  pur- 
poses of  calculation  one  absolute  unit  of  current  or  one  ampere  may 
be  taken  and  the  linkages  reckoned  therefor. 

Next,  in  the  case  of  a  coil  of  two  or  more  turns,  all  the  flux  will 
not  be  linked  with  all  the  turns,  although  this  condition  will  be 
the  more  nearly  approached,  the  closer  together  the  turns  are  wound. 
When  it  may  be  assumed  that  the  total  flux  O,  is  linked  with  all 
the  T  turns, 

J  TO  T<I> 
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<X>8  being  the  flux  due  respectively  to  the  current  in  absolute  units 
or  to  the  amperes.  If  eR  be  the  reluctance  of  the  magnetic  circuit 
concerned, 

_  4firTt  (aba)  _  ^_2_ 
8  ~          &          ~  10          SR 
so  that 


O-»  =  xlO-».     (14) 

The  cunent,  therefore,  no  longer  appears,  yet  its  value  is  virtually 
implied  in  the  icluctance  oft  which  will  be  variable  if  iron  be  present 
But  again  if  the  assumption  of  the  preceding  paragraph  may  be  made 
that  the  iron  is  of  constant  permeability  or  if  the  flux  so  largely 
passes  through  air  or  other  non-magnetic  medium  that  the  iron 
becomes  of  negligible  impoi  tance,  oft  or  its  reciprocal  e?,the  permeance, 
may  be  treated  as  a  constant.  Finally,  therefore, 

=  4770712  X  1(H  or  1-257  SfT2  X  10'8  henrys  .  .  (15) 
Since  under  the  given  assumptions  all  the  flux  is  linked  with  all 
the  turns  and  for  the  same  current  the  flux  is  proportional  to  the 
number  of  turns,  the  inductance  vanes  as  the  square  of  the  number 
of  turns. 

§  4.  Impressed,  self-induced,  and  resultant  E.M.F.'s  distin- 
guished. —  From  the  fact  that  an  inci  easing  current  is  directly 
opposed  by  the  self-induced  E.MF.  it  is  evident  that  the  latter 
cannot  be  the  cause  of  the  flow  ,  there  must  then  be  another  E.M.F. 
in  the  same  direction  as  the  current,  and  greater  than  the  back 
E.M  F.  We  must  theiefore,  in  cases  where  the  current  is  altering 
in  value,  distinguish  between  (1)  the  impressed  E.M.F.  and  (2)  the 
counter  E.M.F.  of  self-induction  ;  together  they  yield  the  resultant 
or  active  E.M.F.  which  immediately  causes  the  flow  of  current. 
In  the  absence  of  capacity  or  when  the  capacity  is  negligible,  the 
resultant  E.M.F.  at  any  moment  is  equal  to  the  algebraic  sum  of 
the  values  of  the  other  two.  Thus,  if  4  =  the  impressed  E.M.F. 
at  any  moment,  and  es  —  the  self-induced  E.M.F.  at  the  same 
moment,  the  resultant  E.M.F.  to  which  the  current  is  then 
proportional  is 

«r  =  «<  +  e, 

the  actual  algebraic  sign  of  et  depending  on  the  question  whether 
the  current  is  increasing  or  decreasing  in  strength.  Or  if  e't  is  the 
E.M  F.  consumed  by  the  self-induction,  and  so  is  the  exact  opposite 
of  ev  i.e.  =  -et, 

ef  =  e{-  e't  and  4  =  er  +  e't 

At  any  instant,  the  current  flowing  is  i  =  eJR,  as  given  by  Ohm's 
law,  R  being  interpreted  as  an  effective  resistance,  which  includes 
not  only  the  ohmic  resistance  but  also  takes  into  account  any  back 
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E.M.F.  by  reason  of  which  chemical  or  mechanical  or  electrical 
work  is  usefully  done  in  addition  to  the  mere  dissipation  of  heat 
over  the  ohmic  resistance 

§  5.  Storage  o!  energy  in  a  magnetic  field. — But  when  the  im- 
pressed E  M  F.  is  so  divided,  it  may  be  asked  whether  the  division 
finds  any  actual  counterpart  in  the  physical  phenomena. 

The  answer  is  that  two  different  kinds  of  work  are  being  done 
Just  as  in  the  armature  of  a  continuous-current  motor  taking  I 
amperes  under  an  impressed  voltage  V  and  developing  a  back 
E  M  F  e,  the  work  done  is  divisible  into  two  portions,  the  one 
corresponding  to  I*Ra  appearing  as  heat,  and  the  other  correspond- 
ing to  el  appearing  as  mechanical  work,  so  now  the  electrical 
energy  developed  is  expended  in  two  forms,  of  which  the  one  appears 
as  useful  work  or  as  heat  at  the  rate  izR  or  eri,  while  the  other  is 
energy  stored  or  liberated  in  the  magnetic  field  at  the  rate  e'ti  watts. 
The  ether  surrounding  the  metallic  conductive  circuit  is  an  elastic 
medium  which  is  magnetically  stressed  through  the  growth  of  a 
field  round  the  conductor,  and  then  acts  as  a  bent  spring  which  can 
again  give  back  the  energy  expended  in  bending  it. 

The  creation  of  a  magnetic  field  demands  energy,  and  the  total 
amount  absorbed  in  the  process  of  bringing  the  current  up  from 
zero  to  its  steady  value  I  can  be  shown  to  be  \  1 2.  This  amount 
represents  the  electromagnetic  energy  of  the  field,  corresponding 
to  the  kinetic  energy,  or  %mv*  of  a  moving  body  ;  it  is  measurable 
in  ergs  or  joules  according  as  the  absolute  or  practical  system  of 
C.G.S.  units  is  employed.  When  once  the  field  is  established,,  t  & 
when  a  steady  current  is  set  up,  no  further  expenditure  of  energy 
is  required  to  maintain  it.  J3ut  the  energy  expended  in  establishing 
it  is  not  irrecoverable  ;  it  is  as  it  were  stored  up  and  can  be  liberated 
For  suppose  et  to  be  instantaneously  withdrawn  ;  then  the  self- 
induced  E  M  F.  tends  to  keep  the  current  flowing,  and  does  actually 
do  so,  since  the  current  only  falls  to  zero  after  a  certain  period  of 
time.  During  tlus  time  work  is  being  done  in  the  circuit,  the  energy 
stored  up  in  the  magnetic  field  reappearing  as  heat,  e  g  in  the  spark 
which  occurs  when  the  circuit  is  opened 

§  6.  The  case  of  the  continuous-current  machine.— If  a  conductor 
is  moving  at  a  constant  velocity  between  two  pole-pieces  of  infinite 
length,  as  in  Fig.  30,  and  carries  current  due  to  the  E  M.F.  of  move- 
ment, the  E.M  F.  and  current  are  steady,  and  the  magnetic  effect 
of  the  current  remains  unvarying  in  intensity  and  position  relatively 
to  the  conductor.  The  latter  may  then  on  the  basis  of  two  sets  of 
lines  be  said  to  carry  its  own  field  along  with  it,  and  therefore  can 
never  as  it  moves  cut  its  own  lines.  Ahead  of  itself  the  resultant 
lines  are  denser  than  the  original  field ;  behind  it  they  axe  less 
dense,  but  the  variation  of  the  distribution  travels  with  it,  and 
only  the  lines  of  the  original  field  are  cut. 


ALTERNATING-CURRENT  PHENOMENA  89 

But  it  is  also  possible  that  a  number  of  active  conductors  may  be 
so  arranged  that  at  once  they  carry  a  steady  current,  and,  although 
each  moving,  yet  as  a  system  yield  a  magnetic  field  that  is  constant 
and  stationary  in  space  Such  is  the  case  of  the  continuous-current 
armature  of  Fig.  25  When  therefore  the  steady  value  of  the 
current  has  been  established,  the  stationary  magnetic  field  of  the 
armature  as  a  whole  in  combination  with  the  inducing  field  will 
yield  a  resultant  stationary  field  of  different  distribution  which 
contains  within  itself  the  effect  of  both  In  this  case  the  rotating 
conductors  do  actually  cut  through  the  resultant  field,  i.e  through 
the  original  field  after  it  has  been  reacted  upon  by  the  M  M.F. 
of  the  armature  ampere-turns  The  E.M  F.  thence  found  is,  how- 
ever, a  resultant  E.M.F. ;  since  the  current  is  steady,  there  is  no 
effect  from  self-induction.  Yet  in  the  resultant  field  causing  the 
E.MF  is  stored  the  energy  corresponding  to  the  inductance  of 
the  armature  ampere-turns,  as  well  as  the  energy  corresponding 
to  the  establishment  of  the  original  inducing  field.  Thus  if  the 
armature  circuit  is  broken  while  the  excitation  of  the  field-magnet 
is  unaltered,  the  former  energy  will  be  liberated  and  tend  to  maintain 
the  current  in  the  same  direction  as  at  the  moment  of  breaking  the 
circuit,  while  the  field  is  reverting  to  its  original  distribution  and 
original  quantum  of  energy. 

§  7.  The  case  of  the  alternate-current  machine.— But  in  the 
alternate-current  machine  the  current  vanes  owing  to  relative 
movement .  thus  in  a  current-carrying  loop  rotated  under  pole- 
pieces,  as  in  Fig.  18,  the  impressed  E.M.F.  alternates,  and  the 
inductance  also  vanes,  so  that  the  distribution  of  the  actual  resultant 
field  as  containing  the  vaiymg  magnetic  effect  of  the  current  vanes. 
To  the  consideration  of  this  case  on  the  basis  of  two  superposed  sets 
of  lines  we  now  return. 

To  put  it  in  its  most  elementary  form,  consider  a  loop  of  wire 
(Fig  37)  which  is  rapidly  pushed  up  to  the  pole  of  a  magnet  from 
some  position  outside  its  field  ,  by  the  cutting  of  the  lines  of  the 
external  field  an  E  M  F.  is  set  up  in  the  direction  of  the  arrow  on 
the  loop  •  this  increases  in  strength,  since  more  and  more  lines  are 
cut  as  it  moves  through  the  dense  field  near  to  the  pole  Under 
the  action  of  the  E.M.F.  m  the  closed  loop  a  current  begins  to  flow  ; 
but  as  soon  as  this  current  begins,  its  own  lines  of  flux  form  loops 
linked  with  the  electncal  circuit.  A  second  field  is  thus  superposed 
on  the  first,  and  the  direction  of  the  lines  of  this  second  field  as  they 
pass  through  the  loop  is  opposite  to  that  of  the  first :  this  is  roughly 
indicated  m  the  diagram  by  the  dotted  lines  lying  counter  to  the 
full  lines  of  the  original  field.  It  follows  that  the  rising  current 
tends  to  set  up  a  field  of  lines  opposite  in  direction  over  the  area  of 
the  loop  to  those  of  the  external  field  ;  or,  in  other  words,  it  tends 
to  reduce  the  flux-density  through  the  loop,  just  at  the  time  when 
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it  is  being  increased  by  the  motion.  Consequently  the  rise  of  current 
in  the  loop  is  not  so  rapid  as  it  would  be  if  the  current  had  itself 
no  magnetic  effect,  or  we  may  say  that  the  current  by  reason  of  the 
magnetic  qualities  of  its  circuit  reacts  on  the  original  field.  At  any 
moment  the  resultant  field  in  which  the  loop  is  moving  has  a  certain 
value  and  distribution,  and  the  rate  at  which  the  lines  of  this  field 
are  cutting  the  conductor  loop  gives  the  E  M.F.  to  which  the  current 
at  that  moment  is  proportional ;  but  this  actual  field  may  conveni- 
ently be  resolved  into  two — the  original  field  and  the  current's 
own  field,  the  effect  of  the  two  being  considered  separately.  At  any 
instant  the  lines  induced  by  the  current  itself  are  increasing  at  a 
certain  rate,  and  then-  increase  as  linked  with  the  loop  causes  a 
"  transformer  "  E.M  F.  in  the  negative  direction  round  it.  It  is 
thus  opposed  to  the  impressed  E  M.F.  due  to  the  cutting  of  the 

original  field,  and  the  rising 
current  induces  a  counter  E.M.F. 
opposing  its  own  rise. 

If  the  movement  of  the  loop  is 
reversed,  and  it  is  made  to  recede 
from  the  magnet,  the  direction 
of  the  impressed  E.M.F.  will  be 
reversed,  and  so  also  eventually 
will  the  current.   But  not  at  once  ; 
the  lines  of  its  own  field  have  to 
~'  •  -     ;~       die  away,  to  be  succeeded  by  fresh 
FIG  37.  hues  passing  in  the  reverse  direc- 

tion through  the  loop.  The  change 

of  the  line-linkages  is  continuous,  and  both  the  dying  away  of  lines 
in  one  direction  and  their  growth  in  the  opposite  direction  cause  a 
self -induced  E.M.F.  in  the  same  direction  as  that  in  which  the  current 
was  flowing  ;  this  for  a  time  tends  to  counterbalance  the  new  E.M.F. 
impressed  on  the  loop  by  the  external  field,  and  hence  the  current 
only  gradually  sinks  to  zero  and  finally  becomes  reversed.  Thus 
the  magnetic  effect  of  the  current  shows  itself  by  modifying  the 
external  field,  and  such  expressions  as  the  inductance  of  the  loop 
and  the  energy  stored  up  in  its  field,  although  legitimate,  are  based 
on  a  mental  separation  of  the  actually  existing  field  into  two 
component  parts.  It  is  not  that  the  loop  first  reacts  on  the  field, 
and  then  cuts  the  resultant  field  by  its  own  movement ;  the  resul- 
tant field  changes  relatively  to  the  conductor,  partly  by  reason  of 
the  latter's  own  movement,  and  partly  by  reason  of  change  in  its 
current.  To  the  movement  of  the  resultant  field  relatively  to  the 
conductor  the  resultant  E.M.F.  is  due ;  and  if  we  were  to  consider 
this  resultant  field,  we  must  not  also  credit  the  loop  with  self- 
mduction  or  inductance ;  it  must  then  be  considered  as  a  circuit 
possessing  only  resistance, 
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It  is,  however,  more  convenient  in  most  cases  to  consider  some 
>art  or  parts  of  an  alternate-current  circuit  as  possessing  inductance, 
md  to  take  into  account  the  effect  of  such  separate  inductance  in 
ombination  with  an  impressed  E.MF. 

§  8.  The  impressed,  self-induced  and  resultant  EJME.F.  curves  in 
m  alternating-current  circuit.— The  number  of  linkages  of  a 
onductor  or  circuit  carrying  an  alternating  current  with  its  self- 
nduced  lines  will  vary  in  time,  and  this  variation  over  a  period 
nay  be  due  not  merely  to  the  variation  of  the  current,  but  also 
o  variation  in  the  length  or  nature  of  the  magnetic  circuit  that  is 
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FIG.  38. 

t  any  moment  presented  to  it.  In  Fig.  38  let  the  full  line  be  the 
inkage  curve  of  the  self -induced  lines  plotted  on  an  axis  of  time 
iver  a  complete  period;  this  is  not  necessarily  of  the  same  shape  as 
he  current  curve  since,  as  already  mentioned,  the  number  of  self- 
nduccd  lines  may  not  vary  directly  as  the  current  under  all  circum- 
tances,  nor  need  the  phase  of  the  current  curve  and  of  the  curve  of 
elf -induced  flux  be  the  same  ;  there  may  be  a  lag  of  the  flux  value 
•  elund  the  magnetizing  current  in  respect  of  time,  and,  as  will  be 
hown  hereafter,  where  a  portion  or  the  whole  of  the  magnetic 
ircmt  through  which  the  self-induced  lines  pass  is  composed  of  iron, 
here  will  be  such  a  lag,  although  it  may  be  very  slight.  Hence  in 
?ig.  38  the  full-line  curve  is  shown  passing  through  zero  at  an 
nstant  slightly  later  than  zero  tune,  which  is  reckoned  here  from 
•assage  of  the  current  through  zero.  From  the  curve  of  self-induced 
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linkages  by  finding  the  "  slope  "  of  the  tangent  to  it  at  each  point, 
may  be  derived  a  second  curve  (shown  dotted),  representing  to 
some  scale  the  time-rate  of  change  in  the  number  of  linkages,  or 
dNJdt,  where  Na  is  the  total  number  of  self-induced  linkages  ; 
this  may  be  unsymmetncal  if  the  original  curve  is  unsymmetncal, 
and  may  differ  very  greatly  in  shape  and  character  if  there  are 
minor  undulations  on  the  original  curve,  even  when  these  appear 
small,  and  almost  negligible. 

But  the  E.MF.  of  self -induction  is  proportional  to  -dNJdt, 
so  that  if  the  derived  curve  of  Fig.  38  is  inverted,  it  will  also  represent 
to  some  scale  the  E  M  F.  of  self-induction  at  any  instant,  and  at 
the  same  time  indicate  the  direction  of  this  EMF.  When  the 
number  of  self-induced  lines  is  increasing  in  the  positive  direction, 
or  decreasing  in  the  negative  direction,  the  E  M.F  is  negative  or  in 
a  direction  opposing  a  positive  current ;  and  when  they  are  decreas- 
ing in  the  positive  direction,  or  increasing  in  the  negative  direction, 
the  self-induced  E  M.F.  will  be  in  the  positive  direction.  Thus 
if  the  curve  of  linkages  shows,  as  in  Fig  38,  a  continuous  increase 
of  lines,  and  then  a  continuous  decrease  of  lines,  although  the  rate 
of  this  increase  or  decrease  may  be  very  different  at  different  points, 
the  curve  of  self-induced  EMF  will  pass  through  zero  when  the 
total  number  of  self-induced  linkages  is  a  maximum,  and  for  a 
whtfle  period  will  be  divisible  into  two  portions,  below  and  above 
Ae  horizontal  axis. 

^If  the  magnetic  circuit  has  a  constant  inductance  ££,  the  self- 
induced  E.M  F.  can  be  derived  immediately  from  the  current  curve, 
since  ea  =  -  J£dijdt ;  but  m  the  general  case  where  the  inductance 
may  be  variable,  ea  must  be  taken  as  =  -  dNJdt,  and  the  mtermediat  e 
curve  of  N8  is  required. 

In  Fig.  39  let  the  dotted  curve  Ea  be  the  dotted  curve  of  Fig. 
38  when  inverted,  being,  therefore,  to  some  scale  the  curve  of  the 
self -induced  E.M  F.  in  volts,  and  upon  the  same  horizontal  axis  of 
time  let  the  thick  line  (E)  be  the  current  curve  It  will  be  seen 
that,  roughly  speaking,  the  phase  of  the  self -induced  EMF  lags 
90°  behind  the  phase  of  the  current,  but  owing  to  the  slight  lag  of 
the  flux  behind  the  magnetizing  current  the  curve  of  self -induced 
E.M.F  does  not  reach  its  maximum  until  after  the  current  curve 
has  passed  through  its  zero.  But  the  thick-line  current  curve  will 
also  represent  the  curve  of  resultant  E  M.F ,  provided  that  the 
scales  be  so  chosen  that  the  same  height  represents  indifferently 
either  one  ampere  or  one  ampere  multiplied  by  the  effective  resis- 
tance of  the  circuit  or  portion  of  the  circuit  under  consideration. 
In  Fig.  39  this  is  supposed  to  be  the  case,  so  that  the  volts  of  resultant 
EMF.  can  be  read  off  the  curve  E.  We  are  now,  therefore,  in  a 
position  to  deduce  the  curve  of  the  impressed  E.M.F.,  which  must 
have  acted  on  the  circuit  in  order  that  with  the  assumed  conditions 
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the  curve  of  resultant  E.M.F.  should  have  the  shape  shown  m  the 
diagram.  Since  we  have  obtained  curves  which  determine  foi  us  the 
signs  at  any  moment  of  ei  and  es,  the  universal  equation  of  §4, 
et  =  er  -  ea  shows  that  we  have  only  to  subtract  the  ordmates 
of  the  self -induced  E  M  F.  curve  from  the  ordmates  at  the  same 
points  of  the  icsultant  EMF  curve  and  plot  their  diffeiencc  as 
a  third  curve,  due  regard  being  paid  to  the  algebraic  signs  of  the 
ordmates  ;  the  third-line  curve  so  obtained  (Ef)  will  be  the  requned 
curve  of  impressed  EMF.  in  volts.  Or  the  cmvc  e'a  —  dNJdt, 
i  e  the  dotted  curve  of  Fig.  38,  might  have  been  plotted  without 


inversion,  when  we  should  have  had  to  add  the  ordmates  since 
et  =  er  +  e'»  and  e\  is  one  of  the  components  of  the  impressed 
E.M.F.  But  in  either  case  if  two  out  of  the  three  curves  are  known, 
the  third  is  also  determined. 

§  9.  Lag  of  resultant  behind  impressed  E.M.P.— It  is  evident 
that  the  shape  of  the  resultant  E.M.F.  curve  may  differ  materially 
from  that  of  the  impressed  E.M.F. ;  for  example,  in  the  assumed 
case  of  Fig.  39  the  curve  of  impressed  E.M.F.  which  has  been 
deduced  logically  from  the  previous  curves,  is  strictly  a  sine  curve, 
yet  the  curve  of  resultant  E.M.F.  is  not  a  sine  curve,  and  is  not  even 
symmetrical  on  its  ascending  and  descending  sides.  Next,  it  will 
be  seen  that,  while  the  self-induced  E.M.F.  always  opposes  a  rising 
er>  it  does  not  always  assist  a  falling  et.  From  this,  two  important 
consequences  follow :  (1)  Since  the  self-induced  E.M.F,  does  not 
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always  assist  a  falling  e^  but  does  always  assist  a  falling  current  or 
falling  resultant  E  M  F.,  the  curve  of  resultant  E  M.F.  cannot 
coincide  in  phase  with  the  impressed  E.M.F.  curve,  but,  on  the 
contrary,  the  current  curve  lags  behind  the  curve  of  impressed 
E  M.F.  by  a  certain  time  depending  on  the  inductance  of  the  circuit  ; 
and  further,  this  time  is  usually  expressed  as  an  angle  or  fraction 
of  360°,  being  measured  by  reference  to  the  bipolar  case  when  one 
period  corresponds  to  1  revolution,  or  360°.  (2)  So  long  as  the 
self -induced  lines  continue  to  rise,  and  their  number  of  linkages  to 
increase,  however  slowly,  there  is  some  self -induced  E.M  F  opposing 
the  impressed  E  M.F.  ;  but  at  the  instant  when  they  are  at  their 
maximum,  and  the  self -induced  E  M  F.  is  zero,  the  curve  of  resultant 
E  M  F.  cuts  the  curve  of  impressed  E.M  F.  Where  this  point  of 
intersection  is,  entirely  depends  upon  the  curve  of  self-induced 
linkages  ,  and  this  depends,  not  only  on  the  curve  of  magnetizing 
current,  but  also  on  the  magnetic  circuit  through  which  at  any 
instant  it  is  inducing  lines  Hence,  if  the  curve  of  self-induced 
linkages  continues  to  rise  after  the  current  curve  has  begun  to  fall, 
owing  to  a  more  than  proportionate  decrease  in  the  reluctance  of 
the  magnetic  circuit,  the  curve  of  resultant  E  M  F.  will  cut  the 
impressed  E.M  F.  at  a  point  after  it  has  reached  its  own  maximum, 
as  in  fact  is  shown  in  Fig.  39.  If,  however,  the  maximum  number 
of  self -induced  lines  coincides  in  time  with  the  maximum  strength 
of  the  current,  the  highest  value  of  the  resultant  E  M.F.  will  be  its 
point  of  intersection  with  the  curve  of  impressed  E  M.F  Further, 
a  given  magnetic  circuit  always  permits  of  an  increase  of  the  number 
of  lines  of  flux  through  it,  when  the  magnetizing  current  is  increased 
If,  therefore,  the  impressed  E.M.F.  is  never  constant,  but  always 
altering  in  value,  the  curve  of  self-induced  lines  never  becomes 
a  straight  line  (unless  the  magnetic  circuit  be  altered  so  as  to  exactly 
counterbalance  the  changing  current — a  rare  possibility) ;  hence 
there  is  a  definite  self-induced  E.MF.  at  the  moment  when  the 
impressed  EM.F.  reaches  its  maximum,  and  the  point  of 
intersection  must  be  subsequent  to  the  point  of  highest 
impressed  E  M.F.  ;  in  other  words,  E  can  never  attain  as  high 
a  value  as  £<. 

The  whole  may  easily  be  illustrated  by  the  case  of  a  flywheel  to 
which  is  applied  a  turning  force,  which  not  only  alternates  in  the 
direction  in  which  it  tends  to  turn  the  wheel,  but  also  vanes  in 
value  from  zero  to  a  maximum,  and  thence,  passing  through  zero, 
to  a  maxunum  in  the  opposite  direction.  Since  the  turning  force 
is  never  steady,  but  varies  continuously,  the  flywheel  would  never 
reach  the  maximum  velocity  corresponding  to  a  steady  turning 
force  equal  to  the  maxunum  value  of  the  alternating  force  ;  before 
reaching  such  a  velocity  the  value  of  the  turning  force  has  already 
begun  to  decrease,  and  in  just  the  same  way  the  resultant  E.M.F, 
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lags  behind  the  impressed  E  M  F.,  and  its  maximum  value  is  less 
than  the  maximum  value  of  the  impressed  E  M.F. 
§  10.  Power  in  an  alternating  circuit  as  determined  graphically. — 

In  any  portion  of  a  circuit  the  rate  of  development  of  electrical 
energy  at  any  instant  is  equal  to  the  product  of  the  current  which  is 
then  flowing  in  that  portion  of  the  circuit  and  the  E  M  F.  which  is 
impressed  upon  it  at  that  instant.  Thus,  in  Fig.  40,  if  the  thick 
line  represents  the  curve  of  current  in  amperes  flowing  through  any 
portion  of  a  circuit,  and  the  thin  line  represents  the  corresponding 
curve  of  E.M  F.  in  volts  which  is  impressed  upon  that  portion,  the 
rate  of  development  of  energy  in  watts  at  any  instant  a  is  equal 
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FIG.  40 

to  the  product  of  the  ordinates  ab.  ac,  which  represent  the  amperes 
flowing  at  that  instant  and  the  impressed  volts.  By  thus  multiplying 
together  a  number  of  simultaneous  values  of  the  impressed  E.M.F. 
and  current,  and  plotting  their  products  along  the  same  horizontal 
axis,  a  third  curve  (shown  with  a  shaded  fringe  in  Fig.  40)  is  ob- 
tained, representing  the  instantaneous  rate  of  development  of  energy 
in  watts  throughout  an  entire  period,  and  the  area  which  it  encloses, 
being  the  product  of  power  and  time,  represents  work  done.  In  so 
doing  we  must  pay  attention  to  the  algebraic  signs  of  the  E.M.F. 
and  current,  all  ordinates  above  the  horizontal  line  being  reckoned 
as  +  and  all  below  as  - ;  and  further,  if  their  product  be  positive, 
it  must  be  plotted  above  the  horizontal  line  as  positive  work ;  if 
negative,  below  it,  as  negative  work.  Since  the  product  of  two 
quantities,  one  4-  and  the  other  -^  is  negative,  the  product  of  two 
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ordinates  is  negative  unless  both  are  above  or  both  are  below  the 
horizontal  line,  ie  positive  work  is  done  only  when  current  and 
impressed  E  M  F.  are  in  the  same  direction. 

The  positive  work  of  an  alternator  is  the  sum  of  two  separate 
portions.  One  part  is  expended  in  heating  resistances  or  in  forcing 
a  current  against  a  back  E  M  F.  due  to  causes  external  to  itself, 
as  in  transformers,  both  being  useful  work  so  far  as  the  alternator 
is  concerned.  It  is  developed  at  the  rate  t  ZR  watts,  where  R  is 
the  effective  icsistance,  as  defined  in  §  4.  The  other  part  is  the 
work  done  in  the  creation  or  re-establishment  of  the  magnetic  field 
of  the  circuit  as  described  in  §  5.  The  negative  work  is  due  to  the 
liberation  of  the  energy  stored  in  the  magnetic  field  which  is  ex- 
pended partly  m  heating  the  ohrmc  resistance  of  the  circuit  and 
partly  in  driving  the  machine  as  a  motor. 

In  each  half-period,  in  virtue  of  the  growth  of  the  magnetic  field, 
energy  first  passes  outwards  from  the  circuit  into  the  surrounding 
medium  where  it  is  temporarily  stored,  and  then  at  a  later  stage 
in  the  same  half -period  this  stored  energy  is  returned  by  the  sur- 
rounding medium  into  the  conductive  circuit.  The  final  result 
is  that  when  a  periodic  alternating  current  has  been  established, 
so  far  as  the  magnetic  stress  upon  the  ether  is  concerned,  the  net 
energy  which  has  passed  in  either  one  of  the  two  directions,  i.e. 
either  into  the  surrounding  medium  or  out  of  the  medium  into  the 
circuit,  is  at  the  end  of  a  half-period  or  any  whole  number  of  half- 
penods  zero.  If  the  duration  of  a  period  considerably  exceeded  the 
time  of  one  revolution,  say,  of  a  steam-engine,  the  latter  would  be 
called  upon  to  develop  first  more  and  then  less  than  its  average 
power  ;  but  since  in  alternating  circuits  as  commercially  used  many 
complete  periods  occur  in  the  time  of  one  revolution,  the  prime 
mover  does  not  show  on  its  indicator  diagram  any  sign  of  difference 
in  its  rate  of  doing  work,  so  far  as  this  is  dependent  upon  the  reaction 
of  the  magnetic  field.  The  rhythmical  fluctuation  of  the  power, 
as  energy  is  alternately  stored  in  or  released  from  the  field  of  the 
generator,  is  in  practice  obscured  from  our  view  by  the  mechanical 
inertia  of  the  fly-wheel  and  other  moving  parts,  which  suffices  to 
absorb  or  give  out  the  necessary  energy  as  required  by  its  electrical 
analogue  of  inductance. 

Thus  iR  (when  R  is  not  merely  theohmic  resistance  but  is  inter- 
preted as  explained  above)  represents  the  energy  component  of 
the  E.M.F.,  and  its  product  with  the  current  corresponds  to  the 
net  expenditure  of  energy,  while  the  product  of  et  with  i  corresponds 
to  the  energy  which  surges  to  and  fro  between  the  conductive  circuit 
and  the  medium  which  surrounds  it.  Consequently  the  total 
effective  work  done  by  the  alternating  current  and  E.M  F.  in  one 
complete  period,  or  the  total  energy  transformed  from  electrical 
energy  into  heat  or  other  useful  work,  is  measured  by  the  net  area. 
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enclosed  by  the  fringed  curve  in  Fig.  40,  when  the  two  negative 
areas  (shown  black  and  marked  -)  are  added  together,  and  their 
sum  subtracted  from  the  two  positive  areas.  It  will  be  seen  that 
the  undulating  form  of  the  curve  is  due  to  the  fact  that  current 
and  E.M  F.  are  continually  varying,  but  the  appearance  of  the 
negative  (shown  black)  power,  or  the  double  frequency  of  the  power 
transference  is  solely  due  to  the  "  lag  "  of  the  current  curve  behind 
the  impressed  EM.F.  curve,  by  reason  of  which  the  impressed 
E.M  F.  and  current  can  be  in  opposite  directions.  The  physical 
explanation  of  the  negative  work  in  the  alternator  is  that  the  direc- 
tion of  the  armature  current  displaced  in  phase  becomes  periodically 
so  related  to  the  field  poles  that  it  assists  in  driving  the  machine 
as  a  motor.  The  greater  the  lag  of  the  current  curve,  the  smaller 
the  net  amount  of  work  done  If  the  lag  were  to  amount  to  as 
much  as  a  quarter  of  a  period,  the  entire  current  curve  being 
retarded  in  phase  by  an  angle  of  90°  as  compared  with  the  E  M  F. 
curve,  so  that  the  current  value  is  zero  when  the  impressed  E  M.F 
is  a  maximum,  and  vice  v&rsd,  then  in  each  half-period  the  negative 
area  is  exactly  balanced  by  an  equal  positive  area,  and  the  net 
work  done  in  a  half  or  any  number  of  half-periods  would  be  ml,  the 
explanation  being  that  the  magnetic  field  would  then  be  giving 
back  as  much  energy  in  one  quarter  of  a  period  as  was  previously 
stored  m  the  preceding  quarter  by  the  source  of  the  impressed 
E.M  F.  On  the  other  hand,  if  there  is  no  inductance  and  no  lag, 
there  is  no  negative  work  done,  since  the  phases  of  E.M  F.  and 
current  coincide.  Both  cases  are  ideal,  but  serve  to  indicate  the 
theoretical  limits  to  which  practical  cases  approximate,  and  as 
a  circuit  realizes  one  or  other  ideal  more  or  less  closely,  it  is  classed 
as  either  an  inductive  or  a  non-inductive  circuit. 

Given,  therefore,  the  two  curves  of  impressed  E.M  F.  and  current, 
a  curve  can  be  deduced  whose  area  represents  the  work  done,  and 
whose  ordinates  represent  the  power  developed  at  any  instant.  The 
mean  power  or  mean  rate  of  development  of  energy  will  be  the 
mean  of  all  the  values  of  the  product  of  current  and  impressed 
E.M.F  taken  over  a  sufficiently  long  time  ;  since  the  positive  and 
negative  half-waves  of  E.M  F.  and  current  are  in  each  case  ahke, 
at  will  actually  suffice  to  take  the  mean  of  all  the  values  during  one 
half-period.  The  mean  value  of  the  power  during  one  period  will 
evidently  be  represented  by  the  mean  ordinate  to  the  curve  of  power, 
i  e.  an  ordinate  Od  (Fig.  40)  of  such  a  height  that  when  multiplied 
by  the  length  00'  the  area  of  the  rectangle  so  formed  OdeO',  is 
equal  to  the  net  work  done,  or  the  difference  between  the  areas  of 
positive  and  negative  work. 

The  whole  of  the  above  is  applicable  not  only  to  any  portion  of 
a  circuit,  but  also  to  the  circuit  as  a  whole  ;  in  the  case  of  an  alter- 
nator supplying  energy  to  the  external  circuit  its  output  or  rate  of 
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development  of  energy  in  the  external  circuit  is  equal  to  the  mean 
ordinate  of  a  curve  formed  by  multiplying  together  simultaneous 
values  of  the  PD.  impressed  on  the  external  circuit  from  its 
terminals  and  of  the  current  flowing  in  the  circuit.  Thus  in  Fig. 
40  if  the  curves  give  simultaneous  readings  of  the  volts  and  amperes 
in  the  external  circuit  of  a  single-phase  alternator,  its  output,  as 
shown  by  the  mean  ordinate  to  the  power  curve,  is  26  kilowatts,  and 
would  be  so  recorded  on  a  wattmeter 

§  11.  The  power  factor  of  an  alternating  circuit.— In  the  theor- 
etical case  of  an  alternating  circuit  having  no  inductance  or  capacity, 
but  simply  ohmic  resistance,  the  product  of  the  effective  or  virtual 
or  foot-mean-square  values  of  the  volts  and  amperes  will  measure 
directly  the  mean  power  therein  developed.  But  in  the  more 
general  case  of  a  circuit  having  inductance  and  capacity,  the  product 
of  the  Vmean  square  or  R.M.S.  values  of  the  E.M  F.  and  current  or 
El  is  the  apparent  power  of  the  circuit,  and  will  be  greater  than 
the  true  power  if  there  be  any  phase  difference  between  impressed 
E  M.F.  and  current.  The  ratio  of  the  true  power  or  watts  to  the 
apparent  power  or  watts  is  called  the  power  factor  of  the  circuit. 
In  the  case  of  a  circuit  which  is  either  non-inductive  or  in  which  the 
E.MF.  and  the  current  are  in  phase  by  reason  of  the  capacity 
effect  exactly  balancing  the  inductance  effect,  the  power  factor  is 
unity,  but  in  all  other  cases  it  is  some  fraction  less  than  1.  Its 
value  may  be  obtained  from  the  ratio  of  the  wattmeter  reading  to 
the  product  of  the  ammeter  and  voltmeter  readings  for  the  same 
circuit.  Thus  the  apparent  power  of  the  alternator  of  Fig.  40  is 
2255  volts  X  12-1  amperes  =  27-3  kilovolt-amperes,  while  the  true 
power  is  26  kilowatts,  whence  the  power  factor  is  26/27-3  =  0-95. 
A  calculation  of  the  power  of  an  inductive  circuit  traversed  by  an 
alternating  current  can,  however,  readily  be  made,  if  it  is  per- 
missible to  assume  some  simple  law  to  govern  the  periodic  variations 
of  the  E  M  F.  and  current. 

§  18.  Simplification  by  assumption  of  a  sine-law  hypothesis. — 
In  §  8  the  effect  of  self-induction  has  been  expressed  in  general 
terms  independent  of  the  exact  shape  of  the  curves  drawn  and 
assumed,  but  for  the  purpose  of  the  simpler  process  now  required 
the  curves  axe  assumed  to  obey  a  sine  law.  From  the  mathematical 
nature  of  a  sine  curve,  it  follows  that  the  curve  derived  from  it 
and  expressing  its  rate  of  change  will  also  be  a  sine  curve  of  the  same 
periodic  time,  but  differing  by  90°  in  its  phase.  If,  therefore,  the 
current  curve  in  any  piece  of  alternating  machinery  follows  a  sine 
Jaw  and  if  its  inductance  be  strictly  constant  throughout  the  whole 
periodic  time,  so  that  the  flux-lines  due  to  the  current  are  strictly 
proportional  to  the  current  and  follow  simultaneously  upon  its 
variations,  the  curve  of  self-induced  linkages  (Fig.  88)  wfl  be  a 
sine  curve  ;  consequently  the  dotted  curve  derived  from  it,  w&eh, 
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when  inverted,  lepresents  the  self -induced  EMF  ,  will  also  be  a 
sine  curve  of  the  same  periodic  lime  but  differing  by  90°  in  its 
phase.  Further,  if  two  sine  curves  of  the  same  periodic  time  be 
compounded  together,  as  was  done  in  §  8,  the  third  curve  so  deduced 
is  a  sine  curve  again  of  the  same  periodic  time,  but  differing  in  phase 
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Angle  of  lag  of  current,  <f>  =»  -  18°. 


from  either  of  the  two  components,  and  therefore  the  curve  of 
impressed  E  M.F.  (in  Fig.  39)  will  be  such  a  curve.  Fig.  41  shows 
the  combination  of  two  sine  curves  to  form  a  third,  and  it  is  therefore 
the  counterpart  of  Fig.  39  on  the  supposition  that  both  current 
and  E.M.F.  are  sinusoidal.  From  a  comparison  of  the  two  figures 
it  will  be  seen  that  the  chiSf  difference  is  that  in  Fig.  41  there,  is  a 
definite  angle  of  lag  (18°  in  the  diagram)  between  the  current  and 
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impressed  E.M  F.  curves.  Not  only  does  the  current  pass  tlirough 
its  zero  at  a  certain  angle  behind  the  zero  of  the  impressed  E  M.F  , 
but  it  passes  through  its  maximum  with  the  same  angle  of  lag. 
Further,  the  maximum  ordmate  of  the  resultant  E  M  F.  coincides 
with  its  point  of  intersection  with  the  impressed  E.M  F ,  and  lastly 
the  maximum  value  of  the  resultant  E  M  F.  is  necessarily  less  than 
the  maximum  ordmate  of  the  impressed  E  M  F  The  effect,  there- 
fore, of  constant  inductance  in  any  portion  of  a  circuit  traversed 
by  an  alternating  current  is  to  shift  the  entire  current  curve  back- 
wards by  i  constant  angle  of  lag,  and  to  reduce  the  height  of  all  the 
ordmates  of  the  resultant  E  M.F.  curve  as  compared  with  those  of 
the  impressed  EMF  curve  We  thus  obtain  three  sine  cuives, 
representing  respectively  impressed  EMF.,  self -induced  E.M.F., 
and  resultant  E.M.F.  or  current,  mutually  related  to  one  anothei 
by  simple  mathematical  laws,  so  that  from  any  two  the  third  is 
easily  derived,  and  from  the  mathematical  nature  of  sine  curves  we 
can  go  on  to  deduce  other  facts  respecting  the  three  related  factois 
Now  the  assumption  that  m  any  given  alternator  the  three  curves 
are  sine  curves  is  not  by  any  means  necessarily  true,  but  expenenco 
has  shown  that  in  modern  machines  no  great  error  anses  in  theory 
or  practice  from  assuming  that  they  are  sine  curves — at  least  for  a 
first  approximation  to  enable  practical  problems  to  be  readily 
treated  mathematically  and  graphically.  The  curves  of  impressed 
E.M  F  of  modern  alternators  do  closely  resemble  sine  curves  in 
their  general  nature,  and  so  also  but  to  a  less  degree  do  the  curves 
of  current  under  normal  conditions  of  working. 

§  13.  Power  factor  given  by  the  cosine  of  angle  of  lag  on  sine 
hypothesis. — If  simultaneous  values  of  the  ordmates  of  two 
simple  sine  curves  of  equal  period,  but  of  different  amplitude  and 
phase,  be  multiplied  together,  it  can  be  shown  mathematically 
that  the  mean  of  all  the  products  so  obtained  is  equal  to  half  the 
product  of  the  maximum  values  of  the  two  sets  of  ordmates  multi- 
plied by  the  cosine  of  the  angle  which  expresses  their  difference  of 
phase.  Hence  if  the  two  curves  of  EMF.  and  current  be  sine 
curves  as  in  Fig.  41,  the  mean  ordmate  to  the  power  curve  can 
be  thus  directly  obtained  ;  if  et  and  ^  be  the  impressed  EMF.  and 
alternating  current  at  any  instant,  and  E^  and  I  be  their  maximum 
values,  the  mean  value  of  e#  or  the  mean  rate  of  expenditure  of 
energy  on  the  circuit  during  a  half-pencd  or  any  whole  number  of 
half  periods  is  £  E^I  cos  <f>,  where  <f>  is  the  angle  of  lag  or  difference 
of  phase  between  the  impressed  E  M.F  and  current. 

For  any  function  that  obeys  a  sine  law,  the  effective  or  virtual 
stands  to  the  maximum  value  as  1/V2  to  1,  or  is  0-707  of  the  maxi- 
mum value.  The  product  of  two  virtual  values  is  thus  always 
equal  to  half  the  product  of  the  maximum  values  If,  therefore, 
Vt  and  1 1  be  the  virtual  values  of  the  terminal  voltage  and  external 
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current  of  the  single-phase  alternator,  the  maximum  values  being 
Va  and  le> 


cos  «j  =  ----  £  ---  cos  9  =    vflcos  0. 

Hence  the  output  of  the  alternator  is  equal  to  the  product  of  the 
virtual  voltage  aiid  virtual  amperes  multiplied  by  the  cosine  of  the 
angle  of  lag  ;  01  VtI6  cos  <f>,  and  in  this  form  it  is  usually  expressed, 
cos  (f>  being  the  power-factor  or  the  ratio  of  the  true  to  the  apparent 
watts.  It  will  be  seen  latei  that  the  value  of  the  power-factor 
vanes  with  the  nature  of  the  load,  e.g.  whether  the  alternator  is 
lighting  lamps  dnectly  or  through  transformers,  or  is  driving  motors. 
So  small  an  angle  of  lag  as  that  which  has  been  illustrated 
above,  or  so  high  a  power-factor  as  0  95,  would  in  actual  working 
correspond  to  the  case  of  a  machine  lighting  lamps  directly  or 
connected  to  fully  loaded  transformers  working  on  non-inductive 
loads. 

§  14.  The  mechanical  torque  in  an  alternator.—  In  Chapter  IV 
§  6  it  was  assumed  that  the  alternating  current  was  m  phase  with 
the  impressed  E  M.F  ,  but  it  is  now  evident  that  this  will  in  general 
not  be  the  case,  so  that  for  the  average  torque  the  expressions 
given  in  Chapter  IV  §  6  (6)  on  the  sinusoidal  hypothesis  will 
require  to  be  multiplied  by  the  cosine  of  the  angle  of  lag  of 
the  current  behind  the  curve  of  an  assumed  sinusoidal  resultant 
field  * 

The  effect  of  armature  reaction  in  the  alternator  has  been  treated 
above  on  the  basis  of  two  superposed  fields,  the  one  of  which  is 
the  mam  field  due  to  the  field  excitation,  while  the  other  is  self- 
induced  by  the  armature  current.  If  now  the  external  circuit  had 
no  inductance,  and  if  the  two  component  fields  of  the  alternator 
were  strictly  confined  to  one  and  the  same  magnetic  circuit  or  system 
of  circuits,  the  resultant  curve  of  the  field-density  would  corre- 
spond precisely  in  phase  with  the  current  curve.  Under  these 
circumstances  the  direction  of  the  tangential  drag  on  the  armature 
would  be  always  opposed  to  the  direction  of  rotation,  and  would 
merely  fluctuate  greatly  in  amount  during  the  penod  in  a  single- 
phase  alternator.  But  as  a  matter  of  fact  the  magnetic  circuit 
of  the  self-induced  flux  is  not  entirely  the  same  as  that  of  the  main 
flux  So  far  as  it  is  separate,  the  case  then  becomes  analogous  to 
Fig.  39,  and  the  curve  of  flux-density  in  the  mam  field  corresponds 
to  an  impressed  curve  of  E.M.F,  E{  ;  the  product  of  the  instantaneous 

1  Also  in  more  complicated  cases  the  distribution  factor  of  the  winding 
enters  into  the  question,  as  foreshadowed  in  Chap.  IV,  §  6,  so  that  the  average 
torque  is  more  readily  obtained  through  the  division  of  the  output  by  the 
speed,  t  e.  from  the  watts  per  rev  per  mm.  Both  expressions  have,  in  fact, 
to  be,  used  by  the  designer. 
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values  of  this  with  the  current  values  foi  the  same  instants  when 
plotted  will  now  give  certain  areas  of  negative  work,  as  in  Fig.  40. 
The  current  in  the  armature  conductors  lags  behind  the  induced 
E  M  F.  and  behind  the  Bg  curve  ,  the  result  is  that  the  direction 
of  the  pull  on  an  active  conductor  changes  four  times  in  each  period, 
and  twice  for  short  intervals  during  each  period  it  drives  the  alter- 
nator forwards  as  a  motor,  or  gives  out  mechanical  energy  instead 
of  absorbing  it.  If  the  external  circuit  itself  has  inductance,  an 
entirely  separate  magnetic  circuit  (or  circuits)  is  evidently  added, 
and  there  is  a  still  greater  difference  between  the  phase  of  the  main 
field  and  that  of  the  current.  In  other  words,  the  angle  of  lag  is 
increased,  and  the  forward  impulses  on  the  machine  become  more 
powerful  and  last  longer  as  compared  with  the  backward  drags, 
although  they  must  always  be  less  in  amount  so  long  as  the  machine 
continues  to  act  as  a  generator.  Thus  the  mechanical  forces  of 
a  single-phase  alternator,  owing  to  its  own  inductance  or  still  more 
to  any  inductance  in  its  external  circuit,  are  of  a  "  racking  "  nature, 
which  subjects  it  to  strains  of  greater  severity  than  are  found  in 
the  equivalent  continuous-current  dynamo. 

§  15.  Vector  diagram  f  or  inductive  circuit.— Although  the  methods 
of  §  10  or  13  have  given  the  net  rate  at  which  irreversible 
work  is  done,  they  have  not  definitely  determined  at  each  instant 
how  far  the  impressed  EMF.  is  consumed  in  overcoming  the 
effective  resistance  of  the  circuit  and  how  far  it  is  consumed  in  work 
upon  the  elastic  medium  surrounding  the  circuit.  But  when  once 
it  is  assumed  that  J^is  constant,  and  that  there  is  no  hysteresis 
(Chapter  XIV  §  6)  so  that  the  magnetic  flux  follows  the  current 
changes  instantly  without  any  lag  in  point  of  time  and  further  in  strict 
proportion,  then  if  any  one  of  the  three  E.M.F.  curves  is  sinusoidal, 
all  are,  including  the  current  curve  which  is  proportional  to  the 
er  curve.  The  E.M.F.'s  and  current  being  simple  harmonic  func- 
tions having  the  same  periodic  time,  they  may  be  graphically 
represented  by  rotating  radii  or  vectors  combined  in  a  single  clock 
or  tune  diagram.  Thence  upon  the  sine-law  hypothesis  we  are 
enabled  to  deduce  immediately  not  only  the  net  rate  at  which 
irreversible  work  is  developed  over  any  considerable  period  of  time, 
but  also  the  rates  at  which  each  of  the  different  kinds  of  work  is 
done  at  any  particular  instant. 

Let  time  be  reckoned  from  the  instant  when  the  current  is  passing 
through  zero,  so  that  its  value  at  time  t  is  i  =  I  sin  cot.  Here  and 
throughout  m  such  expressions  based  on  the  sinusoidal  hypothesis 
it  must  always  be  clearly  borne  in  mind  that  co  is  a  purely  electrical 
quantity ;  it  is  the  electrical  angular  velocity  hi  radians  per  sec. 
at  which  a  vector  must  rotate  in  order  to  complete  /  revolutions 
in  a  second,  where  /  is  the  number  of  cycles  or  complete  waves 
which  an  alternating  function  passes  through  in  a  second.  Thus 
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if  Tj,  =  the  periodic  time  in  seconds,  /  =  l/Tv  and  co  =  %nf  radians 
per  sec.  The  latter  only  becomes  identical  with  the  mechanical 
angular  velocity  in  the  case  of  a  rotating  2-pole  machine  in  which 
one  revolution  corresponds  to  one  complete  cycle  of  E.MF.  or 
current.  When  mechanical  and  electrical  angular  velocities  occur 
m  the  same  expression  (as  in  Chapter  IX  §  2)  and  are  liable  to 
confusion,  the  latter  may  be  distinguished  by  a  subscript  as  toe 
=  p  times  the  mechanical  angular  velocity,  CD. 

Corresponding  then  to  i  =  I  sin  cot,  in  Fig.  42  the  time  or  angle 
moved  through  in  terms  of  a  bipolar  machine  is  reckoned  from  the 
instant  when  the  radius  OR,  whose  length  represents  E,  =  JRI, 
the  maximum  value  of  the  "  active  "  or  resultant  E  M.F.,  coincides 
with  the  horizontal  axis  ;  its  projection  on  the  vertical  axis  is  then 
zero,  corresponding  to  zero  current. 

The  instantaneous  value  of  the  the  self-induced  E.M  F.  is  thus  — 


or  since  cos 


,.  QS  COt 

etc  at 


cot  =  -  sin  (  cot  -  -^  )» 

et  —  coJ£I  sin  f  cot  -  -^  \ 


Thus  the  curve  of  self-induced  E.M.F.  passes  through  zero  or  a 
maximum  or  any  particular  percentage  of  the  maximum  at  an  actual 
time  =  7r/2o>  seconds  after  the  current  has  passed  through  zero  or 
its  maximum,  or  the  same  percentage  value  of  its  maximum  ; 
*  e.  relatively  to  the  current  it  lags  behind  by  a  quarter  of  a  com- 
plete period,  or  90°.  This  relative  phase  difference  is  of  chief 
interest,  and  is  given  by  the  term-7r/2,  the  negative  sign  showing 
that  it  is  a  case  of  "  lag."  The  self-induced  E  M  F.  is  therefore  a 
sine  function  of  which  the  maximum  value  isE,  =  coJzfl,  and  which 
is  at  its  negative  maximum  when  t  =  0.  Hence  if  another  rotating 
radius  be  drawn  of  length  OS  —  fi,  at  an  angle  of  90°  behind  Er, 
or  7T/2  -  cot  behind  the  horizontal  OX  at  the  instant  t,  the  projection 
of  this  vector  upon  the  vertical  axis  will  at  any  moment  represent 
the  instantaneous  value  of  the  self-induced  E  M.F.  The  maximum 
value  E'fl  of  the  E.M.F.  consumed  by  the  self  -induction  has  the  same 
value,  but  leads  by  a  quarter  of  a  period  before  the  current,  and  is 
therefore  represented  by  OS'.  The  impressed  E.M.F.  et  must  then 
at  each  instant  not  only  counterbalance  the  E  M.F.  of  self  -induction 
by  its  component  e'a  but  also  yield  the  resultant  E.M.F.  er  =  Ri, 
i.e.  algebraically  JZcli/dt  +  Ri  =  e{.  We  have  then  only  to  complete 
the  parallelogram,  having  for  its  side  OS  and  for  its  diagonal  OR, 
to  find  the  direction  and  length  of  OE  =  E^,  the  maximum  value 
of  the  impressed  E.M.F.  Or  we  may  produce  OS  to  give  the 
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maximum  value  OS'  of  the  E.M.F.  consumed  by  self-induction, 
and  compound  this  with  OR. 

The  complete  time  or  clock  vector  diagram  is  given  to  the  left 
of  Fig.  42,  and  by  its  side  are  plotted  in  wave  form  the  instantanecus 
values  of  et,  er,  e's  and  t,  so  that  the  correspondence  of  the  projections 
of  the  rotating  radii  upon  the  vertical  axes  to  the  instantaneous 
values  given  by  the  curves  when  plotted  by  the  method  of  rect- 
angular co-ordinates  may  be  seen  The  position  of  the  rotating 
radii  relatively  to  the  horizontal  axis  which  has  been  chosen  for 
illustration  is  shown  by  the  dotted  projections  to  correspond  to 
20°  later  than  zero  time.  The  maximum  value  Ef  is  assumed  to 
be  1,000  volts,  and  of  E,  to  be  500  volts.  To  the  right  of  the  diagram 
is  plotted  the  instantaneous  value  of  the  rates  at  which  energy  is 
either  being  stored  magnetically  in  the  medium  surrounding  the 
circuit  or  is  being  released  therefrom,  or  is  being  expended  in  heating 
the  circuit,  or  partly  it  may  be  in  useful  mechanical  or  electrical 
work,  since  R  is  the  effective  resistance  as  defined  in  §  4 

§  16.  Active  and  reactive  components  of  impressed  E.M.F.  or 
current. — Either,  therefore,  the  active  E  M  F.  may  be  regarded  as 
the  resultant  of  the  impressed  and  self-induced  E  M  F.'s,  or  the 
impressed  EMF.  may  be  resolved  into  the  two  components  (1) 
the  EMF.  consumed  by  self-induction,  and  (2)  the  active  E.M F. 
which  drives  the  current  against  the  resistance  of  the  circuit.  The 
vectors  of  these  two  component  E  M.F  's  being  at  right  angles  to 
and  along  the  vector  of  the  current,  the  phase  difference  between 
the  impressed  E.M  F.  and  the  current  is  some  angle  less  than  90°  ; 
a  certain  amount  of  effective  work  is  spent  usefully  m  the  circuit 
in  each  half-period.  The  instantaneous  values  of  the  two  com- 
ponents of  the  impressed  E.M.F,  namely,  er  and  e'8>  are  shown 
dotted  in  Fig.  42  as  obtained  by  projection  of  their  maximum  values 
on  the  vertical.  When  the  projection  upon  the  vertical  of  the 
maximum  active  component  EV  =  RI  is  multiplied  by  the  projection 
of  the  current  I  at  the  same  instant,  the  product  or  Rt a  is  the  rate 
in  watts  at  which  energy  is  developed  in  the  circuit  in  a  useful  form 
or  as  heat,  or  both.  When  the  maximum  reactwe  component  o>J^ I, 
which  is  in  quadrature  with  the  current,  is  projected  upon  the 
vertical  axis  and  multiplied  by  the  simultaneous  projection  of  the 
current,  the  product  or  t^d^|dt  is  the  rate  at  which  energy  is  being 
stored  in  or  released  from  the  medium  surrounding  the  circuit. 
While  the  latter  has  twice  the  frequency  of  the  alternating  E  M.F., 
and  in  any  half-period  is  first  positive  and  then  negative,  the  former 
or  the  effective  work  is  always  positive  or  above  the  horizontal  line, 
and  simply  vanes  from  zero  to  a  maximum  and  back  again  to  zero 
in  a  half-period,  Further,  it  is  seen  from  Fig.  42  that  in  a  half- 
period  the  gross  power  of  the  generator  is  at  first  spent  partly  in 
storing  energy  in  the  magnetic  field  and  partly  effectively  in  its 
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useful  work  ;  after  a  quarter  of  a  period  some  of  the  effective  work 
is  obtained  from  release  of  the  stored  energy,  and  finally  this  not 
only  supplies  all  the  effective  work  but  also  drives  the  generator 
and  returns  energy  to  it  mechanically.  In  the  next  half-period 
the  same  processes  are  repeated,  so  that  the  'power  curve  of  the 
generator  alternates  with  twice  the  frequency  of  the  E  M.F  or  current. 

The  two  components  of  the  impressed  E  M.F.  have  also  been 
called  respectively  the  energy  EM.F.  and  the  wattless  E.MJ?.,  but 
the  terms  are  not  to  be  recommended,  since  the  instantaneous 
reactive  watts  are  ]ust  as  real  as  the  energy  watts.  The  only 
difference  between  the  two  is  that  the  time  integral  of  the  latter 
can  be  used  and  therefore  sold  by  the  central  station  manager  , 
the  reactive  watts,  on  the  other  hand,  although  not  directly  a 
source  of  loss  or  gain,  since  the  corresponding  energy  is  recovered 
immediately  after  it  has  been  expended,  yet  are  indirectly  disad- 
vantageous, since  by  reason  of  them  a  greater  current-carrying 
capacity  is  called  for  in  the  machine  and  cables  for  a  given  amount 
of  useful  work  developed,  and  regulation  for  constant  volts  is 
rendered  more  difficult. 

The  complete  solution  of  the  equation  for  the  instantaneous 
value  of  the  current, 


-  s  - 

is  usually  given  in  a  form  which  reckons  time  from  the  instant  when 
the  impressed  E.M.F.  is  zero,  so  that 


Ri  -\--%ji  =  &i  =  E|  sin  cot 
at 

When  a  steady  periodic  state  has  been  reached,  it  is 


so  that  the  current  is  a  sine  function  of  the  time  with  a  relative 
phase  difference  of  (j>,  or  lagging  behind  the  impressed  E  M.F.  by 
an  actual  time  =  <f>/a>.  The  E.M.F.  of  self-induction  -  J£di/dt 
from  the  present  starting  point  is  -  tuJZZ  cos  (cot  -  <j>) 
=  o)J£l  sin  (cot  —  tit-  77/2)  ;  since  it  lags  behind  the  current  by  the 
time  7r/2o>,  it  lags  behind  the  impressed  E.MF.  by  the  time 


CO 

If  each  of  the  maximum  values  of  the  E.M.F  's  are  divided  by 
<V/2,  the  complete  clock  diagram  of  rotating  radii  is  converted  into 
a  relative  phase  diagram  of  virtual  values.  Although  the  one 
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is  based  upon  the  other,  the  diagram  showing  the  relative  phases 
of  the  E  M.F.'s  has  in  itself  no  reference  to  instantaneous  temporal 
values,  so  that  there  is  no  need  to  add  the  vertical  and  horizontal 
axes  which  are  required  in  order  that  the  clock  diagram  may 
yield  results  from  the  point  of  view  of  actual  time.  The  rela- 
tive phases  are,  however,  of  chief  importance  as  giving  the  average 
lesults  of  a  half  or  whole  period.  The  projection  of  the  virtual 
impressed  E  M.F  on  to  the  current  line  when  multiplied  by  the 
virtual  current,  or  the  product  of  the  virtual  value  of  the  active 
EM.F  Ef  cos  <j>  with  the  current  /,  gives  the  average  active 
watts  or  the  value  over  a  period  of  the  effective  power,  while 
the  projection  of  the  virtual  value  of  the  reactive  E  M.F.  E{  sin  <j> 
on  to  the  current  line  is  zero,  and  correspondingly  the  reactive  watts 
over  a  period  are  zero 

Just  as  the  impressed  EMF.,  whether  maximum  or  virtual, 
has  above  been  resolved  into  its  two  components,  it  is  also  possible 
mentally  to  resolve  the  current  into  two  components  along  and  at 
right  angles  to  the  impressed  E.M.F.,  the  former  being  a  so-called 
energy  or  working  current  and  the  latter  a  wattless  or  reactive 
current.  Such  a  mental  icsolution  of  the  current  vector  when 
applied  to  its  maximum  value  has  not,  however,  the  same  physical 
truth  as  the  analogous  resolution  of  the  maximum  impressed  E.M.F., 
since  when  the  components  are  projected  on  to  the  vertical  and 
multiplied  by  the  simultaneous  projection  of  the  impressed  E  M.F. 
the  instantaneous  rates  for  the  heating  and  magnetic  work  respec- 
tively are  made  to  appeal  in  reversed  order  in  time  The  reason 
is  that  while  the  impressed  E.M  F.  can  truly  be  resolved  into  two 
components  of  which  the  one  may  appear  below  the  horizontal 
axis  with  its  projection  opposing  the  projection  of  the  other  above 
the  horizontal  axis,  the  resolution  of  the  current  leads  to  one  com- 
ponent current  at  times  opposing  the  other  component ;  the  latter 
components  do  not  then  have  any  real  physical  existence,  since  in 
nature  the  current  can  only  flow  in  one  direction.  The  resolution 
of  the  current  is  therefore  unreal  as  applied  to  the  instantaneous 
values  or  the  diagram  of  maximum  rotating  radii,  but  the  method 
is  perfectly  valid  when  applied  to  the  phase  diagram  of  virtual 
values  ;  it  then  yields  the  same  value  for  the  average  rate  at  which 
effective  work  is  done  in  the  circuit,  as  the  equivalent  resolution 
of  the  E  M.F.  Thus  the  product  of  the  virtual  working  current 
I  cos  ^  with  the  virtual  impressed  E  M.F.  gives  the  active  watts 
over  a  period,  while  the  projection  of  I  sm  <j>  on  to  the  impressed 
E.M.F.  is  zero. 

§  17.  Magnetic  reactance  and  impedance. — On  the  sine-law 
assumptions  of  a  sinusoidally  alternating  E.M.F.  or  current  and 
of  constant  Jzf,  the  quantity  w  Jz?  =  2rr/Jzfi9  seen  to  express  a  funda- 
mental characteristic  of  the  circuit  or  conductor.  It  is  known  as 
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its  magnetic  reactance  ,  it  is  also  symbolized  by  X,  and  is  expressed 
in  ohms,  since  its  dimensions  in  terms  of  length  and  time  (the  true 
dimensions  of  p,  the  permeability,  being  unknown)  are  those  of  a 
resistance,  to  which,  in  fact,  it  is  analogous  since  its  product  with 
the  current  gives  the  reactive  volts. 

The  vectors  of  either  the  maximum  or  the  virtual  values  of  the 
active  and  reactive  volts  being  at  nght  angles  to  one  another, 
with  the  impressed  volts  as  the  hypotenuse  of  the  right-angled 
triangle  formed  by  them,  we  have  e  g.  in  the  case  of  the  virtual 
values 


£2     (17) 

The  combination  of  the  resistance  and  of  the  magnetic  reactance 
in  the  special  form  -\/R2  +  CD  2Jz?a,  being  the  square  root  of  the  sum 
of  their  squares,  is  known  as  the  impedance,  Z,  of  the  portion  of  an 
inductive  circuit  which  is  under  consideration,  and  is  also  measured 
in  ohms.  The  relative  angle  of  lag  <£  of  the  current  behind  the 
impressed  E.M  F  is  thus  defined  by  any  of  the  three  relations  — 

ci>J2?  X       reactance 


tan 


^-  D       -  4  - 

R  R       resistance 


_                                           R             R       resistance  .„„. 

Power  factor,  cos  *  =     .  --  =-=•  =           ,         .  (186) 

<W?a+a>2Jzl2    ^       impedance  v      ' 

.             X             X      reactance  .  rt  . 

sin  A  =  —  --  =  -=  =  -  -  -  .  (18c) 

+  X*       Z       impedance  x      ' 


Ohm's  law  for  a  steady  current,  /  =  E/R  is  therefore  a  special 
form  of  the  more  general  expression  which  covers  sinusoidal 
alternating  currents,  /  =  E/Z.  In  Fig.  42  R  is  assumed  to  be 
866  ohms,  and  ct>  Jsd'to  be  1,500  ohms  ;  the  impedance  is  therefore 
1,732  ohms,  and  tan  ^  =  1,500/866  =  1  732,  whence  <j>  =  60°. 
The  maximum  value  of  the  current  is  thus  1,000/1,732  =  0  577 
ampere,  and  its  virtual  value  707/1,732  =  0  407,  while  the  maximum 
Efl  =  866,  and  Er  =  500  volts. 

Given  any  one  of  the  three  E  M  F.'s  with  a  knowledge  of  the  R 
and  ££  of  the  circuit  and  of  the  frequency,  it  is  easy  to  determine 
the  values  of  the  other  two.  A  semicircle  (Fig  43)  described  on 
the  impressed  E.M.F.  gives  the  locus  of  the  ends  of  the  vectors, 
of  the  E.M.F.  consumed  by  the  reactance  (OS')  and  of  the  active 
E  M  F  consumed  over  the  effective  resistance  (S'E  =  OR)  for  all 
the  possible  combinations  that  the  impressed  E.M.F.  admits,  so 
that  a  knowledge  of  either  R  or  X  defines  the  case.  Or  from  a 
knowledge  of  the  current  and  of  R  and  X,  the  three  E.M.F.'s  can 
be  determined, 

§  18.  The  effect  o!  capacity  in  the  circuit.—  The  possibility  of 
capacity  being  also  present  as  a  property  of  the  circuit  or  conductor 
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has  been  incidentally  alluded  to  above,  and  its  effect  must  also  be 
considered,  at  first  in  a  general  way.  The  work  passing  from  the 
conductive  circuit  into  the  medium  surrounding  it  has  so  far  been 
assumed  to  be  magnetically  stored  ,  the  ether  can,  however,  be 
stressed  not  only  magnetically,  but  also  electrically,  as  is  the  case 
with  the  dielectric  film  dividing  the  plates  of  a  condenser.  Any 
circuit  traversed  by  an  alternating  current  acts  m  some  degree  as 
a  condenser,  and  exhibits  more  or  less  marked  capacity  effects  which 
may  be  reproduced  by  an  imaginary  condenser  or  condensers, 
either  in  series  or  in  parallel  with 
the  circuit  (the  latter  being  itself 
then  supposed  to  have  no  capacity) 

When  a  condenser  of  capacity  C 
farads  is  connected  to  a  source  of 
E.M  F.,  its  charge  of  q  coulombs  at 
any  instant  will  vary  proportionately 
to  the  difference  of  potential  in  volts 
at  its  terminals,  or  q  =  C  .  e.  The 
current  which  flows  into  or  out  of 
the  condensei  ,  charging  or  discharg- 
ing it,  is  at  any  moment  identical 
with  the  rate  of  change  of  q,  or 
i  =  dq/dt  =  Cde/dt.  With  an  alter- 
nating difference  of  potential  at  its 
terminals,  when  once  a  steady  periodic 

state  has  been  established,  the  flow  of  current  into  the  condenser 
is  a  maximum  when  the  impressed  E.M.F.  is  zero,  and  as  the  E  M  F. 
rises,  the  rate  of  charging  diminishes  until,  when  the  E.M  F  is  a 
maximum,  the  current  is  zero,  and  the  condenser  is  fully  charged. 
At  any  instant  the  charge  upon  the  condenser  will,  if  the  impressed 
E.MF.  be  imagined  to  be  instantaneously  withdiawn,  set  up  a 
current  round  the  circuit  in  the  opposite  direction  to  the  impressed 
E  M  F  at  the  moment  of  withdrawal  ;  in  relation  to  1he  rest  of 
the  circuit,  therefore,  the  condenser  may  be  credited  with  an  E.M  F. 
due  to  capacity  =  -  qfC,  which  is  exactly  balanced  by  a  component 
of  the  impressed  E  M.F.,  just  as  the  self-induced  E.M.F.  is  balanced 
by  the  E.M.F.  consumed  by  self-induction. 

§  19.  Capacity  reactance  on  the  sine-law  hypothesis.—  If  now 
it  be  assumed  that  the  alternating  difference  of  potential  impressed 
upon  the  condenser  follows  a  sine  law,  and  reckoning  time  from  the 
instant  when  the  impressed  E.M.F.  is  zero,  e  =  E,  sin  cot.  The 
current  at  any  instant  is 

„   de      ___  d  (sin  cot] 
i  =  C  .  -57=  CEt       y'  = 
at  at 


FIG   43. 


. 
cos  cot 


=CwE,  sin  (  cot  +  H  <=  «>Q  sin 


f  cot  +  £-  J 


I  sin   cot  +    - 
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The  capacity  current  flowing  into  or  out  of  the  condenser  is 
therefore  a  sine  function  of  the  time,  and  may  be  represented  by  a 
vector  of  maximum  length  Co>E<  preceding  the  vector  of  E  M.F. 
Ef  by  90°.  Of  course,  this  must  not  be  interpreted  to  mean  that 
the  current  actually  precedes  the  E.M.F.  which  causes  it  to  flow, 
but  merely  that  their  phases  differ,  and  that  when  the  steady  periodic 
state  has  been  reached  a  +  maximum  of  current  precedes  a  + 
maximum  of  E.M  F  by  a  quarter  of  a  complete  period.  At  any 
instant  there  is  a  charge  upon  the  condenser  q  =  Q  sin  cot,  so  that 

q         Q  Q         /  \         I 

-f  ~~7^  sin  0)2  =  T=T  sin  (  cot  -f-  TT  j  =  —^  sin  (cot  +  IT}.       The 

E  M.F  due  to  capacity  is  therefore  represented  by  a  vector 
of  length  =  l/c&C,  and  the  impressed  E.M.F  must  contain  its 
counterpart  in  the  opposite  direction. 

The  quantity  1/eoC  is  called  the  capacity  or  condensive  reactance 
of  the  condenser,  since  when  multiplied  by  I  it  determines  the  maxi- 
mum E.M  F.  due  to  capacity,  or  when  multiplied  by  the  virtual 
value  of  the  current  it  determines  the  virtual  E  M  F.  due  to  capacity. 
It  is  therefore  to  be  measured  in  ohms,  and  is  exactly  analogous  to 
the  magnetic  reactance  a)£,  which  similarly  determines  the  counter 
E.M  F.  of  self-induction. 

The  exactly  opposite  nature  of  the  effects  from  self-induction  and 
from  capacity  are  evident  from  the  foregoing.  Whereas  self- 
induction  causes  the  current  to  lag  behind  the  impressed  E.M.F., 
capacity  causes  it  to  lead  before  the  impressed  E.M.F.  "Whereas 
the  E  M.F.  of  self-induction  lags  a  quarter  of  a  period  behind  the 
current,  the  E.M.F.  due  to  capacity  leads  a  quarter  of  a  period 
before  the  current.  If,  then,  capacity  and  inductance  are  combined 
in  the  same  circuit,  the  two  E.M  F.'s  due  to  self-inductance  and 
capacity  respectively  will  oppose  one  another,  and  this  possibility 
leads  us  to  the  complete  case  of  a  series  circuit  containing  resistance 
and  also  capacity  and  inductance. 

§  20.  Vector  diagram  1  or  circuit  containing  resistance,  inductance 
and  capacity  in  series.  —  In  the  above  combination  the  impressed 
E.M.F.  must  at  one  and  the  same  time  supply  the  active  E.M.F. 
which  drives  the  current  against  the  effective  resistance  of  the  circuit 
R,  and  also  balance  the  E.M.F.'s  due  to  self-induction  and  capacity, 
the  two  latter  acting  against  one  another.  Hence  algebraically, 


The  relative  phase  diagram  of  vectors  will  therefore  be  given  by 
Fig.  44  (i),  where  RI  =  ET  represents  the  active  E.M.F.  in  phase 
with  the  current  ;  OA  =  o  Jzf/  ahead  of  the  current  by  90°  represents 
the  E.M.F.  consumed  by  self-induction,  and  Z/eoC  lagging  behind 
the  current  by  90°  represents  the  EM.F.  required  to  balance  the 
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E.M  F.  due  to  capacity.  The  two  components  o  Jaf  I  and  I/coC  are 
directly  opposed  to  each  other ;  they  may  or  may  not  be  equal, 
and  in  our  case  give  OB  as  their  difference  The  relative  phases 
and  values  are  thus  again  given  by  a  right-angled  triangle,  which, 
eg.  in  the  case  of  the  virtual  values,  will  have  sides  RI, 
/coC),  and  E,. 


t     b         O  c 

DODO  oooo  VWWAEv  (|j) 

*- — -"  E  -—"--»• 

FIG   44  — Circuit  with  resistance,  capacity  and  inductance  in  series 

The  solution  of  the  algebraic  equation  for  the  instantaneous 
value  of  the  current,  time  being  reckoned  from  the  instant  when 
the  impressed  E  M.F.  is  zero,  namely, 

it      _    ,    q      _,  /<rt. 

•  +  ^  =  E,  sin  cot     .         .        .     (19) 


dt 


(cot-fy 


co  /  - 
R 


fl2+(tt>J^-J£ 
The  virtual  value  of  the  current  is 


.     (Ite) 


gives 

where  tan  ^6  = 
1  = 


When  tan  <j>  is  positive,  -<f>  m  the  above  expression  is  negative,  i.e. 
if  a)  $£ >  I/coC,  the  current  lags  behind  the  impressed  E.M.F.  When 
tan  <f>  is  negative,  -  <f>  becomes  positive,  i.e.  if  CD £? <  1/coC,  the  current 
leads  before  the  impressed  E.M.F.  As  the  quantity  <o^£-  1/coC  is 
made  larger  in  comparison  with  R,  the  phases  of  the  E.M.F.  and 
current  diverge,  and  according  as  it  is  the  magnetic  or  the  capacity 
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reactance  which  decisively  predominates,  so  will  the  angle  ^  in 
the  above  equation  approach  its  limiting  values  of  +  90°  or  -  90°. 
§  21.  The  total  reactance  o!  a  circuit,  and  the  conditions  of 
resonance. — Thus  the  quantity  coJg-l/coC  is  the  reactance  of  the 
circuit,  X,  in  the  fullest  sense  of  the  term,  and  VR z  +  (coJ£-  1/coC)  • 

is  the  total  impedance,   Z     Its  reciprocal      ,R2       .     </>_\i  r\* 

is  known  as  the  admittance*  Y  =  VGa  +  B2,  where  G  is  the  con- 
ductance=RfZz  and  B  is  the  susceptance=X/Z*  The  total  react- 
ance may  be  either  positive  or  negative  according  as  the  magnetic 
or  the  capacity  reactance  is  the  larger.  Further,  whenever  magnetic 
and  capacity  reactance  are  both  present  t  the  possibility  at  once 
arises  that  within  the  outer  terminals,  a,  c,  of  the  circuit  under  con- 
sideration there  may  exist  voltages  much  higher  than  the  impressed 
E  M  F.,  i.e.  such  an  increased  voltage  may  exist  either  between  the 
terminals  be  of  the  condenser,  or  between  the  terminals  a  6  of  the  in- 
ductive resistance,  or  within  both  of  these  portions  This  possibility, 
which  holds  equally  for  either  virtual  or  maxima  values,  may  be  fol- 
lowed from  Fig  44  (11) .  The  vectors  of  the  self-induced  E  M  F  and  of 
the  E  M  F.  due  to  capacity  being  opposed  to  one  another,  either  or 
both  may  be  much  greater  than  Ef.  The  voltage  at  the  terminals 
of  the  inductive  coil,  if  it  had  no  resistance,  would  be  wJ£I,  and  at 
the  terminals  of  the  condenser,  on  the  assumption  that  this  also 
has  no  effective  resistance  (owing  to  dielectric  hysteresis),  would 
be  I/a)C,  and  both  of  these  are  determined  by  the  value  of  the  current 
and  not  directly  by  the  impressed  E.M.F.  Or  if  the  portions  of 
the  circuit  respectively  have  resistances  r^  and  r2  (Fig  44,  n),  the 
difference  of  potential  at  the  terminals  of  the  inductive  resistance 
is  the  resultant  of  Ia>J£  combined  with  the  loss  of  volts  Ir^,  i  e 
ev  while  the  difference  of  potential  at  the  terminals  of  the  condenser 
is  similarly  the  resultant  of  I/aiC  combined  with  the  loss  of  volts 
7ra,  i  e  e%  It  is  evident  that  according  to  the  relative  values  of 
J2?and  C  with  a  given  frequency  and  impressed  E  M.F.,  either  e± 
or  ez  or  both  may  be  much  higher  than  Et,  and  there  is  a  danger 
of  the  insulation  being  punctured. 

The  magnitude  of  the  total  reactance  co  Jzf-  1/coC  for  given  values 
of  J>?and  C  evidently  turns  entirely  upon  the  frequency.  If  J^and 
C  are  in  any  way  comparable,  for  a  very  low  frequency  the  second 
term  will  tend  to  predominate,  and  the  difference  of  potential  at 
the  terminals  of  the  condenser  will  be  the  higher,  while  for  a  very 
high  frequency  the  first  term  will  tend  to  predominate,  and  the 
difference  at  the  ends  of  the  inductive  portion  will  be  the  higher. 
But  in  either  case  the  current  will  be  largely  checked  down  from 
its  maximum  value  of  E/R  as  fixed  by  the  effective  resistance  alone. 

1  See  Stemmetz,  Alternating-Current  Phenomena  (5th  edit ),  chap.  8, 
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But  when  the  frequency  and  constants  are  of  such  an  order  that 
to  Jf  and  1/coC  approach  one  another,  the  current  very  rapidly  rises 
until  it  reaches  its  greatest  virtual  value  /  =  E/R  when  <oJ£=  1/coC, 
or  very  rapidly  falls  off  after  this  critical  frequency  is  passed,  and 
co  j>f  and  1/coC  again  begin  to  diverge  At  the  particular  frequency 
when  ci>J£'=  1/coC,  the  self -inductance  and  capacity  effects  exactly 
annul  one  another,  and  the  total  reactance  is  zero  The  angle  <f> 
is  then  zero,  or  the  current  is  in  phase  with  the  impressed  E  M  F., 
and  the  circuit  acts  as  if  it  were  a  simple  ohmic  resistance,  R, — 
so  far  at  least  as  the  impressed  E  M.F.  and  value  of  the  current  is 
concerned.  Complete  electrical  resonance  is  thus  present  at  the 

critical    frequency  when  o=c/ =  l/o)C,  or    o>  =  A/cTf^^e  since 
co  =  27r/,  when/==2^     /— (196) 

The  reciprocal  of  this  frequency,  or  Tv  =  2rr  Vj£C,  is  the  natural 

period  of  discharge  of  the  circuit  if  it  was  first  charged  up  as  a 

condenser.    Hence  an  electrical  circuit  is  said  to  be  resonant  to 

an  impressed  pressure  when  its  natuial  period  coincides  with  the 

period  of  the  impressed  E  M.F     The  physical  explanation  of  the 

fact  that   when  the  magnetic  and  capacity  reactances  exactly 

neutralize  one  another  the  circuit  acts  to  an  alternating  E  M  F.  as 

a  pure  ohmic  resistance,  and  the  virtual  current  reaches  its  greatest 

value  for  given  values  of  E,  R,  ££,  and  C,  is  simple  ,  in  such  a  case 

the  rate  at  which  energy  is  being  stored  or  released  at  any  instant 

in  the  magnetic  field  is  precisely  the  same  as  the  rate  at  which  it  is 

being  released  or  stored  in  the  charge  of  the  condenser.    Just  as  the 

ether  is  being  released  from  the  magnetic  stress,  it  becomes  stressed 

electrically  and  at  the  same  rate,  so  that  externally,  as  it  were,  the 

circuit  appears  to  act  as  a  simple  resistance,  and  the  whole  of  the 

impressed  E.M.F.  is  spent  in  overcoming  the  effective  resistance 

m  the  development  of  heat  or  useful  work.    The  energy  which  is 

being  transferred  backwards  and  forwards  between  the  inductive 

resistance  and  the  condenser  may  be  much  greater  than  the  eneigy 

imparted  to  the  circuit  by  the  generator,  and  indeed  bears  no 

relation  thereto,  but  is  correlative  to  the  development  of  increased 

voltages  between  the  terminals  of  the  two  divisions  of  the  circuit. 

The  frequency  of  complete  resonance  gives  the  maximum  possible 

rise  of  voltage  within  the  circuit,  but  at  any  frequency  approaching 

this  critical  value  surprisingly  high  voltages  may  arise  even  in  a  low 

voltage  circuit.    As  a  general  rule  in  alternating  circuits  the  ohmic 

resistance  is  very  low  as  compared  with  the  impressed  E.M.F., 

and,  in  the  absence  of  a  high  useful  back  E  M.F ,  the  current  is 

kept  within  bounds  by  the  inductance ;  yet  if,  as  may  very  well 

happen,  ths  capacity  by  itself  checks  down  the  current  to  somewhat 
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the  same  value  as  that  to  which  the  inductance  by  itself  reduces  it, 
so  that  the  critical  state  of  resonance  is  approached,  a  large  current 
and  very  high  differences  of  potential  may  arise,  with  consequent 
danger  of  the  insulation  becoming  pierced.  * 

In  the  extreme  case  when  the  resistance  both  of  the  inductive 
portion  of  the  circuit  and  also  of  the  condenser  is  negligible,  and 
when  resonance  occurs,  it  can  be  seen  from  Fig.  44  that,  so  far  as 
the  rest  of  the  circuit  from  c  to  a  through  the  generator  is  concerned, 
the  combination  of  pure  inductance  and  of  the  condenser  acts  as 
a  perfect  conductor  ;  a  current  I  =  E/R  flows  through  it  where 
R  is  the  resistance  of  the  rest  of  the  circuit,  but  there  is  no  P.D. 
between  the  terminals  a,  c.  The  virtual  voltage  between  a,  b  is 
equal  to-  that  between  6  and  c,  and  each  is  equal  to  iV^/C,  giving 
the  maximum  nse  possible  with  the  given  R.  The  combination 
of  equal  magnetic  and  capacity  reactances  would  thus  act  as  a 
short-circuit,  were  it  not  for  the  resistance  of  the  rest  of  the  circuit, 
and  if  this  were  zero  we  should  have  an  infinitely  large  current  7, 
and  infinitely  high  potential,  but  no  energy  absorbed. 

§  22.  Vector  diagram  for  an  inductive  circuit  in  parallel  with 
a  capacity,  each  with  resistance.—  The  currents  in  the  two  branches 
are  algebraically 


E,  sin  (a>t  +  &).. 
--  where  tan 


J*t+-k* 


or  in  virtual  values 

I  =          Ei 
1 


r    ____     <      „ 


As  the  inductance  or  the  positive  reactance  is  increased  relatively  to 
the  resistance,  the  current  I-l  in  the  inductive  branch  lags  more  and 
more  behind  the  impressed  E.M.F.  ;  as  the  capacity  or  negative 
reactance  is  increased  relatively  to  the  resistance,  J2  in  the  con- 
denser branch  leads  more  and  more  ahead  of  the  E.M.F.  The  two 
currents  thus  become  more  and  more  opposed  to  one  another 
(Fig.  45),  and  each  may  be  very  much  greater  than  the  resultant 
current  I  in  the  circuit  as  a  whole.  The  leads  joining  the  inductance 

1  Cp  La  GOUT  and  Bragstad,  Theory  and  Calculation  of  Electrical  Currents, 
translated  by  Dr.  S.  P  Smith  (Longmans),  p  213. 
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and  condenser  in  parallel  might  therefore  become  overheated, 
even  though  the  resultant  current  through  the  combination  is  but 
small. 

Thus,  if  a  certain  inductive  resistance  gives  a  lagging  current 
/!  and  a  condenser  is  placed  in  parallel  with  it,  the  new  joint  current 
can  be  made  smaller  than  Iit  and  at  the  same  time  be  brought  more 


;» 1 
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FKJ  45. — Inductance  and  capacity,  each  -with  resistance,  in  parallel. 

nearly  into  phase  with  the  E  M  F.  impressed  at  the  terminals  of 
the  combination.  Such  an  arrangement,  or  a  similar  one  in  which 
an  over-excited  synchronous  motor  takes  the  place  of  the  condenser, 
is  used  in  practice  with  induction  motors  of  low  power  factor  in 


iVWWWt= 

r     c 


To  oo  ooo  o"o  ob"" 


J.  46. — Inductance  and  capacity,  each  with  equal  resistance,  in  parallel. 


order  to  reduce  the  line  curient.    The  reactive  component  of  the 


being 


R 


and  of  the  leading  current 


lagging  current 
/,  being 


it  is  only  necessary  to  make  these  two  equal  to  bring  the  resultant 
line  current  into  exact  phase  with  the  E.M.F. ;  one  such  case  is 


—ST^m  IOC 
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when  coJzf  =  1/coC,  and  ^  =  Rz  =  r  (Fig.  46),  but  since  Rz  1S  usually 
small,  a  negative  reactance 


coC  ~        coJkf 

will  give  nearly  exact  coincidence  of  phase  when  -Z^  is  much  greater 
than  J?a  The  condenser  then,  as  it  were,  supphes  the  reactive 
component  which  is  called  for  by  the  motor  or  system  of  motors. 

If  the  resistance  in  both  branches  is  negligible,  the  two  component 
currents  are  strictly  opposite  to  one  another,  and  the  resultant 
current  is  their  numerical  difference,  or 


When  resonance  also  occurs  and  coj£=  1/coC,  7X  =  Iz  and  the 
current  through  the  circuit  as  a  whole  is  zero  ;  the  combination 
then  acts  as  a  pure  insulator  with  regard  to  the  impressed  E  M.F  , 
yet  a  large  current  E/a>J£,  or  BCD  C,  is  circulating  round  the  induc- 
tance and  condenser  as  closed  upon  themselves.  The  multiplication 
of  the  current  when  condenser  and  inductance  are  in  parallel  is  thus 
conelative  to  the  multiplication  of  E  M  F  when  they  are  in  series.  1 

§  23.  The  analogous  linear  oscillations  of  a  mechanical  system.  — 
The  real  analogy  which  holds  between  an  electric  circuit  contain- 
ing inductance,  capacity  and  resistance  under  the  action  of  an 
impressed  sinusoidal  E.M  F  as  in  §§  20,  21  and  a  mechanical  system 
with  inertia,  an  elastic  controlling  force  and  damping  friction,  when 
set  in  oscillation  by  an  external  applied  force,  is  well-known,  and 
need  not  be  elaborated  But  since  mechanical  oscillations  come 
into  question  in  the  centrifugal  whirling  of  shafts  and  in  the  parallel 
working  of  alternators,  something  more  may  here  be  introduced 
on  the  analogous  mechanical  problem,  in  regard  to  linear  oscilla- 
tions which  are  simple  harmonic  motions,  leaving  its  conversion 
to  the  case  of  rotary  oscillations  to  a  later  Chapter 

In  order  to  comply  with  the  requirements  of  a  simple  harmonic 
motion  (of  which  one  instance  is  given  by  the  projection  of  the 
movement  of  a  point  rotating  at  uniform  velocity  in  a  circle  on  a 
diameter  of  the  circle),  a  mass  M  when  linearly  displaced  from  a 
central  position  of  rest  must  be  under  the  action  of  a  controlling 
or  retarding  force  which  is  proportional  to  the  displacement  and 
always  directed  towards  the  centre,  and  of  a  damping  force  which 
is  strictly  proportional  to  the  instantaneous  velocity.  The  general 
equation  for  a  linear  forced  oscillation  is  then 
dzx  dx 

M-w+bdt+cx=y 

where  x  is  the  displacement,  and  d*x/dtz  is  the  acceleration  ;  b  is 

1  For  a  short  account  of  pressure  rises  on  high-tension  transmission  lines, 
Which  illustrate  the  importance  of  the  effects  of  inductance  and  capacity,  see 
E.  Hudson,  Elecir  Eng  ,  vol  39,  p.  406  A  fuller  treatment  of  the  effects 
of  capacity  will  be  found  in  the  5th  edition  of  The  Dynamo. 
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the  damping  factor  giving  the  proportionality  between  the  damping 
force  and  the  velocity  dx/dt,  or  the  damping  force  per  unit  velocity, 
c  is  the  factor  giving  the  proportionality  between  the  controlling 
force  and  the  displacement  which  gives  rise  to  it,  or  the  controlling 
force  per  unit  displacement,  and  y  is  the  applied  force  as  a  function 
of  the  time  This  being  given  as  F  sin  pt,  where  p  =  2frr/Te  and  Te 
is  the  periodic  time  of  the  external  applied  force  varying  sinusoidally, 
the  equation  becomes 

d*x        dx 


The  full  solution  is  the  sum  of  the  natural  and  forced  oscillations, 
but  when  the  natural  oscillation  dies  away  under  the  action  of 
friction,  the  motion  is  solely  due  to  the  applied  force  and  retains 
the  periodic  time  of  the  latter  The  motion  must  then  be  such  as 
to  give  x  =  A  sm  pt  +  B  cos  pt,  where  A  and  B  are  certain 
constants.  It  is  shown  in  text-books  that 


F  c  -  Mp 

Va  +  (c 

-     F 


_____  P__  ___       ___  -bp  ___ 

~~  Vb*p*  +  (c-  Mp*)*  X  V&p*  +  (c-  Mp*)* 

In  the  second  part  of  each  expression  the  numerators  and  denomina- 
tor are  equivalent  to  the  sides  and  hypotenuse  of  a  right-angled 
triangle.  The  solution,  therefore,  is  — 

-      (sin  pt  -msr>-  cos  *  •  sin  '> 


where 

_      bp     __  b 

-  c-Mp*~  c/p-Mp 
Theoretically  the  final  displacement 

P  P 

*  ~ 


Vb*p*  +  (c-  Mp*)*     pVb*  +  (c/p-  Mp)* 

is  only  reached  after  an  infinite  number  of  cycles,  but  except  under 
special  conditions  the  final  value  as  given  above  is  closely  attained 
after  a  few  oscillations,  and  may,  therefore,  in  practice  at  once  be 
adopted. 
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The  equation  of  motion  analogous  to  (19)  has  now  been  solved 
for  the  displacement  x  which  corresponds  to  quantity  Q  in  the 
electrical  case.  To  solve  it  for  v  =  dx/dt  which  corresponds  to  i, 
the  current,  as  is  more  usual  in  the  electrical  case,  we  have  — 

v  =  pA  cos  pt  -  pB  sin  pt 

(cos  pl'  cos  '  +  sm  **  ""  "' 


i  e.  the  velocity  vector  is  p  times  as  great  as  the  vector  of  the 
displacement  and  precedes  it  by  90°. 
Equation  (20  b)  may  also  be  written 

P  /  ,  ir\ 

-"+2J 


7T 

where  9  =  17  -  „»  or  'tan  r  = 

The  expression  for  v  is  then  exactly  analogous  to  (19#)  and  in  this 
form  it  is  usually  given  in  the  electrical  case.  Here  <f>  is  the  angle 
of  lag  of  the  velocity  behind  the  applied  force  when  M  p  exceeds  c/p. 

The  natural  oscillation  and  natural  periodic  time  of  the  damped 
system  is  given  if  the  applied  force  is  instantaneously  removed,  i.e. 
when  the  three  terms  on  the  left-hand  side  of  equation  (20)  are 
equated  to  zero  instead  of  to  F  sin  pt,  or 
dzx         dx 


The  natuie  of  the  oscillations  then  resulting  is  dependent  upon 
the  value  of  b.  Usually  4cM  >&a,  and  in  this  case  the  solution 
of  the  differential  equation  is 

_  *. 
x  =  e    w  (C  sin  p!  t  -f  D  cos  &  t) 

where  C  and  D  are  constants  depending  upon  the  initial  conditions  and 


It  follows  that  if  &  is  negative,1  however  small  its  value,  the  amplitude 

1  The  possibility  and  importance  of  a  negative  value  for  b  will  be  found 
in  other  cases  to  be  mentioned  later,  eg.  in.  the  centrifugal  whirling  qf  shaft?. 
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of  the  oscillations  continually  increases.  If  b  is  positive,  the  ampli- 
tude of  the  oscillations  continually  diminishes  until  they  are  finally 
damped  out.  If  the  damping  is  very  small,  we  approach  the  ideal 
case  of  6  =  0,  i  e.  Md2x/dtz  =  -  ex,  or  the  acceleration  and  con- 
trolling force  are  proportional ,  the  amplitude  of  an  oscillation 
before  the  removal  of  the  applied  force  is  then  continually  repeated 
unchanged  after  it  is  removed,  since  there  is  nothing  to  increase  it 
and  nothing  to  reduce  it. 

(a]  In  the  ideal  undamped  case  with  6  =  0,  it  will  be  seen  from 
(200)  and  (20Z>)  that  the  value  of  r\  depends  also  upon  the  relation 
between  c/p  and  Mp,  for  these  may  be  equal.  At  the  particular 
frequency  p0  when  this  occurs,  an  infinitesimal  divergence  of  the 
frequency  on  either  side  must  be  considered  in  combination  with 
an  infinitesimal  amount  of  damping.  Thence  when  c/p  exceeds 
Mp  by  an  infinitely  small  amount  tan  vj  is  zero,  but  is  positive,  so 
that  77  =  0°  and  remains  at  this  value  for  all  lesser  values  of  p. 
But  when  Mp  exceeds  c/p  by  an  infinitely  small  amount,  tan  77  is 
zero  but  is  negative,  so  that  v\  —  180°,  and  remains  at  this  value  for 
all  larger  values  of  p.  When  this  latter  case  is  represented  by  a 
clock  diagram  of  vectors  rotating  at  an  angular  speed  of  27r/ra 
radians  per  second,  the  phase  of  the  velocity  should  kg  90°  be- 
hind the  phase  of  the  applied  force,  and  the  displacement  should 
lag  90°  behind  the  velocity  or  180°  behind  the  force  It  is  then 
usually  stated  in  explanation  that  when  a  cyclic  state  of  affairs 
has  been  established,  during  the  half  period  when  the  force,  and 
consequently  also  the  acceleration,  is  directed,  say,  towards  the  right, 
its  first  effect  for  a  quarter  period  is  a  slowing  down  of  the  instan- 
taneous velocity  towards  the  left,  which  at  the  beginning  of  the 
half  period  is  at  its  maximum  :  when  the  acceleration  leaches  its 
maximum  to  the  right,  the  body  has  ]ust  been  brought  to  rest  at 
the  end  of  its  swing  to  the  left.  During  the  next  quarter  penod, 
the  instantaneous  velocity  towards  the  right  grows  up  to  a  maxi- 
mum ;  the  direction  of  the  acceleration  then  changes,  and  the 
second  half  period  follows  with  the  same  sequence  of  events. 

The  case  is,  however,  entirely  unreal,  and  the  account  given  of 
it,  although  mathematically  true,  is  physically  misleading  in  two 
respects.  It  is  not  merely  that  in  nature  there  will  always  be  some 
small  damping  force,  but  that  when  there  is  some  damping  present, 
even  to  an  infinitesimal  degree,  the  angle  by  which  the  vector  of 
displacement  lags  behind  the  vector  of  applied  force  diverges 
slightly  from  0°  at  low  frequencies,  passes  rapidly  to  the  value  of 
90°  at  the  resonant  frequency  (Fig.  47,  u),  and  at  higher  frequencies 
rapidly  becomes  nearly  180°  but  only  reaches  this  latter  value 
at  an  infinite  frequency  of  the  applied  force.  This  angle  of  lag 
for  various  degrees  of  damping  is  platted  in  Fig.  48,  and  it  will 
be  seen  that  as  the  damping  decreases,  the  curve  becomes  more 
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and  more   square-cornered,   but   even   in   the  limiting   case   of 
zero  damping,  it  continues  to  pass  through  90°  at  the  resonant 
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FIG   47 — Vector  diagrams  for  damped  oscillating  system  (a  =  0-15) 
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FIG   48  — Phase  angles  of  velocity  and  displacement  relatively  to 
applied  force  for  different  degrees  of  damping  (a  =  b/bertt) 

frequency  ;  below  this  frequency,  the  angle  approaches  0°  and  it 
is  only  at  higher  values  of  the  frequency  that  it  approaches  180°. 

The  undamped  system,  however,  possesses  practical  interest 
owing  to  the  fact  that  the  natural  frequency  of  damped  systems 
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is  most  conveniently  expressed  in  terms  of  the  natural  frequency 
of  the  undamped  system  as  a  standard  of  reference.  The  undamped 
natural  periodic  time  of  an  oscillation  at  once  follows  from  equation 
(20c)  since  when  b  =  0,  #!  takes  the  value  pa  =  Vc/M  ;  therefore, 


From  the  importance  of  this  quantity,  the  undamped  case 
deserves  a  little  further  consideration  from  first  principles.  A 
body  of  mass  M  having  been  taken  to  one  extreme  limit  of  its  swing 
by  the  external  force  which  is  then  removed  and  damping  being 
assumed  to  be  absent,  its  velocity  as  it  passes  the  central  position 
is  a  maximum  V,  and  at  any  distance  x  from  the  centre  is  v.  The 
difference  in  its  kinetic  energy  when  it  passes  the  centre  and  at 
point  x,  being  equal  to  the  potential  energy  at  that  point,  is  also 
equal  to  the  integral  effect  of  the  controlling  force  c  acting  through 
the  displacement  x.  Therefore, 

+x 
ex 

'0 

whence  _ 

~c.  x* 


f 

J 


M 
When  the  body  is  at  its  maximum  displacement,  i.e.  at  x,  v  =  0, 

so  that  V  =  xVc/M. 

But  V  is  also  equal  to  the  uniform  velocity  of  a  rotating  body 
describing  a  circle,  the  radius  of  which  is  the  amplitude,  in  the  tune 
of  a  complete  to-and-fro  swing,  i  e.  in  the  natural  periodic  time  Tf. 
Hence 


or  

Tj,  =  2ffT  I—         ....     (2Qd) 

exactly  analogous  to  equation  (19i). 

This  is  often  expressed  as  Tv  —  2fjT/VJt,  where  /*  is  the  constant 
ratio  which  the  acceleration  towards  the  centre  bears  to  the 
displacement  Thus  in  words, 

mass 

force  per  unit  displacement' 
or 

/displacement 
acceleration' 
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sincethe  actual  forceF  =  mass  X  acceleration.  Apart  from  damping 
by  air  friction,  such  is  the  case  of  the  simple  pendulum,  provided 
its  swings  are  small.  The  tangential  force  acting  upon  its  bob 
is  Mg  .  sin  6,  where  6  is  the  angle  of  displacement  from  the  vertical  ; 
the  actual  displacement  is  the  arc  moved  through.  So  long,  then, 
as  the  chord  in  sin  6  =  chord/radius  may  be  regarded  as  equal  to 
the  arc,  the  force  is  proportional  to  the  arc  or  to  the  displacement, 
p  =  g/l  and  its  natural  periodic  time  becomes  2?r  Vl/g. 

Since  p0  =  2ar/Tf  =  Vc/M,  it  f  ollows  that  when  p  =  pol  Mp  a 
=  c  or  Mp  =  c/p,  so  that  the  statement  that  this  equality  holds 
is  only  another  way  of  stating  that  the  periodic  time  of  the  forced 
oscillation  is  equal  to  the  periodic  time  of  the  undamped  natural 
oscillation.  It  is  thus  convenient  to  express  all  frequencies  in  terms 
of  the  natural  undamped  frequency,  i.e.  p  =  k  p0  where  It  is  the 
ratio  of  the  forced  to  the  natural  undamped  frequency  and  =  1 
at  resonance  (op.  Figs  48^50). 

(b)  The  damped  case  —  Let  there  now  be  added  the  condition 
that  the  oscillating  velocity  of  the  body  gives  rise  to  or  is  accom- 
panied by  a  force  proportional  but  opposed  to  it,  i  e.  a  damping 
force  bdx/dt  is  present.  To  overcome  this  there  must  then  be 
present  in  the  vector  of  the  applied  oscillating  force  a  component 
in  exact  opposition  to  the  damping  foice,  and  therefore  in  phase 
with  the  velocity  and  by  its  product  therewith  accounting  for  a 
certain  expenditure  of  energy  in  every  cycle.  The  result  is  that 
only  the  remaining  component  of  the  applied  force  vector,  i  e. 
the  component  at  right  angles  to  that  which  balances  the  damping 
force,  is  effective  m  accelerating  or  in  overcoming  the  conti  oiling 
force.  The  amplitude  of  the  component  in  P  which  opposes  the 
damping  foice  is 


and  the  amplitude  of  the  component  which  is  at  right  angles  to  tho 
damping  force  and  which  is  therefore  unbalanced  by  it  is 

_  _          c/p-Mp 

F  cos  n  =  F 
' 


Below  the  resonant  frequency  the  latter  component  is  in  phase 
with  the  displacement  which  lags  less  than  90°  behind  the  appbed 
force,  while  the  velocity  vector  leads  the  applied  force  (Fig.  47,  i). 
At  the  resonant  frequency  the  vectors  of  velocity  and  applied  force 
are  in  phase,  and  the  displacement  lags  90°  behind  either;  the 
applied  force  then  has  no  component  in  phase  with  or  in 
opposition  to  the  displacement  (Fig  47,  n),  but  is  entirely 
spent  in  overcoming  the  damping  force,  and  the  interaction  between 
controlling  force  and  displacement  keeps  the  mass  swinging.  Above 
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the  lesonant  frequency  the  velocity  and  displacement  lag  90°  and 
180°  behind  the  component  of  the  applied  force  which  is  not 
expended  over  the  fnctional  or  damping  force  (Fig.  47,  in),  just 
as  in  the  imaginary  case  of  zero  damping  they  appear  to  lag  behind 
the  total  force  by  these  angles  ;  in  reality  their  lag  behind  the  total 
force  gradually  increases  towards  90°  and  180°.  To  represent 
truly  the  whole  process,  a  three-dimensional  model  would  be  required 
from  which  it  would  be  seen  how  the  vector  of  the  displacement 
remaining  finite  passes  through  the  angle  of  90°  at  resonance  when 
the  vectors  of  applied  force  and  velocity  coincide. 

The  periodic  time  of  the  damped  natural  oscillation  when  the 
applied  force  is  removed  has  already  been  given  in  (20c).  It 
differs,  of  course,  from  the  periodic  time  of  the  undamped  natural 
oscillation,  i  e.  fa  differs  from  p0  according  to  the  value  of  &.  As 
the  value  of  &  (still  assumed  to  be  positive)  is  increased  in  proportion 
to  cM,  the  damped  periodic  time  lengthens  or  the  frequency  dimin- 
ishes As  soon  as  6  reaches  the  value  2VcM,  or  l^  =  4cM,  we 
then  for  the  first  time  reach  a  stage  when  the  curve  of  displacement 
no  longer  crosses  the  horizontal  axis  of  tune.  At  this  point  the 
system  is  just  aperiodic,  and  the  damping  is  said  to  be  critical 
With  a  further  increase  of  6  relatively  to  cM,  the  system  remains 
aperiodic,  but  for  any  given  initial  conditions,  the  body  more 
quickly  reaches  its  maximum  displacement  and  more  quickly 
returns  towards  its  central  position  of  rest,  although  theoretically 
it  never  reaches  it. 

The  special  interest  of  the  critical-damping  point  lies  in  the  fact 
that  the  effect  of  any  other  value  of  the  damping  factor  and  of 
any  frequency  of  applied  force  can  be  conveniently  expressed  in 
terms  of  6orti  and  of  the  resonant  frequency.  A  particular  com- 
bination of  values  which  would  give  &aortf  =  4cM  would  be 


and  from  the  two  last  expressions  would  be  determined  the  dis- 
placement or  speed  at  the  resonant  frequency.  We  are  thus  able 
to  compare  the  value  of  the  displacement  and  its  lag  behind  the 
applied  force  for  critical  damping  with  their  values  at  the  resonant 
frequency,  and  also  for  any  other  values  of  damping  and  frequency 
in  terms  of  the  results  for  critical  damping.  Thus  let  a  =  h/b^t, 
and  k  =  applied  frequency/resonant  frequency.  Then  6  = 
2a  Mp0  =  2  ac/p0  and  p  =  kp0.  Hence  by  substitution  in  (20a) 
the  angle  of  lag  between  the  vectors  of  displacement  and  applied 
force  is  given  by 

tan  in  =  r-^-r  —  rrnr--  =  TTZ.  —  I    .....     (21«) 
'      b/2ak-Kb}2a,      l/k-k  v      ' 

The  values  of  77  for  different  degrees  of  damping  are  plotted  in 
relation  to  k  in  Fig.  48. 
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Now,  whether  theie  be  damping  or  not,  the  maximum  speed 
or  the  maximum  current  m  the  electrical  case  is  always  reached 
when  the  applied  frequency  is  equal  to  the  natural  undamped 
frequency,  i.e.  at  the  resonant  frequency  (Fig.  49).  Expressed  in 
terms  of  p0,  equation  (20J)  becomes 

- 


and  for  any  given  degree  of  damping  or  value  of  a,  the  denominator 
is  a  minimum  when  k=l.  Yet  this  does  not  imply  that  the 
displacement  or  (electrically)  the  quantity  reaches  its  maximum 
at  the  resonant  frequency.  The  corresponding  expression  for  this 
in  the  same  terms  is 

P  1 

X=cXV4^ 
The  values  of 


are  plotted  in  Fig.  50  from  which  it  will  be  seen  that  as  a  is  increased, 
the  maximum  displacement  which  without  damping  coincides  with 
the  resonant  frequency  occurs  earlier  and  earlier.1  The  unit  of  the 
vertical  scale  of  Fig.  50,  viz.,  F/c,  is  simply  the  displacement  that 
would  arise  at  zero  frequency  from  the  maxinium  value  of  the 
applied  force  acting  against  the  controlling  force  which  has  the 
value  c  per  unit  distance.  The  unit  of  the  vertical  scale  of  Fig.  49 
is  p0  times  that  of  Fig.  50,  ^.e.  it  is  the  maximum  velocity  of  a 
system  oscillating  with  the  outplacement  which  is  the  unit  of  Fig.  50 
but  with  the  undamped  natural  frequency. 

1  For  a  similar  treatment  of  the  electrical  case  in  its  bearing  on  the  truth- 
fulness of  osollograms,  see  G  W  O.  Howe,  "  The  Amplitude  and  Phase  of 
the  Higher  Harmonics  in  Oscallograms,"  Journ  I.E  E.t  vol.  54,  p  19.  Cp, 
also  D  Robertson,  p  24,  in  the  same  volume. 
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HOMOPOLAR  CONTINUOUS-CURRENT  DYNAMOS 

§  1.  Difficulties  in  the  homopolar  continuous-current  machine. — 

If  the  terminal  voltage  of  a  dynamo  at  a  constant  speed  of  rotation 
is  urn-directed  during  passage  of  the  armature  past  a  double  pole- 
pitch  and  also  practically  constant,  it  will  cause  an  equally  constant 
and  steady  or  continuous  flow  of  current  through  a  circuit  of  fixed 
lesistance  A  dynamo  yielding  a  terminal  voltage  which  is  at  once 
urn-directed,  continuous  and  constant  in  value  is  called  somewhat 
inadequately  a  continuous-current  or  direct-current  machine.1  It 
has  already  been  shown  that  the  homopolar  dynamo  is  funda- 
mentally a  continuous-current  machine,  giving  in  itself  an  uni- 
directed  E.M.F.  of  constant  value,  without  fluctuation  or  pulsation 
It  might  therefore  be  expected  that  our  first  group  of  machines, 
namely,  homopolar  dynamos  with  field  uniform  m  the  path  of 
movement  (Class  I,  i),  would  be  almost  universally  used  for  con- 
tinuous-current work.  In  contrast  to  the  heteropolar  continuous- 
current  machine,  the  current  does  not  need  to  be  stopped  and 
reversed  in  direction  in  each  armature  coil  as  it  passes  the  brushes; 
it  does  not  therefore  require  any  commutator  with  its  attendant 
troubles  of  sparking  at  the  brushes.  To  the  homopolar  type,  too, 
belong  the  earliest  forms  of  motor  and  dynamo  that  were  made, 
since  the  first  motor  and  dynamo,  invented  by  Barlow  and  Faraday 
in  1823  and  1831  respectively,  were  disc  homopolars. 

The  reverse  is,  however,  the  case  ;  the  heteropolar  continuous- 
current  machine  has  been  and  still  is  in  possession  of  almost  the 
entire  field  of  continuous-current  work,  and  practical  experience 
shows  that  there  are  inherent  disadvantages  in  the  homopolar 
dynamo  which  have  prevented  its  wide  adoption.2  All  the  ingenuity 
of  inventors  and  designers  has  not  succeeded  up  to  the  present 
in  removing  these  disadvantages  which  arise  from  the  fact  that  the 
simple  machine  gives  but  a  small  E.M.F.  even  at  a  very  high  speed 
of  rotation.  It  has  been  already  shown  that  in  its  simplest  form 
it  has  only  one  active  element,  and  therefore  yields  at  best  only  a 
very  low  voltage.  It  remains  to  describe  the  methods  that  can  be 
employed  to  lessen  this  objection. 

i  English  lacks  an  exact  equivalent  to  the  more  expressive  German  term 
"level-current"  (Gteioh-strotn], 

*  For  an  interesting  summary  of  the  various  stages  in  the  historical  develop- 
ment of  the  homopolar  continuous-current  dynamo,  see  "  Die  unipolare 
Gleichstrommaschine,"  by  Boris  von  Ugrimoff,  in  Arbettin  aus  dam  Eltktro- 
Institut  ttu  Karlsruhe,  vol  2,  p.  132  (1911  •  Julius  Springer,  Berhn). 
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§  2.  Homopolar  continuous-current  machines  with  double  magnetic  circuit.— 

To  increase  the  E  M  F  ,  the  first  step  wall  be  to  employ  a  double  magnetic 
circuit,  and  so  to  double  the  effective  cutting  length  of  the  inducing  element 
Thus  Fig  51  (a)  shows  how  from  Fig  8  (a)  can  be  obtained  an  inducing 
cylinder  of  doublo  the  axial  length  and  twice  the  flux  ,  the  latter  after  passing 
through  the  cylinder  face  bifurcates  and  half  is  taken  out  of  each  ond  instead 
of  the  whole  out  of  one  end  of  the  armature  The  E  M  F  is  therefore  double 
that  of  Fig  8  (a)  for  the  same  diameter,  and  correspondingly  the  current  must 
now  be  collected  from  the  periphery  of  the  cylinder  at  both  ends,  sinco  half 
of  the  flux  must  pass  through  each  "end  of  the  cylinder 

Similarly  Fig  51  (&)  shows  the  use  of  two  of  the  radial-type  discs  of  Fig  8  (It) 
in  series ;  the  current  passes  radially  inwards  in  one  disc,  along  the  shaft, 
and  radially  outwards  in  the  other  disc  The  brushes  must  therefore  press 
on  the  periphery  of  each  disc,  and  again  half  of  the  total  flux  must  pass 
through  each  brush  nng 

It  is  this  necessity  for  the  flux  to  pass  through  the  brush  collecting  circle 
which  really  limits  the  possible  voltage  from  a  single  active  element  rather 


(a)  (b) 

FIG    51  — Homopolar  continuous-current  machines  with  double 
magnetic  circuit 

than  the  permissible  peripheral  speed  as  fixed  solely  by  considerations  of 
mechanical  strength  It  is  evident,  for  example,  in  the  axial  type  that  it  is 
useless  to  increase  the  length  of  the  armature  with  a  view  to  using  a  greater 
flux  if  this  flux  cannot  be  passed  through  the  area  of  the  iron  or  steel  at  tho 
ends  of  the  cylindrical  rotor  But  if  the  diameter  be  increaaed,  then  the  col- 
lection of  large  currents  at  very  high  peripheral  speeds  presents  formidable 
practical  difficulties  due  to  friction,  heating  from  mechanical  and  electrical 
causes,  and  wear  of  the  brush  paths 

§  3.  The  cylindrical  and  disc  types,  compared. — The  type  of  machine  shown 
in  Fig  51  (a)  with  a  plain  cylindrical  rotor  of  copper  or  brass  as  the  single 
inducing  element,  running  at,  say,  1,500  revs  per  mm  ,  has  been  successfully 
employed  for  outputs  of  a  few  volts  and  several  thousands  of  amperes  for 
electroplating  or  meter  testing  The  cylindrical  or  axial  type  has  in  fact 
been  most  used  in  commercial  engineering,  although  the  disc  or  radial  type 
was  the  first  invented  This  pieference  for  the  former  type  hag  been  partly 
due  to  the  difficulties  that  arise  with  the  disc  type  from  axial  thrust.  If  the 
magnetic  flux  that  passes  into  one  face  of  the  disc  does  not  all  issue  out  of  the 
other  face  but  part  leaks  out  of  the  periphery,  the  disc  becomes  magnetically 
unbalanced  and  IB  drawn  to  one  or  other  side,  producing  a  powerful  end- 
thrust.  A  thrust  bearing  and  means  for  adjusting  the  djs^  ^o  a  gr^at  degree 
of  nicety  are,  therefore,  advisable  x 

i  Cp.  Boris  v.  Ugrunoff,  loc.  tnt ,  p.  209.  ?'',*><•» 
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But  the  preference  for  the  cylindrical  type  is  still  more  due  to  the  fact  that 
in  it  the  next  step  by  which  the  E  M  F  can  be  increased  is  more  easily  made 
§  4.  The  necessity  of  slip-rings. — When  once  the  permissible  collecting 
speed  has  been  reached  m  combination  with  a  double  magnetic  circuit,  the 
only  method  of  increasing  the  E  M  F  (short  of  duplicating  the  entire  machine) 
is  to  increase  the  number  of  active  conductors  and  to  connect  them  so  as  to 
add  up  their  E  M  F  's 

If  in  Fig  7,  with  rotating  armatures,  a  second  active  conductor  be  added 
at  the  side  of  the  first,  and  the  far  or  outer  end  of  the  first  be  joined  by  a  con- 
necting wire  to  the  near  or  inner  end  of  the  second  active  wire,  this  connecting 
wire  if  fixed  to  the  active  wires  and  rotating  with  them  must  either  pass 
through  a  neutral  space  in  the  magnet  circle  as  in  the  methods  of  winding 
described  in  Chap  III,  §  6,  or  must  pass  through  the  same  air-gap  as  that 
traversed  by  the  active  conductors  or  must  cross  the  magnetic  circuit  at  a 
similar  air-gap  at  some  other  point  in  its  length  In  the  first  case,  as  already 
shown  in  Chap  III,  §  6,  the  connecting  wires  themselves  become  active  as 
rotation  proceeds,  and  the  result  is  that  the  F  M  F  round  the  loop  so  formed 
alternates,  so  that  the  continuous-current  feature  which  is  proper  to  the 
homopolar  type  is  entirely  lost  In  either  of  the  two  latter  cases  the  connect- 
ing wires  rmist  necessarily  cut  the  lines  of  flux  at  exactly  the  same  rate  and 
in  the  same  direction  as  the  active  conductors  ,  they  are  thus  continuously 
active  themselves,  producing  an  E  M  F  in  the  reverse  direction,  and  the  total 
E  M  F  of  the  combination  is  nil  Hence  if  the  armature  rotates,  the  con- 
necting wires  must  be  led  back  through  the  face  of  the  iron  field-magnet  or 
through  the  iron  and  round  outside  the  field-magnet,  and  so  must  be  stationary 
At  once  some  kind  of  sliding  contact  becomes  necessary  in  order  to  maintain 
connection  between  the  fixed  and  the  rotating  conductors  If,  on  the  other 
hand,  the  armature  is  stationary,  the  connecting  wires  must  rotate  with  the 
field-magnet,  and  the  same  necessity  exists  for  sliding  contacts  or  slip-rings 
Thus  there  is  no  method  of  winding,  properly  so  called,  which  is  applicable 
to  the  homopolar  armature,  so  long  as  it  has  to  give  a  uni-directed  E  M  F 
All  that  can  be  done  is  to  join  one  active  conductor  or  element  on  to  another 
by  means  of  slip-rings,  and  the  multiplication  of  the  collecting  surfaces  and 
of  the  brush  contacts,  each  carrying  the  full-load  current,  is  a  necessary 
disadvantage 

§  5.  The  E.M.F.  from  a  single  element  with  double  magnetic  circuit. — 
In  the  axial  type  the  first  stage  will  be  again  to  divide  the  complete  inducing 
cylinder  of  Fig  8  (a)  into  a  number  of  separate  insulated  sectors,  each  con- 
nected at  each  end  to  a  slip-ring  upon  which  may  press  the  brushes  necessary 
to  lead  the  current  out  of  the  slip-ring  at  the  back  end  of  one  element  through 
a  stationary  connection  into  the  front  end  of  the  next  element  Thus  the 
total  number  of  slip-rings  is  always  double  that  of  the  active  elements. 

If  a  peripheral  collecting  speed  of  100  metres  per  sec  (nearly  20,000  ft 
per  mm  )  be  taken  as  the  maximum  permissible,  and  a  steam  turbine  running 
at  3,000  revs  per  mm  be  assumed  as  the  prime  mover,  the  diameter  of  the 
collecting  surface  must  not  be  more  than  62-6  cm  (nearly  25  inches),  and  the 
net  cross-sectional  area  of  iron  through  which  the  flux  must  pass  within  the 
rings  after  all  deductions  are  made  cannot  be  more  than  about  2,000  sq  cm 
at  one  end  or  4,000  sq  cm  at  both  ends  With  a  density  B0  =  18,000,  the 
flux  <Da  cannot  be  more  than  72  x  10"  C,G  S  lines  Since  this  is  cut  in 
60/N  seconds,  the  E  M.F  from  one  bar  is 

«  =  <Da  x  gg  X  10-'       .  .         .     (22) 

•p  72,000,000  X   50   X    10'8  =  36  volts 

Three  elements  must  therefore  bo  connected  in  senes  to  give  about  105  volts 
at  the  terminals,  and  six  shp-nngs  are  required.  This  alone  indicates  one 
of  the  disadvantages  inherent  in  the  design  *• 

§  8.  The  cylindrical  homopolar  continuous-current  machine. — With  the 
use  of  several  elements  it  becomes  necessary  to  make  part  of  the  iron  magnetic 

1  The  limitations  of  the  homopolar  dynamo  are  further  discussed  in 
Chap.  XXII. 
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circuit  into  a  rotating  armature  core,  to  which  the  bars  may  be  attached. 
A  second  air-gap  of  small  length  in  each  magnetic  circuit,  analogous  to  that 
in  Fig  9,  thus  becomes  necessary,  and  we  reach  the  type  illustrated  in  Fig  52 
This  shows  the  essential  parts  of  a  machine  with  eight  rings  at  each  end,  and 
a  solid  rotor  core  carrying  eight  sectors  Fig  53  shows  diagrammatically 
a  developed  plan  of  the  winding  with  the  stationary  conductors  marked  by 


Section  on  21X1 

FIG   52. — Continuous-current  homopolar  dynamo  (axial  type)  with 

shp-nngs. 

dotted  lines  In  the  300  kw  homopolar  giving  500  volts  described  by  Mr  J.  E. 
Noeggerath  (Trans.  Amer.  I.EE ,  vol  24,  p.  1)  twelve  flat  sheets  of  copper 
bent  to  the  radius  of  the  armature  and  driven  by  lugs  projecting  from  the 
core  were  bound  to  the  solid  cast-steel  armature  by  steel  binding  wire 

Instead  of  sectors,  it  is 
more  usual  to  employ  a 
number  of  equally  spaced 
"         solid    copper    bars   sunk 
I  into    insulated    slots    or 

passing  through  tunnels 
in  the  iron  body  of  the 
rotor.  The  stationary 
conductors  which  pass 
the  current  in  the  reverse 
direction  from  a  ring  at 
one  end  to  a  ring  at  the 
other  end  may  similarly 
be  formed  of  solid  bars 
sunk  in  equally  spaced 
slots  in  the  pole-faces  of 
the  magnet :  they  then 
also  serve  the  additional 
purpose  of  a  compensating 

winding  which  neutralizes  the  armature  reaction,  as  will  be  described  in 
Chap  XDL 

A  valuable  and  interesting  account  of  a  2,000  kw ,  260-volt,  7,700-ampere 
homopolar  running  at  1,200  revs,  per  Tnin. ,  and  of  the  difficulties  that  had  to 
be  overcome  to  secure  and  maintain  its  satisfactory  working  has  been  given 
by  Mr.  B  G.  Lamme  1  This  machine  with  a  peripheral  collecting  speed  of 
13,200  ft.  per  mm  had  eight  collector  rings  at  each  end  of  the  rotor,  and  each 
of  the  eight  active  elements  giving  32-5  volts  was  subdivided  into  six  one-inch 
round  solid  conductors  in  insulating  tubes  threaded  through  nearly  closed 
holes  m  the  solid  steel  forging  forming  the  rotor. 

1  "  Development  of  a  Successful  Direct-current  2,000-kw.  Unipolar 
Generator,"  Trans  Amer  I BBt  vol  31.  part  II.  (1912),  p.  1811. 


FIG 


53. — Diagram  of  connexions  of 
armature  of  Fig   52 


CHAPTER  VIII 

HOMOPOLAR  ALTERNATORS 

§  1.  Homopolar  alternators.— Although  of  great  historical  interest 
and  at  one  time  much  in  favour,  homopolar  alternators  which  form 
the  second  group  of  machines  need  only  brief  consideration,  since 
they  have  been  practically  superseded  by  the  heteropolar  type. 
As  already  stated,  the  homopolar  machine  naturally  gives  a  uni- 
directed  E  M.F.,  but  is  made  to  give  an  alternating  E  M  F.  through 
the  device  of  interrupting  the  circle  of  the  magnetic  field  by  one 
or  more  neutral  spaces  through  which  very  few  lines  of  flux  pass 
Connecting  wires  can  then  be  brought  through  these  spaces  and 
it  can  be  wound,  which  is  a  necessity  for  an  alternator  that  is  to 
give  a  high  EM.F.  The  drum  and  disc  methods  of  winding  as 
described  in  Chapter  III,  §  6,  will  therefore  be  our  starting-pomt. 

§  2.  Concentrated,  grouped,  and  uniformly  distributed  windings. — 
With  the  formation  of  a  coil  of  many  loops  the  question  arises 
how  far  the  increase  in  the  E.M  F.  will  correspond  to  the  number 
of  active  conductors  which  have  been  added  and  connected  in  series. 

In  the  case  of  the  smooth-surface  armature,  if  the  several  loops  of 
the  drum  coil  are  wound  on  the  top  of  one  another,  each  will  at 
every  instant  produce  exactly  the  same  E.M.F.  as  the  first  original 
loop,  provided  the  density  of  the  field  be  kept  the  same  ;  the  winding 
may  then  be  called  concentrated,  as  it  will  become  piled  up  into  two 
or  more  layers  of  small  width.  But  this  must  result  in  an  increase 
of  the  length  of  the  air-gap,  and  therefore  with  a  given  exciting 
power  the  density  of  the  fLux  is  greatly  reduced.  With  a  large 
number  of  loops  it  becomes  necessary  to  wind  them  by  the  side  of 
each  other  as  in  Fig.  18,  so  as  to  permit  of  the  retention  of  the  same 
air-gap  as  for  a  single  loop.  The  winding. thus  becomes  uniformly 
distributed  over  some  appreciable  extent  of  the  armature  core,  and 
as  the  coil-side  has  a  certain  width,  all  the  loops  cannot  occupy 
identically  the  same  position  relatively  to  the  polar  surfaces  at 
any  point  of  tune.  It  follows  that  the  E.M.F.'s  induced  in  the 
different  loops  will  not  at  the  same  moment  be  always  alike  either 
in  direction  or  amount ;  in  other  words,  they  differ  in  phase.  The 
effect  of  the  coil  is  then  to  compound  together  a  large  number  of 
phases,  each  of  which  differs  a  little  from  that  of  its  neighbour  as 
we  pass  from  one  side  of  the  coil  to  the  other. 

Next,  if  the  armature  be  slotted  and  the  additional  loops  are 
,  wound  within  the  same  slot  as  the  original  loop,  the  winding  may 
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again  be  called  concentrated,  and  the  E  M  F.  of  each  new  loop  so 
added  will  very  nearly  be  the  same  in  magnitude  and  phase  as  that 
induced  in  the  first  loop  If,  however,  this  statement  is  to  hold 
true  in  practice,  the  dimensions  of  the  slot  in  order  to  receive  the 
numerous  conductors  must  not  be  increased  above  certain  normal 
limits  Should  the  slots  become  too  deep  or  too  wide,  it  will  be 
necessary  to  divide  the  wires  between  two  or  more  slots  placed  at 
some  distance  apart,  and  in  this  case  the  joint  E  M.F.  produced 
by  the  conductors  in  one  slot  will  not  be  in  phase  with  that  of  the 
conductors  m  the  second  or  other  slots  The  slots  being  spaced  out 
cover,  in  fact,  a  certain  proportion  of  the  field,  and  a  grouped  dis- 
tribution is  obtained  which  falls  midway  between  a  concentrated 
winding  and  the  uniform  distribution  of  the  smooth-surface  armature. 
In  the  grouped  winding  of  the  slotted  armature, 1  a  small  number 
of  sharply  distinct  phases  are  compounded,  but  as  the  slots  between 
which  the  side  of  a  coil  is  divided  are  increased  in  number,  the 
distinction  between  the  uniform  and  grouped  distributions  gradually 
diminishes.  In  all  cases  the  effect  of  adding  in  series  two  or  more 
E.M.F.'s  differing  in  phase  must  be  a  reduction  of  the  total  as 
compared  with  the  product  of  the  E  M.F.  of  one  active  conductor 
multiplied  by  the  number  in  series,  and  it  becomes  necessary  to 
consider  the  effect  of  the  width  of  a  coil-side,  whether  on  a  smooth 
or  toothed  armature. 

§  3.  The  pitch-line  and  the  pole-pitch  ol  the  homopolar  alternator. — 
In  order  to  investigate  the  best  proportioning  of  the  widths  of 
pole  and  coil,  so  as  to  make  the  most  advantageous  use  of  an  armatui  e 
of  given  dimensions  running  at  a  given  speed,  the  three  widths  of 
the  coil,  pole,  and  gap  between  the  poles  must  be  measured  along 
the  mean  circular  path  traversed  by  the  rotating  coil  or  magnetic 
field,  as  the  case  may  be. 

This  circle  is  called  the  mean  pitch-line,  and  in  the  case  of  the  homopolar 
machines  now  under  consideration  which  have  one  or  more  fields  separated 
by  a  neutral  space  or  spaces  of  very  weak  flux-density,  the  pitch  is  to  be  defined 
as  the  distance  measured  along  the  pitch-line  between  the  centre  of  a  field 
or  polar  projection  and  the  centre  of  the  adjacent  interpolar  gap  (Fig  54) 
As  shown  in  Chap  III,  §  6,  the  maximum  permissible  width  of  field,  even  with 
only  one  loop,  is  not  more  than  the  pitch,  since  otherwise  differential  action 
reduces  the  time  during  which  any  resultant  E  M  F  is  produced  The  field 
can,  however,  be  as  wide  as  the  pitch,  since  in  any  one  circle  of  polar  pro- 
jections all  are  of  one  sign,  and  no  magnetic  flux  leaks  across  from  one  into 
the  other  without  entering  the  armature ;  on  this  account  the  ratio 
width  of  pole  „  ,  ' 

tutch        U9ually  approaches  unity  more  nearly  than  in  the  corresponding 

heteropolar  machine  When  there  are  several  loops  wound  side  by  side,  or 
several  slots  between  which  each  aide  of  the  coil  is  distributed  so  that  it  has 
appreciable  width,  there  will  be  considerable  differential  action  unlasa  the 

1  It  is  here  assumed  that  the  slots  are  parallel  to  the  axis  of  the  shaft 
If  skewed  through  a  slot-pitch,  uniform  distribution  is  reached, 
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width  of  the  field  be  reduced  to  equality  with  the  inner  loop  and  the  width 
of  the  outer  loop  of  the  undivided  coil  be  not  greater  than  the  width  of  the 
gap  Various  proportions  of  coJ  and  pole  are  therefore  possible,  and 
their  relative  advantages  can  be  decided  by  mathematical  analysis,  il  the 
flux-density  curve  along  the  pitch-line  is  known 


FIG    54  — Flux-density  along  pitch  line  in  homopolar  alternator 


§  4.  Types  of  homopolar  drum  alternators. — Usually  in  the  single-phase 
alternator  with  undivided  coils  as  shown  in  Fig  54,  the  width  of  the  inner 
loop  is  equal  to  half  the  pitch,  and  the  width  of  the  outer  loop  equal  to  one 
and  a  half  times  the  pitch,  so  that  half  the  armature  is  covered  with  winding 
But  any  such  single  coil  may  be  more  conveniently  divided  into  two,  so  that 
the  end-connecting  portions  have  less  depth,  as  in  the  heteropolar  drum 
alternator  (Chap  IX,  §  5) 


FIG    55  — Drum  inductor  alternator  with  divided  coils 


Divided  coils  are  therefore  illustrated  in  the  simple  drum  alternator  of 
Fig  55,  which  also  shows  by  dotted  lines  how  the  whole  may  be  repeated 
with  a  second  field  We  thus  arrive  at  twice  as  many  coils  as  there  are 
fields,  the  coils  being  virtually  arranged  in  pairs,  and  each  pair  corresponding 
to  one  field  instead  of  two  fields  as  in  the  heteropolar  machine  The 
width  of  the  outer  loop  of  each  of  the  two  coils  is  now  equal  to  the  pitch, 
but  the  coil-ratio  is  best  still  expressed  in  terms  of  the  total  width  of  the 
winding  or  the  width  of  one  belt  of  active  wires  forming  the  adjacent  sides 
of  two  coils.  The  several  fields  are  produced  by  polar  projections  from  one 
central  revolving  iron  mass.  The  excituig  coil  E  is  not  rotated,  but  is  sup- 
ported from  the  stationary  armature  ring,  so  that  there  is  no  revolving 
copper  and  no  need  for  any  collecting  nngs  either  for  armature  or  exciting 
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current.  The  rotating  iion  system  may  be  likened  to  a  number  of  "  keepers," 
and  is  sometimes  known  as  the  "  inductor,"  whence  homopolar  drum 
alternators  of  this  class  have  received  the  name  of  "  inductor  "  generators 


1          L.7LJf 

Portion  of  developed  plan 
FIG   56  — Drum  inductor  alternator  with  double  armature. 


From  Fig.  55  is  easily  derived  what  is  known  as  a  "  double-armature  " 
inductor  alternator  Instead  of  the  simple  continuous  air-gap  shown  on  the 
right-hand  side  of  Fig  55,  the  second  gap  m  the  magnetic  circuit  may  be 
broken  up  into  separate  poles  and  utilized  by  a  second  armature  similar  to 

the  first  (Fig  56).  If  the  poles  on  one  side  of 
the  machine  are  abreast  of  those  on  the  other 
side,  and  the  coils  on  the  two  sides  are  staggered 
relatively  to  one  another,  the  machine  will  give 
two  phases  Or  the  poles  may  be  themselves 
staggered,  when  we  may  again  consider  that  there 
is  only  one  pitch-hne,  a  pole  being  in  each  case 
opposite  to  a  neutral  interpolar  gap  ,  and  from 
this  another  arrangement,  shown  in  Fig  57,  may 
be  obtained  which  is  suitable  for  a  single-phase 
machine.  The  armature  conductors  are  now 
taken  straight  through  both  halves  of  the 
armature  core  in  tunnels  or  slots,  and  each 
straight  wire  consists  of  an  active  portion  and 
a  connector  end  to  end  Finally,  the  two 
armatures  may  be  arranged  one  inside  and  one 
outside  the  circle  of  revolving  "  inductors  "  or 
"  keepers  "  (Fig  58)  ,  these  latter  are  bolted  to 
the  side  of  the  fly-wheel  of  the  driving  engine. 
In  all  cases  of  double  armatures  the  windings 
are  preferably  connected  in  senes  so  as  to  avoid 
any  liability  to  slight  differences  in  the  curve  of 
E  M  F  or  of  current  on  the  two  sides. 

§  5.  Frequency  of  homopolar  drum  alter- 
nator.— Since  the  passage  of  one  field  past  a 
cod  gives  one  complete  double  wave  of  E  M  F , 
the  number  of  periods  per  second,  or  the 
frequency  of  a  homopolar  drum  or  disc  alternator, 

is  pN(60,  where  p  is  the  number  of  fields  or  polar  projections  on  one  side  of 
the  armature  Thus  in  the  drum  or  disc  homopolar  machine  f  is  not,  as 
in  the  heteropolar  machine,  the  number  of  pairs  of  fields,  and  this  difference 
in  tiie  definitions  is  the  counterpart  of  the  difference  m  the  definition  of  the 
pitch  for  the  heteropolar  drum  or  disc  machine  as  given  m  Chap.  IX,  §  1. 
Since  p  is  also  equal  to  the  number  of  undivided  coils  on  the  armature  or  to 


FIG  57 — Drum  inductor 

alternator  with  staggered 

poles. 
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the  number  of  pairs  of  divided  coils,  the  frequency  of  the  homopolar  drum 
alternator  is  the  same  as  that  of  the  heteropolar  with  an  equal  number  of 
armature  coils,  although  m  the  latter  there  are  twice  as  many  fields  as  in  the 
homopolar  machine 

A  characteristic  feature  of  all  homopolar  alternators  is  that  the  poles 
form  branches  of  one  and  the  same  magnetic  circuit,  and  therefore  only 
require  one  exciting  coil  wound  on  that  portion  of  the  circuit  where  all  the 
lines  unite  to  flow  in  a  common  stream.  Each  active  wire  thus  cuts  the 


FIG   58  — Drum  inductor  alternator  with  double  armature 


lines  from  the  numerous  subdivisions  of  one  common  pole,  as  the  term  "  homo- 
polar  "  emphasizes  when  applied  to  an  alternator  with  many  fields,  and  it  is 
on  this  account  that  we  have  spoken  of  the  fields  rather  than  of  poles 
Although  not  confined  to  homopolar  alternators,  the  single  exciting  coil  is 
always  employed  in  them 

§  6.  Useless  lines  entering  the  armature. — In  all  homopolar  alternators 
if  a  line  VL  be  drawn  symmetrically  between  two  neighbouring  poles  of  like 
sign,  any  flux  which  enters  (or  leaves)  the  armature  in  the  interpolar  gap 
up  to  the  limit  of  half  the  pitch  on 
either  side  of  the  symmetrical  line, 
*  e.  between  BD  (Fig  59),  is  not 
only  useless  but  is  positively  detri- 
mental, since  it  causes  a  back 
E  M  F  by  cutting  the  wires,  which 
should  act  purely  as  connectors. 
In  the  homopolar  machine  this 
differential  action  is  always  present, 
whatever  the  width  of  the  wind- 
ing. The  harmful  lines  are  often 
called  "  leakage,"  but  the  name  is 
not  strictly  appropriate,  since  they 
enter  the  armature,  although  not 
in  a  useful  manner  Their  number 
must  therefore  be  deducted  from 

the  useful  lines  which  enter  immediately  from  a  pole-face  Thus  m 
Fig  59  if  <D'p  be  the  total  number  that  pass  into  the  armature  from 
the  N  pole  within  the  limits  of  the  pitch,  *  a  between  either  EB  or  FD, 
and  <p-  be  the  number  of  harmful  lines  between  BD,  the  total  number  which 
must  be  reckoned  as  forming  one  field  is  <D0  =  $'0  -  <f>a  (cp  Fig  54,  at  the 
foot  of  which  is  given  a  curve  indicating  the  flux  distribution  in  the  air-gap) 
After  thus  discounting  the  effect  of  the  direct  differential  action  peculiar  to 
the  homopolar  alternator,  we  are  left  with  the  differential  action  due  to  the 
coil  having  width ;  this  can  be  taken  into  account  by  a  winding  factor  kd, 
and  the  only  difference  between  the  homopolar  and  heteropolar  machines 
with  similar  coil-  and  pole-ratios  will  he  in  the  slight  difference  of  the  densities 
of  the  fringes  between  the  edges  of  the  poles  and  the  lines  AG,  CH  (Fig  59), 
when  the  width  of  the  pole  is  not  equal  to  the  pitch.  Thus  with  but  little 
modification  the  values  of  X  as  given  later  for  different  ratios  of  pole-  and 


FIG   59  — Air-gap  fluxes  in  inductor 
alternator 
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coil-width  to  the  pitch  in  the  heteropolar  alternator  are  equally  applicable 
to  the  analogous  homopolar  machine 
§  7.  The  E.M.F.  equation  of  the  homopolar  drum  alternator.  —  In  the 

drum  homopolar  machine  with  single  armature,  p  has  already  been  denned 
as  the  number  of  fields,  or  of  polar  projections  If,  then,  Z  be  reckoned  as 
the  total  number  of  conductors  which  at  different  times  actively  induce  an 
E  M  F  ,  and  has  therefore  the  same  meaning  as  in  the  corresponding  hetero- 
polar machines,  each  wire  in  one  revolution  cuts  p  (®'a  -  <f>a)  lines  The 
average  E  M  F  19  therefore,  with  the  same  pole-width  and  the  same  net  flux: 
in  the  air-gap,  only  half  that  of  the  similarly  wound  heteropolar  armature, 
and  so  also  is  the  virtual  E  M  F  The  equation  for  the  virtual  E  M  F  in  one 
phase  of  the  drum  homopolar  is  then 

t*--*-*  far  **10'8volt9  .        (23) 


where  NpA  is  the  number  of  phases,  q  is  the  number  of  parallel  paths  in 
the  winding,  and  K  has  the  meaning  given  on  p  168  But  as  already 
mentioned,  the  pole-face  is  usually  of  greater  width  as  compared  with  the 
pitch  in  the  homopolar  than  in  the  heteropolar  form,  and  also  owing  to  the 
field  not  being  reversed  m  direction  in  the  armature  core  a  higher  flux-density 
is  permissible  ,  hence  <5'0  -  <pa  of  the  homopolar  may  not  be  so  very  different 
from  the  2<I>0  of  the  heteropolar  alternator  with  equal  numbers  and  dimensions 
of  armature  coils  in  both  cases,  »  e  the  virtual  E  M  F  's  are  more  nearly  equal 
for  the  same  values  of  p,  Z,  and  N  In  the  case  of  the  combined  double 
armature  of  Fig  57,  if  Z  be  reckoned  as  the  number  of  straight  wires  or 
bars  passing  from  end  to  end  across  both  armatures  and  <!>'„  -  <pa  bo 
reckoned  on  one  side  only,  the  equation  becomes 

(0'°~  0a)  ^  *  x  10~8  volt!>  •    •  (24) 

and  the  same  holds  for  the  two  separate  armatures  of  Figs  56  and  58  if  these 
are  m  series  and  Z  be  the  number  of  active  conductors  in  one  armature 
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HETEROPOLAR  ALTERNATORS 

§  1.  The  E.M.F.  equation  ol  a  dram  loop  in  a  heteropolar  field. — 

Having  thus  briefly  dismissed  the  subject  of  homopolar  machines 
both  continuous-  and  alternating-current,  we  return  to  heteropolar 
machines  (Class  II),  which,  as  being  by  far  the  most  common  type 
m  practical  use,  must  be  the  main  subject  of  the  present  book. 
Resuming  from  Chapter  III  §  12,  the  E.M.F.  of  a  single  drum  loop 
in  a  hcteropolar  field  will  first  be  considered.  The  fundamental 
E.M.F.  equation  of  the  dynamo  may  here  be  recalled  in  its  two 
forms 

e  =  jto/dt  X  10-8    or  -  WJtU  x  10'8 

where  <D  is  the  number  of  C.G.S.  lines  cut  in  time  t  seconds,  or  N, 
is  the  number  of  linkages  of  lines  with  the  electric  circuit .  By  means 
of  these  equations,  any  case  can  be  solved,  however  complicated  may 
bo  the  closed  circuit,  if  it  be  mentally  split  up  into  small  elemental 
portions,  single  conductors  or  loops  as  the  case  may  be,  and  their 
EJMF.'s  be  summed  up  throughout  the  whole  of  the  circuit,  due 
regard  being  paid  to  their  several  directions  (one  direction  round 
the  circuit  being  taken  as  positive)  and  to  the  quesiton  of  whether 
any  or  all  of  the  elements  are  in  parallel. 

Given  a  single  drum  loop  of  any  span  mounted  on  the  surface  of 
a  smooth  armature,  whether  in  a  bi-  or  multipolar  field  of  hetero- 
polar type,  let  the  flux-distribution  in  the  air-gap  under  the  poles 
be  plotted  to  give  a  curve,  as  in  I?ig.  12,  and  let  Ba  and  JEV,  each 
having  its  own  appropriate  sign,  be  the  values  of  the  flux-density 
at  the  positions  x  and  x'  (reckoned  'specialty  from  an  interpolar 
line  where  the  field  changes  direction  relatively  to  the  armature! 
which  the  two  sides  of  the  toop  occupy  at  >spm$  instant  (cj>.  Fig.  61). 
Then  the  instantaneous  values  *of  ifc$  K®^.  1n($nc*d  in;  th«<two 
sides  respectively  for  a  e4nf$s£it  ti&^aj:  fv^^rty  ^ooUpef  s$c;  are, 
BJLV  x  10"8  and  B^FjX  101;  '  ' 
is  in  each  case  at  rigfit  $rigle£ jto 
through  it  at  right  aijgi< 
Ba  and  Bgf  have  the'9&$i 
is  in  the  same 
considered,  one 
in  tbda  relation'! 
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radius  of  the  conductors  and  ft)  is  the  constant  angular  velocity 
=  2mN/QO  =  2rrw  ,  so  that  alternatively  the  E.M.F.  of  the  loop  is 


In  the  heteropolar  machine  (in  contrast  to  the  homopolar  case 
of  Chapter  VIII,  §  3)  the  pok-fittch  is  the  distance  measured  along 
the  pitch-line  between  the  centres  of  a  pair  of  neighbouring  poles  of 
opposite  sign,  just  as  in  a  toothed  wheel  the  pitch  is  the  distance 
measured  along  the  pitch-line  from  the  centre  of  one  tooth  to  th<.> 
centre  of  the  next.  If  a  drum  armature  such  as  that  of  Fig  18 
be  imagined  to  be  cut  across  along  the  line  marked  X  and  flattened 
out,  as  in  Fig  60,  A  A  is  the  pitch-hne  and  p  p  is  the  pole-pitch  Y. 

Now  if  the  span  of  the  loop  or  the  distance  between  x  and  x' 
is  exactly  equal  to  the  pole-pitch,  Y,  i  e.  to  the  total  width  of  a 
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FIG   60  — Development  of  armature  showing  pitch-hue  of 
heteropolar  alternator. 

field,  all  fields  being  assumed  to  be  alike  in  their  total  flux  and 
flux-distribution,  the  two  sides  of  the  loop  at  any  instant  arc 
symmetrically  situated  in  fields  of  equal  density  but  of  opposite 
sign,  or  -  B^  =  B&  The  E  M  F.'s  of  the  two  sides  are  then  additive; 
round  the  loop,  and  the  total  E  M.F.  is 

ZBJLV  X  10-fl    or  WJLuR  x  10'8 

and  it  is  this  condition  which  in  practice  would  be  aimed  at. 
^  Thus  a  single  conductor  on  a  smooth-armature  at  constant  spcud 
gives  a  time-wave  of  E.M.F ,  the  shape  of  which  is  an  exact  replica 
of  the  spacial  curve  of  flux-density  round  the  armature,  and  so  also 
does  a  single  loop  equal  in  span  to  the  pole-pitch  if  the  field-distri- 
bution under  each  pole  is  similar ;  but  if  the  distribution  under 
each  pole  is  not  alike  the  E.M.F  curve  of  the  loop  would  be  freed 
from  the  even  harmonics  which  would  then  be  found  in  the  flux-curve. 
In  practice,  however,  such  a  case  seldom  needs  to  be  considered. 
The  same  results  may  also  be  applied,  at  least  as  a  first  approxima- 
tion, to  the  case  of  a  conductor  or  loop  on  a  toothed  armature,  01 
combined  with  a  toothed  pole-face,  but  in  this  case  any  ripples 
superposed  on  the  smooth  wave  of  E  M.F.  and  due  to  the  presence  of 
teeth  and  slots  in  stator  or  rotor  or  both  are  not  taken  mto  account, 
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§  2.  The  above  on  the  supposition  of  a  sinusoidally  distributed 
field. — If  the  flux-density  curve  is  sinusoidal  as  shown  in  Fig.  61, 
it  is  expressible  spacially  as  Bgs  matt  sin  a,  where  Bgs  maa  is  the  ampli- 
tude and  a  is  the  angular  distance  reckoned  (in  terms  of  a  bipolar 
machine  for  which  180°  or  TT  radians  correspond  to  the  pole-pitch 
Y)  from  the  point  where  the  flux  changes  its  direction  between  two 
poles  Bgs  mttx  does  not  itself  have  any  sign,  but  the  value  to  be 
assigned  to  the  angle  a  for  any  given  point  x  follows  at  once  from 
the  fact  that  a  stands  to  x  as  TT  to  Y ;  hence,  a  =  irx/Y.  The 
instantaneous  E.M.F.  of  the  loop  is  then 


B 
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or 
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FIG   61  — Loop  in  field  with  sinusoidal  flux-distnbution 

When  the  span  of  the  loop  is  Y,  or  x'  =  x  +  Y  and  sin  irx'/Y 
=  sin  (180°  +  trx/Y),  this  becomes 

2BgtmaatLVsm7rx/Y  X  lO'8 

The  above  may  also  be  expressed  in  terms  of  time  i  instead  of  space 
x.  Reckoning  time  from  the  instant  when  a  single  conductor  crosses 
the  neutral  line  between  two  fields,  its  instantaneous  EM.F  is 
B0»  ma*  LVsm  coj  X  lO'8  where  G)6  =  jxi>  (Chapter  VI,  §  15). 
But  in  the  case  of  a  loop  of  span  more  or  less  than  the  pole-pitch, 
time  is  best  reckoned  from  the  instant  when  the  axis  of  the  loop  is 
at  right  angles  to  the  neutral  line  or  zero  space-position  from 
which  x  was  measured.  Tht  E.M.F.  of  the  loop  is  then 

Bg.navLV  [sm  (a  +  c^)-sin  \(ir-a)  +<of\]  X  10'8 
=  2£M  m0(8LF  sin  coj  cos  a  X  lO'8 

and  when  the  span  of  the  loop  is  equal  to  Y,  so  that  x  =  0, 

sin  to^  X  10-8  =  2BPS  mat£Ro>  sin  o^  X  10'8   (25) 


If  Tf  =:  the  periodic  time  in  sees,  taken  by  the  loop  to  pass  a  double 
pole-pitch,  giving  a  complete  wava,  CD,  =  2fir/Tf ;  for  sin  coj  may 
then  also  be  substituted  the  equivalent  expression  sin  2rrf/r,,  which 
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is  analogous  to  the  previous  expression  sin  2arx/2Y,  the  position  of 
the  loop  of  full  span  Y  being  identical  for  the  zeros  chosen  for  both 
space  and  time. 
The  flux-distribution  being  here  assumed  to  be  sinusoidal,  the 

7T 

maximum    density    Bgs  maa  —  ~Ba  att.      Substituting    this    ex- 

2t 

pression  and  remembering  that  vrR/p  =  Y,  the  E  M  F.  is 
Bga  OVLY  &e  sin  o>J  X  10-8 

But  LY  is  the  total  area  of  one  field,  so  that  Bgs  WLY  =  O081 
the  total  flux  of  the  field  sinusoidally  distributed  over  a  pole-pitch. 
Hence  when  the  span  of  the  loop  is  equal  to  Y  and  when,  in  con- 
sequence, it  is  linked  in  its  zero  position  with  all  the  flux  of  a  field, 
its  E  M.F.  may  also  be  expressed  as 

e  =  ®glpe  sin  coj  x  10'8     .        .        .     (250) 

The  virtual  value  of  a  sine  function  being  —  -^  of  the  maximum 

it 
and  the  maximum  value  being  j=  times  the  average  value  of  a 

£t 

half  wave,  the  virtual  value  in  the  above  cases  is 

1        «• 
E  =  —  j=  X  5  X  average  value. 

_,  virtual  value      ,  ,  .«,»,, 

The  ratio  .       of  an  alternating  E.M.F.  or  current  is 

average  value  ^ 

known  as  the  form  factor,  and  its  value  for  a  sine  function  is  thus 


The  preceding  results  may  usefully  be  checked  on  the  linkage 
hypothesis  as  follows — The  flux  linked  with  the  loop  at  any 
moment  is 

$i  =  I    BJL.dx 

so  that 

dfa 

X  10-*  =  -d  I    BaL-^  X  lO'8 


=  -d  f  BaL~x 


dt 

"  u 

dx 

But  jT  —  V,  the  constant  velocity  in  cm.  per  second,  so  that  the 

above  expression  becomes 


=  -L7  I 


dBa  x  10-8  =  (Ba-B«)  LV  X  10-8 

r 
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When  the  flux-distribution  is  sinusoidal,  and  the  coil  has  a  span  =  Y, 
*+y 


-  f    _  1TX   _       . 

*i  =  y    Bgamaxsm-YL.dx  = 


Y  1TX 


0> 

and 


< 

-ar  x  »*—  2B«.- 


Y      (Cos    7 


^XlO" 


Or 

~ 


2vrf\ 
(cos  -=-) 


2?      2-n-       2?rf 
-X^-sin^-  X  10-8 

Y  •*•  31  *•  9 

=  2B«  maai  ^  CO  Sin  CO,  t  X  ID'8 

X  10-8 


§  3.  The  ratio  of  pole-width  to  pole-pitch  in  heteropolar  machines.  — 

As  in  the  case  of  homopolar  machines,  when  we  pass  to  coils  instead 
of  simple  loops,  it  will  be  necessary  to  determine  the  best  widths  of 
pole  and  of  winding  ,  the  same  principles  must  be  our  guide,  and  the 
same  distinction  already  drawn  (Chapter  VIII,  §  2  qu.v.)  between 
concentrated,  grouped  and  distributed  windings  still  holds.  Since 
the  N.  and  S.  poles  of  the  magnet  system  are  in  the  same  line  round 
the  armature,  a  first  condition  is  that  the  leakage  of  flux  across 
from  the  edge  of  a  pole  into  the  adjoining  edge  of  the  next  pole 
should  not  be  excessive.  In  the  modern  alternator  since  the  magnet 
system  is  usually  internal  to  the  armature,  a  second  condition  is 
that  room  must  be  found  for  the  necessary  exciting  coils  with 
sufficient  copper  in  them  to  avoid  overheating.  In  a  machine  with 
radial  poles  of  the  salient  type  as  it  is  termed  (cp.  Fig.  20),  the 
first  condition  might  be  partially  met  by  thinning  off  the  pole-shoe 
edges,  but  since  the  useful  flux  which  they  transmit  to  the  surround- 
ing armature  is  also  reduced  thereby,  it  results  in  practice  that  the 
width  of  the  pole-face  is  usually  made  less  than  the  pole-pitch  by 
at  least  30  per  cent.  On  the  other  hand,  if  the  ratio  of  the  pole- 
width  to  the  pitch  be  made  too  small,  the  flux  of  each  field  must 
also  be  small,  and  the  exciting  coils  on  the  poles  will  be  comparatively 
uneconomical  in  weight  of  wire  or  in  exciting  watts.  Ceterts  paribus, 
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the  larger  the  area  of  a  magnet -core  the  more  cheaply  is  the  flux 
obtained,  since,  e.g.  with  a  round  core  the  area  is  proportional  to 
the  square  of  the  diameter,  while  the  length  of  an  exciting  turn  is 
only  proportional  to  the  diameter. 

In  the  non-sahent-pole  type  which  is  now  generally  adopted 
for  turbo-alternators  (Figs.  234-5),  the  pole-face  width  is  nominally 
equal  to  the  pole-pitch,  but  here  also  the  two  conditions  are  met 
by  the  fact  that  the  exciting  coil  is  distributed  in  slots  over  more 
than  half  the  pole-pitch,  so  that  between  teeth  near  its  centre  there 
is  but  a  small  M.M.F.  acting  to  cause  leakage,  while  the  neighbouiing 
edges  of  the  unslotted  pole-centres  forming  the  virtual  poles  are 
removed  to  an  appreciable  distance  apart.  A  greater  concentration 
of  the  exciting  winding  in  fewer  slots  would  for  the  reason  given 
above  be  magnetically  advantageous,  but  is 
forbidden  by  the  second  of  the  two  conditions. 
It  thus  results  that  in  all  types  of  the 
heteropolar  alternator,  the  field  of  flux  from 
one  pole  is  mainly  concentrated  within  some 
50  to  70  per  cent .  of  the  pole-pitch,  and  the 
shape  of  the  curve  of  distribution  of  the  flux 
over  the  pole-pitch  is  made  to  resemble  more 
or  less  closely  a  sine  curve — usually  with  a 
somewhat  flattened  top. 

§  4.  The  ratio  oi  coil-width  to  pole-pitch. 
FIG  62_coJ  and  pole  Avoidance    of   direct  differential  action.— 
both  of  maximum      Considering  a  bipolar  machine  with  internal 
width  revolving  magnet,  it  will  be  seen  that  if  a 

drum  winding  spread  over  the  whole  internal 
periphery  of  the  armature,  as  in  Fig.  62,  is  combined  with  the 
maximum  pole-width  equal  to  the  pitch,  as  soon  as  the  magnet 
is  rotated  away  from  the  symmetrical  position  of  maximum 
E.M.F.  shown  in  Fig.  62,  each  side  of  the  coil  is  at  the  same 
tune  under  the  action  of  two  poles  of  opposite  sign  The 
E.MF.'s  generated  in  the  active  conductors  at  the  outer  edges  of 
each  coil-side  will  then  tend  to  neutralize  one  another,  and  the  net 
E.M.F.  from  each  coil-side  will  be  only  the  difference  between  the 
sums  of  the  ELlF.'s  generated  in  the  two  portions  which  are 
respectively  under  a  N.  and  a  S.  pole.  In  this  extreme  case,  when 
not  only  the  coil-side  has  its  maximum  width  equal  to  the  pitch, 
but  also  the  pole-width  is  a  maximum,  direct  differential  action 
lasts  throughout  the  whole  period.  But  the  time  during  which 
such  differential  action  lasts  can  be  reduced  by  decreasing  the  width 
of  the  winding  ;  its  serious  amount  can  also  be  reduced  by  limiting 
the  effective  width  of  the  pole-face,  or  both  remedies  can  be  applied. 
As  explained  in  the  preceding  section,  the  flux  is  for  other  reasons 
more  or  less  concentrated  over  a  certain  proportion  of  the  pole-pitch, 
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but  the  diagram  serves  to  show  that  if  the  extreme  coil-width  be 
retained,  however  much  the  pole-width  is  reduced,  there  must  still 
remain  some  direct  differential  action. 

That  it  is  specially  the  loops  at  each  edge  of  the  coil-side  which 
are  ineffective  as  compared  with  the  central  turns  will  be  better 
seen  if  the  pole-width  is  reduced  as  in  Fig.  63.  Starting  from  the 
position  there  shown,  the  E  M.F.'s  of  the  wires  at  c  and  d  begin  to 
oppose  that  of  their  respective  coil-sides,  and  this  action  increases 
until  the  axis  of  the  coil  coincides  with  the  general  direction  of  the 
field  (Fig.  64) ,  when  the  net  E  M.F  of  either  side  and  of  the  coil  as  a 
whole  is  zero  As  rotation  proceeds,  the  E.M  F.'s  of  the  wires  at  /and 
g  oppose  the  rise  of  the  main  E  M.F  ,  but  to  a  gradually  diminishing 


n\ 

FIGS.  63  and  64. — Pole-width  reduced,  coil  of 
maximum  width 


extent.  But  the  central  turns  at  e  are  only  subjected  to  differential 
action  in  a  minor  degree  when  the  symmetrical  line  dividing  the 
mterpolar  gap  passes  across  them.  Hence  it  is  chiefly  when  a 
coil-side  is  wider  than  the  interpolar  gap  that  all  the  loops  are  not 
equally  active ;  and  there  will  be  comparatively  little  reduction 
m  the  net  E.M.F.  if  some  of  the  loops  at  each  edge  of  the  coil  are 
removed  and  the  width  of  coil-side  reduced.  Inspection  of  the 
developed  plan  of  Fig.  65  shows  that  if  direct  differential  action 
is  to  be  avoided,  (1)  the  inner  loop  a  must  exceed  the  width  of 
pole-face,  so  that  its  opposite  sides  are  never  moving  under  the  same 
pole  ;  and  further,  (2)  the  outer  loop  &  must  be  of  such  width  that 
when  deducted  from  twice  the  pole-pitch  the  difference  is  not  less 
than  the  width  of  the  pole-face.  The  outer  b  loop  will  thus  in  a 
bipolar  machine  bear  the  same  relation  to  one  pole  as  the  inner  a 
loop  does  to  the  other  pole.  In  other  words,  the  width  of  a  coil-side 
must  not  exceed  the  width  of  the  gap  between  two  poles,  so  that 
one  coil-side  may  never  be  under  two  poles  of  opposite  sign.  There 
will  then  only  be  left  the  small  amount  of  differential  action  due 
to  the  spreading  outwards  of  the  lines  from  the  edges  of  the  poles  ; 
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through  a  quartei  of  a  revolution  ;  the  dotted  portion  to  the  right- 
hand  side  shows  a  pair  of  poles  thus  repeated,  and  similar  N.  and 
S.  poles  will  succeed  each  other  all  round  until  they  again  form  a 
complete  circle.  By  thus  multiplying  the  numbers  of  pairs  of 
fields  which  pass  across  the  coils  in  each  revolution,  the  number 
of  complete  waves  of  the  E.M  F.  of  the  coils  shown  in  full  lines 
is  increased  correspondingly.  If  p  =  the  number  of  pairs  of  poles, 
each  pair  passes  any  given  point  once  every  revolution,  so  that  the 
number  of  periods  in  one  revolution  is  £,  and  if  N  =  the  number 


FIG   67  — Portion  of  drum  armature  of  multipolar 
single-phase  alternator  -with  divided  coils 

of  revolutions  per  minute,  the  periodicity  or  frequency  of  the 

AZV 
multipolar  alternator  is  /=  ~. 

Ovf 

Hence,  by  increasing  the  number  of  pairs  of  poles  the  frequency 
of  the  mufapolar  alternator  for  a  given  number  of  revolutions  per 
minute  can  be  raised  to  any  required  figure.  The  most  common 
frequency  is  50,  or,  as  it  is  symbolically  expressed,  50  -w,  although 
in  the  United  States  of  America  60  is  commonly  employed.  The 
larger  the  output  and  size  of  the  alternator,  the  slower  the  speed  at 
which  it  is  desirable  to  drive  it ;  consequently  the  number  of  poles 
required  to  give  a  frequency  of  50,  wifl  range  from  2  poles  with  3,000 
revolutions  per  minute  to  90  poles  with  66|  revolutions  per  minute. 

But  it  is  not  only  the  pairs  of  poles  which  can  be  multiplied  : 
the  coils  can  also  be  repeated  for  every  pair  of  fields,  and  Fig.  67 
shows  by  dotted  lines  a  second  pair  repeated  and  connected  in*  series 
with  the  original  pair.  We  thus  obtain  in  the  multipolar  alternator 
several  pairs  of  poles,  and  in  a  single  phase  as  many  coils  as  there 
are  poles,  or  with  undivided  coils,  as  many  as  there  are  pairs  of 
poles,  and  each  coil-side  may,  if  desired,  be  distributed  between  two 
or  more  slots,  as  in  Fig.  68  All  the  complete  coils  will  in  this  case 
occupy  at  any  moment  exactly  the  same  position  relatively  to  a 


HETEROPOLAR  ALTERNATORS 


147 


magnetic  field,  and  the  phase  and  magnitude  of  the  alternating 
E  M  F.  induced  in  each  will  be  identical  Owing  to  the  latter  fact 
they  can  legitimately  be  divided  into  two  or  more  paths  in  parallel, 
if  a  large  current  is  to  be  earned  Or  they  can  be  coupled  to- 
gether in  series,  so  as  to  form  a  continuous  winding  if  we  desire  a 
high  E  M  F.  with  a  small  current ;  and  the  total  E.M  F.  of  the 
machine  at  any  moment  is  equal  to  the  E.M  F.  induced  by  any  one 
coil  multiplied  by  the  number  of  coils  that  are  in  series.  By  in- 
creasing the  number  of  coils  that  are  in  series,  the  E  M.F.  of  the 
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Fid    68  —Portion  of  toothed  drum  armature  of  rouliapolar  single-phase 
alternator  with  undivided  coils 


alternator  is  multiplied  while  the  frequency  is  multiplied  by 
mci  easing  the  number  of  pairs  of  poles,  but  whether  the  coils  are 
in  scries  or  in  two  or  more  parallels,  the  machine  remains  a  single- 
phase  alternator.  The  presence,  therefore,  of  several  pairs  of 
poles  and  coils  when  thus  repeated  introduces  nothing  new  m  the 
theory  of  the  action,  and  the  multipolar  alternator  so  obtained 
may  be  simply  regarded  as  made  up  of  several  bipolar  alternators. 
Tims  in  single-phase  alternators  the  active  conductors  are  confined 
within  a  comparatively  small  number  of  sharply  defined  coils, 
separated  off  from  one  another  by  intervening  spaces  of  core  on 
which  there  is  no  winding.  Although  less  marked  in  the  case  of 
polyphase  machines  next  to  be  described,  this  characteristic  is 
still  present  in  all  cases,  and  by  it  the  alternator  is  to  a  great  extent 
distinguished  not  only  in  action  but  also  in  appearance  from  dynamos 
which  give  a  unidirected  current. 
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§  7.  Polyphase  alternators. — Since  in  the  single-phase  alternator 
the  winding  only  covers  a  part  of  the  armature  core,  it  is  evident 
that  an  entirely  distinct  set  of  coils  forming  a  second  armature 
circuit  might  be  wound  in  the  vacant  spaces  between  the  coils  of 
the  first  circuit.  Thus  in  Fig.  68,  in  order  that  the  reluctance  of 
the  magnetic  circuit  may  be  kept  approximately  constant,  a  pair 
of  empty  slots  occurs  alternately  between  the  full  slots,  and  could 


FIG   69  — Portion  of  quarter-phase  alternator 


be  filled  by  a  second  winding  (Fig.  69).  The  second  set  of  coils 
may  be  used  to  feed  an  entirely  separate  external  circuit,  possibly 
at  a  different  pressure  ;  or  if  the  original  winding  only  covers  one- 
half  of  the  armature,  and  the  second  winding  is  a  duplicate  of 
the  first,  as  regards  number  and  size  of  the  wires,  they  may  be 
interconnected  to  form  a  quarter-^hase  alternator.  The  geometrical 
degrees  of  displacement  of  the  two  windings  will  of  course  depend 


•Portion  of  3-phase  Alternator 


upon  the  number  of  poles,  but  since  twice  the  pole-pitch  corresponds 
to  360  electrical  degrees,  and  the  coils  of  the  A  winding  are  displaced 
from  the  corresponding  coils  of  the  B  winding  by  hah*  the  pitch, 
the  phase  of  the  E.M.F.'s  in  the  two  circuits  will  differ  by  a  quarter 
of  a  period,  or  90°,  the  one  reaching  its  maximum  when  the  other 
is  at  zero.  This  process  may  be  carried  still  further  if  the  slots 
between  which  each  coil-side  is  divided  occupy  less  than  half  the 
pitch  ;  e.g.  with  undivided  coils  ii  they  cover  not  more  than  one- 
third,  or  with  divided  coils,  not  more  than  one-sixth  of  the  pitch, 
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three  distinct  armature  windings  cau  be  wound  on  the  same  core, 
giving  curves  of  E.M.F.  differing  in  phase  by  120°,  and  a  3-phase 
alternator  is  obtained  (Fig.  70).  Since  1890  such  alternators  have 


li   I   I 


been  largely  used,  and  are  called  in  general  polyphase  machines. 
Their  construction  and  design  will  again  be  dealt  with  in  Chapter 
XXIV  and  subsequent  Chapters 
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§  8.  General    description    of    single-phase    drum    heteropolar 

alternator.— Whether  the  armature  or  field  magnet  system  rotates 
is  decided  by  practical  considerations  of  mechanical  or  electrical 
convenience.  As  it  is  easier  to  insulate  stationary  coils  for  high 
pressures,  the  armature  is  usually  the  stator.  The  field-magnet  or 
rotor  is  then  internal,  and  carries  two  colkctmg  rings,  connected 
to  the  field  winding ;  the  exciting  current  is  led  into  and  out 
of  the  field  winding  by  means  of  brushes  or  rubbing  contacts,  while 
the  ends  of  the  armature  windings  are  attached  to  stationary  ter- 
minals. Fig.  71  shows  diagrammatically  a  single-phase  drum- 
wound  stationary  armature,  with  twelve  internal  poles,  pointing 
radially  outwards,  and  each  wound  with  an  exciting  coil ;  one-half 

of  the  machine   is 
y"  shown  in  section  in 

,. .x  [  the  side  view,  and 

" .  i  l  one-quarter  m  the 

18      )  \  end  view,  the  paths 

»«    f"? —     -- — ^  of  the  magnetic  flux 

i  ii  being  there  marked 

}) ^  *    \^  ^         by  dotted  lines.    It 

0  S'VP   n»  B3-  i«»  iw  -4«c^f  *°°  *v  S1°"  *»'"^M»'      will  be  seen  that  the 

»i  ]    ^  f    f          total   flux  of  lines 

,<,  L..  i=^       ~_ ^  forming    one    field 

^  /  passes     entire 

l  [  through  each  mag- 

40  x s  net  core,  and  bifur- 

m  cates   on    reaching 

FIG  72  —Two  groups  of  coils  30°  =  one-sixth  the  armature  core 
of  pole-pitch  apart,  on  smooth  armature  or  the  yoke-ring. 

In  practice  the 

system  of  magnets  would  be  supported  from  the  bed-plate,  which  is 
omitted  in  the  diagram  for  the  sake  of  clearness.  The  twelve 
armature  coils  are  connected  to  form  a  single  series ,  the  active 
wires  of  each  coil  are  shown  as  disposed  in  one  layer  only  of  six 
turns,  although  in  most  cases  there  would  be  a  large  number  of 
turns,  possibly  in  two  or  more  slots.  Current  is  supplied  to  the 
exciting  coils  by  the  brushes  &&  and  collecting  rings,  while  the 
alternating  E.M.F.  and  current  is  obtained  from  the  stationary 
terminals  of  the  armature.  At  the  right  hand  is  shown  an  internal 
view  of  one-half  of  the  armature  winding  after  removal  of  the 
magnet-system. 

§  9.  Shape  o!  the  E JMLF.  curve.— The  exact  shape  of  the  E  M  F. 
curve  of  an  alternator  admits  of  great  variations  with  different 
dispositions  of  iron  and  copper  in  field-magnet  and  armature  (sw 
Chapter  XXVI),  but  the  general  principles  bearing  on  the  subject 
may  be  shortly  traced. 
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Owing  to  the  gradual  shading  off  of  the  flux  at  the  edges  of  the 
pole-pieces  the  rise  and  fall  of  the  E  M.F  always  follows  a  contin- 
uous curve  and  can  never  show  abrupt  changes.  Starting  with  a 
single  coil  with  side  of  nanow  width  on  a  smooth  armature,  which 
gives  a  nearly  flat -topped  wave  of  E.M.F.  with  a  normal  ratio  of 
pole-width  to  pole-pitch  of  0  66,  Figs.  72  and  73  show  the  effect  of  a 
grouped  distnbu- 
tion  of  two  and 

three     such    coils,          —    f 

spaced  respectively       w; /  \ 

one-sixth  and  one-      *« — ^  ^ 

ninth  of  the  pole-      M~~r  > 

pitch  apart,  as  they         — j  [ 

would  be  in  a  three-  /  \ 

phase    alternator       \*,'j-~<~      "T*~\ 

with  two  and  with      «  J      '  \   l  | 

three  slots  per  pole         h'*  ^    ^  ^ 

per    phase.      Pro-         '   3r   61°   8D"  w  1IO°  **!* \^-- 

ceedmg  still  further,       w  \  \   \  .       / 

Fig  74  shows  to  a       »  ^  ^ -LJ  „]- 

different  scale  the       t.  \  / 

\  I 

effect  of  compound-          ~_  ]  — 

ing  the  E.M.F.'s  of  "_  v  i 

a  6-turn  coil;  the  a8  \  / 

turns    are    spaced  so  \  J 

out  at  intervals  of  ,,  "          " 

15°,    SO    that    each  Jlo   73— Three  groups  of  coils  20°  =  one- 
coil  -  Side     actually  mntb._of  j)ole-pitch_apartl_on_smooth-armature. 

covers   75°,  and  a 

near  approach  is  made  to  practically  uniform  distnbution  over 
half  the  pole-pitch.  As  the  number  of  groups,  or  the  spread  of 
the  coil-side,  is  increased,  the  flat -topped  portion  decreases  in 
width,  until  m  the  last  case  as  the  active  conductors  of  a  coil-side 
one  by  one  come  into  or  pass  out  of  full  action,  the  resultant  curve 
is  smoothed  out,  and  its  shape  closely  resembles  a  sine  curve.  Any 
undulatory  effect  left  in  the  case  of  Fig.  74  and  seen  more 
markedly  in  Figs.  72  and  73  is  a  true  "  spacing  ripple,"  due  to 
the  spacing  out  of  the  groups. 

But  a  marked  distinction  exists  between  the  smooth  armature 
even  when  the  distribution  is  grouped  and  the  toothed  armature 
of  practice  in  which  the  groups  are  embedded  in  open  or  semi- 
closed  slots.  In  the  former  case,  it  will  be  seen  from  the  preceding 
figures  that  when  the  E  M.F.  is  rising,  though  its  rate  of  rise  alters, 
the  E.M.F.  never  decreases,  and  vice  versd,  when  it  begins  to  fall, 
it  never  again  increases  during  its  fall.  But  in  the  toothed  armature 
there  may  be  and  frequently  are  such  marked  npples  superimposed 
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upon  the  main  wave  of  the  curve  that  its  rise  or  fall  is  no  longer 
progressive.  So  far  as  the  winding  in  the  toothed  armature  is 
grouped  in  the  slots,  there  is  the  same  spacing  effect  as  already 
described.  But  in  addition  there  is  a  further  effect,  owing  to  the 
presence  of  the  slots,  which  must  be  taken  into  account,  namely, 
the  pulsation  of  the  flux  in  magnitude  or  its  oscillation  to  and  fro 
if  the  slots  affect  the  reluctance  of  the  magnetic  circuit,  or  alter 
the  spacial  distribution  of  the  lines. 1  When  the  slots  are  few  in 
number  and  of  large  dimensions,  and  especially  if  they  are  open  at 

the  top,  the  iron  and  air 
which  are  presented  at  any 
moment  to  the  polar  face 
by  the  armature  core  may 
vary  appreciably  either  in 
their  proportionate  amounts 
or  in  their  position  relatively 
to  the  pole-face.  Further, 
the  wave-shape  alters  with 
the  degree  of  excitation 
which  alters  the  permea- 
bility of  the  iron  circuit 
(Fig.  75). 

§  10.  Analysis  ol  E.M.F. 
wave  into  its  fundamental 
+. — —f         ..  and     harmonics. — By 

o  — '  -—  _^  _       Fourier's    theorem,    as    is 

01(1  L<VP  X          £.          well   known,   any   periodic 

w*    M*    H*     in*  4K>*    110*  mo*   a40*  tn*  MO*  HO*   w  •/       jr 

FIG.  74  -Combined  E.M.F  of  col  on       Action,  however  complex 
smooth  armature.  or  distorted  may  be  the  form 

of  its  curve,  so  long  as  it  is 

single-valued  and  finite,  may  be  represented  by  the  sum  of  a 
series  of  sine  curves  of  different  frequency,  phase,  and  amplitude, 
the  number  of  such  component  curves  increasing  with  the  complexity 
of  the  function. a  Or  expressed  analytically,  if  y  is  any  periodic 
function  of  frequency  /  periods  per  second, 

y  =  C-r-Cj  sin  (a*H-0i)+Ca  sin  (2otf+0a)+C8  sin  (3orf+08)+etc 

where  Clt  C^  C3,  etc  ,  are  the  amplitudes  of  the  different  constituent 
curves.  The  angular  velocity  CD  being  a  constant  =  2/jrf,  at  is  an 
angle  varying  with  the  time,  and  0±,  6%,  08,  etc  ,  are  the  phases  of 
the  different  constituents.  Or  the  same  expression  may  also  be 
written  as 
y  =  C+Cj.  sin  2rr/  (<+*..) +Ca  sin  *af  (*+*,) +C8  sin  &nf  (*+/8)  + 

1  Cp  Chap   XXVI. 

1  See  Fleming,  The  Alternate-Current  Transformer,  voL  1,  chap  m,  §§  2-6, 
and  especially  S  P.  Thompson  Dynamo-Electric  Machinery,  vol.  2,  chap,  i^, 
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where  tlt  t^  tB  .  .  .  are  the  times  when  each  component  wave  first 
passes  through  zero.  If  the  X  axis  along  which  time  is  measured 
divides  the  curve  of  a  single  period  into  a  positive  and  a  negative 
half  of  equal  area,  the  constant  C  vanishes,  and  this  is  normally 
the  case  with  alternating  E  M  F.'s  or  currents.  Of  the  remaining 
terms  the  first  containing  sin  (cot  -\-  6^  obviously  passes  through 
a  cycle  of  values  in  the  same  time  as  the  complex  periodic  function, 
and  so  has  the  same  frequency  ,  the  second  containing  sin  (2cot  +  02) 
has  double  the  frequency,  and  so  on.  Hence  the  first  is  called 
the  fundamental,  and  the  rest  from  the  analogy  of  "  overtones  " 
in  acoustics  are  called  the  harmonics  of  the  first  term.  The  second 
term  of  double  frequency  is  strictly  called  the  first  harmonic,  the 
third  term  of  triple  frequency  the  second  harmonic,  and  so  on.  The 
first,  third,  etc.,  harmonics,  the  frequencies  of  which  are  even 
multiples  of  that  of  the  fundamental,  are  known  as  the  even  har- 
monics, and  similarly  the  second,  fourth,  etc.,  are  known  as  the  odd 

Volts 


FIG.  75  —  Open-circuit  EMF  curves  of 

alternator,    (A)   with  moderate,  and  (B) 

•with  strong  excitation 

harmonics,  their  frequencies  being  uneven  multiples.  By  some 
writers  the  fundamental  term  is  called  the  first  harmonic,  and  the 
terms  of  double,  triple,  etc.,  frequency  are  called  the  second,  third, 
etc.,  harmonic,  but  with  either  terminology  the  odd  and  even 
harmonics  have  reference  to  the  multiple  which  their  frequency  is 
of  that  of  the  fundamental. 

If  even  harmonics  are  present,  either  the  two  half  -waves  of  the 
complex  periodic  function  are  entirely  dissimilar,  or,  if  they  have 
the  same  shape,  they  are  passed  through  in  opposite  order  in  point 
of  time,  the  rise  e  g.  of  the  negative  half  -wave  repeating  the  decline 
of  the  positive  half-wave,  and  vice  versd.  Since  in  alternators 
successive  poles  are  as  far  as  possible  made  of  equal  strength  and  of 
similar  distribution  of  flux,  even  harmonics  very  rarely  occur  and 
may  be  regarded  as  exceptional.  In  the  absence,  then,  of  even 
harmonics  the  general  expression  for  an  alternating  E.MF.  or 
current  becomes 


y  =  CiSin  (atf+flJ+Casin  (3co*+0a)+C6  sin  (5orf+0B)  +  ,  .  .  etc, 
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B  A.  B 

If  6  =  tan'1  T,  so  that  cos  0  =  —-. and  sin  6  = 


.       .. 

Ba  42  -f  B2 

it  follows  by  trigonometry  that 

VA*  +  52  sin  (/8  +  0)  =  ^  sin  0  +  B  cos  0 

/  -B, 

Hence  if  for   Cj,  above  is  substituted  VAj?  +  2V,  where  -3- 

•"•i 

=  tan  0j,  the  first  term,  may  also  be  resolved  into  the  sum  of  two 
terms,  At  sin  at  +  Bt  cos  tot ,  analogously,  the  second  term  becomes 

7D 

A  8  sin  Scot  +  B8  cos  3co£,  where  -/•  =  tan  03,  and  similarly  for  all 

A3 

the  other  harmonics.  This  simply  amounts  to  a  statement  of  the 
fact  that  if  any  radius  vector  as  C±  is  resolved  into  two  components 
at  right  angles  to  each  other,  and  one  of  these  components  is  so 
chosen  that  it  lags  by  the  angle  0L  behind  Clt  the  instantaneous 
value  G!  sin  (cot  +  6J,  or  the  projection  of  Cx  on  the  datum  axis,  is 
equal  to  the  sum  of  the  instantaneous  values  A±  sin  cot  -f  Bj_  cos  cot 
or  the  projections  of  A±  and  B±  on  the  same  axis  ;  or,  when  plotted 
by  rectangular  co-ordinates,  the  curve  of  Cj  is  at  any  moment  equal 
to  the  algebraic  sum  of  the  ordinates  of  the  A±  and  B^  curves  Thus 
each  constituent  sine  curve  of  the  complex  periodic  function  may 
itself  be  resolved  into  a  pair  of  curves,  a  sine  and  a  cosine  curve  of 
the  same  frequency,  and  the  general  expression  for  the  alternating 
function  becomes 

y  =  AI  sin  cot  +  A&  sin  3a>t  -f  As  sm  Scot  +  .  ,  . 
+  B!  cos  tot  +  B3  cos  Scot  +  56  cos  Scot  +  .  .  . 

It  will  now  be  seen  that  all  the  sine  components  pass  through  zero, 
and  all  the  cosine  curves  reach  their  maximum  at  one  and  the  same 
time,  and  the  reason  for  making  this  transformation  is  that  in  this 
form  the  sine  and  cosine  amplitudes  A  and  B  for  any  particular 
harmonic  are  readily  obtainable  either  by  analytic  or  graphical 
methods  One  of  the  quickest  methods  is  that  given  by  Dr.  S.  P. 
Thompson  (loc  nt ,  or  Eleclncwnt  vol  55,  p.  78),  based  on  Runge's 
method,  and  a  convenient  schedule  for  practical  use  on  a  similar 
principle  has  been  given  by  A  E.  Clayton1 ,  after  detennining  by 
either  of  these  methods  the  values  of  A  and  B  for  any  harmonic, 
they  are  easily  recombined,  and  the  phase  relation  of  lag  or  lead 
determined  for  the  harmonic  from  the  typical  relation 

+  B^  sin  (cot  +  tan'1  -£-  J  =  ^  sin  (cot  +  0J. 

1  Journ  I.EE ,  vol  59,  p  491,  where  the  degree  of  accuracy  is  also 
investigated  A  set  of  tables  on  a  different  method  is  given  in  Electrical 
World  and  Engineer  (vol.  43,  p  1024) ,  cp.  also  R.  Seattle  (Elect? ,  vol  67, 
p  326),  La  Conr  and  Bragstad,  Theory  and  Calculation  of  Electric  Currents, 
pp.  195  ff ,  and  P  Kemp,  Supplement  to  vol.  57,  Journ.  I.E.E ,  p.  85. 
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When  an  alternating  E.M  F.  (or  current)  with  only  odd  har- 
monics is  resolved  into  a  Fourier  series,  its  virtual  or  R.M.S. 
value  is 


+  C32  +  0+     )  = 

^  e.  the  square  root  of  half  the  sum  of  the  squares  of  the  amplitudes. 

If  e  =  Oj  sin  (cat  +  0a)  +  C3  sin  (Scot  +  03)  +    .... 
and  *  =  D!  sm  (cat  -f  ^x)  +  DS  sin  (3o>£  +  <£3)  +  . 

the  average  power  or  mean  product  of  simultaneous  values  of  e 
and  *  over  a  half-period  is  the  algebraic  sum  of  the  powers  resulting 
from  the  fundamental  E.M  F  and  fundamental  current  and  from 
each  of  the  harmonic  E.M.F.'s  and  currents,  i.e  half  the  sum  of  the 
products  of  the  amplitudes  of  similar  order  with  due  regard  to  their 
relative  phase-angles  (^  -  ^),  etc.,  as  in  Chapter  VI,  §  13  ;  t  e.  the 
true  watts  are 


COS  (*!-&)  +  COS    (03-^)  +    •        • 

When  further  resolved  into  sine  and  cosine  terms,  with  the  typical 
relations  VA^  +  Bj"  =  C1(  and  V^2  +  K^  =  D1;  these  several 
sine  and  cosine  curves  are  in  phase,  and  the  mean  power  is  half  the 
sum  of  the  products  of  the  amplitudes  of  similar  sine  or  cosine  terms 
taken  in  pairs  from  each  expansion,  i.e. 


In  order  to  analyse  with  considerable  accuracy  the  E  M  F  curves 
of  alternators,  it  is  often  sufficient  to  determine  only  the  funda- 
mental and  the  harmonics  of  triple  and  quintuple  frequency,  those 
of  highei  frequency  forming  but  a  small  residuum.  The  importance 
of  such  analysis  lies  in  the  fact  that  the  determination  of  the  fre- 
quency of  the  principal  components  whose  amplitudes  bear  an 
appreciable  percentage  ratio  to  that  of  the  fundamental  throws 
light  on  the  causes  to  which  the  distortion  of  the  wave-shape  is  due. 
Further,  for  exhaustive  study  of  the  conditions  in  an  alternating 
circuit  it  is  necessary  to  consider  not  merely  the  equivalent  sine 
waves  for  EMF  and  current,  but  also  the  several  effects  and 
powers  from  the  fundamentals  and  harmonics,1  especially  if  capacity 
is  present  and  resonance  may  occur. 

The  distribution  of  the  flux  over  the  pole-pitch  is  seldom  itself 
so  exactly  sinusoidal  that  on  the  assumption  of  perfectly  constant 
speed,  which  is  very  nearly  attained  m  practice,  it  will  give  a 
sinusoidal  curve  of  E.M  F.  Harmonic  terms  are  therefore  required 

1  Cp.  Steinmctz,  Alternating  Current  Phenomena,  chaps,  xxv-xxvii  (5th 
edit). 
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in  order  to  express  the  actual  curve  of  E.M.F.  ;  e.g.  a  flat-topped 
curve  requires  a  triple  and  quintuple  harmonic  in  combination  with 
the  fundamental  in  order  to  express  it  even  approximately. 

§  11.  The  E.MJ1.  of  the  heteropolar  alternator  in  terms  o!  the 
fundamental  and  harmonics  ol  the  field.—  But  not  merely  can  the 
fundamental  and  harmonics  of  the  E  M  F.  wave  be  found  '  it  can 
itself  be  expressed  in  terms  of  the  fundamental  and  harmonics  of 
the  flux-curve  of  the  field 

Since  a  single  conductor  gives  with  a  sinusoidal  field1  an  instan- 
taneous E.M  F.  of  LVBat  maa  sin  wj  x  10"8  volts,  a  second  conductor 
displaced  from  the  first,  say,  in  another  slot,  by  an  electrical  angle  y0 
(also  reckoned  on  a  basis  of  180°  =  one  pole-pitch)  will  similarly 
give  an  instantaneous  E.M  F.  =  LVBtts  „„  sin  (a)6t  +  ye)  X  1Q-8. 
The  algebraic  sum  of  two  sine  curves  of  equal  periodic  time  and 
amplitude,  but  displaced  from  one  another,  is  shown  by  simple 
trigonometry  to  be  another  she  curve  of  the  same  periodic  time, 
displaced  in  phase  from  either  of  its  components  and  having  an 
amplitude  which  is  necessarily  less  than  twice  that  of  either  com- 
ponent.  Although  there  may  be  no  direct  differential  action  under 
a  pole-face,  this  reduction  in  amplitude  is  due  to  the  two  components 
not  coinciding  in  phase,  and  may  be  expressed  by  a  differential  factor. 
Now  since  the  component  E.M.F/S  of  a  number  of  conductors  or 
coils  traversing  a  sinusoidal  field  are  all  sinusoidal,  by  an  extension 
of  the  same  process  of  compounding  sine  curves  the  resultant 
amplitude  as  compared  with  that  due  to  one  conductor  multiplied 
by  the  number  of  conductors  in  series  in  a  phase  can  be  readily 
calculated  mathematicaUy,  as  will  be  shown  in  the  next  section, 
and  later  in  Chapter  XXV.    They  can  be  added  as  vectors  graphi- 
cally or  by  trigonometry,  and  in  relation  to  a  sinusoidal  field  there 
is  no  difficulty  in  determining  the  value  of  the  resultant  differential 
factor  for  any  number  of  slots  or  coils  or  for  any  kind  of  winding. 

Considering  the  total  number  of  active  conductors  which  form  a 
path^  in  senes  and  yield  one  combined  phase  of  E.M  F.,  they  may 
be  divided  rato  a  number  of  belts  or  sheafs,  each  one  of  which 
corresponds  to  one  pole.  Let  t  be  the  number  of  active  conductors 
in  one  such  belt  ;  i.e.  in  the  drum  coil  if  undivided,  t  is  the  number 
of  conductors  in  one  coil-side  or  the  number  of  turns  in  the  large 
coil,  but  if  the  coil  is  divided  into  two  halves,  t  is  equal  to  twice 
the  number  of  turns  in  the  half-coil.  Thus  in  Fig.  65  or  Fig  66  the 
belt  corresponding  to  one  pole  consists  of  six  active  conductors 
and  this  is  formed  either  by  the  single  coil-side  or  by  the  adjacent 


^^ 

-  tfSSZl  S3S 
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sides  of  two  divided  coils.  In  the  drum  alternator  which  from  its 
practical  importance  is  alone  being  considered  here,  the  duplicate 
belt  of  active  conductors  forming  the  opposite  coil-side  has  also  to 
be  considered  at  the  same  time.  In  addition,  therefore,  to  the  differ- 
ential action  within  the  belt  forming  a  coil-side,  whether  the  con- 
ductors are  grouped  in  two  or  more  slots  or  are  uniformly  distributed 
over  some  fraction  of  the  pole-pitch,  there  will  be  a  difference  of 
phase  between  the  E  M.F.'s  of  the  two  coil-sides  if  the  mean  pitch 
y'  between  the  two  belts  is  less  than  the  full  pole-pitch  Y  (Fig.  60). 
Thence  there  results  a  further  reduction  in  the  amplitude,  which 
must  be  taken  into  account  in  the  differential  factor. 

The  instantaneous  E.MF  of  two  belts  corresponding  to  one 
pole-pair  may,  therefore,  be  expressed  as  2t  LV  kdt  Bg8  maa  sin  eo^ 
X  10'8,  where  k^  is  the  factor  expressing  all  the  effects  of 
differential  action  and  the  subscript  letter  s  serves  to  keep  before 
the  mind  that  a  sinusoidal  field  is  alone  under  consideration.  Further 
in  the  whole  machine  if  there  are  p  pairs  of  poles,  there  are  p  such 
large  undivided  coils  or  p  pairs  of  divided  coils,  situated  similarly 
to  one  another,  and  therefore  in  phase  with  one  another  ;  these 
again  may  be  divided  into  q  parallel  paths,  where  q  may  be  one  or  two 
or  any  whole  number  of  which  p  is  a  multiple,  so  that  the  E  M.F. 

P 
of  a  phase  is  due  to  —  coils     Finally  if  Nph  be  the  number  of  separ- 

a 

ate  phases  (§  7),  and  Z  be  the  total  number  of  active  conductors 
counted  all  round  the  armature  periphery,  the  number  of  conductors 

Z 

in   one  belt   corresponding  to  a  pole  is  t  —  Tr~oT-    The  total 

instantaneous  E.M.F.  of  one  phase  as  due  to  a  simple  sinusoidal 
field  is  therefore 

p          2Z 
**          X  X  LVk*£*™»*™  <»J  X 


time  being  reckoned  from  the  instant  when  the  axes  of  the  coils  are 

in  line  with  the  centres  of  the  sinusoidal  fields.   Since  V  =     gA  , 

oU 

where  D  is  the  diameter  in  cm., 
ea  =  (rrVL       X     —  X  10-")  kdl  B0,  „„*  sin  o>^  .        .       (26) 


=  c  .  kdtBas  ma!B  sin  &et  volts 
where  c  is  the  constant  within  the  bracket  for  a  given  machine,  * 

1  Although  it  has  above  been  supposed  in  deducing  the  formula  that  there 
is  a  whole  number  of  slots  per  pole,  so  that  each  succeeding  pole-pitch  is  a 
repetition  of  the  first,  this  assumption  is  not  essential  when  A^  ia  adjusted 
to  suit  a  fractional  number  of  slots  per  pole. 
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As  already  stated,  the  flux-distribution  under  the  pole  of  an  alter- 
nator is  seldom  strictly  sinusoidal,  but  whatever  the  shape  of  the 
flux-density  curve,  since  it  is  single-valued,  finite  and  cyclic,  it  can 
always  be  resolved  into  a  Fourier  series  of  sinusoidal  waves,  the 
expression  for  the  flux-density  being  thus  in  general 

Bgl an  (o+  OJ+Ba sin  (3a-f  6»)+Ba  sin  (5a+0fi)  +  .      -     (27) 

No  even  harmonics  are  present  in  normal  cases,  and  the  subscript 
numerals  indicate  respectively  the  fundamental  and  higher  uneven 
harmonics. 

Now  all  that  has  been  said  of  the  E.M  F.  due  to  a  simple  sinusoidal 
field  is  equally  true  of  each  separate  sinusoidal  component  of  the 
actual  complex  field,  provided  only  that  k^  is  given  its  proper 
value  appropriate  to  the  »th  harmonic,  and  this  will  now  be  sym- 
bolized as  kan  The  total  instantaneous  EM.F.  of  a  phase  is 
therefore 

ea  =  c[  ktl  Bal  sin  (coj  +  0J  +  *«s  Bg3  sin  (3coJ  +  0a) 

+  k*Basrn(5a>f  +  9J  +  ..      j     .     (28) 

Thus  the  E.M.F.  in  a  single  coil  may  be  expressed  as  the  sum  of  a 
number  of  components  due  to  the  several  sine  waves  of  the  flux- 
density,  and  m  a  phase  as  the  sum  of  the  sinusoidal  components  of 
the  E.M  F  *s  of  the  coils.  In  either  case  any  component  may  be 
represented  by  a  vector  or  rotating  radius  of  length  proportional 
to  the  amplitude,  whose  projection  on  a  time  axis  will  measure  its 
value  at  any  instant 

§  12.  The  addition  of  vectors  and  general  expression  lor  the 
differential  factor. — The  addition  of  a  number  of  vectors,  each  of 
the  same  length  and  displaced  successively  from  one  another  by 
the  same  angle  ^»  enters  into  so  many  problems  in  connection  with 
the  design  of  both  continuous-current  and  alternating-current 
machinery  that  the  subject  will  first  be  introduced  in  a  general 
manner 

If  ql  vectors,  each  of  length  e  and  displaced  consecutively  by 
the  same  angle  ip,  are  drawn  either  end  to  end  or  radiating  from  a 
common  centre  after  the  fashion  of  Fig.  76,  the  sum  of  their  pro- 
jections on  any  two  rectangular  co-ordinates  or  axes  at  right  angles 
to  one  another  and  each  passing  through  the  starting  point  of  the 
first  vector  or  through  the  centre  0  from  which  they  radiate,  will 
yield  respectively  the  two  series 

e  [sin  a + sin  (<H-v)+sin(a+2y>)-f-  •  •  •  •  +sm  |°  +  (?i~l)  V\1 


sin 
e       ^  *'  "     .        .      (29) 

sin^r 
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ande[cos  a+cos  (a+-y)-fcos  (a+2y)+   .   .  +cos  | 

cos)a+  (ft-l)|[  sin  ft  | 

=  e — (         ^ .         .       (30) 

y 

sin  £ 

Here  a  is  the  angle  of  displacement  of  the  first  vector  from  the  axis 
upon  which  the  cosine  series  is  measured,  the  sine  series  giving  the 
projections  on  the  second  axis  at  right  angles  thereto,  and  ip  may 
be  positive  or  negative.  The  summations  are  stated  at  once  as 
they  are  to  be  found  in  standard  works  on  trigonometry,  and  by 
inserting  various  values  for  a  or  y>,  the  special  forms  required  in 
practice  are  quickly  found. 

Usually  the  maximum  value  of  the  vectorial  sum  in  point  of  time 
is  required,  as  given  by  the  projections  of  the  component  rotating 
vectors  or  of  the  closing  vector  of  the  polygon  upon  an  axis  of  time. 
Just  as  in  a  clock  diagram  the  projections  of  the  rotating  radii  upon 
a  vertical  axis  of  time  give  their  instantaneous  values,  so  also  the 
projection  of  the  closing  side  of  the  polygon  if  rotated  about  0 
gives  the  instantaneous  value  of  the  sum  For  this  to  be  a  maximum, 
it  is  evident,  when  ql  is  uneven,  that  the  central  vector  must  coincide 
with  or' be  parallel  to  the  vertical  axis  by  reference  to  which  time 
is  measured,  the  remaining  vectors  being  paired  on  either  side  of 
the  central  vector  (Fig.  76,  i),  while  if  ql  is  even,  they  must  be 
placed  symmetrically  on  either  side  of  the  vertical  axis  (Fig.  76,  u). 
In  these  circumstances,  making  use  of  the  sine  series,  the  angle  a 
by  which  the  first  vector  is  displaced  from  the  horizontal  axis  becomes 

7T  W  W  W 

-  -  (ft  -  1)  £.    Since  sin  ft  ••?•  and  sin  £  are  constant,  it  is  obvious 

ft  ft  ft  it 

from  (29)  that  the  sum  is  a  maximum  when  sin  j  a  •+•  (ft  -  1)  |-  (  is 

(  2) 

7T  W 

a  maximum,  and  that  this  is  a  maximum  when  a  =  -  -  (ql  -  I)  £. 

ft  A 

Thus,  at  the  chosen  instant  when  the  vectorial  sum  is  a  maximum, 
its  value  is 

V 
sin  ft  £ 

=  e (31) 

•    V 
Sm2 

Or,  making  use  of  the  cosine  series  on  the  same  vertical  axis  of 
time,  the  angle  a  by  which  the  first  vector  is  displaced  from  it  is 

-  (ft- 1)  ~,  and  cos  \  a  -f  (ft- 1)  5  j  =  cos  0°  =  1»  so  that  for 

the  same  instant  the  same  result  may  also  be  reached  from 
expression  (30). 
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If  the  vectors  are  paired  as  mentioned  above,  with  &  uneven  and 
a  central  vector  giving  its  full  effect  as  shown  in  Fig.  76,  i,  then  at 
the  chosen  instant  the  vector  sum  is 

OA  +  2AB  +2BC+  .  .  .  . 
=  e  j  !+2cosy)-f-2cos2y>+2cos3y+  ....  +2cos(fc-  1)  ^ 

With  q-i  even,  there  is  no  central  vector,  but  when  they  are  paired, 
their  sum  falls  on  the  line  bisecting  the  angle  between  the  central 
pair  and  is 

+  2AB  +  .     .  . 


o 

1.  Uneven  number  of  vectors.  11.  Even  number  of  vectors. 

FIG   76  — Addition  of  vectors. 

Either  of  the  above  two  series  is  therefore  the  equivalent  of  the 
preceding  series  and  can  be  shown  to  be  equal  to 

sin  ft  | 


. 
SU12 


which  is  the  ratio  of  the  vectorial  sum  to  the  magnitude  of  a  single 
vector  of  amplitude  e.  But  the  arithmetical  sum  of  the  amplitudes 
is  g-fi,  so  that  the  ratio 


vectorial  sum  of  the  amplitudes 
arithmetical  sum  of  the  amplitudes 


V 
Sln  ?1  2 

*» 
ft  si»  2" 
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The  virtual  values,  as  for  an  alternating  E  M  F.,  being  in  each  case 
proportional  to  the  amplitudes,  the  same  ratio  is  the  differential 
factor  for  sinusoidal  E  M.F.'s  differing  in  phase,  expressed  in  its 
most  general  form. 

The  same  expression  is  also  reached  by  another  method  which 
is  often  employed  in  considering  the  subject.  As  it  brings  out 
additional  features,  it  is  also  here  given.  In  Fig.  77  if  6  be  h'alf  the 


FIG   77  —  Deduction  of  differential  factor. 

angle  subtended  at  the  centre  of  the  circle  of  radius  R  by  the  vector 
of  length  AB,  and  there  are  q^  vectors,  the  angle  .406  =  q^O     Then 

Ab       AE 


Aa 
_ 

AE_ 
~AB 


AB 
_==s 

sin  £3.  6 
sin  6 


But  the  arithmetical  sum  of  the  vectors  is  q1  times  AB.    Therefore 
the  ratio 

vectorial  sum        sin  ft.  6 
arithmetical  sum      q%  sin  0 
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But,  as  shown  at  the  side  of  Fig.  77,  the  angles  OBA  and  OAB  are 
each  equal  to  w/2  -  y/2  ,  the  remaining  angle  BOA  of  the  triangle 
is  therefore  equal  to  y,  and  6  —  y/2,  so  that 


_^ 
arithmetical  sum 


vectonal  sum        sln  ^  2 


ft 


When  <k  is  very  large,  and  8  correspondingly  small,  for  q±  sin  6 
may  be  written  q$.  In  the  limiting  case  of  an  infinite  number  of 
vectors  subtending  very  small  angles,  which  corresponds  to  a  winding 
perfectly  uniformly  distributed  over  some  arc  of  the  bore,  *  e.  over 
an  angle  %,  the  ratio  becomes 


vectonal  sum  2 

arithmetical  sum         y 


where  #  is  now  the  angular  width  in  radians  of  the  belt  over  which 
the  winding  is  uniformly  distributed.  1  This  ratio  is  also  equal  to 
chord  ,  y  Ab  chord  of  y,  y. 

—  ,    ior    sm  f   =  -g  =          ^          "*    2    m 

arc  of  y 

=       nn         Therefore  in  this  special  case 


differential  factor  =  _  =  .         .     (8a-) 

y/2          arc 

The  general  expression  (32)  will  be  applied  later  (in  Chapter 
XXV)  to  determine  k,n  in  definite  cases.2  One  further  case, 
elementary  in  nature,  but  of  fundamental  importance,  must 
however  here  be  added.  The  EMF.'s  in  the  two  sides  of  a 
drum  coil  are  in  phase,  so  far  as  their  action  round  Ihe  coil  as  a 
whole  is  concerned,  when,  as  separate  vectors,  they  are  exactly 
opposed  to  one  another  at  an  electrical  angle  of  180°  =  TT  radians 
If,  therefore,  the  mean  pitch  of  the  coil-sides  or  the  coil-span  when 
expressed  as  a  proper  or  improper  fraction  of  the  pole-pitch  is  Xa, 
the  relative  displacement  of  the  two  vectors  of  the  coil  sides  for 

1  For  the  functions   -  and  the  late  Prof.  S.  P   Thompson 

a  ^  sin  a  r 

(Journ  I  E.E,,  vol  53,  p  240)  proposed  the  names  "  cursrne  "  and  "  persine," 
and  that  they  should  be  written     cursin  a  "  and  "  pers  Ql  a." 

a  Much  valuable  information  on  the  vectorial  treatment  of  EMF.'s  in 
both  alternators  and  continuous-current  machines  is  given  in  The  Shape 
of  the  Pressure  Wave  vn.  Electrical  Machinery,  by  S  P.  Smith  and  R  3  H. 


Boulding,  JIEE,  vol    53,   p.  226,   and   Theory  of  Amafiw  Windings. 
by  S  P  Smith,  J.LE.E  ,  vol  55,  p.  18, 
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insertion  m  expression  (32)  as  tp  is  ir(l  -  h)  ',  whence  the  pitch,  or 
coil-span  differential  factoi  is  for  the  fundamental 

SUITT  (1-A0)  77 

k  *i  = ~  =COS2~  ^~Ac) 

2  sin  2  (1  -  4,) 

or  m  general  for  any  order  n  of  harmonic 

7T  fi 

&",B  =  cos  w  -  (1  -  Ac)  =  cos  «  2   •         •         •     (33) 

where  e  is  the  excess  or  deficiency  by  which  the  coil-pitch  differs 
from  the  pole-pitch,  and  the  E  M  F  's  of  the  two  sides  depart  from 
synchronism  in  phase.  As  Fig  78  shows,  the  two  sides  OA,  OB 

A 


i 
B  O 

FIG    7a — Pitch  differential  factor  of  drum  coiL 

being    equal,   and  the   two   angles    OA  B,    OB  A    each    of    value 
„  !L  (1  _  ;g,  AB  =  2BC  =  20B  cos  M  ^  (1  -  Ac). 

§  13.  Resolution  of  the  field  density  into  fundamental  and 
harmonics. — At  no  load,  the  curves  of  flux  for  each  pole-pitch  being 
not  only  similar  but  symmetrical  within  themselves  about  their 
middle  ordinate,  no  cosine  or  B  terms  are  required,  all  harmonics 
having  a  phase  of  0°  or  180°.  The  no-load  flux-curve1  will 
therefore  be  expressible  as 

B01  sin  a  +  BaZ  sm  3a  +  Bg5  sin  5a  +      .  .  .        .     (34) 

Fig.  79  shows  how  closely  a  flat-topped  curve  is  reproduced  with 
harmonics  of  only  triple  and  quintuple  frequency,  the  equation  to 
the  curve  being  in  percentages 

y  =  100  sin  a  -f  20  sin  3a  +  3  5  sin  5a (35) 

Under  load  the  resultant  flux-curve  becomes  distorted  in  shape 
and  cannot  be  so  simply  expressed.  An  approximate  curve  com- 
posed of  only  a  few  terms  is  shown  in  Fig  80,  its  equation  being 

y  ss  bin  a  +  55  sin  (3a  +  45°) 

-  i  sin  (5a  H-  45°)  -  ^  sin  (7a  +  90°) 

1  Any  one  or  more  of  the  harmonic  amplitudes  Bgt,  Bgt,  etc.,  may  itself 
be  negative. 
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or  in  percentages 

y  =  100  sin  a  -f  11-1  sm  (3a  +  45°) 

-4  sin  (5a-f-45°)-2-04  sin  (7a+  90°). 

Here  a  is  measured  from  the  origin  of  the  fundamental,  but  the 
resultant  curve  is  found  to  pass  through  zero  at  -  1-6°,  so  that  when 


V  ./ 

0        16°      30°     45°     80°     76°      00°    10B°    120"    136°    150°    16B°    ISO* 

FIG  79 — No-load  flnx-curve  in  terms"*of  fundamental 
and  harmonics. 

a  is  measured  from  the  origin  of  the  resultant  curve,  the  same 
equation  becomes 

y  =  d  sm  (a+  0J  +  d  sm  (3a  +  08)  +  .  .  .  . 
=  100  sin  (a- 1  6°)  -f  11-1  sin  (3 a  +  45°  -  4  8°) 

- 4  sin  (5a  -f- 45° -8°}- 2  04  sin  (7 a  +  90°- 11-2°) 
=  100  sin  (a- 1-6°)  +  11-1  sin  (3a  +  40-2°) 

-  4  sm  (5a  +  37°)  -  2-04  sin  (7a  +  78  8°) 

The  amplitudes  Clt  C3  .  .can  then  be  resolved  into  A  and  B 
terms,  by  the  relation  Al  =  d  cos  flu  Bx  =  d  sin  0X,  4,  =  Ca 
cos  03  ....  and  the  equation  becomes 

y  =  99-96 sin  a  4-  8-46 sin  3a- 3-19  sin  5a- 0-386  sin  7a 

-  2-79  cos  a  +  7-165  cos  3a  -  2-4  cos  So  -  2-00  cos  7a       (36) 
in  which  form  it  is  more  readily  applied  to  practical  calculations. 
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§  14.  The  virtual  E.M.F.  in  terms  ot  the  fundamental  ot  the 
flux-density  curve. — The  full  purpose  and  advantage  of  such  a 
division  of  the  E.M.F.  into  its  sinusoidal  components,  and  its 
extension  to  the  case  of  an  alternator  under  load,  must  be  left  for 
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FIG.  80  — Flux-curve  (distorted  under  load)  in  terms 
of  fundamental  and  harmonics. 


discussion  at  a  later  stage. 
E.M.F.  of  the  phase  is 


But  pioceedmg  therefrom  the  virtual 


a.Bs 
V2 


B 


-I- 


Taking  the  highest  values  for  Boa  and  B^  that  are  likely  to  occur 
in  practice,  viz.,  ±  24  per  cent,  and  i  10  per  cent,  respectively  of 
BK,  it  can  then  be  shown1  that  with  the  values  for  kt3  and  k^,  etc., 
given  by  normal  tmee-phase  windings,  the  value  for  the  radicle  is 
only  slightly  increased  above  unity  and  that  there  is  but  little 


1  See  "  Note  on  the  Use  of  the  Fundamental  of  the  Flux  Curve  in  E.M.F. 
Calculations,"  by  S.  Neville,  in  Papers  on  ih&  Design  of  Alternating  Cwrwtt 
Machinery,  by  Hawkins,  Smith,  and  Neville  (Pitman  &  Sons),  p.  <38.  "* 


where  7;—^  is  the  form  factor  of  the  E.M.F.  wave  = 
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c  k  i.  B 
error1  in  identifying  Ea  with  the   first  term   only,   -  '  '/n  "  > 

which  is  the  virtual  E.M.F.  from  the  fundamental  only  of  the  flux- 
density  wave.  Hence  within  the  limits  of  accuracy  required  m 
practice,  the  higher  harmonics  have  so  little  effect  on  the  virtual 
E  M.F.  of  the  phase  that  we  may  say 

£«  =  ^  kelBoi  jf-j  ~  <nDL  x  10-"  volts      .         .     (37) 

which  should  be  compared  with  equation  (5«)  for  the  average  torque. 
The  area  of  the  fundamental  of  the  flux  curve,  or  the  fundamental 

2 

flux  taken  out  of  the  complete  Oa  curve  is  ^  =  •*-  BttlYL,  and 

irD 
Y  =  -TIT-,  so  that  ^  =  BalDL/p,  and  in  terms  of  Oj 

—  7  -\T 

.         .    (37«) 

virtual  value 
average  value" 
The  last  equation  should  be  compared  with  equation  (5d ) 

It  must  here  be  specially  noted  that  if  the  total  flux  Oa  is  inserted 
and  the  value  kA  appropriate  to  a  sinusoidal  field  is  retained,  a 
greater  error  is  introduced  than  occurs  with  the  above  close 
approximation. a 

§  15.  The  E.M.F.  equation  of  the  heteropolar  alternator  in  terms 
ol  the  total  flux. — The  fundamental  equation  of  the  E  M.F.  induced 
in  the  armature  of  a  heteropolar  alternator  can,  however,  be  given 
in  another  equally  important  form,  which  covers  in  one  term  the 
effect  of  different  shapes  of  flux  curve  or  E  M.F.  wave. 

Using  the  same  symbols  as  in  Chapter  IV,  §  6,  the  average  density 
of  the  flux  cut  by  a  conductor  is  k  Bg  moa>l  and  its  average  E  M.F. 
is  kBamnxLV  X  10-8.  The  gross  average  E.M  F.  induced  by  the  two 
belts  of  a  complete  coil  of  t  turns  would  therefore  be  2tkBgnuu,LV 
X  1CK  This  average  E  M.F.  would  be  practically  realized  m  a 
toothed  or  tunnelled  armature  with  concentrated  winding,  the  wires 
of  each  belt  being  then  wound  all  in  the  same  slot  or  hole,  and  the 
mean  pitch  of  the  belts  being  equal  to  the  pole-pitch.  But  with 
grouped  or  distributed  winding,  a  distinction  must  be  drawn  between 
the  gross  average  value  of  the  E.M.F.  of  all  the  conductors  on  the 
supposition  that  there  is  no  differential  action  at  all  between  them, 

1  Even  when  the  3rd  harmonic  is  not  eliminated  from,  the  line-pressure 
by  "  star  "  interlinking  of  the  phases  of  a  three-phase  alternator,  the  above 
statement  is  true ,  still  smaller  is  the  error,  when  it  is  eliminated 

•  S.  Neville,  loc.  otf 
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and  the  net  average  E  M.F.  which  is  the  arithmetical  mean  of  all 
the  instantaneous  values  of  a  half-wave  of  the  actual  E  M.F.  The 
latter  is  less  than  the  gross  average  obtained  on  the  supposition 
that  each  active  conduct  or  always  assists  every  other,  by  some  amount 
depending  on  the  extent  to  which  the  E.M.F.  of  some  conductors 
is  at  times  neutralized  or  lessened  by  that  of  others.  As  already 
shown  in  §§  4  and  11,  there  must  be  some  differential  action  as 
each  belt  passes  across  the  neutral  line  between  two  poles,  and 
especially  will  this  be  the  case  if  the  width  of  the  belt  exceeds  the 
width  of  the  gap  between  two  neighbouring  poles  of  opposite  sign. 
Again,  whether  the  width  of  the  belt  be  large  or  small,  there  will 
be  differential  action  between  the  two  belts  unless  then-  mean  pitch 
be  exactly  equal  to  the  pole-pitch.  The  effect  on  the  average 
E.MF.  must,  therefore,  be  discounted  by  multiplying  the  gross 
average  by  a  certain  differential  factor,  or  as  it  is  also  called  "  wind- 
ing factor,"  ka,  which  is  analogous  to  kds  of  §  11,  but  is  not  confined 
to  the  case  of  a  sinusoidal  field. 

The  net  average  E  M.F.  of  the  single  undivided  coil  as  a  whole 
is  then  ka .  k .  2Ba  maa  tLV  X  10'8,  and  the  net  average  E.M  F. 
of  the  pair  of  divided  coils  which  is  the  exact  equivalent  of  the  single 
large  coil  is  of  course  the  same.  The  value  of  kd,  or  the  ratio  of  the 
net  average  to  the  gross  E  M.F.,  like  that  of  kdv  will  depend  upon 
the  ratio  of  the  pole-width  to  the  pole-pitch,  upon  the  spacing  of 
the  slots  in  which  the  conductors  of  a  belt  are  wound,  or  the  ratio 
of  width  of  coil-side  to  pole-pitch,  and  also  upon  the  mean  pitch 
of  the  coil-sides,  whether  equal  to  or  a  fraction  of  the  pole-pitch  ; 
while  it  may  approach  unity,  it  must  always  be  less  than  1  if  the 
coil-side  has  any  width 

The  shape  of  the  instantaneous  E  M.F.  curve  of  the  coil  still  has 
to  be  taken  into  account  in  order  to  find  its  virtual  E.M  F.  as  given 
by  the  square  root  of  the  mean  square  ;  for  with  the  same  average 
value  the  E  M.F.  curve  may  vary  greatly  in  form  according  to  the 
density  of  the  lines  in  the  air-gap  where  they  are  cut  by  the  wires 
Let  kf  =  the  ratio  which  the  square  root  of  the  mean  square  bears 
to  the  mean  ordinate  of  the  EMF.  curve,  its  value  being  also 
dependent  upon  the  relative  widths  of  coil  and  pole ;  then  the 
virtual  E.M.F.  of  the  single  individual  coil  or  of  the  pair  of  divided 
coils  is 

kf  X  the  net  average  E.M.F.  =  kt .  ka .  k  25,  maa  tLV  X  10'8 

,  ,         virtual  E.M  F.   . 

and  kf  =  _  _ ,  .„  is  the  form  factor,  since  it  vanes  with  the 

r      average  E  M.F. 

shape  or  form  of  the  E.M.F.  curve.    The  more  peaked  the  curve, 
the  higher  the  form  factor. 
As  in  §  11,  there  are  in  a  phase  p  such  coils  which  may  be  divided 

2 

between  q  parallel   branches,   and    t  —  ,,      0  .      The    virtual 
3 
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E.M  F.  induced  in  one  phase  of  the  armature  winding  is  therefore 
£„  =  £-.  kf.kd.2kBg  mam  X  N^   ^  X  LV  X  10-8 


=  kf.ka.  kBa  mtta  X  ^       a  X         X  TrDI  X  10-8  volts     (38) 
•Wj*  •  ?      DU 

The  reason  for  the  retention  of  Ba  mw  in  the  above  equation  in- 
stead of  writing  Ba  ao  in  place  of  k  Ba  maa  is  that  in  practice  the 

nDL 
average   density   and  total   flux   of   a  pole-pitch  k  Ba  ma!0  —^r 

cannot  be  greatly  modified  except  by  alteration  of  Bg  maatl  so  that 
the  latter  is  really  the  limiting  factor  and  will  prove  to  give  the 
greatest  amount  of  information  in  the  processes  of  design.  The 
interpretation  to  be  put  upon  B0  mtm  in  the  case  of  a  toothed  armature 
will  be  explained  in  Chapter  XVI. 


Since  <S>a  =  kBamaxr-  (Chapter  IV,   §  6),  for  kBg  max  L-nD 


may  be  substituted  2£tf>a,  and  in  terms  of  the  total  flux  of 
a  pole-pitch,  the  -virtual  E  M  F  may  also  be  expressed  as 

Ea  =  kf.kd.ty<baxN         X  srX  10-8 
"uA  •  2       °" 

=  fc,.V20flX       *      X^XlO-8      .         .         .     (380) 

^*jA  *  * 

which  should  be  compared  with  equation  (5e),  or  uniting  the  two 
factors  kf  and  k&  into  one  joint1  coefficient  K 


.        .        .     (38ft) 

fh  . 

4>N  Z 

Here  ^r  is  the  frequency  of  the   machine,  and  jj  —  is  the 

number  of  wires  in  series  in  one  phase.  As  a  general  rule,  there  is 
only  one  path  in  each  phase,  and  q  =  1.  The  numerical  value  of 
the  constant  K  will  vary  with  the  shape  of  the  poles  as  affecting 
the  distribution  of  the  lines  and  also  with  the  type  of  machine, 
yet  in  the  main  it  depends  upon  the  relative  widths  of  the  coils  and 
fields  as  compared  with  the  pitch  ,  certain  general  cases  may  there 
fore  be  taken  which  will  serve  as  guides  to  practice,  and  in  Chapter 
XXV,  the  values  for  such  cases  will  be  tabulated.  If  the  distribution 

77 

of  the  field  were,  in  fact,  sinusoidal,  kf  =  75—  j=,  ^becomes  identical 
o  ^YZ 

with    kg,,  kBg  maa  =  -  Bfl,  O0  =  $!,  and  equations   (38)   and 

IT 

(380)  reduce  to  equations  (37)  and  (37a). 

1  In  many  books  the  numerical  constant  2  is  likewise  thrown  into  the 
combined  coefficient,  which  then  becomes  fot  a  sine  curve  2-22. 
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If  the  E.M.F.  equation  of  the  alternator  in  its  fully  developed 
forms  be  now  compared  with  the  fundamental  equation  (7),  it  will 
be  seen  that  each  of  the  three  variables  still  finds  its  appropriate 
equivalent ;  instead  of  the  density  Bg  there  now  appears  the  total 
flux  of  one  field  3>a,  the  simple  length  of  the  one  active  conductor 
is  replaced  by  the  total  number  of  wires  Z,  and  the  velocity  of 
movement  reappears  in  the  number  of  revolutions. 

Again,  if  the  expressions  (5e)  and  (5f)  for  the  average  torque  in 
watts  per  rev.  per  min  be  multiplied  by  N,  and  divided  by 
/  #1*  •  9,  the  induced  E.M  F.  per  phase  necessarily  results,  so 
that  the  same  expressions  have  already  been  implicitly  arrived 
at  in  Chapter  IV  by  another  route  which  proceeded  from  the 
fundamental  fact  of  the  torque. 


7— (3063) 


CHAPTER  X 

HETEROPOLAR  CONTINUOUS-CURRENT  DYNAMOS 

§  1.  Continuous-current  machines  ol  Class  n  requiring  a  commu- 
tator.—Continuing  with  the  heteropolar  machines  which  form  our 
main  subject,  we  pass  to  the  last  great  group,  viz ,  those  which  give 
a  continuous  or  direct  current,  in  the  external  circuit.  Since  the 
E.M.F.  induced  in  each  armature  coil  formed  of  loops  alternates 
in  direction,  but  the  terminal  voltage  is  now  required  to  be  uni- 
directed,  some  form  of  commutator  developed  out  of  the  simple 
split -nng  of  Fig.  15  must  be  present.  Thus  by  the  addition  of  a 
commutator,  the  heteropolar  dynamo  is  as  it  were  artificially  made 
to  yield  a  urn-directed  voltage  at  the  terminals,  and  by  proper 
design  as  is  now  to  be  explained^his  voltage  can  be  rendered 
practically  constant,  so  that  it  becomes  a  continuous-current 
machine. 

The  purposes  to  which  such  machines  can  be  applied  are  so 
numerous  and  so  important,  that  they  are  used  more  extensively 
than  any  other  class  of  dynamos,  although  not  built  in  such  large 
sizes  as  alternators ;  whether  it  be  for  incandescent  lighting, 
charging  accumulators,  motor  driving  and  transmission  of  energy 
over  moderate  distances,  or  electro-deposition  of  metals,  they 
( can  be  used  for  all,  and  are  well  suited  for  most  purposes,  while  the 
'voltages  for  which  they  are  made  vary  from  5  to  3,000  volts 
Although  delivering  a  direct  current  to  the  external  circuit  beyond 
the  commutator,  yet  internally  they  remain  essentially  alternators. 
Their  characteristic  features  wdl  be  found  to  be  Ultimately  connected 
with  the  nature  of  the  winding  of  their  armatures.  In  all  cases  this 
forms  an  endless  helix  which  is  closed  upon  itself,  or  "  re-entrant," 
as  it  is  termed,  independently  of  any  connection  to  the  external 
circuit.  So  important  is  this  fact  and  its  consequences  that  they 
may  be  specially  regarded  as  machines  having  a  closed-circuit 
armature  winding,  although  such  a  type  of  winding,  as  will  be  seen 
later,  may  be  and  often  is  employed  in  heteropolar  alternators. 

§  2.  Necessity  for  short-circuiting  a  coil.— Since  the  voltage  of 
machines  belonging  to  the  present^  group  is  to  be  steady  and  free 
from  fluctuations,  it  is  reasonable"to  try  the  effect  of  placing  two 
or  more  coils  on  the  armature  in  positions  which  are  not  symmetrical 
relatively  to  the  poles,  so  that  when  one  coil  is  giving  its  maximum 
E.M.F,  and  another  is  approaching  zero,  the  crest  of  the  one  wave 
may  be  added  to  the  hollow  of  the  other.  We  have,  therefore,  first 
to  determine  how  the  E.MLF.'s  of  such  coils  can  be  combined  to- 
gether, their  connection  with  the  external  circuit  being  still  reversed 

170  {  4 


HETEROPOLAR  CONTINUOUS-CURRENT  DYNAMOS    171 


at  the  right  moment  when  the  direction  of  the  E.M  F.  induced  in 
them  changes. vNext,  and  most  important,  this  must  be  done 
without  opening  or  breaking  the  entire  circuit.  To  effect  this, 
whenever  a  coil  is  injihe  position  of  reversal  of  E  M.F  between 
two  adjacent  poles,  Tt  is  short-circuited  on  itself.  If  each  of  the  two 
brushes  of  Fig  15  is  made  to  touch  both  sectors  of  the  split-ring 
simultaneously  at  the  moment  of  reversal,  the  coil  is  closed  upon 
itself  for  a  short  time  through  the  brush,  and  this  allows  the  current 
previously  flowing  round  the  coil  in  the  one  direction  to  die  away, 
and  a  current  in  the  reverse  direction  round  it  to  be  started  by  the 
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FIG.  81  — Two  coils  90°  apart,  connected  in  series. 

reversed  E  M.F.  as  it  approaches  the  next  pole.  The  brushes 
must  be  so  set  that  the  short-circuiting  takes  place  approximately 
at  the  position  of  zero  E.M  F.,  and  the  curve  of  E  M  F  of  the  loop, 
as  given  in  Fig.  15,  is  thus  practically  unaltered. 

§  3.  Two  coils  at  right  angles. — Starting,  then,  in  the  two-pole 
case  with  a  pair  of  coils  at  right  angles  to  each  other,  and  connected 
to  a  pair  of  split -rings  displaced  relatively  to  each  other  by  a  corre- 
sponding angle  of  90°,  we  must  keep  the  gaps  small,  give  the  brushes 
a  sufficiently  wide  contact  surface,  and  set  them  in  such  a  position 
and  at  such  an  angle  to  the  spht-rmgs  that  they  bridge  over  the 
insulating  material  between  the  sectors  whenever  a  coil  is  in  the 
position  of  reversal.  Next,  let  one  brush  of  one  split -nng  be  con- 
nected with  the  brush  on  the  opposite  side  of  the  other  ring  ;  thus 
Fig.  15  will  take  the  form  shown  in  Fig.  81,  which  represents  a 
two-coil  ring,  and  by  its  side  the  corresponding  drum-wound  arma- 
ture ;  for  the  sake  of  clearness,  the  armature  shaft  on  which  both 
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split -rings  would  be  mounted,  and  the  connecting  wires  which  join 
the  ends  of  the  coils  to  the  sectors  are  omitted,  the  connexions  being 
merely  indicated  by  corresponding  numerals.  Brush  a'  is  joined  to 
brush  b,  and  the  remaining  pair  of  brushes  form  the  terminals  to 
which  the  external  circuit  is  applied  ;  as  shown  in  the  figuie,  coil 
B  is  in  the  position  of  reversal,  and,  therefore,  is  short-circuited 
through  its  brushes  ;  the  current  flows  into  a,  through  coil  A,  which 
is  alone  supplying  EM.R,  and  out  by  a'  into  b  and  b'.  But  a 
moment  later,  when  the  armature  has  moved  farther  round,  botli 
coils  will  be  in  action,  and  neither  will  be  short-circuited  by  the 
brushes  ;  the  current  due  to  the  E.M.F.  induced  in  both  will  now 
flow  through  coil  A,  and  thence  through  coil  B,  leaving  thu 
ai  mature  by  brush  &'.  As  the  armature  continues  to  rotate,  coil 
A  will  in  turn  be  short  -circuited  by  its  brushes  when  it  reaches 
the  second  position  of  reversal,  and  coil  B  will  alone  supply 
E.M.F.  to  the  external  circuit ;  finally,  both  coils  will  come 
again  into  action,  until  B  is  again  short-circuited  at  the  end  of 
half  a  revolution. 

The  armature  circuit  is  thus  never  broken,  and  no  coil  is  ever 
open-circuited  ,  each  gives  a  curve  of  E.M.F.  as  shown  in  Fig.  15, 
but  the  important  result  has  been  obtained  that  the  two  coils  arc 
now  m  series,  and  the  curve  of  the  total  E.M.F.  acting  at  the  brushes 
a  and  bf  will  be  given  by  adding  together  simultaneous  ordinatcs 
of  the  two  separate  curves  and  plotting  their  sums  as  a  third  curve. 
This  has  been  done  in  the  lower  part  of  Fig.  81,  the  curve  C  D  show- 
ing the  effect  of  adding  together  in  senes  the  component  (dotted-hne) 
E.M.F.'s  generated  at  each  instant  in  the  two  coils.  The  two  coils 
are  now  either  in  series  or  one  of  them  is  short-circuited  on  itself  ; 
as  the  E.M.F.  induced  in  one  coil  is  diminishing  in  value,  that  of  the 
other  coil  is  rising,  so  that  at  45°,  135°,  225°,  and  315°  the  two  aie 
equal,  and  the  total  E.M.F.  then  reaches  a  maximum,  while  it  never 
falls  below  the  value  of  the  maximum  E.MF  given  by  one  coil  when 
in  the  position  of  best  action.  At  once  it  will  be  seen  that  the 
fluctuations  in  the  third  full-line  curve  of  joint  E.M.F.,  though 
still  marked,  are  very  much  reduced  in  value  from  what  they  are 
when  each  coil  acts  separately.  Expressed  as  a  percentage,  the 
fluctuation,  which  is  roughly  100  per  cent,  on  either  side  of  a  mean 
value  in  the  case  of  a  single  coil,  is  reduced  to  about  30  per  cent, 
hi  the  case  of  two  coils  in  series. 

A  further  step  towards  greater  constancy  of  E.M.F.  would  be 
made  by  arranging  still  more  coils  at  successive  small  angles  m 
front  of  each  other,  so  as  to  come  into  and  out  of  action  successively  , 
with  four  coils  arranged  with  angles  of  45°  between  neighbouring 
pairs,  the  eight  undulations  in  a  revolution  would  be  much  smaller, 
and  the  fluctuation  would  be  reduced  to  only  10  per  cent,  on  either 
side  of  the  average  value  throughout  a  revolution/ 
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§  4.  Division  of  the  winding  into  two  halves  in  parallel.— Next, 

let  the  arrangement  of  Fig.  81  be  repeated,  so  as  to  obtain  four 
coils  symmetrically  placed  round  the  armature,  and  each  with  its 
ends  attached  to  its  own  split -ring  commutator  (Fig.  82).  As  in 
Fig  81,  a  current  can  be  collected  from  coils  A  and  B  by  applying 
the  external  circuit  to  brushes  a  and  b  ;  similarly,  a  current  can  be 
collected  fiom  coils  A'  and  B'  by  applying  the  external  circuit  to 
a'  and  br.  If  therefore  we  join  all  the  brushes  consecutively  on 
opposite  sides  of  the  commutators,  and  finally  join  brush  b'  to  brush 
a,  both  currents  can  be  collected  by  applying  the  external  circuit 
to  brushes  a  and  b  as  before.  We  now  have  a  dynamo  giving  an 


l/t  ^  '       •"""  Dram. 

FIG.  82. — Four  coils  90°  apart,  connected  in  two  parallels 


E.M.F.  curve  identical  with  that  of  Fig.  81,  but  carrying  twice  the 
current ;  the  two  halves  of  the  armature  winding  are  in  parallel, 
and  the  current  entering  at  a  divides  within  the  armature  into 
two  equal  portions,  one  flowing  through  cods  A  and  B,  and  the 
other  through  B'  and  A',  the  two  reuniting  to  leave  at  b.  If  the 
separate  brushes  and  separate  commutators  are  now  replaced  by 
one  cylindrical  structure  divided  into  four  sectors  insulated  from 
each  other,  upon  which  one  pair  of  brushes  rests,  the  effect  is 
to  convert  the  whole  winding  of  the  armature  into  a  closed  spirally 
wound  coil,  joined  at  intervals  to  commutator  sectors.  •  The  end 
of  one  coil  is  consecutively  joined  to  the  beginning  of  the  next, 
as  the  numerals  show,  until  the  end  of  the  last  is  joined  to  the 
beginning  of  the  first.  Fig.  83  shows  the  joint  commutator  in 
perspective,  and  below  are  shown  the  connections  of  the  coils , 
at  the  right  of  the  diagram  the  brushes  are  shown  in  the  act  of 
short-circuiting  coils  A  and  A'.  The  whole  is  now  symmetrical 
on  both  sides  of  the  brushes,  and  rotation  can  be  indefinitely 
continued  without,  at  any  time,  breaking  the  circuit  or  leaving  any 
coil  open-circuited.  As  soon  as  any  coil  passes  away  from  one 
pole-piece,  it  is  short-circuited  under  a  brash,  and  passes  over  into 
the  other  half  of  the  winding.  The  complete  closed-circuit  armature 
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is  now  seen  to  justify  its  name,  not  only  because  a  coil  is  never 
opened,  but  also  because  it  is  itself  a  closed  helix,  formed  of  a  number 
of  continuously  wound  loops  ;  starting  from  any  point,  the  winding 
can  be  traced  right  round  the  armature,  without  any  break,  until 
the  starting-point  is  again  reached.  The  brushes  must  be  set  at 
the  opposite  ends  of  a  diameter  nearly  corresponding  to  the  neutral 
hne  of  zero  field. 

§  6.  Bight-coil  bipolar  armatures. — Having  once  arrived  at  an 
armature  winding  divisible  into  two  halves  in  parallel,  it  is  easy  to 
pass  from  two  coils  in  each  half  to  three  or  four,  or  any  larger 
number,  in  each  half ,  all  that  is  necessary  is  to  introduce  more 


B' 
FIG.  83 — Four-part  commutator. 


sectors  into  the  commutator,  each  forming  a  connection  between 
the  end  of  one  coil  and  the  beginning  of  another. 

Figs  84  and  85  show  two  drum  bipolar  armatures,  each  with 
eight  coils,  but  the  one  lap-wound  and  the  other  wave-wound  The 
difference  in  the  winding  will  be  dealt  with  in  the  next  Chapter, 
but  if  the  development  of  the  winding  at  the  foot  of  each  diagram 
be  traced  out,  it  will  be  seen  that  each  is  closed  on  itself  and  is 
divisible  into  two  halves.  The  letters,  a.  b,  o,  etc.,  mark  corre- 
sponding portions  of  the  end-connectors,  where  they  would  ioin 
if  the  armature  were  again  bent  up  into  a  cylinder.  The  loops 
ahort-cmnirtedby  the  brushes,  being  situated  near  to  the  neutral 
line  of  zero  field,  are  left  blank,  while  the  direction  of  the  E  M  F 

by  crosses  and  dots  or 


L^lT  ""^  by  crosses  and  dots  or  «"»  »  & 

§  6.  The  nature  o!  the  closed-circuit  annatwe^The  fundamental 
condition  being  that  HI  all  the  active  conductors  ^  say  41 
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N.  pole  tile  E  M  F.'b  induced  along  their  lengths  are  in  the  opposite 
direction  to  the  E.M  F.'s  in  the  active  conductors  under  the  S. 
pole,  an  inspection  of  Figs  84  and  85  shows  that,  by  both  methods 
of  winding,  the  small  E  M  F.'s  induced  simultaneously  in  the  several 
coil-sides  are  added  together  in  each  half  of  the  winding,  so  that  it 
is  their  sum  winch  causes  half  the  total  armature  current  to  flow 
through  each  path  from  one  brush  to  the  other.  |  Every  bipolar 
closed-circuit  armature  over-wound  with  coils  may  be  divided 
diametrically  into  two  halves  by  a  line  corresponding  to  the  diameter 
of  commutation,  or,  in  other  words,  by  a  line  at  nght  angles  to  the 
general  direction  of  the  lines  of  flux  as  they  cross  from  the  one  pole- 
piece  to  the  other ;  along  the  outside  of  the  half  which  is  on  the 
one  side  of  the  dividing  line,  say  under  the  N.  pole,  there  is  a  sheet 
of  current  flowing  in  all  the  conductors  in  the  one  direction,  as  viewed 
by  an  observer  at  either  end ;  while  along  the  outside  of  the  other 
half,  the  sheet  of  current  flows  in  the  opposite  direction.  The 
brushes  remaining  stationary  on  the  revolving  commutator  form  the 
contacts,  by  which  the  current  is  collected  from  both  halves  of  the 
winding,  and  passed  into  or  returned  from  the  external  circuit  ; 
while  further,  by  short-circuiting  the  coils  which  are  in  the  position 
of  zero  E.M.F.,  they  serve  also  to  "  commute  "  the  current,  or 
enable  a  coil  to  pass  from  the  one  half  of  the  armature  over  to  the 
other,  where  the  current  round  it  is  in  the  reverse  direction.  I  The 
commutator  sectors,  which  are  at  any  moment  situated  between 
the  brushes,  serve  merely  as  junctions  between  the  end  of  one  loop 
or  coil  of  many  loops  and  the  beginning  of  the  next,  but  their 
true  function  is  called  out  as  rotation  continues,  and  they  pass 
successively  under  the  brushes. 

To  decrease  still  further  the  fluctuations  of  the  E.M.F.,  more 
coils  or  "  sections  "  can  similarly  be  wound  on  to  the  armature, 
with  a  conespondmgly  increased  number  of  commutator  sectors. 
The  amount  of  fluctuation  with  a  given  number  of  sectors  depends 
upon  the  shape  of  the  curve  of  E  M.F.  yielded  by  each  section  of 
the  winding,  and  so  upon  thematic  of  the  polar  arc  to  the  pitch. 
The  more  pointed  or  triangular  the  shape,  the  less  the  fluctuation, 
but  if  the  pole-width  is  not  more  than  about  0-70  of  the  pitch,  as 
in  practice  is  usually  the  case,  any  number  of  sectors  more  than  15 
per  pole  may  be  regarded  as  giving  a  sensibly  constant  E.M.F. 
at  the  brushes.  With  a  large  number  of  commutator  parts,  the 
simple  tubing  divided  as  shown  in  Fig.  83  has  to  be  replaced  by  a 
built-up  structure,  consisting  of  a  number  of  wedge-shaped  bars  or 
sectors  of  hard-drawn  copper  placed  side  by  side,  but  completely 
insulated  from  each  other  by  intervening  strips  of  mica,  so  as  to 
form  a  smooth  cylinder  upon  which  the  brushes  rest,  the  whole 
being  insulated  from  the  sleeve  and  collars  by  which  the  sectors 
are  held  tightly  together. 
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0§  7.  Multipolar  continuous-current  armatures. — Fiomthe  bipolai 
armatures  of  Figs.  84  and  85  are  immediately  derived  the  multi-pohu 
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Fio.  84. — ^Lap-wound  tvro-pole  drum  annature, 
C  =  8,  y*  *m  7,  y,  «  -  5,  yt  =  m  =  l. 

armatures  of  Figs.  86  and  87.  The  dotted  lines  show  the  former 
armatures  repeated,  the  back  and  front  pitches  being  retained 
unaltered.  The  winding  will  be  discussed  in  the  next  Chapter, 
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but  the  diagrams  are  here  introduced  to  illustrate  two  types 
of  multipolar  armatures  in  which  the  winding  is  divisible,  not  into 
two  halves  in  parallel,  but  into  as  many  paths  m  parallel  as  there 
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FIG  85. — Wave-wound  two-pole  drum  armature, 
C  -  8,  yH  «  7,  yv  =>  7,  y0  «  7. 

_jire.  poles.  This  division  is  effected  by  the  brushes,  of  which  there 
are  as  many  sets  as  there  are  poles,  the  alternate  brushes  of  +  sign 
and  the  alternate  brushes  of  -  sign  being  respectively  joined  to- 
gether to  form  a  pair  of  terminals  to  which  the  external  circuit  is 
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applied     As  in  the  2-pole  dynamo  there  are  two  neutral  lines 
where  the  coils  have  their  E  M  F  reversed,  and  two  corresponding 
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FIG  86.  —  Four-pole  lap-wound  armature, 
U  «.  32,  C  =  16,      C'  =  8 
^B  -  7,    yF  =  -  5,  y0  mm  tn  •=  1. 

points  on  the  commutator  where  the  current  is  collected,  so  now 
there  are  %p  such  points,  and  each  of  the  4-pole  machines  of  Figs. 
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FIG  87. — ^Four-pole  duplex  wave-wound  armature  (a  =  p  <st  2), 

U  -  32.  C   -  16,  C'  «  8, 

yB  a    1,  yr  **    7,  y0  —  7. 
Single  helix  (y0  an  odd  number  prime  to  C,) 
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86  and  87  is  essentially  two  bipolar  machines  in  paiallel,  together 
capable  of  carrying  four  times  the  current  that  each  quartei  of  the 
winding  could  cairy  separately.  If  q  be  the  number  of  paths  in 
parallel  from  -  brushes  to  -f  brushes  in  the  continuous-current 
machine,  q  is  here  =  2p. 

Thus,  as  contrasted  with  the  alternator,  in  which  the  winding 
may  be  open-ended,  the  number  of  parallel  paths  q  in  the  armature 
of  the  continuous-current  machine  with  its  closed-circuit  winding 
can  never  be  less  than  2,  and,  if  more  than  2,  must  be  a  multiple  of 
2.  Hence  in  general,  q  —  2a,  where  a  is  the  number  of  pairs  of 
parallel  paths  from  -  brushes  to  -f-  brushes. 

Of  the  windings  above  shown  with  q  =  2p,  owing  to  certain 

disadvantages  in  the  wave  equivalent  (Chapter  XI,  §  20),  the  lap 

form  is  by  far  the  most  common — so  much  so  that  it  may  be  regarded 

as  the  winding  which  gives  as  many  pairs  of  parallel  paths  through 

I  the  armature  as  there  are  pole-pairs.    It  is,  in  fact,  the  essential 

characteristic  of  lap-winding  that  it  must  under  all  circumstances 

give  at  least  as  many  pairs  of  parallel  paths  as  there  are  pole-pairs, 

/  although,  as  will  be  seen  later,  it  may  give  more. x 

§  8.  Rise  and  fall  of  potential  round  armature  and  commutator. — 
The  winding  of  closed-circuit  armatures  being  continuous,  at  any 
moment  there  are  points  on  it  which  are  abreast  of  each  neutial 
plane  where  the  flux  changes  direction  relatively  to  the  armatme. 
These  points  are  therefore  points  on  the  armature  winding  fixed 
relatively  to  the  poles ;  whether  a  commutator  is  or  is  not  attached  to 
the  winding,  at  one  such  point  on  a  neutral  line  the  potential  of 
the  armature  is  at  its  lowest  and  on  another  such  point  at  its 
highest,  whence  it  again  falls.  There  is,  therefore,  a  difference  of 
potential  between  two  such  successive  points  in  the  winding  coin- 
ciding with  neutral  lines  of  the  field,  and  the  continuous  rise  or 
fall  of  potential  from  one  to  the  other  has  now  to  be  examined. 

With  q  paths  in  parallel  from  +  brushes  to  -  brushes,  the  numbei 
of  conductors  in  series  in  each  is  =  Z/q,  and  of  coils  in  each  is 
Zftqt  —  Cjq,  where  t  is  the  number  of  turns  in  a  coil.  Consider  a 
finite  number  of  coils  2X  =  2C/q  disposed  at  equal  angular  dis- 
tances of  in,  electrical  degrees  round  the  entire  double  pole-pitch 
of  a  smooth  armature  in  a  two-pole  field.  Thus  ^  =  ir/X,  and  it 
will  be  shown  in  the  next  Chapter  how^  will  equally  well  represent 
•  the  relative  displacement  of  the  coils  in  the  field  of  a  double  pole-pitch 
used  as  a  standard  of  reference  in  the  case  of  a  multipolar  machine, 
and  for  wave-winding, 2  as  well  as  for  lap-winding.  Although  each 

i  The  simplex  form  of  lap-winding  is  here  alone  considered  j  its  further 
development  into  multiplex  forma  is  treated  in  Chap.  XI,  §  IS. 

B  When  the  coils  successively  passed  through  in  each  tour  of  the  armature 
are  inserted  m  thoir  proper  sequence  in  the  standard  reference  field  of  a  double 
{tote-pitch. 
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coil  may  have  t  turns,  the  width  of  a  coil-side  is  assumed  to  be  so 
narrow  that  it  may  be  regarded  as  concentrated  on  a  single  line. 
Let  the  flux-density  curve  be  resolved  into  its  fundamental  and 
harmonics  as — 

Bg  =  A i  sin  a.  -\-  AB  sm  3  a  -J-  .  .  .  . 
+  Bj  cos  a  -f-  B3  cos  3  a  H-  .... 


0)X= Whole  no 


(ii)X= Whole  no  +J 
First  position  Second  position 

FIG.  88. — Positions  for  minimum  and  maximum  F.M.F.'s. 

Let  &it  &3,  .  .  .  blf  bs  .  .  .  be  the  maximum  value  or  amplitude 
of  the  sinusoidal  EM.F.'s  due  to  each  component  of  the  field, 
i.e.  =  (2t  LV  x  10-a)  multiplied  by  kA"  A^  or  ka*  Aa  or  7ertff  Bv  etc., 
as  the  case  requires,  where  kal",  k&"  .  .  .  are  the  appropriate 
differential  factors  for  the  particular  pitch  spanned  by  a  coil  or 
the  mean  distance  between  its  sides  (see  Chapter  IX,  §  12,  equation 
(33) ). 

As  the  starting-point,  let  the  moment  be  taken  when  the  axis 
of  a  drum  coil  is  at  right  angles  to  a  neutral  plane  of  the  supposed 
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two-pole  field.    This  is  represented  by  the  first  positions  of  Fig 
88,  although  here  for  simplicity  each  coil  is  regarded  as  of  full-pitch 
and  is  diagrammatically  represented  by  a  nng  loop  actually  coin- 
ciding with  the  neutral  line  when  in  the  starting  position  of  zero 
EM.F. 

When  X  =  a  whole  number,  whether  even  or  uneven  (Fig.  88,  i), 
a  second  critical  position  is  found  when  the  coils  have  moved  through 
half  their  angular  pitch,  i.e.  through  /j,/2,  and  all  coils  are  in  action. 
After  this,  the  values  of  the  instantaneous  E  M  F.'s  begin  to  repeat 
>  in  reverse  order,  and  a  cycle  is  completed  when  the  angle  /*  has  been 
moved  through.  A  new  coil  has  then  replaced  the  first  coil,  and 
the  original  end  coil  has  passed  into  the  other  half  of  the  complete 
winding.  The  two  chosen  positions  will,  therefore,  give  the  limits 
between  whicji  the  E.M.F.  of  coils  or  sectors  varies.  For  the 
present,  commutator  and  brushes  are  supposed  absent,  and  it  is 
merely  desired  to  find  the  instantaneous  potential  along  the  coils, 
or  the  total  difference  of  potential  between  the  two  points  on  the 
winding  helix  which  at  any  moment  are  situated  on  the  neutral 
lines  of  the  field. 

In  the  first  position,  the  instantaneous  total  E.M.F.  between 
A  and  D  is 

=*=  ^  {sin  0°  +  am  ft  4-  sin  2/t  +  sin  30  +  .  .  +  sin  (X  -  1)  ft] 
+  aa{3in  0°  4-  sm  3ft  +  sm  6/t  +  sm  9/t  4-  .  +  sin  (X  -  1)  3/t} 
+  aB{sin  0°  4-  sm  50  +  sin  10/«  +  sin  150  4-  .  .  >  +  sin  (X  -  1)  50} 

4- 

4-  bi{cos  0°  +  cos  /t  +  cos  2/*  +  cos  3^  4-  ...  +  cos  (X  -  1)  /t} 
4-  b,{cos  0°  4-  cos  3/i  +  cos  6ft  +  cos  9/t  +  .  .  .  +  cos  (X  -  1)  30} 
4-  T)6{cos  O8  4-  cos  Sfi  +  cos  10ft  4  cos  150  +  ...  +  cos  (X  -  1)  5/^ } 


The  addition  of  the  first  vertical  column  (including  the  constant 
terms)  will  give  the  E.M.F.  of  coil  1,  of  the  second  vertical  column 
the  E.M.F.  added  by  coil  2,  and  so  on.  The  addition  of  the  first 
two  columns,  therefore,  will  give  the  potential  of  the  junction 
between  coils  2  and  3,  reckoned  from  zero  on  the  first  neutral  hue. 

For  x  coils  (including  No.  1)  out  of  the  number  X  per  path,  the 
general  expression  for  the  potential  at  the  end  of  the  arth  coil  or 
junction  between  the  #th  and  (x  +  l)th  coil  is  given  by  substituting 
0°  for  a,  n(j,  (where  n  is  the  order  of  the  harmonic)  for  y>  and  x  for 
yx  in  equations  (29)  and  (30)  Thence  it  is 


(39) 
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Or  in  full  the  E  M.F.  is— 

sin  (*-!)£    sin  *£          sin(*-l).sfa*  sm  (*-  1)     f    sin  *  ' 


cos  (*  -  1)  £  .  sin  ,  £         cos  (*-  1)3£   sin  *  |f  cos  (»-  1)  Sg.  an  *  §f 

+i'  -  -^    +i  —  is—  ^    *K  -- 

£2.  2 

111  the  second  position,  the  total  instantaneous  E.M.F.  is  — 
=»  ai    sin       +  sin          +  ----      +  sin  (2X  -  1) 


cos  (2X  -  1)     - 


Hence  for  this  position  the  general  expression  for  the  potential  at 
the  end  of  the  xih  coil  is  obtained  from  equations  (29)  and  (30)  by 
substituting  np/2  for  a  and  «/*  for  ip.  This  reduces  to — 

nu 
sin  x  -jr. 

2  \  nu,  nu) 

-i  an  sin  x  —  -f  Dn  cos  x  -g  \-     .        .     (40) 

Ubing  the  expression  for  the  no-load  flux-curve  of  equation  (35), 
the  instantaneous  results  for  the  eight-coil  armatures1  of  Figs. 
84  and  85  are  shown  in  Fig  89  to  the  same  scale  for  the  two  positions. 
Here  the  thinner  lines  mark  the  rise  and  fall  of  the  potential 
along  the  winding,  the  dots  marking  the  junction  of  adjacent  coils. 
Since  the  commutator  sectors  are  connected  to  these  junctions, 
the  heavier  stepped  curves  drawn  through  the  dots  show  the  potential 
of  commutator  sectors.  As  the  number  of  coils  per  pole  is  increased, 
the  two  curves  draw  together,  and  both  approximate  more  nearly 
to  a  sine  curve. 

If  a  polygon  of  vectors,  each  representing  the  maximum  E.M.F. 

1  When  arranged  as  a  two-layer  winding,  so  that  the  pitch  of  the  coils 


can  be  full,  and  ft/  =  cos  n    =  1 
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of  a  coil,  be  drawn  for  the  fundamental  or  any  order  of  harmonic 
in  the  flux  curve,  as  in  Fig.  90,  and  it  be  imagined  to  rotate  about 
its  centre  at  the  corresponding  speed,  then  if  any  two  points  be 
taken,  such  as  e  g.  B,  D'  or  A',  D'  at  the  ends  of  vectors  (i  e.  in  tho 
winding  at  the  junctions  of  coils  and  therefore  accessible  points 
to  which  a  circuit  can  be  applied),  the  projection  of  the  closing 
vector  BD'  or  A'D'  upon  a  vertical  time-axis  AD  wiU  give  the 
instantaneous  value  of  the  voltage  between  B  and  D'  or  A'  and  D', 
these  being  two  points  fixed  in  the  winding  and  moving  with  it. 
But  when  the  instantaneous  voltage  between  two  neutral  lines, 

Volts 
15 


10 


0         45'        90"       135-      180"      Z25'      270°      315°      360* 

1st  position 
Volts 


0"        46°      90°      ia5"     180°      225°     270°     315°     360" 
2nd  position 

FIG  89.  —  Rise  and  fall  of  potential  in  the  two  positions 
(a)  1st  position,  minimum  EM.1T.    (6)  2nd  position,  maximum  E.M.F. 

being  two  points  on  the  winding  fixed  relatively  to  the  poles,  is 
required  as  in  the  continuous-current  case  and  the  number  of  coils 
is  finite,  the  position  of  these  two  points  on  the  rotating  polygon 
at  "each  instant  has  to  be  further  considered. 

When  X  is  a  whole  number,  as  so  far  assumed,  the  polygon  for  the 
fundamental  component  E.M.F.'s  and  also  for  any  harmonic  closes 
and  is  symmetrical.  In  this  case  the  E  M.F.'s  round  the  closed 
circuit  exactly  balance  for  each  harmonic,  and  although  the  E  M  F. 
between  two  neutral  lines  of  the  field  fluctuates,  there  is  no  circulat- 
ing current  round  the  armature  at  no  load,  and  no  unequal  division 
of  the  total  armature  current  under  load.  In  the  first  position  of 
Fig.  88,  i,  with  coil  1  on  the  neutral  line,  it  adds  no  E.M.F.,  and  the 
potential  of  points  A  and  D  on  the  winding  abreast  of  the  neutial 
lines  are  respectively  the  same  as  the  potentials  of  the  points  A' 
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and  D',  being  junction  points  of  coils  in  the  winding,  diametrically 
opposite  to  each  other.  The  voltage  between  A'  and  D'  then  grows 
just  as  the  voltage  between  A  and  D,  until  the  second  position  of 
Fig.  88,  i,  is  reached,  when  A'  coincides  with  A  and  D'  with  D,  after 
which  it  declines.  Thus  for  each  polygon  the  instantaneous  voltage 


between  two  neutral  lines  or  between  brushes  set  theieon  is  given 
by  the  projection  of  A'D'  upon  the  vertical  time  axis,  while  A'D' 
is  passing  across  the  vertical  from  its  first  position  in  Fig.  90  to  a 
similar  position  on  the  opposite  side  of  the  vertical,  when  another 
similar  cycle  commences.  It  is  in  fact  a  small  piece  of  the  curve 
of  voltage  between  two  coil-junctions  fixed  diametrically  opposite 
to  each  other  m  the  winding,  continually  repeated.  The  complete 
instantaneous  voltage  between  two  neutral  lines  is  the  sum  of  the 
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projections  of  A'D'  for  each  polygon  (fundamental  and  harmonics) 
upon  the  vertical  time-axis  AD.  Thus  the  continuous  series  of 
values  of  the  continuous-current  E.M  F.  can  be  traced  as  each  coil 
passes  from  the  first  position  to  a  third  position  similar  to  the 
first,  when  a  new  coil  coincides  with  neutral  line  A,  and  a  cycle 
is  complete.  Fig  90  shows  the  fundamental  polygon  for  the  pre- 
ceding case  of  X  —  4,  when  thus  treated,  and  to  double  the  scale  the 
third-harmonic  polygon.  For  the  latter  the  speed  of  rotation 
about  the  centre  is,  of  course,  three  times  that  of  the  fundamental. 

§  9.  The  percentage  fluctuation  ot  EJOV— It  is,  however, 
the  maximum  and  mmimum  total  E.M.F.'s  and  the  percentage 
fluctuation  on  either  side  of  the  mean  that  possess  the  chief  interest. 

For  the  total  set  of  coils  in  one  pole-pitch  of  the  standard  reference 
field,  *  e.  inserting  x  =  X  in  (39)  and  (40)  and  remembering  that 
fj,  =  ir/X,  the  expressions  proportional  to  the  minimum  and 
maximum  E.M.F.'s  become  respectively — 

7T  O7T  O7T 

COS  ;r^  COS  ^.  COS  ;r=. 

&U\.  £iJC\.  A*\. 

M  I        Q  I  -     A        ___^__  I  I A  I    1 

**1  *  '    *S  o_.      i     **5  e_    T^     ....  v^1/ 

^^     O  V  O  "V  O  "V" 

4L£\.  A  A.  4lJt\. 

and 

1          i  8          i  5          t  /  A  f\  \ 

—   _+—-*-_-  +  -  -  ,+....  (42) 


In  explanation  of  the  disappearance  of  the  b  terms,  it  should  be 
noticed  in  the  first  case  that  the  first  coil  with  cos  0°  =  1  gives  their 
maximum  values,  i.e.  \  +  ba  +  bs  +  .  .  .  .  which  must  add  up 
to  nought,  since  the  origin  of  the  curve  is  the  neutral  line  of  zero 
field  ;  all  the  other  coils  except  the  first  either  then  give  zero  E.M  F. 
or  can  be  paired  with  opposite  signs,  so  that  they  cancel  out.  In 
the  second  case,  all  the  b  terms  cancel  out  in  pairs  or  are  zero. 
Therefore,  in  either  case  no  b  terms  remain  in  the  total  E.M.F., 
whether  or  no  there  are  such  terms  in  the  components. 

Under  load  when  the  flux-curve  is  distorted,  the  percentage 

,    ,  ^.n  max.  -  min. 

fluctuation   on   either   side  of  the  mean,    or   100 r — 

max.  +  mm. 

calculated  for  increasing  values  of  X  cannot  be  satisfactorily  com- 
pared with  the  results  of  experiment,  since  in  fact  the  brushes  must 
have  appreciable  width  of  contact  to  carry  the  load  current,  and 
each  coil  when  short-circuited  by  them  is  virtually  withdrawn  from 
the  circuit  for  a  more  or  less  prolonged  time,  with  complex  secondary 
effects  obscuring  the  simple  case.  The  above  will,  however,  serve 
to  show  that  when  X  is  15  or  more,  the  fluctuation  is  very  small 
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On   no   load,   the   fluctuation   on   either   side   of   the  mean, 

max.  —  nun. 

i.e.  --  ;  ---   if  only  the  fundamental  were  present  would  be 
max.  -f-  J  r 


7T 


But  actually  this  is  increased  by  the  presence  of  harmonics 
and  if  the  field  be  regarded  as  completely  represented  by  the 
fundamental,  third  and  fifth  harmonics,  it  is  — 


The  presence  of  harmonics  may  then  appreciably  increase  the 
fluctuation.  Thus  for  the  no-load  flux-curve  previously  assumed, 
the  addition  of  the  third  and  fifth  harmonics  with  X  =  4  raises 
the  fluctuation  from  3  96  per  cent  for  the  fundamental  alone  to 
as  much  as  7J  per  cent,  in  all  Yet  when  the  number  of  coils  or 
sectors  per  pole  is  made  X  =  15,  the  fluctuation  above  and  below 
the  average  for  the  same  field  curve  becomes  i  0-45  per  cent  ,  or 
less  than  £  per  cent. 

£ 

§  10.  The  case  of  X  =  a  whole  number  +  a  fraction.--  When  X  =  -  is  not 

a  whole  number,  it  is  evident  tliat  each  path  will  at  times  include  one 
more  coil  than  at  other  times,  and  that  if  at  any  moment  one  path  includes 
more  than  the  average,  its  complementary  path  includes  less  than  the  average 
The  simple  case  of  X  =  a  whole  number  -J-  j-  is  here  considered  by  means  of 
Fig.  88  (11)  and  Fig.  91  for  X  »  4$,  t.c,  for  9  coils  per  pole-pair  A.  cycle 
is  now  completed  by  an  angular  movement  of  ^u/2,  so  that  the  second  position 
of  maximum  E  M.F.  is  given  by  a  movement  through  ^4.  Correspondingly 
the  fluctuation  is  reduced  for  the  fundamental  alone  to 

,  7T 

I  -  COS        : 


»•  in  our  case  0-765  per  cent  ,  or  much  less  than  for  the  higher  number  of 
X  -  5. 

In  contrast  to  the  case  of  §  8,  there  axe  no  two  coil-]  unctions  in  the 
winding  between  which  there  is  always  the  same  voltage  as  between  the 
neutral  lines. 

But  now  as  soon  as  the  armature  moves  past  the  1st  position  of  Fig.  88  (ii), 
the  one  path  between  A  and  D  includes  5  coils  or  5  vectors,  while  the  com- 
plementary path  has  only  4  Consequently  as  the  polygon  of  Fig  91  rotates 
about  its  «enfe«  at  0,  although  psepotipa  on  the  usual  vertical  tune-axis 
pa8S^rtlmsugfe'tfc«t  centre  wjll  gm  the  voltage  between  coil-junctions  and 
&e  «s4s  -of  ccwnj>iete  vectors,  the  vertical  hme  upon  which  by  projection  is 
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measured  the  instantaneous  E  M  F  between  the  neutral  lines  must  be  made 
to  slide  backwards  and  forwards  across  the  centre  in  correspondence  with  the 
movement  of  the  vectors  The  range  of  the  required  movement  of  translation 
on  either  side  of  the  centre  corresponds  to  f.i/4,  and  one  limit  corresponding 
to  ft /4  and  maximum  E  M  F  is  shown  by  AD  in  the  nght-hand  portion  ot  the 


diagram.    Again  owing  to  the  polygon  closing  there  is  no  circulating  current 
on  no  load  of  fundamental  frequency 

As  regards  the  3rd  and  higher  harmonics  of  the  flux-curve,  a  distinction 
must  be  drawn  between  the  cases  of  a  smooth  and  a  toothed  armature  In 
the  former  case  with  the  winding  in  one  layer,  the  span  of  the  coils  may  be 

e 


exactly  a  pole-pitch,  so  that  &  =  0,  and  ka 


cos  n 


1.    In  these  cir- 


cumstances there  is  again  no  circulating  current  from  the.  3rd,  5th,  and  7th 
harmonics  if  such  are  present  in  the  flux-curve,  the  polygon  for  the  first- 
mentioned  being  a  triangle  twice  traced.  Bat  if  a  9th  harmonic  is  present 
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in  the  flux-curve,  the  same  principle  of  construction  shows  that  the  polygon 
reduces  to  a  straight  line  which  revolves  through  a  circle  when  the  armature 
moves  through  fi  degrees.  There  is  thus  on  no  load  a  circulating  current 
having  a  frequency  which  is  9  times  or  2X  times  that  of  the  fundamental 
E.M  F  ;  its  direction  round  the  closed  circuit  alternates,  as  the  E  M  F  of 
one  or  the  other  half  of  the  winding  preponderates  under  the  action  of 
the  9th  harmonic  in  the  flux-curve. 

But  if  the  armature  be  toothed,  the  span  of  the  coils  must  be  a  whole  number 
of  slots,  say  4  (cp  Fig.  19,u),  and  the  minimum  deviation  from  an  exact 
pole-pitch  will  be  half  a  slot-pitch,  or  e  =  20°  So  far  as  the  fundamental 
E.M  F.  is  concerned,  this  will  imply  only  a  small  reduction  in  its  value  But 
for  the  3rd,  5th,  and  7th  harmonics  the  reduction  increases  rapidly,  until 

p 

finally,  for  a  9th  harmonic  in  the  flux-curve,  h^'  —  cos  n  =  =»  cos  90°  =  0, 

A 

and  no  E  M  F  from  it  is  possible.  Thus  by  the  action  of  the  coil-span  factor, 
harmonics  of  the  orders  9,  27,  45  ...  or  of  S',  35',  5S',  where  S'  is  the 
number  of  slots,  are  entirely  suppressed  in  the  E.M  F  ,  and  no  circulating 
current  is  present  therefrom. 

§  11.  The  E.M.F.  equation  of  the  continuous-current  heteropolar 
dynamo.  —  When  once  it  is  established  as  in  §  9,  that  the  amount 
of  fluctuation  of  E.M.F.  between  two  points  of  the  winding  on  the 
neutral  lines  of  the  standard  double  pole-pitch  is  negligible  on  full- 
load  and  no-load,  the  simple  equation  which  is  usually  given  for 
the  E.M.F.  equation  of  the  continuous-current  dynamo  can  be 
logically  deduced. 

The  assumption  that  the  E.M.F.  between  the  two  points  on  the 
armature  winding  that  at  any  moment  are  crossing  the  neutral  lines 
of  the  standard  two-pole  field  is  constant,  so  that  the  instantaneous 
and  average  values  coincide,  is  identical  with  the  supposition  that  for 

Z 
a  finite  value  of  Z,  X  is  made  infinitely  large  and  t  =  ^ 

Z 
=  jr-ry.  correspondingly  small,  or  more  strictly  that  the  armature 


winding  is  distributed  uniformly  over  the  whole  double  pole-pitch, 
and  further  that  the  subdivisions  to  be  considered  are  earned  past 
the  stage  of  coils  or  sectors  down  to  elemental  portions  of  a  turn. 

7T 

In  these  circumstances  in  expressions  (41)  and  (42),  for  sin  «  ^v 

«•  cos*££  1 

may  be  written  n  5™  and  both  and  become 

21  Sm"2lT  Sin*2lf 

equal  to  X  X  —  X  —  . 
^  IT     n 

Expressions   (41)  and   (42)   therefore   become   identical,  and 
equal  to 


a 

Turning  to  the  consideration  of  the  total  flux  of  a  pole-pitch, 
tihe*  areas  corresponding  to  the  B  components  always  cancel  out 


190  CHAPTER  X 

and  add  nothing  to  the  net  flux.    For  each  A  component  the  areas 
of  (n  -  1)  half -waves  in  the  single  pole-pitch  also  cancel  out,  leaving 

1       2 
only-  X  -  YLAn  as  the  net  addition  to  the  actual  flux  of  a 

J  »          IT 

pole-pitch. 

2 

Hence         Oa  =  —  YL  (A*  -f-  $AB  +  i  A*  -f  .  .  .  .) 

7T 


Let  kA"A  _ 

where  &'  only  becomes  unity  in  the  case  of  a  full-pitch  loop 

a 

for    which    kan"  =  cos  w  ^  =  cos  0°  =  1.    Then  the  maximum 

E.M.F.  between  the  two  points  on  the  winding  situated  at  any 
moment  on  the  two  neutral  lines  of  the  double  pole-pitch  used  as 
the  standard  of  reference,  is — 

„  ,    „  Z       T      wDW      ««. 

p     Z>    R  v         v   i    v  sr  1  A"" 

«     «    £></  rnaa  *  £    A  ^  X      gg      A   IV 

But  the  position  of  the  points  on  the  winding,  with  which  the 
positive  and  negative  brushes  respectively  make  contact  and  bet  ween 
which  the  E.M.F.  of  the  continuous-current  machine  is  to  be  found, 
may  not  be,  and  in  practice  seldom  are,  exactly  coincident  with  the 
neutral  lines  where  the  field  changes  direction ,  for  during  short- 
circuit  under  the  brush  the  current  in  a  section  of  a  closed- 
circuit  armature  has  its  direction  forcibly  changed,  and  this  may 
require  the  section  to  be  moving  in  a  reversing  field,  after  it  has 
crossed  the  neutral  line.  In  whichever  direction  the  brushes  are 
moved  away  from  the  neutral  lines,  for  the  same  total  flux  the 
E  M.F.  declines  as  is  shown  by  a  curve  of  the  rise  and  fall  of  the 
potential  such  as  Fig.  89&.  If  this  curve  were  a  sine-curve  to  which 
in  fact  it  approximates,  the  effect  for  a  movement  of  the  brushes 
through  an  angle  of  %t  electrical  degrees  would  be  given  by  multiply- 
ing the  preceding  E.M.F.  by  a  reduction  factor  cos  A«.  But  in 
general  it  may  be  grouped  with  k'  to  form  a  joint  differential  factor 
kdot  less  than  k'. 

The  E.M.F.  of  the  continuous-current  armature  is  then 
2      2V 

Ea  =  kdo .  kBg  moa  X  -  X  QQ  X  nDL  x  10-fl  volts  .        .       (43) 

Substituting  2p  Offl  for  k  Bt  mmatirDLt  in  terms  of  the  total  flux 

.         .        .        .     (430) 

•£  W 

The  algebraic  sum  of  the  lines  cut  by  an  active  conductor  as  the 
loop  of  which  it  forms  one  side  passes  from  one  position  of  zero 
E.M.F.  to  another  is  always  equal  to  the  amount  of  the  flux  which 
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is  included  within  the  loop  when  its  axis  is  at  right  angles  to  the 
neutral  plane,  and  this  is  &'00.  When  the  setting  of  the  brushes 
does  not  correspond  with  short-circuit  of  the  loop  in  this  position, 
the  average  E  M  F.  of  a  conductor  is  only  proportional  to  the  net 
flux  included  within  a  loop  at  the  moment  of  short  -circuit.  Further 
differential  action  then  reduces  the  average  E.M.F.  to  proportion- 
ality with  kdo  .  Oa  In  practice  the  span  of  the  drum  coil  is  made 
so  nearly  equal  to  the  pole-pitch  that  k'  may  be  reckoned  as  unity, 
and  further,  the  position  of  the  brushes  closely  corresponds  to  short- 
circuit  of  the  sections  as  they  pass  the  neutral  lines  of  the  field, 
so  that  finally  kao  becomes  very  nearly  equal  to  unity.  Inserting 
2a  for  q,  equations  (43)  and  (43«)  take  the  simplified  forms  (compare 
equations  (4a)  and 


E*  =  k  B,  maa,  X  ~  X  ~  X  vDl  X  10'8  volts  .  .  (44) 
and  in  terms  of  the  total  flux  of  a  pole-pitch 

=  t  X  0»B  X  Z  X  ^  X  10-8   .....     (44a) 
o>  oU 

which  may  be  adopted  as  the  standard  forms  for  use  in  continuous- 
current  machinery  design,  although  the  possibility  of  a  reduction 
of  <1>0  to  kdo  .  <J>a  must  be  borne  in  mind.  1 

That  perfectly  uniform  distribution  of  the  winding  over  the  whole 
pole-pitch  is  in  reality  assumed  is  evident  from  the  absence  of  any 
term  defining  the  moment  of  time  in  a  sector-cycle  that  is  considered. 
When  the  number  of  sections  is  large  and  their  distribution  round 
the  periphery  of  the  armature  sufficiently  close,  the  withdrawal 
or  addition  of  one  section  per  path  as  it  enters  or  leaves  the  condition 
of  short  -circuit  under  a  brush,  produces  a  negligibly  small  effect 
on  the  total  E.MF.  It  is  only  in  these  circumstances  that  the 
instantaneous  E.M.F.  of  a  single  section  as  it  moves  is  always 
reproduced  at  any  one  moment  by  the  E.M  F.  of  a  section  occupying 
its  successive  positions,  and  the  E.M.F  of  the  armature  as  a  whole 
becomes  constant  and  equal  to  the  average.  Strictly  speaking, 
the  identity  of  the  average  and  instantaneous  E.M.F.'s  can  only 
be  true  if  the  number  of  sectors  were  infinitely  large,  so  that  the 
moment  chosen  for  consideration  becomes  immaterial.  But  with 
the  comparatively  large  numbers  that  occur  in  practice,  the  pulsa- 
tion of  the  E.M.F  and  current  when  the  speed  of  rotation  is  constant 
is  reduced  to  such  a  small  amount  that  it  is  only  discernible  by  the 
oscillograph  or  telephone  It  may  in  fact  give  nse  to  trouble  by 
interfering  with  telephonic  communication. 

§  12.  Comparison  ot  the  E.MJF.  equations  of  the  alternator  and 
continuous-current  machine.—  The  correspondence  in  the  form  of 

1  Cp.  Dr.  S.  P.  Smith,  Notes  on  Theory  and  Destgn  of  Continuous-Current 
Machines,  pp  6-8. 
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equations  (44)  and  (44«)  with  the  similar  ones  for  the  heteropolar 
alternator  (equations  38  and  380  Chapter  IX,  §  12)  is  evident, 
and  the  latter  may,  in  fact,  be  employed  as  the  general  expressions 
to  covei  both  alternators  and  continuous-current  machines.  The 
f 01  m-f actor  kf  for  the  heteropolar  alternator  disappears,  or  more 
strictly  is  not  expressed  since  it  is  unity,  owing  to  the  identity  of 
the  virtual  and  average  values  of  an  E  M.F.  which  is  constant. 

pN 
ka  has  the  special  value  k^,  and  ~r  is  the  frequency  of  the 

Dv 

current  in  the  armature  conductors  before  it  is  commuted,  which 
is  of  importance  in  the  contmuous-current  dynamo  from  its  bearing 
on  the  loss  by  hysteresis  in  the  core  and  by  eddy-currents  in  the 
armature  as  a  whole.  The  term  N9hl  which  was  present  in  the 
alternating  E.M.F.  equation,  now  disappears,  since  in  the  continuous- 
current  machine  there  is  no  division  of  the  winding  into  different 
phases,  while  q,  which  in  the  alternator  may  be  =  1,  must  in  the 
closed-circuit  armature  be  2  or  a  multiple  of  2. 

It  will  further  be  evident  that  while  in  the  alternator  the  E.M  F. 
is  the  voltage  induced  between  fixed  points  in  the  winding,  i.e.  in  a 
certain  portion  or  the  whole  of  the  armature  winding  whatevei 
the  position  which  it  occupies  at  any  moment  with  respect  to  the 
poles,  the  E  M.F.  of  the  continuous-current  machine  is  the  voltage 
induced  between  points  which  ate  fixed  with  respect  to  the  poles,  i  e 
from  the  portion  of  the  armature  winding  which  at  any  moment 
occupies  one  and  the  same  position  in  the  field  system.  The  former 
alternates,  but  the  latter  is  continuous. 

When  both  are  present,  as  in  the  rotary  converter,  the  ratio  of 
their  magnitude  is  easily  followed,  when  a  sinusoidal  distribution 
of  field  is  assumed,  and  the  number  of  coils  is  large.  When  reduced 
to  a  two-pole  form  on  a  basis  of  180°  =  one  pole-pitch,  the  continu- 
ous-current voltage  between  brushes  of  opposite  polarity  is  repre- 
sented by  thi  vertical  diameter  of  a  circle  (cp.  Fig.  90).  For  any 
group  of  consecutive  coils  covering  an  angle  of  #  radians,  the  E.M.F. 
is  a  maximum  when  the  centremost  coil  is  opposite  the  centre  of  a 
pole  and  its  vector  parallel  to  the  vertical  diameter,  so  that  the 
projection  thereon  of  their  closing  vector  is  a  maximum.  The  coils 
being  closely  distributed,  if  e  be  the  amplitude  of  the  E.M.F.  from 
one  elemental  coil,  by  equation  (32a)  the  maximum  alternating 

E.M.F.   of  the  group  of  coils  is  eC  X  £-  X  Sm  j^2  =  eCSm  ^ 

an          jf/z  TT 

and   the    continuous-current    voltage   in    the    same    sinusoidal 
field  is  eC  X  \  X        ,o     =  — •    The  ratio  of  the  two  is  therefore 
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For  diametric  tappings  with  any  even  number  of  slip-rings 
X  =  it,  and  the  maximum  alternating  voltage  between  the  tappings 
at  the  opposite  ends  of  a  diameter  is  of  course  the  same  as  the 
continuous-current  voltage  since  it  occurs  when  the  tappings  cross 
the  brush  diameter.  The  virtual  value  of  the  alternating  voltage 

is  then  Evh  =  fe  =  0-707  £„. 

*  2fir 

If  there   are  N  slip-rings,  %  =  TT,  and  between  any  pair  of 

adjacent  tapping  points,  the  ratio  of  the  virtual  value  of  the 
alternating  voltage  to  the  continuous-current  voltage  is  ,„  . 

§  13.  The  voltage  between  adjacent  commutator  sectors  and 
adjacent  coil-sides.  —  If  Vb  be  the  voltage  between  adjacent  sets  of 
brushes  of  opposite  polarity,  then  since  there  are  Cf%p  commu- 
tator sectors  between  the  brushes,  it  follows  that  the  average 
difference  of  potential  between  any  two  adjacent  sectors  is 

£-^7  =      £  6.    But  it  has  been  shown  that  a  higher  proportion  of 

the  volts  is  generated  in  the  sections  of  the  winding  under  the  poles, 
and  even  here  it  may  vary  greatly  when  the  flux-curve  is  distorted 
under  load.  If  the  flux-curve  were  symmetrical  and  the  rise  and  fall 
of  potential  were  strictly  sinusoidal,  the  maximum  voltage  between 

IT 

commutator  sectors  would  be  ~-  times  the  average,  and  therefore 


., 

~      .     Roughly  speaking,  it  may  be  reckoned  that  the 


maximum    difference  of  potential  will  be  about  1-5  X 


-  Vb 


while  the  average  difference  2ip  .  Vb/C  in  ordinary  dynamos  ranges 
from  about  2  to  10  volts,  and  should  not  exceed,  say,  15  volts,  or 
20  volts  at  the  most. 

Figs.  84  and  85,  typical  of  the  two  forms  of  drum  winding, 
serve  also  to  show  that  in  either  form  the  difference  of  poten- 
tial between  adjacent  coil-sides  is  least  under  the  centre  of  a  pole, 
and  thence  rises  to  a  maximum  between  each  pair  of  adjacent 
coil-sides  situated  on  or  near  to  the  diameter  of  commutation. 
The  difference  here  amounts  to  as  much  as  the  full  E.M  F.  of  the 
machine,  for  it  will  be  seen  that  the  two  short-circuited  loops, 
1-8  and  9-16,  which  are  at  opposite  potentials,  one  being  under 
the  positive  and  the  other  under  the  negative  brush,  are  contiguous 
to  one  another  ;  and  similarly,  between  the  short-circuited  loops  and 
the  neighbouring  loops  on  either  side  the  pressure  of  nearly  the  full 
voltage  of  the  machine  exists. 

§  14.  Necessity  lor  eaual  resistance  and  symmetry  in  each  coil 
of  the  closed-circuit  armature.—  In  a  closed-circuit  winding  without 
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external  load  if  the  sum  of  all  the  E.M.F.'s  induced  in  the  coils 
right  round  the  circle  is  zero  at  every  instant,  of  course  no  current 
circulates  round  it,  and  it  is  immaterial  whether  the  component 
E  MF.'s  summed  up  for  each  pole-pitch  separately  are  equal,  or 
if  different,  how  they  are  distributed,  or  whether  the  resistances 
of  each  coil  are  alike  But  as  soon  as  an  external  circuit  is  applied 
either  at  fixed  points  of  the  winding  by  means  of  slip-rings  or  at 
points  fixed  relatively  to  the  poles  by  means  of  brushes  and  commu- 
tator, these  questions  become  of  vital  importance.  Dealing  more 
particularly  with  the  latter  or  the  continuous-current  case,  the 
stationary  external  circuit  is  brought  into  contact  with  the  armature 
winding  at  a  points  of  -f-  potential  and  a  points  of  -  potential.  No 
adjustment  of  these  points  can  be  made  to  meet  any  temporary 
inequality  of  the  resistance  of  the  parallel  paths,  such  as  might  be 
possible  in  the  static  case  of  a  number  of  batteries  joined  in  parallel 
so  as  to  supply  current  to  an  external  circuit ;  for  the  actual  coils 
of  the  armature  as  it  rotates  are  progressively  passing  from  one 
parallel  path  to  another. 

The  first  requisite,  therefore,  is  complete  equality  in  the  resistance 
of  each  and  every  coil  in  order  to  secure  permanent  equality  in 
the  resistances  of  the  parallel  paths.  If  at  any  moment  their 
resistances  71(  ra  .  .  .  .  are  unequal,  and  the  internal  E  M  F.'s 
induced  in  each  branch  are  equal,  then  as  soon  as  the  external 
circuit  is  closed,  since  the  brush  voltage  76  must  be  the  same  for 
all  branches — 

Vb  =  E  - ijrj_  =  £  - 1'2  f a,  etc., 
whence  —  =  — .    The  total  armature  current  7-  will  therefore  be 

*2         *1 

divided  unequally  among  the  branches,  in  inverse  proportion  to 
their  resistances.  Although  perhaps  not  sufficient  to  cause  serious 
overheating,  some  waste  of  power  must  result,  since  the  sum  of 
h2?!  +  *s%.  etc  ,  must  necessarily  exceed  the  possible  minimum 
loss  IazRa  for  equal  division  of  the  current.  Each  coil  must  there- 
fore consist  of  the  same  number  of  turns  or  loops,  with  the  same 
resistance  and  wound  similarly ;  they  must  all  be  symmetrical 
relatively  to  the  axis  radially  and  arcutnferentially. 

There  is  still  another  property  besides  their  resistance  in  which 
the  separate  sections  should  be  precisely  alike,  and  this  is  their 
inductance.  During  the  rapid  change  of  the  direction  of  the  current 
in  the  shoit-circuited  coils,  the  inductance  which  has  already  been 
described  in  connection  with  alternating  currents  also  comes  into 
play,  and,  as  will  be  explained  in  Chapter  XX,  upon  this  depends 
to  a  great  extent  the  exact  position  at  which  the  brushes  should  be 
set  so  as  to  short-cwcuit  the  coils  at  the  right  moment  Since  the 
brushes  can  only  be  adjusted  to  suit  ths  average  cojl,  it  is  very 
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important  that  the  divergence  of  any  section  from  the  average  in 
both  resistance  and  inductance  should  be  as  small  as  possible 

The  first  requirement  is  easily  obtained  in  the  modern  coil-  or 
bar-wound  drum  armature  with  winding  in  two  layers,  and  only 
slightly  less  perfectly  when  there  are  four  or  more  layers.  The 
second  requirement  is  less  strictly  fulfilled  when,  as  is  often  the  case, 
the  number  of  coils,  c,  grouped  in  a  slot  is  two  or  more.  But  the 
required  symmetry  btill  holds  for  the  groups  as  a  whole,  and  each 
group  may  be  treated  as  a  unit,  having  the  same  resistance  and 
yielding  the  same  vectoi  of  E.M.F.  as  every  other  unit  under  like 
conditions. 

§  15.  Equality  ol  EJO.'s  in  the  paths  in  parallel.— Any 
inequality  m  the  total  flux  of  one  pole-pitch,  or  difference  in  its  dis- 
tribution, as  compared  with  that  of  other  pole-pitches,  can  only  be 
due  to  causes  which  must  foi  our  present  purpose  be  regarded  as 
abnormal.  Some  of  the  disadvantageous  consequences  arising 
therefrom  will  be  traced  in  Chapter  XII,  §  1,  and  the  Note  added 
to  that  Chapter. 

The  sole  condition  that  must  be  fulfilled  to  ensure  that  no  parasitic 
current  circulates  round  the  closed  winding  of  the  armature  on  no 
load,  and  that  any  load  current  divides  equally  between  the  paths 
placed  in  parallel  by  the  brushes  is  that  the  sum  of  the  E.M.F.'s 
induced  between  two  adjacent  brush  contact  points  is  at  any  instant 
the  same,  whichever  way  round  the  closed  circuit  the  E.M.F.'s  are 
hummed.  The  maximum  E.MF.  of  each  little  unit  group  of  c 
coils  in  a  slot  can  bo  found  vectorially  and  their  joint  vector  treated 
as  equivalent  to  the  vector  of  a  coil,  as  considered  in  §§  8  and  10. 
With  the  substitution  of  S,  the  number  of  slots,  for  C,  the  number 
of  coils,  the  results  of  those  sections  hold.  Granting  then  equality 
of  the  resistances  of  the  several  units  and  that  the  same  E.M  F. 
is  induced  in  each  for  similar  positions  relatively  to  poles  of  the 
same  sign,  it  new  appears  that,  so  far  at  least  as  the  fundamental 
E  M.F.  is  concerned,  the  above-mentioned  condition,  is  automatically 
secured,  when,  as  in  practice  is  the  case,  the  slots  aro  pitched  at 
uniform  distances  apart  round  the  entire  ai mature  periphery,  and 
all  are  equally  filled. 

lastly,  when  5  is  substituted  for  C,  it  follows  that  in  order  to 
limit  the  fluctuation  of  voltage,  the  number  per  pole,  S/2£,  must 
itself  not  be  reduced  below  some  minimum  value  analogous  to  that 
already  named  for  C/2p,  In  practice  Sftp  should  not  be  allowed 
to  fall  below  10  in  small  machines,  or  15  in  machines  of  moderate 
and  large  size. 


CHAPTER  XI 

ARMATURE  WINDING 

THE  leading  principles  governing  the  armature  winding  of  drum 
heteropolar  machines,  whether  for  alternating  or  continuous 
current  work,  are  so  closely  allied  that  the  subject  will  first  be 
considered  m  a  general  way,  applicable  to  both  types. 

GENERAL 

§  1.  Drum  armature  winding  and  its  two  forms.— The  function 
of  an  armature  winding  is  to  add  up  the  E  M.F  's  of  conductors 
or  of  loops  which  are  displaced  relatively  to  one  another  in  the 
magnetic  system.  Starting  with  a  number  of  single  bars  or  con- 
ductors disposed  round  an  armature  core,  it  has  been  already  shown 
that  in  the  formation  of  a  single  loop,  the  span  of  the  loop  at  the 
far  or  "  back  "  end  of  the  drum  must  be  as  nearly  as  possible  equal 
to  the  pole-pitch,  in  order  that  the  loop  may  at  some  instant  em- 
brace nearly  the  whole  of  the  flux  of  a  field,  and  as  a  result  yield 
„  a  maximum  of  E.M.F.  Provided,  however,  that  the  span  of  the 
loop  exceeds  the  polar  arc,  and  it  is  not,  therefore,  subjected  to 
direct  differential  action,  it  is  not  necessary  in  practice  that  the 
span  should  be  precisely  equal  to  the  pole-pitch. 

In  Fig.  92  conductor  a  is  joined  at  the  back  by  a  connection 
(shown  dotted)  to  another  conductor  a'  situated  nearly  180  electrical 
degrees  apart  Two  distinct  methods  now  present  themselves, 
by  which  the  loop  may  be  completed  and  a  second  loop  started. 

§  2.  (I)  Lap-winding. — By  the  first  oilafi-wnding  (Fig.  92,  i) 
the  end  of  loop  a  -  a'  is  brought  back  and  joined  by  a 
connection  which  also  leads  backwards  to  another  conductor 
that  lies  within  the  first  loop  ;  the  direction  of  traversing  the  back 
connection  when  tracing  out  the  first  loop  is  here  regarded  as 
forwards.  Thus,  when  the  process  is  further  repeated,  the  winding 
keeps  on  returning  on  itself,  forming  a  number  of  overlapping 
loops  (as  shown  by  such  a  developed  plan  as  that  of  Fig.  84),  whence 
its  name  originates.  Yet  the  winding  as  a  whole  gradually  "  creeps  " 
round  through  the  magnetic  field,  in  order  to  add  up  the  E.M.F.'s 
of  the  conductors.  In  the  2-pole  case,  for  economy  in  copper 
and  to  avoid  crossing,  the  front  end-connector  will  evidently  be 
made  to  pass  round  the  shaft  on  the  same  side  as  the  back  end- 
connector  when  the  span  of  the  loop  is  less  than  diametric. 

§  3.  (II).  Wave-Winding—By  the  second  method  or  wave- 
winding  of  the  drum  (Fig.  92,  u),  the  end  of  the  first  loop  a  -  a'  is 
connected  in  the  2-pole  case  to  another  conductor  b  lying  outside 
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the  first  loop,  whence  a  second  loop  can  be  started.  The  direction 
of  traversing  the  end-connections  from  the  original  starting-point 
is  now  continuously  forwards,  both  at  the  back  and  front.  It 
must  be  particularly  noticed  that  in  the  two-pole  wave-wound 
drum  in  order  to  avoid  crossings,  the  back  and  front  end-connectors 
of  the  wave  loop  must  be  on  opposite  sides  of  the  shaft,  and  m  order 
to  ictam  the  same  direction  of  "  creep  "  of  the  winding  as  a  whole 
round  the  armature  core  in  the  two-pole  wave  as  in  the  lap-wound 
drum,  it  is  the  back  end-connector  that  must  be  made  to  differ. 


ii  Wave 


FIG.  92.  —  Bipolar  and  nuiltipolar  lap-  and  wave-wound  loops. 

Hence,  the  direction  of  tracing  through  the  back  end-connector 
being  regarded  as  forwards  in  both  lap-  and  wave-winding, 
the  direction  of  the  "  creep  "  through  the  field  in  the  two  pole 
wave-wound  drum  is  backwards.  In  other  respects,  two-pole  wave- 
winding  in  its  result  is  electrically  equivalent  to  two-pole 
lap-winding,  the  same  "  creep  "  being  obtained  in  both  cases. 

But  when  wave-winding  is  extended  to  multipolar  fields  an 
entirely  new  feature  is  introduced.  If  the  original  two-pole  machine 
is  cut  through  to  the  centre,  opened  out,  and  multiplied,  it  will  be 
seen  from  the  multipolar  extension  shown  dotted  in  Fig.  92  (u) 
that  wave-winding  enables  other  conductors,  such  as  c,  d,  e,  f, 
lying  in  the  intervening  fields  to  be  picked  up  in  an  orderly  pro- 
gression before  the  winding  returns  to  6.  "When  any  such  complete 
winding  is  followed  out  in  the  developed  plan,  such  as  Fig.  85 
or  87,  it  is  seen  to  work  continuously  forwards  round  the  arma- 
ture by  large  strides  in  a  zigzag  "  wave,"  whence  its  name.  At 
the  same  time,  whenever  it  has  nearly  made  or  has  just  exceeded 
an  exact  tour  of  the  armature,  the  starting-point  for  the  next 
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tour   will  *be  found  to  have  retreated  backwards   or   advanced 
forwards  through  the  original  field 

§  4.  The  "creep"  of  the  armature  winding.— Thus  by  both 
methods  the  winding  "  creeps  "  through  the  magnetic  field,  and 
the  amount  of  the  "  creep  "  or  displacement  backwards  or  forwards 
j  through  the  field  per  cotl  traversed  is  the  fundamental  fact  upon  which 
all  the  characteristics  of  a  winding  depend,  since  it  is  due  to  it 
that  the  E  M  F  's  of  coils  relatively  displaced  can  be  added  together 
It  may  be  measured  as  a  distance  or  as  an  angular  advance  or 
retrogression,  or  it  can  be  expressed  m  terms  of  coils  or,  in  con- 
tinuous-current machines,  of  commutator  sectors.  When  so 
expressed,  the  symbol  m  is  employed  for  it.1 

All  coils  or  loops  being  assumed  to  be  alike  one  with  another, 
its  value  may  be  obtained  by  considering  the  displacement  of 
the  side  which  forms  the  start  of  each  loop  or  coil,  or  to  avoid 
considering  the  sides,  it  is  better  defined  as  the  relative  displacement 
of  the  axes  of  the  coils  per  coil  traversed. 

While  easy  to  follow  in  the  case  of  lap-wound  coils,  the  idea  is 
not  at  first  sight  so  simple  in  multipolar  wave-winding.  It  is, 
however,  rendered  equally  simple  if  the  "  creep  "  per  coil  traversed 
is  referred  to  an  imaginary  double  pole-pitch  as  a  common  standard. 
Actually  the  displacement  takes  place,  not  in  the  same  pair  of  fields, 
but  in  successive  repeats  of  the  first  pair.  Thus,  in  Fig.  92  if  the 
two  dotted  pairs  of  poles  are  imagined  to  be  rotated  into  coincidence 
with  the  original  pair  of  poles  (shown  in  full  lines),  the  "  creep  " 
between  a  and  c  and  again  between  c  and  e  becomes  measurable 
in  the  original  double  pole-pitch. 

This  further  serves  to  bring  to  light  the  most  important  charac- 
teristic of  the  wave-winding.  The  loop-sides  c  and  e  may,  and  in 
most  cases  do,  fall  between  a  and  ft,  so  that  if  the  distance  between 
a  and  b  is  a  sector-pitch,  the  "  creep  "  can  be  a  fraction  of  a 
sector-pitch,  whereas  in  a  lap  winding  the  "creep  "  may  be  a  multiple, 
but  never  a  fraction  of  a  sector-pitch. 

§  5.  The  dram-winding  element. — In  the  finished  armature  the 
winding  may  be  regarded  as  made  up  of  a  certain  number  U  of 
"  elements,"  which  are  spaced  at  definite  distances  apart  and 
are  coupled  together  after  a  systematic  method.  Each  such  winding 
element  may  be  either  a  single  bar,  in  which  case  U  =  Z,  or  the  t 
conductors  of  the  side  of  a  coil  of  t  turns,  whether  wound  side  by 
side  or  on  the  top  of  one  another,  so  as  to  form  a  separate  little 

Z 

group  of  wires,  when  U  =  ~.    To  define  the  order  m  which  the 

t 

elements  must  finally  appear  as  connected  together,  winding  rules 
can  then  be  given,  expressed  in  terms  of  the  numbers  marking  the 

1  Hence,  in  Chapter  X-  §§  8-10,  the  Greek  letter  ft  was  chosen  as  the 
corresponding  symbol  for  the  displacement  as  an  angle. 
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consecutive  spaces  into  which  the  elements  m  the  finished  armature 
fall. 

Fig.  93  shows  a  lap  and  a  wave-wound  loop  connected  to  com- 
mutator sectors  as  they  would  be  in  a  continuous-current  machine, 
and  also  3-turn  coils  of  the  same  two  types,  with  the  winding  ele- 
ments marked  with  a  ring  It  will  thence  be  recognized  that  the 
lap  and  wave  connections  are  to  be  distinguished  from  the  internal 
formation  of  the  coil  in  both  alternator  and  continuous-current 
machine  The  coil  may  be  wound  concentrically  on  itself,  or  with 
a  regular  progression  of  the  turns  after  lap  fashion,  and  in  either 
case  when  imagined  to  be  wound  with  the  turns  on  the  top  of  one 


lap-wound  ooll  Lap-wound  coll  of  3  tniua 

of  3  tuns.  wave-connected. 

Booh  separate  element  marked  with  a  ring 
FIG.  93 — Drum  winding  elements. 


another  or  reduced  down  to  a  single  loop,  it  becomes  essentially 
either  a  lap  or  a  wave  coil  according  to  its  connection  to  other 
similar  coils  Thus  in  Fig.  71  the  concentric  coils  are  wave- 
connected. 

By  some  writers  the  loop  or  coil  as  a  whole  has  been  treated  as 
the  basis  "  winding-element "  of  the  drum.  Yet  for  many  reasons 
it  is  preferable  to  tieat  each  coil-side  as  one  inducing  "  element," 
so  that  the  simple  loop  of  one  turn  is  to  be  regarded  as  composed 
of  two  elements.  And  this  use  of  the  term  is  also  the  most  con- 
venient, since  many  drum  armatures  are  wound  with  stout  bars  of 
copper,  each  of  which  is  in  effect  a  half-loop  or  one  element ;  the 
complete  loop  which  is  finally  the  characteristic  feature,  is  not  m 
evidence  at  the  outset  when  the  process  of  interconnecting  the 
component  parts  is  begun,  and  it  is  just  at  the  commencement  of 
this  process  that  the  armature  winder  requires  proper  rules  for  his 
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guidance.  An  element  of  a  drum  armature  will  therefore  here  be 
taken  as  either  a  single  bar,  if  there  is  one  single  loop  per  coil,  or 
the  group  of  conductors  forming  one  coil-side ;  such  a  group  is 
treated  as  if  it  were  a  single  bar,  which  amounts  to  replacing  the 
coil  of  many  turns  by  the  loop  of  one  turn.  How  many  turns 
there  are  in  the  coil  or  how  they  are  wound  need  not  be  considered 
when  only  the  orderly  connection  of  their  ends  after  a  regular  law 
is  in  question 

§  6.  The  component  pitches  and  resultant  pitch.— The  pitch  of  the 
end-connection  of  a  coil  is  the  number  of  elements  or  winding 
spaces  that  must  be  counted  off  round  the  armature  circumference 
to  find  the  element  which  is  next  in  series  with  the  element  from 
which  the  start  is  made.  Since  each  of  the  U  elements  has  a  back 
and  a  front  end,  the  pitch  of  the  two  end-connections  must  be 
distinguished  respectively  as  y0  and  yr  Both  must  necessarily 
be  whole  numbers.  Starting  from  some  element  marked  as  No.  1, 
the  direction  of  the  back  end-connection  from  it  is  to  be  taken  as 
giving  the  positive  direction  in  which  the  numbering  of  the  elements 
is  to  proceed  consecutively  up  to  the  total  of  U.  The  back  end  of 
'the  (x)ih  element  is  then  joined  to  the  back  end  of  the  (x  +  yB)th 
element,  and  the  front  end  of  the  (x  +  yB)th  element  is  joined  to 
the  front  end  of  the  (x  +  ya  +  yF)th  element 

The  resultant  or  total  pitch  is  the  algebraic  sum  of  the  two 
component  pitches,  i  e. — 

y  =  y*+y*    •      •      •      •    (45) 

y  It  indicates  how  far  in  elements  or  winding  spaces  the  start  of  the 
second  coil  is  from  the  start  of  the  first  coil  No.  1,  and  when  the 
elements  are  distributed  in  equi-distant  groups  over  the  whole  of  the 
armature  periphery,  it  measures  in  terms  of  elements  the  actual 
advance  (not  in  the  wave  case  the  "  creep  "  as  above  defined) 
through  the  magnetic  system  that  would  be  made  as  each  coil  is 
formed  In  the  lap  winding  yF  is  negative  and  smaller  than  yB  ;j 
1  in  wave  winding,  both  are  positive  and  may  be  equal  or  unequal,  i 

J  Fig.  94  shows  the  two  types  of  loops  as  connected  to  a  commutator' 
in  the  continuous-current  dynamo,  with  the  pitches  marked  on 
them  1 

Frequently  and  especially  in  continuous-current  dynamos  with 
toothed  armatures,  there  are  two  or  more  layers  of  elements  in 
each  slot.  In  such  cases  for  the  purpose  of  calculating  the  pitch 
of  the  winding  in  elements  they  must  be  numbered  after  a  definite 
order  in  which  they  would  occur  if  the  armature  were  made  smooth 
and  the  coil-sides  were  spread  out  evenly  over  the  core,  and  a 
distinction  must  be  drawn  between  the  pitch  of  a  coil  as  reckoned 
in  elements  and  as  reckoned  in  slots  (cp.  §  12),  and  also  between  the 

1  In  the  lap  case,  an  advance  of  one  commutator  sector  per  coil  or  y0  ™  1 
is  assumed. 
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"creep"  when  uniform  distribution  of  the  elements  is  assumed 
as  above,  and  the  true  "  creep  "  by  long  and  short  steps  in  a 
toothed  armature 

Lastly,  for  the  reason  given  in  §  1,  the  back  pitch  can  at 
be  stated  to  be  in  general  — 

U      U~+b 


where  b  may  be  zero,  01  is  some  small  quantity  necessary  either  to 
make  yu  a  whole  number  when  U/2p  m  a  multipolar  dynamo  is  not 

,,---Approx 


(i)  Lap 


<-    ...y  ,, 


i  m...)-f--M- -I--H  i  i 

(n)  Wave 

FIG.  94. — Developments  of  lap-  and  -wave-loops. 

a  whole  number  or  for  other  purposes  to  be  mentioned  in  §  14. 
It  is  therefore  in  the  front  pitch  that  the  difference  between  the 
lap  and  wave-connected  coils  is  made. 1 

OPEN-ENDED  WINDINGS 
§  7.  Single-phase  alternator  armature  windings  in  one  layer.— 

Confined  in  their  use  to  alternators,  open-ended  windings  do  not 
from  their  nature  carry  so  many  conditions  or  require  such  exact 
symmetry  of  all  coils  as  closed-circuit  windings.  Fuller  details, 
constructional  and  otherwise,  both  for  single-phase  and  polyphase 
machines,  are  reserved  until  Chapter  XXIV  It  will  only  here  be 
noted  that  the  alternator  being  usually  designed  for  high  voltages, 

1  It  may  here  once  and  for  all  be  added  that  nothing  is  so  instructive  as,  or 
can  take  the  place  of,  the  actual  drawing  of  diagrams  (including  such  as  those 
of  Figs  90,  91,  and  96)  for  the  purpose  of  obtaining  a  clear  insight  into  armature 
Windmg  problems. 
8-18065) 
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and  the  wave  connection  in  virtue  of  its  adding  up  the  inductive 
effect  of  multipolar  fields  being  best  adapted  to  give  such  voltages, 
it  forms  the  basis  of  many  alternator  windings  in  common  use. 
Reduced  to  its  most  elementary  form  of  a  single  bar  per  pole  in 
the  single-phase  case,  the  simple  undulating  zig-zag  of  Fig.  95 


alone  remains.  In  the  left-hand  front  view  the  dotted  end-con- 
nections here  and  in  similar  diagrams  are  at  the  back  of  the  stator. 
The  front  end-connections  of  the  coils  which  appear  in  the  left-hand 
portion  of  each  diagram  are  shown  towards  the  inner  periphery 
of  the  right-hand  portion.  The  active  coil-sides  or  conductors 
appear  as  radial  elements,  and  the  back  end-connections  are  on 
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the  outer  periphery,  so  that  in  the  right-hand  diagram  the  diuni  is, 
as  it  were,  imagined  to  be  pushed  inwards  and  flattened  out.  The 
number  of  loops  being  equal  to  the  number  of  pole-pairs,  the  winding 
would  close,  if  continued  with  the  same  front-pitch  from  A'  to  A, 
and  the  "  creep  "  is  here  zero.  But  the  circuit  being  open  at  the 
terminals  A  and  A',  and  all  conductors  having  been  traversed, 
there  is  no  need  for  any  "  creep  "  to  secure  another  tour  of  the 
armature. 

But  even  when  step-up  transformers  are  employed,  a  single 
bar  per  pole  per  phase  would  seldom  give  sufficient  voltage,  so  that 
as  a  next  step,  other  tours  of  the  armature  might  be  made  as  in 
Fig.  96.  Except  at  B,  yB  =  yr  =  4,  but  now  it  will  be  noticed 


FIG.  96, — Wave-wound  single-phase  armature. 


hat  after  each  tour  the  pitch  of  the  front  end-connector  at  3  is 
hortened  to  yB  s=  3,  so  that  another  tour  can  be  started  ;  a  "  creep  " 
esults,  and  the  positions  of  the  bars  of  each  tour  referred  to  tho 
teld  of  a  standard  double  pole-pitch  gradually  retreat  backwards. 
Tie  practical  disadvantage  of  the  arrangement  is  that  everywhere 
lements  of  widely  different  potential  occur  side  by  side,  and  their 
isulation  is  proportionately  difficult.  This  disadvantage  is, 
owever,  removed  without  effect  on  the  E.M.F.  of  the  phase,  if 
tie  same  conductors  are  converted  into  4-tum  lap-wound  coils, 
'ave-connected  (Fig.  97).  The  component  pitches  of  the  lap-coils 
re  then  yB  =  4,  yf  =  -  3  ;  the  "  creep  "  is  therefore  by  one  wind- 
ig  space  per  coil  traversed  in  a  lap  group,  but  there  is  no  further 

creep  "  from  the  addition  of  other  lap  groups, 

By  a  further  re-arrangement,  the  component  coils  without 
teration  to  the  E  M.F,  could  be  wound  concentrically,  while  still 
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retaining  the  wave-connection,  as  shown  in  Fig  71 ;  the  only  dirftn- 
ence  thereby  introduced  is  that  the  terminals  of  the  winding  fall  on  an 
inside  and  an  outside  end  instead  of  on  the  outsides  of  two  adjacent 
coils.  The  possibility  of  the  concentnc  arrangement  is  limited  to  the 


case  of  a  winding  in  a  single  layer,  such  as  has  alone  been  considered 
above.  But  the  type  of  end-connector  shown  in  Figs.  96  and  97 
whether  for  lap  or  wave,  is  such  that  the  coils  could  pass  one  another 
in  order  to  be  arranged  in  two  layers,  and  the  subject  of  two-layer 
windings  will  again  be  resumed  in  Chapter  XXIV, 
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CLOSED-CIRCUIT  WINDINGS 

§  8.  The  mechanical  conditions  for  closure.  —  When  we  pass  to 
closed-circuit  windings,  a  number  of  new  conditions,  which  closely 
define  what  is  possible  mechanically  and  electrically,  are  introduced. 
The  coils  are  assumed,  as  in  practice  is  the  case,  to  be  exactly  alike, 
of  the  same  span,  and  to  be  symmetrically  distributed  at  equal 
distances  round  the  entire  armature  periphery,  or  to  be  grouped 
in  similar  small  groups,  e  g.  within  one  slot,  with  equal  distances 
between  the  several  groups.  The  open-ended  windings  of,  say, 
Fig.  95  or  Fig  96  might  end  anywhere  with  perhaps  a  half  -loop. 
J  But  now  since  a  winding  when  traced  completely  through  is  to  close, 
all  the  coils,  C  in  number,  must  be  complete,  with  two  coil-sides 
to  each,  so  that  U  =  2C  is  a  multiple  of  2,  and  therefore  an 
even  number 

When  the  coil  sides,  if  in  two  or  more  layers,  are  imagined  to  be 
spread  out  into  a  single  layer  as  described  in  §  6,  and  numbered 
consecutively  round  the  armature  in  the  direction  of  the  back 
end-connection  of  the  coil-side  which  forms  the  starting-point, 
every  uneven  number  corresponds  to  the  starting  side  of  a  coil, 
and  every  even  number  to  an  opposite  or  finishing  side.  Since  a 
bade  end-connection  joins  an  element  of  uneven  number  to  an 
element  of  even  numbei,  and  vice  versa  with  a  front  end-connection, 
each  of  the  two  pitches,  yz  and  yv,  must  be  an  uneven  number. 
The  resultant  or  total  pitch,  y  =  ya  +  yvt  is  therefore  2  or  a 
multiple  of  2,  but  of  greater  importance,  the  average  pitch 


°-2~    2    •     •     •     • 

must  necessarily  be  a  whole  number. 

The  number  of  joints  uniting  the  finish  of  one  coil  and  the  start 
of  another  coil  is  C,  and  at  each  joint  a  connection  is  made  in  the 
continuous-current  machine  to  a  commutator  sector.  There  are 
therefore  as  many  commutator  sectors  as  there  are  coils,  so  that  C 
stands  indifferently  for  the  total  number  of  either.  The  average 
pitch  is  then  also  the  commutator  pitch,  or  the  distance  measured  in 
commutator  sectors  between  the  start  of  one  coil  and  the  start 
of  the  next  coil  in  succession.  In  closed-circuit  windings,  therefore, 
although  these  are  not  confined  to  continuous-current  machines, 
y0  measures,  in  terms  of  coils  or  commutator  sectors,  the  advance 
made  round  the  commutator  per  coil  traversed  or  the  actual 
advance  through  the  magnetic  field  if  the  coils  were  spread  out 
evenly  into  a  single  layer. 

Fig.  98  reproduces  Fig.  92  for  the  more  definite  case  of  a  closed- 
circuit  winding  with  commutator  attached.  Starting  a  coil  frorp 
any  sector  or  element  marked  1,  its  second  si<3e  must  be  formec 
by  an  element  of  even  number  separated  nearly  by  a  pole-pitch 
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eg.   a  or  c,  reached  by  an  end-connection  at  the  back  of  pitch 

16  —  2 

y9  =  7  or  — s—  by  formula  (46).    Element  6  must  nof  be  taken, 
2 

since  being  an  uneven  number  it  will  itself  be  subsequently  wanted 
to  form  the  starting-point  of  a  coil ;  whether  a  or  c  be  chosen  will 
be  found  merely  to  alter  the  hand  of  the  winding,  but  in  no  other 
way  affects  its  characteristic  features.  In  the  present  two-pole 
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li>  Left  hand  (u)  Bight  hand 

Lap  Loops  v 


(in)  Left  hand  (iv)  Right  hand 

Wave  Loops 
FIG.  98  — Lap  and  wave  loops  on  two-polo  armature. 

case  with  an  even  number  of  commutator  sectors  and  the  winding 
disposed  in  one  layer,  the  loop  spans  a  chord  slightly  less  than  tho 
diameter,  eg  1  -8,  or  is  in  effect  wound  on  one  side  of  the  core. 
Thence  from  the  front  end  of  8  a  second  end-connection  leads  on 
to  a  commutator  sector,  and  so  to  the  beginning  of  the  second 
loop  or  coil,  by  the  lap  or  wave  method.  With  an  uneven  number 
of  coils  or  sectors  per  pole-pair,  the  component  loop  (cp.  Fig.  104) 
can  be  diametric,  with  a  back  pitch  yB  =  Uj2p  as  giving  a  whole 
uneven  number. 

§  9.  The  number   ol   independent   windings.*— When    all  the 
elements  of  a  winding  have  been  traversed  once,  that  winding 
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re-enters  on  itself  or  cbses.  It  is  not,  however,  necessarily  the  case 
that  all  the  elements  on  the  armature  as  a  whole  must  have  been 
traversed  "before  any  one  winding  that  is  being  traced  closes.  Let 
C  —  Ah  and  y0  =  Bh,  where  h  is  the  highest  common  factor  between 
the  number  of  coils  and  the  average  or  commutator  pitch,  and  may 
be  1  or  more.  Since  in  traversing  one  coil  from  its  start  to  the  start 
of  the  next,  y0  coils  or  sectors  are  passed  by,  in  joining  up  A  coils 
A  ye  coils  or  sectors  have  been  passed  by,  round  the  periphery  of 

£ 

the  armature  or  commutator.      But  Ay0  =  j-  yc  =  C  x  B,  and 

n 

B  is  by  assumption  a  whole  number.  Hence  when  A  coils  have 
been  joined  up,  the  commutator  has  been  passed  round  a  whole 
number  of  times  Bt  and  also  for  the  first  time  the  circuit  has  closed, 
the  starting-point  having  again  been  reached 

If,  therefore,  there  is  no  common  factor  between  y0  and  C  greater 
than  unity,  i.e.  if  h  —  1,  the  commutator  pitch  ya  =  Bt  the  number  of 
complete  tours  round  the  armature  made  before  the  winding  closes. 
That  in  tracing  out  a  winding  we  may  have  to  pass  round  the  arma- 
ture or  commutator  several  times  is  at  once  evident  in  the  case  of 
the  wave  winding  (Fig  85  or  87).  In  so  doing,  the  number  of 
coils  joined  up  is  A  =  C,  since  h  =  1,  i.e.  it  is  the  whole  of  the  coils, 
and  there  is  only  a  single  helix  closed  on  itself. 

But  if  h  =  2  or  more,  the  number  of  tours  round  the  armature 

or  commutator  before  a  winding  closes  is  B  =  ~ ;  only  7-  coils 

h          J  h 

have  been  joined  up,  and  the  remainder  form  one  or  more  entirely 
independent  helices,  each  closed  on  itself. 

The  H.C.F.  of  ye  and  C  thus  in  all  cases  gives  the  number  of 
independent  closed  helices  on  the  armature  as  a  whole.  In  the 
simple  cases  illustrated  in  Figs.  84-87,  y0  and  C  had  no  common 
factor  greater  than  1,  so  that  only  a  single  helix  resulted,  and  this 
is  the  most  usual  case.  But  the  possibility  of  a  second  independent 
helix  or  even  of  two  or  more  such  additional  helices,  interleaved 
between  the  first,  must  be  recognized  when  we  pass  to  general 
winding  formulae. 

§  10.  Electrical  conditions. — The  preceding  §  §  8-9  have  dealt 
with  purely  mechanical  conditions  that  arise  in  the  orderly  coupling 
up  of  a  number  of  similar  coils  into  a  closed-circuit  winding  or 
windings  on  an  armature,  and  nothing  has  been  said  on  the  electrical 
side. 

In  Chapter  X,  §  15,  it  has  been  shown  that  to  avoid  any  circulating 
current  of  fundamental  frequency,  the  only  necessary  condition 
is  automatically  obtained  when  the  coils  are  disposed  round  the 
entire  armature  with  aumf  orm  displacement  between  each  or  between 
each  small  group  of  c  coils  in  a  slot.  Even  if  the  differential  factor 
for  the  coil-span  permits  an  alternating  current  of  higher  frequency 
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to  circulate  round  the  closed  winding  owing  to  the  presence  of  a 
3rd  or  higher  harmonic  in  the  flux-curve,  its  magnitude  cannot 
be  large  owing  to  the  smallness  of  the  E  M  F.  and  the  impedance 
presented  by  the  winding  at  the  higher  frequency. 

Further  conditions  are,  however,  imposed  when  it  is  desired  to 
have  either  (1)  accessible  points  in  a  multipolar  winding  that  are 
at  exactly  equal  potentials  and  which  may  therefore  be  joined 
together  without  any  harmful  result,  or  (2)  accessible  points  dividing 
the  armature  into  N  symmetrical  phases,  or  both  (1)  and  (2). 
But  since  these  conditions  do  not  immediately  affect  a  first  con- 
sideration of  lap  and  wave  winding  in  general,  they  will  be  reseived 
for  fuller  treatment  in  Chapter  XII 

§  11.  The  connexion  between  m  and  a.— The  "  creep  "  or  distance 
traversed  in  the  standard  field  of  a  double  pole-pitch  per  coil  traced 
through  is  a  mechanical  fact,  but  it  carries  with  it  an  electrical 
consequence  of  the  greatest  importance. 

Lap  winding. — Corresponding  to  a  double  pole-pitch  are  Cfp 
sectors  or  to  a  single  pole-pitch  Cj2p  sectors.  If  the  creep  per  coil 

tn        %mp 

traversed  is  m  in  terms  of  sectors,  it  is  the  fraction  777^7  =  —pr- 

L/^p  L> 

of  a  single  pole-pitch.  Therefore,  Cfonp  coils1  must  be  traversed 
to  pass  through  a  complete  single  pole-pitch.  We  have  then  made 
one  passage  from  a  neutral  line  to  a  neutral  line,  or,  since  the 
brushes  must  be  situated  near  thereto,  from  a  -f-  to  a  -  brush,  and 
have  traced  out  one  conducting  path  between  them.  Continuing 
onwards,  a  complementary  path  from  a  -  to  a  +  brush  is  traced 
through  a  second  set  of  C/2itnp  coils.  But,  in  tracing  out  this  pair 

C 

of  paths  only  — -  coils  have  so  far  been  used  up.    Evidently,  there- 
mp 

fore,  to  exhaust  the  total  number  of  coils,  there  must  be  mp  sucli 
pairs  of  parallel  paths  traced  out,  i.e  — 

a  =  mp 

a  being  the  number  of  pairs  of  parallel  paths  from  +  brushes  to  - 
brushes.  The  number  of  times  the  winding  traverses  a  single 
pole-pitch  from  brush  to  brush  or  the  number  of  paths  is 
q  =  2a  =  2mp. 

Wave-winding. — By  the  same  argument  as  above,  the  creep  per 
coil  traversed  being  m  sectors,  and  the  number  of  sectors  corre- 
sponding to  a  single  pole-pitch  being  C/2p,  it  will  be  necessary  to 
traverse  CJ2mp  coils  to  pass  from  one  neutral  line  to  the  next 
neutral  line  in  the  original  field  within  which  the  start  was  made. 
The  "  creep  "  per  coil  traversed  which  in  the  multipolar  field  is 
m  .  mh 

£•  X  360   mechanical   degrees   is   -£  x  360°  electrical   degrees 

1  C/2mp  is  not  necessarily  an  integer. 
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Every  time  a  nearly  complete  or  over-completed  tour  of  the 
armature  is  made  and  we  return  to  a  sector  near  to  our  starting- 
point,  p  coils  have  been  traversed  and  p  - 1  sectors  have  been 
touched  at  in  addition  to  No  1.  In  the  multipolar  machine,  the 
p  - 1  sectors  are  then  to  be  thought  of  as  transferred  with  their 
coils  for  insertion  where  they  rightly  belong,  so  far  as  their 
displacement  in  a  single  standard  field  is  concerned.  Attention 
need  only  be  directed  to  one  side  of  each  of  the  similar  coils,  and 
the  diagrams  take  the  forms  shown  in  Fig.  99  The  tours  of  the 
armature  by  long  strides  are  thus  dispensed  with,  and  the  case 
becomes  analogous  to  that  of  the  two-pole  lap-wound  machine.1 
If  the  creep  m  is  1  or  a  whole  number  of  sectors  (t  e  C/p  is  a  whole 
number),  the  transferred  sectors  exactly  coincide  with  those  of 
the  original  double  pole-pitch  :  thus  Fig  99  (i)  gives  the  re-arrange- 
ment of  Fig.  87  with  p  pairs  of  parallel  paths,  and  the  same  diagram 
would  equally  well  represent  the  lap-wound  case  of  Fig.  86,  which 
shows  the  equivalence  of  the  two.  If  m  is  a  proper  fraction  and 
mp  =  1,  as  in  Figs  105  and  106,  the  transferred  sectors  and  coils 
are  simply  interleaved  between  those  of  the  original  double 
pole-pitch,  as  shown  in  Fig  99  (n)  and  (in).  If  m  =  an 
improper  fraction,  say,  1£  m  a  4-pole  machine,  the  trans- 
ferred sectors  are  again  interleaved  with  the  original  sectors,  but 
the  first  interleaved  sector  from  No  1  does  not  fall  between  Nos  1 
and  2,  as  in  Fig.  99  (iii),  but  between  Nos.  2  and  3,  as  in  Fig.  99  (iv) ; 
the  data  for  the  latter  figure  are  C  =  17,  yfl  =  6,  m  =  1 J,  so  that 
the  winding  is  triplex,  mp  being  3. 

§  12.  Slot-pitch  and  element-pitch. — Practically  all  modern 
continuous-current  machines  have  toothed  armatures  with  the 
winding  disposed  in  two' layers  (or  in  small  machines  m  four  layers) . 
On  this  account  even  when  the  elements  have  been  shown  in  a 
single  layer  on  a  smooth-surface  armature,  as  in  Figs.  84-87  they 
have  been  grouped  in  pairs,  as  they  might  be  in  a  toothed  armature 
with  two  coil-sides  per  slot.  In  such  cases  it  has  been  stated  that 
the  elements  must  be  numbered  regularly  as  .they  would  fall  if 
spread  out  uniformly  into  one  layer.  Thus  Fig.  100  shows  two 
arrangements  by  which  the  even  numbers  would  fall  between  the 
uneven  numbers  in  regular  order. 

The  distinction  must  then  be  noted  between  the  pitch  in  elements 
and  the  pitch  in  slots,  as  in  Fig.  100,  where  the  slot-pitch  of  the  coil 
is  in  both  cases  5,  while  the  element-pitch  in  the  two  cases  is  31 
and  21 .  When  the  winding  table  in  elements  for  any  class  of  winding 

1  A  chief  advantage  of  the  method  is  the  assistance  it  renders  in  the 
drawing  of  rotating  polygons  such  as  Figs  90  and  91  by  indicating  the  true 
displacement  of  the  vectors  of  the  coils  in  their  proper  sequence.  A  smooth 
armature  is  here  tacitly  assumed,  and  if  it  be  toothed  the  vectors  of  each 
slot-group  must  be  taken  together,  the  true  displacement  or  "  creep  "  through 
the  field  not  being  reproduced  in  the  uniform  spacing  of  the  sectors. 
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has  been  drawn  up,  the  slots  numbered  consecutively  in  the  direction 
of  the  back  pitch  from  No  1  which  contains  No.  1  element  at  one 
side,  and  the  order  of  numbering  the  elements  in  a  slot  settled,  it 
is  easy  to  pass  from  the  winding-table  in  elements  to  that  in  slots. 
Each  element  number  in  the  former  table  must  be  divided  by  the 
number  of  elements  in  a  slot ,  if  there  is  no  remainder,  the  quotient 
gives  the  number  of  the  slot,  and  the  element  is  the  last  one  which 
completes  the  slot  in  question  ,  if  there  is  a  remainder,  the  element 
falls  into  the  next  slot  to  the  whole  number,  and  in  the  place 
indicated  by  this  remainder. 

Before  pioceeding  to  consider  lap  and  wave-winding  m  detail, 
it  may  here  at  once  be  stated  that  in  both  types  with  a  winding 
in  two  layers,  if  complete  similarity  of  all  coils  is  to  be  retained, 
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FIG   100 — Slot-pitch  and  element-pitch. 


it  is  a  necessity  that  the  back-pitch  reckoned  in  elements  must  be 
equal  to  (a  whole  number  X  number  of  coil-sides  in  a  slot)  filtis 
one  ;  i.e  yD  =  y\u  +  1,  where  u  is  the  number  of  coil-sides  in 
a  slot  and  y\  is  the  back  pitch  in  slots,  and  this  condition  of 
similarity  of  all  coils  so  universally  obtains  that  it  may  be  regarded 
as  the  normal  case  The  back  slot-pitch  as  so  discovered,  namely, 


y1.- 


(49) 


must  then  be  checked  by  comparison  with  the  polar  arc  and  the 
pole-pitch,  to  see  that  it  avoids  differential  action  ;  it  must  exceed 
the  width  of  the  pole-face,  and  in  fact  should  not  approach  it  closely, 
and  on  the  other  hand!  it  should  not  greatly  exceed  the  pole-pitch 
=  S/2p,  where  S  =  the  total  number  of  slots. 

Further,  with  a  winding  in  one  layer  it  appeared  from  Fig.  98 
that  the  back  pitch  of  the  coil  reckoned  in  elements  cannot  be  quite 
diametric  with  an  even  number  of  coils  or  sectors  per  pole-pair, 
but  can  be  so  with  an  uneven  number  of  coils.  But  now  when 
reckoned  in  slots,  the  reverse  is  the  case  in  the  toothed  armature 
with  a  two-layer  winding  :  when  the  number  of  slots  per  pole-pair 
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is  even,  the  back  pitch  in  slots  can  be  diametric  or  exactly  equal 
to  a  pole-pitch,  while  with  an  uneven  number  of  slots  per  pole-parr, 
the  back  pitch  must  fall  short  of  the  pole-pitch  by  at  least  one-half 
of  a  slot-pitch — a  result  which  has  the  important  consequence 
noted  in  Chapter  X,  §  10. 

(1)  LAP-WINDING 

§  13.  The  connexion  between  ya  and  m  — In  the  lap-wound 
armature,  the  commutator  pitch,  y0,  is  immediately  the  "  creep  " 
of  the  winding  through  the  magnetic  field  per  coil  traversed,  i.e. 

.         .     (50) 

Since  y0  must  be  a  whole  number,  it  follows  that  tn  must  be  a 
-whole  number,  i.e.  must  be  1,  2,  3  ....  sectors.  Therefore, 
a,  =  mp  can  only  be  p,  2p,  3p  .  .  .  »  e.  the  same  as  the  number 
of  pole-pairs,  or  some  multiple  of  that  number.  Usually,  a  =  p, 
and  the  number  of  parallel  paths  in  the  armature,  q  =  2a  =  2p, 
the  number  of  poles 

If  yr  is  made  greater  than  yB,  m  is  negative,  and  the  "  creep  " 
through  the  field  is  retrogressive  or  against  the  direction  of  number- 
ing the  elements.  But  since  this  involves  an  unnecessary  crossing 
of  the  front  end-connexions,  yB  is  always  made  less  than  yf,  and 
therefore  in  the  lap-wound  machine,  m  is  positive,  and  the  "  creep  " 
is  progressive,  t  e.  m  the  same  direction  as  the  numbering  of  the 
elements. 

§  14.  The  component  pitches  lor  lap-winding.— The  geneial 
formulae  for  the  two  component  pitches  are — 

.     (51) 

The  function  of  6  is  in  the  first  place  to  make  — ^r —  a  whole 

*P 
uneven  number.    With  an  uneven  number  of  sectors  per  pair  of 

poles,  or  C/p  =  UJ2p  immediately  a  whole  uneven  number,  b  can  be 
zero,  and  in  the  2-pole  case  the  back  end-connection  then  joins 
diametrically  opposite  elements.  The  back  end-connector  must, 
however,  pass  round  the  shaft  on  one  side  or  the  other,  and  whichever 
side  it  takes,  the  front  end-connector  is  also  disposed  on  the  same 
side  But  m  a  multipolar  dynamo  in  general  U/2p  is  not  necessarily 
a  whole  uneven  number,  and  the  special  function  of  b  is  then  called 
out  to  convert  either  a  fractional  value  of  Cjp,  or  a  whole  even 
number  Cfp,  into  a  whole  uneven  number.  The  latter  is  the  more 
usual  case,  since,  as  will  be  explained  in  the  next  chapter,  Cjp  is 
usually  a  whole  number  m  order  to  render  equalizing  connections 
possible. 
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FIG,  101  — Lap-wound  toothed  drum, 
U-64       yB-17       v,  --15       ylt  -4 
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U-b      16-2 
In  Fig.  84,  yB  =  —^—  =     2     =  7'  ^  V*  numerically  =  7-2, 

so  that  yt  =  m  =  I     The  completed  winding  table  is  thus — 

Back  end. 
Ps      3~10     5^12    7     14      9     16     11    2     13    4     15^6     1 

Front  end 

In  Fig.  86  the  same  pitches  are  retained,  and  it  is  seen  how  m  a 
4-pole  field,  the  coils  now  span  approximately  a  quarter  of  the 
circumference.  The  greater  the  number  of  poles,  the  flatter  become 
the  coils,  smce  the  arc  spanned  by  the  back  connections  varies 
inversely  to  p.  It  is  never  advisable  with  a  smooth  surface  arma- 
ture to  use  plus  b  as  unnecessarily  increasing  the  length  of  coppei 
in  both  end  connectors.  But  if  the  multipolar  machine  have  a 
slotted  armature,  it  may  occasionally  become  necessary  to  add  a 

U  +4 
positive  b,  as  in  Fig.  101,  where  yB  =      4      =  17,  so  that  the  rear 

pitch  in  slots,  y,1,  may  be  a  whole  number  =  4  ;  ya  =  13,  giving 
yj-  =  3,  would  bring  the  sides  of  a  coil  within  the  polar  arc.  Yet 
as  this  is  not  so  frequently  met  with,  the  plus  sign  is  given  in  the 
formulae  as  the  second  alternative. 

The  quantity  b  has,  however,  another  function,  since  it  enables  us 
at  will  to  shorten  still  further  the  pitches  below  the  maxima  values 
given  above.  The  lap-wound  loop  "of  the  smooth  2-pole  armature 
with  C  even  is  in  eff ect  chord-wound,  even  when  the  back  pitch  is  as 
long  as  is  advisable.  So  long,  however,  as  ya  exceeds  the  polar 
arc,  it  may  be  made  shorter  than  the  pole-pitch,  so  as  to  approximate 
more  nearly  to  the  polar  arc,  especially  if  this  latter  be  small  and, 
the  number  of  elements  large.  The  front  pitch  is  then  also  pro- 
portionately reduced,  so  that  both  end  connections  are  shortened 
and  the  winding  has  less  copper  and  less  resistance.  But  the  chief 
effect  is  that  the  two  coils  which  are  simultaneously  short-circuited 
at  the  two  brushes  no  longer  he  side  by  side,  but  are  separated  by 
a  small  zone  of  elements  carrying  the  full  current  in  opposite 
directions.  In  Fig.  102  with  32  elements  the  back  pitch  is  13  and  the 
front  11,  and  between  a  pair  of  short-circuited  elements  there  are  2 
elements  whose  ]oint  magnetic  effect  is  practically  nil.  If  the  pitches 
had  been  made  11  and  9,  the  zone  would  have  included  4  elements 
with  currents  opposed.  Itjwill  subsequently  be  seen  that  what  is 
called  the  demagnetizing  effect  of  the  armature  back  ampere  turns 
is  thereby  reduced,  although  this  advantage  is  obtained  at  the 
expense  of  the  short-circuited  coils  being  rather  far  from  the  neutral 
line  of  symmetry  between  the  poles.  Suffice  it  here  to  say  that 
when  by  an  increase  of  b  the  pitches  are  shortened  so  as  to  produce 
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this  effect,  the  method  is  known  as  chord-winding  proper,  and  this 
term  is  extended  to  cover  the  analogous  arrangements  in  multipolar 
lap-  or  wave-wound  armatures.  Since  in  toothed  armatures  it  may 
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FIG.  102.— Chord  winding  of  lap-wound  drum. 
U  a  32       y»  «  13       yF  =*  -  11. 

be  advisable  to  spread  the  bars  which  are  simultaneously  short- 
circuited  over  several  slots,  a  moderate  amount  of  chord-winding 
has  more  in  its  favour  than  in  the  corresponding  smooth-surface 
armature. 
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§  15.  Simplex  and  multiplex  lap-wound  armatures. — According 
to  the  value  of  m,  two  main  subdivisions  are  obtained. 

(a)  m  =  1,  so  that  a  =  p 

The  simple  lap-wound  armature  which  thence  results,  and  which 
has  been  described  in  Chapter  X,  is  by  far  the  most  common.  It 
always  gives  as  many  parallel  paths  for  the  total  armature  current 
as  there  are  poles,  or  q  =  2p  Each  commutator  sector  is  passed 
through  in  succession  in  the  positive  direction,  since  yc  =  1  U  may 
be  any  even  number,  with  the  provisos  that  if  equalizing  connections 
are  to  be  added  it  must  be  divisible  by  2p  without  remainder,  and 
that  in  slotted  armatures  with  two  or  more  layers  C  must  be  equal 
to  or  a  multiple  of  the  number  of  slots,  and,  therefore,  U  =  2C 
must  be  an  even  multiple  of  the  number  of  slots 

(b)  m  =  a  whole  number  greater  than  1,  so  that  a  =  2p,  3p,  etc. 
If  at  a  given  speed  an  output  of  low  voltage  but  of  a  large  number  of 
amperes  is  to  be  obtained,  the  simplex  lap-wound  drum  may  yield 
too  small  a  number  of  elements  and  sectors  for  satisfactory  working 
If  it  is  not  desired  to  increase  p,  such  cases  may  be  met  by  recourse 
to  the  multiplex  lap-wound  drum,  in  which  m  is  some  whole  numbei 
greater  than  1.    Since  the  number  of  parallel  branches  is  q  =  2mp, 
the  number  of  armature  elements  and  sectors  is  m  times  greater, 

and  the  E.M  F  is  only  — th  of  what  it  would  be  if  the  same  numbei 
J  m 

of  active  conductors  were  connected  up  as  a  simplex  lap-winding 

The  difference  between  the  two  pitches  is  now  greater  than  in 
the  simplex  lap-winding,  and  the  resultant  pitch,  instead  of  corre- 
sponding to  two  winding-spaces,  is  increased  m  tunes,  1 0.  y  =  yB 
-f-  yr  =  2m.  Correspondingly  y0  =  m,  and  instead  of  the  commu- 
tator sectors  being  traversed  successively,  the  winding  as  it  is 
continuously  traced  forwards  touches,  e  g  if  m  =  2  at  every 
alternate  sector. 

Two  variations  are  now  found  to  be  possible,  both  of  which 
comply  with  the  above  requirements.  If  y0  and  C  have  no  common 
factor  higher  than  1,  then  as  shown  m  §  9  the  winding  forms  one 
single  closed  coil,  and  when  it  is  traversed  throughout  it  is  found  to 
make  m  passages  round  the  armature,  and  then  to  close  on  itself  ; 
yet  when  the  2p  sets  of  brushes  are  placed  on  the  commutator,  it  is 
divided  into  2mp  parallel  paths.  On  the  other  hand,  if  the  highest 
common  factor  of  y0  and  C  is  two  or  more,  there  result  two  or 
more  independent  windings,  each  separately  re-entrant  on  itself. 

38 

In  Fig.  103  y0  =  2  and  C  =  -5-  =  19,  so  that  the  winding  is  a  single 

36 

closed  coil.    In  Fig   104,  ya  =  2,  but  C  =  -%•  =  18,  so  that  their 

^ 

highest   common  factor   is    2,   and    two    entirely    independent 
windings  are  obtained.    Both  the  above  are  instances  of  duplex 
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winding,  and  in  either  case1  each  set  of  brushes  must  have 
sufficient  arc  of  contact  to  cover  more  than  one  commutator 
sector  with  its  insulation  on  either  side,  so  that  each  coil  may  be 
successively  short-circuited  for  a  sufficient  length  of  time  to  enable 
the  current  in  it  to  be  commuted  before  it  is  thrown  into  connection 


FIG    103 — Duplex  lap-wound  4-pole  drum  with  single  helix 
C  ==  19      ya  =  9      yp  =  -  5      yc  =  2 

with  a  new  paiallel  path  With  a  tnplex  winding  the  width  of  the 
brushes  must  exceed  the  width  of  two  commutator  sectors,  and  so 
on,  so  that  preferably  the  width  of  the  brushes  is  made  equal  to  m 
sectors.  As  it  becomes  difficult  to  maintain  perfect  uniformity 
of  contact  of  the  brushes  over  a  very  wide  arc,  each  set  of  brushes 


FIG    104  —  Duplex  lap-wound  4-polo  drum  with  two  independent 

windings. 
C  =1  18      ya  =>  9      y,  =  -  5      yc  =  2 


may  in  such  cases  be  staggered  in  order  to  obtain  the  necessary 
effective  width.  The  sectors  are  interleaved  just  as  the  coils 
are,  but  though  m  either  case  eaich  coil  is  changed  from  one 
parallel  path  to  another  every  time  that  it  passes  a  brush,  the 

1  Unless  there  are  two  commutators,  one  at  each  end  of  the  machine,  with 
brush  loads  coupled  together. 
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peculiarity  of  the  first  form  of  multiplex  winding  is  that,  if  any 
one  coil  be  traced  during  a  revolution,  it  will  be  found  to  pass 
successively  through  each  one  of  the  2mp  parallel  paths,  1  and  this 
in  practice  renders  it  slightly  preferable  to  independent  windings. 
In  the  second  form  it  is  apparent  from  Fig.  104  that  the  dotted 
winding  is  simply  a  second  winding  added  to  the  same  armature 
core,  and  interpolated  between  the  coils  of  the  first  winding  ;  the 
alternate  commutator  sectors  thus  belong  solely  to  the  second 
winding  and  are  accordingly  shown  shaded.2 
The  induced  E  M.F.  of  the  lap-wound  armature  is  thus  in  general 


.         .       (52) 

with  the  special  form  in  the  ordinary  simplex  case  when  a  —  p, 
Ea=$aZJfi  lO-8  volts         .        .         .     (520) 

(2).  WAVE-WINDING 

J     §  16.  The  connection  between  y0  and  m.  —  In  the  wave-connected 
armature  with  C  coils  or  sectors  and  p  pole-pairs 

y.™-±—  d—     •      •      •    (53) 

y0  is  reckoned  in  the  forward  direction  of  numbering,  and  is  always 

r 
positive.    According  as  y0  exceeds  or  is  less  than  —  ,  the  "  creep  " 

7 

m  may  be  either  progressive  (positive)  or  retrogressive  (negative), 
as  shown  by  the  double  sign  attached  to  m. 

If  C  is  exactly  divisible  by  p,  ya  must  be  made  to  differ  from  C/p 
by  at  least  one  sector  in  order  that  there  may  be  some  creep.  To 
make  y0  =  Cfp  when  this  is  a  whole  number  means  physically  that 
the  winding  would  close  after  only  one  tour  of  the  armature  and 
after  touching  at  p  sectors  only  instead  of  passing  through  C  sectors  ; 
the  result  would  then  be  exactly  analogous  to  making  m  in  the  lap- 
wound  armature  zero,  so  that  each  coil  closed  on  itself 


1  Vide  Mather  and  Platt's  Brit  Pat  768  (1884),  and  Nebel's  Bnt.  Pat. 
Nos.  2448  (1890)  and  20840  (1891) 

8  By  many  authors  the  terms  "  duplex,"  "  triplex,"  or  "  multiplex  "  are 
confined  to  the  cases  when  there  are  two,  three,  or  more  entirely  separate 
windings,  and  the  terms  "  doubly  re-entrant,"  "  trebly  re-entrant,"  etc.,  are 
used  to  express  the  cases  m  which  the  armature  is  traversed  m  times  by  the 
same  winding  before  closing  upon  rtself  The  latter  terms  appear,  however, 
to  be  inappropriate  and  misleading,  since  no  winding  can  in  the  strict  sense 
of  the  term  ever  re-enter  upon  itself  more  than  once,  and  it  is  just  in  the 
case  of  independent  windings  that  on  any  given  armature  there  may  be  more 
than  one  point  of  re-entrancy. 
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Fio    105. — Simplex  wave-wound  4-pole  drum  (a  =  1). 
U  -  30       yB  =  7       y*  =»  7       yfl  -  7. 
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When  Cjp,  the  number  of  sectors  per  pole-pair,  is  a  whole 
number,  m  must  be  a  whole  number  as  in  the  lap-wound 
armature  But  in  the  wave-wound  armature,  C/p  may  be  and 
usually  is  an  improper  fraction  ;  in  this  case,  m  must  itself  be 
fiactional  or  an  improper  fraction,  and  in  this  possibility  lies  ihe 
greater  generality  of  the  wave-connected  armature.  Since  a  =  mp, 
by  a  suitable  choice  of  coils  and  commutator  pitch  to  make  m 
fractional,  its  product  with  p,  i.e  a,  can  (arithmetically)  be  made 
any  desired  whole  number,  1,  2,  3,  etc.,  independently  of  the  value 
oip. 

§  17.  Simplex  or  two-path  wave-winding  (a  =  1). — It  has  been 
shown  (Chapter  XI,  §  3)  that  in  its  application  to  a  2-pole  machine 
wave-winding  is  electrically  equivalent  to  lap-winding,  and  m  the 
4-pole  machine  derived  therefrom  (Fig  87)  the  resemblance  is 
still  maintained,  so  that  a  =  p,  as  in  the  4-pole  lap  machine.  But 
there  still  remains  in  the  4-pole  case  the  second  possibility  that  a 
may  be  1,  giving 

U  =  2p  .  y0  ±  2,  where  ya  is  any  whole  number 

=  for  example,  4  x  7  ±  2  =  26  or  30  (Fig.  105)  instead  of  32 
as  in  Fig.  87. 

In  this  form  with  a  =  I  the  special  characteristics  of  wave-winding 
are  brought  out  more  clearly.  Whatever  the  number  of  poles, 
after  having  traversed  2p  elements  and  so  made  very  nearly  one 
exact  tour  round  the  armature,  it  always  returns  to  the  second 
element  in  front  of  or  behind  the  starting-point,  ]ust  as  was  also 
the  case  in  the  bipolar  wave-wound  form.  Thus  in  Fig  105,  starting 
from,  say,  element  5  under  a  N.  pole,  the  back  end-connection 
joins  it  to  an  element  12  nearly  but  not  quite  90°  ahead  and  under 
a  S  pole  ;  thence  the  circuit  passes  in  succession  to  a  third  and 
fourth  element  (19  and  26)  nearly  180°  and  270°  ahead  of  the 
starting-point,  and  next  to  a  fifth  element  3,  which  is  the  second 
behind  the  original  starting-point.  Hence  after  traversing  as 
many  elements  as  there  are  poles,  the  winding  on  reaching  the  next 
element  has  always  lost  or  gained  two  winding-spaces,  and  by  so 
much  the  tour  of  the  armature  is  either  incomplete  or  has  been 
exceeded  Similar  tours  are  made,  until  the  winding  finally  closes 
on  itself,  and  the  number  of  such  complete  tours  is  always  equal 
to  the  average  of  the  back  and  front  pitches.  The  total  pitch, 
being  the  sum  of  the  two  component  pitches,  or  y  =  yB  -f  yf)  is 
approximately  equal  to  a  double  pole-pitch,  but  the  essential 

relation  is  that  the  average  pitch  y,  =      ~T      must  be  =     0      . 

•*  ftp 

In  Fig.  105  with  four  poles  and  a  total  number  of  30  elements, 

30-2 
y,  =  — -r —  =  7,  and  the  back  and  front  pitches  are  both  =  7. 
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The  winding  table  is  therefore  as  follows — 


Back 
Front 


Back 
Front 


8 15 


-22 
22- 


29 
-29 


n 

-1st  tour  completed 


13- 
-13 


—20        27 

20 27        I 

-2nd  tour  completed 


Back 
Front 

^f 
4— 

11  18        25— 
—11        18  25 

1 

Back 
Front 

C°-i  tour  completed               ' 
2          9  16        23  30 
2  9        16  23        SO- 

Back 
Front 


Back 
Front 


Back 
Front 


—4th  tour  completed 


7 14        21 28 

-7        14 21        28 

__ 5th  tour  completed 

5 12        19 26 

5        12 19        26- 


i— 6th  tour  completed 

3 10        17 -24 

I 3        10 17        24- 


-1- 


7th  tour  completed 


The  average  pitch  is  not  only  the  number  of  complete  tours  of  the 
armature  as  shown  by  the  winding  table,  but  is  also  the  pitch  in 
commutator  sectors,  or  the  number  of  sectors  which  must  be  counted 
off  to  find  the  order  in  which  the  winding  dips  into  the  sectors  l 

§  18.  The  number  of  brush  sets. — In  the  multipolar  wave-wound 
armature  only  two  sets  of  brushes  are  necessary,  and  if  this  minimum 
number  of  sets  is  adopted,  there  is  with  four  poles  a  choice  of  position 
at  which  they  may  be  placed,  namely,  the  two  pairs  of  right  angles 
With  six  or  any  greater  number  of  poles,  there  is  a  choice  as  to  the 
angular  distance  at  which  they  may  be  set  as  fixed  by  the  angles 
between  any  pair  of  poles  of  opposite  sign.  Thus  in  the  6-pole 
machine  they  may  be  set  at  60°  or  180°,  and  in  the  8-pole  machine 
at  45°  or  135°.  There  may,  however,  be  as  many  sets  of  brushes 
as  there  are  poles,  and  two  dotted  sets  are  shown  in  Fig.  105  ;  that 
this  is  permissible  will  be  evident  from  an  examination  of  the 
distribution  of  potential  round  the  commutator  of,  e  g.  Fig.  105, 
which  shows  that  there  are  two  additional  points  of  low  and  high 
potential  respectively  where  a  -  or  a  -f  brush  could  be  applied 
and  connected  to  the  existing  brushes  of  the  same  sign  (the  diver- 
gence of  the  potentials  in  the  diagram  is  due  to  the  approximate 
assumptions  as  to  the  E.M.F.  of  two  volts  induced  in  every  element 
without  regard  to  its  position  in  the  field,  and  partly  also  to  the 

*  Thl*  is  iquatty  true,  although  not  80  apparent  m  the  2-pole  form  of 
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limited  number  of  elements  shown).  In  large  machines  and  wher- 
ever the  diameter  of  the  commutator  is  sufficient  to  give  room  for 
several  sets  of  brushes  without  unduly  crowding  them  or  bringing 
the  sets  of  opposite  sign  into  too  close  proximity,  it  is  always 
preferable  to  employ  as  many  sets  of  brushes  as  there  are  poles 
The  armature  winding  is  not  thereby  divided  into  more  parallels, 
and  the  current  in  each  conductor  still  remains  half  the  total  arma- 
ture current.  The  only  change  introduced  is  that  the  coils  are  now 
short-circuited,  not  only  at  one  set  of  brushes,  but  also  by  the  leads 
connecting  brushes  of  like  polarity.  If  any  set  of  brushes  be  specially 
inaccessible,  as  on  traction  motors,  it  may  be  omitted,  and  a  total 
number  of  sets  intermediate  between  2  and  2p  be  employed. 

§  19.  Freedom  from  effects  of  magnetic  dyssymmetry. — Multi- 
polar  wave-wound  machines  possess  one  signal  advantage,  which 
J  is  not  shared  by  lap-wound  machines.  Each  of  the  paths  through 
the  armature  winding  consists  of  elements  influenced  by  all  the  poles 
Hence  if  for  any  reason,  such  as  eccentricity  of  the  armature  in 
the  bore,  or  unequal  permeance  of  the  different  magnetic  circuits, 
the  inductive  action  of  one  pole  and  its  adjacent  neighbour  is  not 
equal  to  the  corresponding  action  of  another  pole,  this  will  have 
no  effect  upon  the  equality  of  the  volts  produced  in  the  different 
paths  of  the  armature  winding.  The  simplex  wave  wound  multi- 
polar  is,  therefore,  like  a  bi-polar  dram  in  that  there  is  no  fear  of 
inequality  of  EJLF/s  in  its  two  armature  branches. 

§  20.  Selective  commutation  in  wave-wound  armatures  with 
£p  sets  of  Inrushes. — But  if  the  wave-wound  drum  is  used  with  as 
many  sets  of  brushes  as  there  are  poles,  the  advantage  which  it 
possesses  by  reason  of  the  equality  of  the  E.M.F.'s  in  its  parallel 
branches  is  to  some  extent  discounted  by  a  drawback  which  is 
peculiar  to  the  winding.  As  soon  as  the  attempt  is  made  to  take 
full  advantage  of  its  possibilities  by  applying  2p  sets  of  brushes 
with  a  corresponding  reduction  in  the  length  of  the  commutator, 
the  difficulty  arises  that  equal  division  of  the  current  between  the 
sets  of  brushes  which  are  of  the  same  sign  is  entirely  dependent  upon 
the  contact-resistance  of  the  sets  being  precisely  equal.  In  the 
wave-wound  drum  there  is  no  automatic  check  due  to  armature 
reaction  to  prevent  unequal  division  of  the  current  between  the 
various  sets  of  brushes.  Slight  differences  in  their  contact-resistances 
must  inevitably  occur,  and,  further,  Eire  more  or  less  variable  ; 
the  division  of  the  current  between  the  sets  of  one  sign  will  then  be 
unequal  and  will  fluctuate,  so  that  at  one  moment  perhaps  one  set 
may  be  carrying  by  far  the  larger  part  of  the  current.  This  effect  has 
been  called  selective  commtdation,  and  in  consequence  there  may 
result  trouble  from  sparking  and  from  overheating  of  the  brush 
tips.  Hence  in  practice  it  is  not  advisable  to  rely  too  implicitly 
upon  the  current  being  exactly  equally  divided,  and  the  commutator 
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should  be  given  fairly  ample  proportions  of  length  in  order  to  meet 
such  cases  of  selective  commutation. 
§  21.  The  component  pitches  for  wave-winding.— The  division 

U  ±2a 

of  the  total  pitch  y  =  y0  +  y,  =  -    -,--  into  its  two  components 

P 


FIG.  106.— Wave-wound  toothed  drum  (a  =  1) 
U  =«  68       ytt  -  13       y,  =  9       ya  =  11       /„  -  3 

is  not  laid  down  by  the  formula  for  y0,  and  some  choice  is  here 
permissible.  They  may  in  many  cases  be  equal,  and  each  equal 
to  the  average  pitch  of  ye  when  this  is  uneven.  But  when  the 
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desired  number  of  elements  U  is  such  that  an  equal  division  would 
lead  to  ya  and  yp  being  even  numbers  and  an  impossible  winding, 
yB  may  be  made  slightly  less  or  greater  (preferably  the  former) 

than  the  pole-pitch  rr,  and  yv  correspondingly  greater   01    less, 

so  as  to  secure  the  necessary  average  pitch. 

If  yB  =  yr>  a^y  two  elements  which  are  simultaneously  itndoi  going 
short-circuit  in  the  same  interpolar  gap  he  side  by  side  ;  this  is  alio 
the  case  if  the  component  pitches  only  differ  by  two  (as  is  possible 
if  the  number  of  sectors  is  not  divisible  by  the  number  of  poles), 
and  the  back  pitch  is  the  longer  when  the  shorter  of  the  two  possible 
average  pitches  is  taken  or  is  the  shorter  with  the  larger  of  the  two 
possible  average  pitches.  But  the  same  effect  of  reducing  the 
armature  back  ampere-turns  as  is  produced  by  chord-winding  in  the 
lap-wound  drum  can  be  produced  if  the  two  pitches  are  made  to  differ 
by  more  than  the  above  amounts  ;  a  pair  of  elements  which  aio 
short-circuited  in  one  interpolar  gap  are  then  separated  by  two 
or  more  elements  carrying  the  full  current  in  opposite  directions, 
as  is  shown  in  two  of  the  interpolar  gaps  in  Fig.  106. 

§  22.  Simplex  and  multiplex  wave-wound  armatures.  —  In  the 
wave-connected  multipolar  armature,  the  possible  numbers  of 
elements  for  a  given  value  of  a  and  a  given  number  of  poles  go  up 
by  steps,  which  introduces  certain  restrictions.  Even  the  limited 
choice  given  by  the  formula 


is  only  obtained  by  making  y0  alternately  exceed  Cfp,  so  that  the 
winding  becomes  progressive,  as  shown  by  the  appearance  in  the 
complete  formula  of  the  alternative  of  plus  2a  or  minus  2a.  Further, 
in  the  slotted  armature  in  order  that  all  slots  may  be  equally  filled, 
C  =  £7/2  must  be  a  multiple  of  the  number  of  slots  and  with  more 
than  two  coil-sides  per  slot  or  c>  1,  this  introduces  a  second 
restriction  when  the  number  of  slots  on  a  standard  machine  is  fixed. 
To  overcome  this  latter  restriction,  use  has  been  made  of  the  device 
of  adding  "  dead"  bars  or  idle  coils  ,  these  either  have  their  ends 
insulated  or  are  connected  in  parallel  with  their  nearest  neighbour, 
and  serve  merely  to  balance  the  armature  and  give  mechanical 
symmetry.  But  since  they  always  introduce  some  electrical 
dyssymmetry,  their  use  should  be  strictly  discountenanced  1 

According  to  the  value  of  a  the  winding  falls  into  two  classes. 

(a)  a  =  1. 

This  gives  the  simplex  wave^wound.  drum,  for  which 


and 

.     (54) 

1  Except  possibly  in  small  machines  with  a  =  1. 
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Since  ye  and  C  =  £7/2  have  no  common  factoi,  a  single  closed  helix 
always  results.  The  possible  number  of  elements  goes  up  by  steps 
of  four  in  a  4-  or  8-pole  machine,  and  by  steps  alternately  of  four 
and  two  in  a  6-pole  machine,  and  of  four  and  six  in  a  10-pole 
dynamo. 
Since  ya  must  be  a  whole  number  and  in  the  usual  case  of  a  winding 

cS  ±1 
in  two  or  more  layers  =  ,  where  c  is  the  number  of  coils 

P 

or  sectors  per  slot,  it  follows  that  in  the  multipolar  machine,  the 
number  of  slots  S  must  not  be  divisible  by  p. 

(V)  a  —  any  whole  number  greater  than  1. 

The  number  of  pairs  of  parallel  paths  may  in  the  wave-wound 
drum  be  made  equal  to  any  whole  number  by  suitably  choosing 
the  number  and  pitches  of  the  elements.  When  a  >  1,  there  results 
the  multiplex  wave-wound  drum  (also  called  "  series-parallel-wound 
drum  "),  which  retains  many  of  the  characteristics  of  the  multiplex 
lap-winding  in  that  it  increases  the  number  of  paths  and  sectors  for 
a  given  voltage,  and  so  lends  itself  to  large  outputs  at  low  voltages. 
But  its  distinguishing  feature  is  that  the  number  of  armature  paths 
which  it  yields,  although  a  multiple  of  two,  bears  no  relation  to  the 
number  of  pairs  of  poles.  Hence  a  may  be  either  ^  p,  or  =  p 
After  one  nearly  complete  tour  of  the  armature  passing  through 
2p  elements,  the  winding  now  returns,  6  g.  if  a  =  2,  to  the  fourth 
element  or  to  the  second  sector  behind  or  ahead  of  the  starting- 
point,  instead  of  to  the  second  element  or  the  adjacent  sector 
behind  or  ahead  of  the  starting-point,  as  in  the  simplex  wave-wind- 
ing with  a  =  1.  Commencing  from  a  sector  on  which  a  +  brush 

rests,  when  we  have  passed  through  ^r-  elements,  we  reach  a  -brush, 

&8> 

and  have  passed  in  continuous  sequence  through  the  sectors  opposite 
or  corresponding  to  one  magnetic  field  ahead  of  or  behind  our 
starting-point.  The  same  characteristics,  namely,  that  each  circuit 
from  brush  to  brush  is  subjected  to  the  inductive  effect  of  every 
pole  and  therefore  is  practically  indejpendent  of  magnetic  dis- 
symmetry, and  that  the  use  of  as  many  sets  of  brushes  as  there  are 
poles  may  be  accompanied  by  selective  commutation,  are  still 
retained  as  m  the  simplex  form.  If  only  two  sets  of  brushes  are 
employed,  each  set  must  cover  more  than  (<z-l)  sectors,  so  that 
no  circuit  may  be  broken,  and  preferably  covers  a  or  a  +  1  sectors, 
but  if  a  number  of  sets  are  used,  each  can  be  of  less  width,  the  short- 
circuiting  of  the  coils  being  effected  through  the  brushes  and  the 
leads  connecting  those  of  the  same  sign.  A  reduction  of  the  number 
of  sets  of  brushes  below  2<z,  i.e.  a  positive  and  a  negative,  is  not  to 
be  recommended,  so  that,  although  when  «  =  1  two  sets  are  quite 
admissible  with  any  number  of  poles,  this  is  not  the  case  when,  e.g. 
p  ss  9  and  a  =  3.  In  such  a  case,  with  all  the  brushes  in  use  and 
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With,  e  g  all  the  positive  brushes  numbered  from  1  to  9,  brushes 
1,  4,  7  would  have  the  same  potential,  2,  5,  8  would  have  the  same 
potential,  and  so  also  3, 6, 9.  Between  1  and  4  there  may  be  omitted 
the  brushes  2  and  3,  and  also  between  4  and  7  may  be  omitted 
the  brushes  5  and  6,  and  so  on.  If  pw  =  the  number  of  brushes 
of  the  same  sign  which  are  omitted  in  continuous  sequence,  which 
will  be  as  a  maximum  2  in  the  above  example,  then  during  short- 
circuit  there  are  (1  +pw)  coils  thrown  into  series  at  this  spot, 
and  their  voltage  is  (1  +  pw)  times  the  voltage  of  a  single  coil. 

L    '•'*•    J  L    •'"    j   I    '«    i  L     S    1 
I ' --J  t— --• j   i •"   i ~* 

N    ,^»    <*S    J*\   /*^\    .^v    '*\  ,^\  y>v\   '& 

J     v          v1         ^^         V         *l         v'          v          S'         ^ 

n    n    fi    fi    ^    'i    'i    n    M 
i'!    II    t !    1 1    : !    i :    i  i    ;  i    : : 


Two  independent  helices. 
LAJ  l_s_J  LJU  LsjiL.3LJ  L_s.J  U.\J  L.-..J 


i^Xxxxxj/O^ 

1  i  1 1  fi  ?•  ?i  n  fi  •  •   i  n 

-^sC'^.x'^  *>iv''^'«'''sv'V*v^'<'S.''X^'V:'«'  ^  i 
X|X\^-v'*^^-><^"^v'^->xx^'>%N,'  •"••**   *^'i 


(ii)7/B=5.     T/p-5.     #c»5.  Single  helix 

FIG,  107 — 8-pole  duplex  8ymmetncal  wave-windings  (a,  =  2)  derived 
from  4-pole  parent  machines  with  simplex  wave-winding  (a  =  1). 

S'  =  2n+  1  =.    9      c  =  l       C'=i9 

5=4n  +  2=18      c^l       C«18      H  C  F.  of  5  and  ^»  =  /  =  2 

(i)  H  C  F  of  ye  and  C  =  2.  (u)  H  C  F.  of  yc  and  C  -  1. 

As  in  the  analogous  case  of  the  multiplex  lap-wound  drum,  two 
variations  are  possible.  If  ye  and  C  have  no  common  factor  other 
than  1,  the  winding  forms  a  single  closed  helix  ;  thus  in  the  lowei 
part  of  Fig.  107  ya  =  5,  and  C  =  18.  On  the  other  hand,  if  the 
highest  common  factor  of  y0  and  C  be  two  or  more  as  in  the  upper 
part  of  the  same  Figure  where,  with  the  same  value  of  C,  ya  is  made 
4,  the  H.C.F.  of  ya  and  C  gives  the  number  of  totally  independent 
windings. 

Obviously,  if  a  —  p,  the  winding  bears  af  close  resemblance  to  a 
multipolar  lap-wound  drum,  and  when  Cjp  is  a  whole  number  it 
may  be  obtained  from  the  2-pole  wave-wound  drum  by  opening 
it  out  and  repeating  it  p  times,  as  in  Fig.  87,  which  is  the  duplication 
of  Fig.  85.  But  the  great  advantage  of  the  winding  lies  in  the  fact 
that  it  enables  us  to  make  a  ^  pt  e.g.  with  8  poles  there  may  be  4 
parallel  paths  in  the  armature  as  in  Fig.  107,  or  with  12  poles  we 
may  have  4  or  6  parallel  paths,  which  may  often  enable  a  standard 
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pattern  of  field-magnet  to  be  used  for  widely  divergent  voltages 
and  outputs  without  alteration. 

The  induced  E.M.F.  of  the  wave-wound  drum  thus  retains  the 
general  form  of  equation  (44«),  viz. 

S.-£x*.x7x£xlfr«        .         .     (55) 
with  the  special  form  for  the  simplex  case  when  a  =  1 

£.  =  #0.2^10*       ....     (55*) 

Since  with  the  same  multipolar  field,  the  number  of  elements 
required  for  a  given  voltage  is  in  the  wave-wound  armature  only  Ifp 
of  that  in  the  lap-wound  armature,  it  follows  that  with  the  same 
number  of  commutator  sectors  if  the  lap  coils  are  of  2  or  more 
turns,  the  coils  in  the  wave  machine  can  be  reduced  either  to  a 
single  turn,  or  generally,  to  I  IP  of  the  lap  turns  if  more  than  a 
single  turn  thence  lesults,1  with  a  corresponding  reduction  of  the 
space  lost  in  insulation  of  the  wires,  and  a  saving  in  the  time  taken 
to  wind  them.  But  when  the  comparison  lies  between  single-turn 
coils  in  both  cases,  it  is  the  sectors  that  must  be  reduced  in  the  wave 
machine  ;  a  limit  in  this  direction  is  then  often  reached  by  the 
average  difference  of  potential  between  neighbouring  sectors  becom- 
ing too  high.  On  this  account  wave-winding  is,  generally  speaking, 
better  suited  to  fairly  low  speeds  and  small  machines. 

§  28.  The  values  o!  a  or  of  m  =  ajp  in  the  general  case  of  C[p 
whole  or  fractional. — Whatever  the  number  of  poles  and  slots, 
and  whatever  the  value  of  c,  the  number  of  coils  or  sectors  per 
slot,  the  coils  of  a  toothed  armature  can  always  be  coupled  up  to 
form  a  regular  wave-winding  when  all  slots  are  equally  filled  without 
recourse  to  the  device  of  "  dead  "  bars  or  coil-sides.  But  in  each 
case  there  necessarily  result  particular  values  of  a,  the  number  of 
pairs  of  armature  paths,  and  particular  types  of  wave-winding 
with  a  single  closed  helix  or  two  or  more  independent  helices,  and 
these  values  of  a  may  or  may  not  be  desired,  and  may  or  may  not  be 
desirable  for  electrical  reasdns.  The  value  of  a  must,  therefore,  be 
specially  considered  * 

If  S  =  the  number  of  slots  in  a  toothed  armature  with  a  winding 
in  two  or  more  layers,3  the  total  number  of  coils  or  commutators 
sectors  is  C  =  cS.  Let  the  number  of  slots,  S,  be  expressed  as 
/>»!  +  x,  where  x  is  zero  if  S/p  is  a  whole  number,  and  if  S/p  is 
fractional,  «x  is  the  nearest  whole  number  to  S[p,  so  that  x  is  then 
a  positive  or  negative  integer,  the  numerical  value  of  which  may  be 

J  And  a  fractional  result  is  for  the  moment  taken  as  feasible 
*  Cp    DA  S.  P.  Smith,  "  The  Theory  of  Armature  Windings."  Journ 
I.E.E.,  Vol.  55,  p.  81. 

'  Or  half  the  actual  number  of  slots  in  the  rare  case  of  a  single-layer  -winding. 
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equal  to  but  cannot  exceed  PJ2.  When  x  —  p/2,  there  are  two 
whole  numbers  %  and  »/,  one  on  either  side  of  S/p,  and  equally 
near  to  it ;  it  is  then  a  matter  of  indifference  whether  we  work 
with  £«!  +  x,  where  x  is  positive,  or  with  pn^'  +  #»  where  x  is 
negative,  and  %'  =  n^  +  1. 

Analogously  to  the  expression  5  =  £%  +  *  for  the  slots,  the 
number  of  sectors  per  slot  may  be  expressed  as  c  =  pna  -\-  y, 
where  y  may  be  zero  or  any  integer,  positive  or  negative,  less  than 
or  equal  to  pj2.  nz  may  be  zero  or  any  positive  integer,  but  with 
the  proviso  that  if  y  is  negative,  «2  must  be  such  an  integer  that 
pnt  4-  y  yields  a  positive  value  for  the  sectors  per  slot  When 
P  is  high,  nz  is,  of  course,  usually  zero,  and  y  is  then  =  c  Inserting 
the  above  expressions  for  5  and  c, 

cS       (pn±  +  x}    (pn2  4-  y) 
p  p 

4  xy 


xy 

~  P 

xy  j 

-r  rnay  be  positive  or  negative,  and  may  be  a  proper  or  improper 

fraction.    If  a  proper  fraction  less  than  J  or  an  improper  fraction 

k 
leaving  a  remainder  less  than  J,  it  may  be  expressed  as  z  -{--, 

where  z  may  be  zero  or  an  integer.    If  a  proper  fraction  greater  than 
$  or  an  improper  fraction  leaving  a  remainder  greater  than  £,  the 

xy  k' 

next  higher  number  being  z1,  —  may  be  expressed  as  z'  -  —  ; 

P  P 

thus  by  the  use  of  the  next  higher  number  z'  the  fraction  is  always 

xy 
to   be   reduced  to  its  minimum  value.    When   -~  =  i   or    an 

P 

improper  fraction  having  a  remainder  equal  to  £,  the  use  of  either 
z  or  z'  leads  to  the  same  result,  as  will  be  shown  later. 

The  minimum  value  of  a  for  any  combination  of  S  and  c  is  of 
chief  practical  importance,  and  this  will  correspond  to  the  minimum 
value  of  m.  It  follows  from  equation  (53)  that  the  minimum  value 
of  m  or  d  is  always  given  by  that  value  of  the  commutator  pitch 

C       cS 
which  is  the  whole  number  nearest  to  -  ==  — ,  but  not  equal  to 

P        P 

it  when  C{p  is  itself  a  whole  number.    The  nearest  whole  number 
is  now  given  by  %c  4-  n&  4-  z  (or  ^  as  the  case  requires) ;  deduct- 

C  k  h1 

mg    from    this    —  =  %c  4-  n&  +  z  4-  T  or    «±c  4-  nJe  4-  z' , 

V  P  P 
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k 
we  have  for  the  minimum  value  of  m  in  the  former  case  --7,  and 

k1  * 

+  —  in  the  latter  case.    Hence 
P 

,     ,      xy        .  k 

amtn  =  -  k,  when  — -  =  z  +— 
P  P 

=  +  k'      „     „   =  z'~- 

the  signs  of  z  and  k  or  z'  and  k'  being  determined  by  the  sign  of  xy, 
and  either  z  or  z'  being  chosen  to  make  k  or  k'  a  minimum. 

From  this  starting-point  of  amin,  other  possible  whole  numbers 
for  the  commutator  pitch  are  obtained  by  shortening  or  lengthening 
the  pitch  by  one  or  more  sectors.  Let  s  be  the  number  of  sectors 
by  which  the  pitch  is  lengthened  (s  with  positive  sign)  or  shortened 
(s  with  negative  sign)  from  an  original  length  «xc  -f-  n^c  -f-  z  (or  z'}. 
Thence — 

-  4.  i__i  • 

1  x  p        p 

=  _     _     _/*.'_*.', 

1  p        p 

The  complete  series  of  values  for  a  is,  therefore,  as  shown  in 
Table  II  on  pages  230  and  231. 

By  inserting  z  and  k  or  z'  and  k'  with  their  appropriate  signs, 
positive  or  negative  as  the  case  may  be,  according  to  the  sign  of  xy, 
the  above  Table  answers  every  question,  and  the  sign  which  finally 
results  for  m  or  a  =  mp  informs  us  whether  the  direction  of  "  creep  " 
through  the  magnetic  field  is  progressive  (positive)  or  retrogressive 
(negative).  In  the  former  case,  Py0  sector-pitches  exceed,  and 
m  the  latter  case  fall  short  of,  an  exact  tour  round  the  armature. 

The  first  effect  of  shortening  or  lengthening  the  central  pitch  by 
one  sector  is  to  add  on  p  pairs  of  armature  paths  algebraically, 
which  in  one  direction  means  that  the  actual  number  is  the  difference 
between  p  and  k  or  k'.  After  this,  every  successive  reduction  or 
increase  of  ye  adds  on  p  pairs  of  paths. 

k      k' 
When  -r=  T-  =  i»  *  «  when  xyjp  is  equidistant  between  the  two 

P      P 
whole  numbers  z  and  z',  the  two  series  coincide  thus — 


«,«  +  «.*  +  *  -  1  it,c  +  «a*  +  * 

or  or 

HjC  +  fig*  +  S  -  2  rtjC  +  «,*  +  jf—  \ 

-HP  -% 


«,*  +  *  +  2 


or 
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TABLE  II 

When  ^  =  i  •+ 


When  ya  is 
a  = 


Shorter  by  1,  2,  3      |  .  s  sectors      •<- 
ft]          .  -  (Zp  +  K)  -  (p   +  ft) 


-  (sf  - 


-k1) 


When  3'fl  is 


-   2 


+  *'- 


When 

P 


Since  the  values  of  a  now  repeat  on  either  side  of  the  value 
a min,  the  pitch  will  be  chosen*,  so  as  to  msake  the  winding  retrogressive 
and  thereby  avoid  unnecessary  cirossiMigs. 

When  CJp  is  a  whole  nurcaberto  starrt  with, 
either  (1 )  S  is  exactly  divis  ible  by  p,  sand  x  =  0, 

or     (2)  c        „  „        „      „        y  =  0, 

or  (3)  p  is  composed  of  two  f  acton,  J  and  d,  each  higher  than 
unity,  of  which  8  is  a  factor  i  n  5,  and  therefore  in  #,  and  d  is  a  factor 
in  c,  and  therefore  in  y,  s  o  tlia-t  xyjp  is  a  whole  number  =  x. 
Therefore  if  z  is  the  above  -whole  num_ber,  or  if  it  is  zero,  the  fact 
that  k  =  0  makes  Table  II  reduc*  to — 


The  only  possible  values  o»i  n  ar-«e  the=n  ^  or  a  multiple  of  p,  and 
again  as  in  the  preceding  cas-e  since  the  series  repeats,  the  "  creep  " 
will  be  made  retrogressive  or  a  n«gatrve. 

§  24.  General  expression  lor  the  values  of  a.— The  general 
values  for  a  are  from  Table  II— 


a  ass  -  k 


iry 


(56) 


or  ^'  i  s^,  wtwen  ry  = 
These  may  also  be  put  in  thes  singl«  forwi 

* 


but  the  minimum  value  of  a.    is  no*  them  immediately  indicated. 
From  either  expression  the    possible  values  of  a  for  given  numbers 
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FES  OF  a 
-is  <  1 


-  ft 

•  amtn 
•f-  ft' 

+  »»*4 

r 

13   <   I 


Longer  by  1,  2,  3  .     .  s  sectors 

f  £  +  1     f^C  +  Hj*  +  a  +  2        .    .  MjC  +  «z*  +  2  +  S 

•  ft)  (2/>  -  ft)  .  .  (sf>  -  ft) 


(/» 


(2#>  +  ft') 


+  Wa*  +  Jj'  +  2        .        .        »»jC  +  «2*  +  *'  +  S 


of  poles,  slots  and  sectors  per  slot  can  be  quickly  written  down, 
as  in  the  specimen  cases  of  p  =  6  and  7  given  below  in  Table  III. 

It  will  be  seen  that  m  each  set  of  numbers  the  vertical  columns 
and  horizontal  rows  keep  on  repeating  in  different  order.  When 
y  =  -j-  1  or  is  prime  to  p,  the  possible  values  of  a  in  a  joint  vertical 
column  form  a  consecutive  series  from  1  upwards  without  any 
intermediate  whole  numbers  being  missed.  The  same  holds  for 
any  value  of  y  when  p  is  itself  a  prime  number,  2,  3,  5,  7, 11  .  .  .  . 
When  y  is  a  factor  in  p,  the  possible  values  of  a  dimmish,  until 
with  y  —  PJ2,  we  are  reduced  to  a  =  p/Z  or  a  multiple  of  pft. 

When  p  is  high,  the  values  of  a  mount  up  by  large  jumps,  a 


ntx 


practicable 


+x  +2 


TABLE  III.— VALUES  OF  a  »  -  A  (OR 


6  AND  7 


Number    Number 
of  pole-          of 
pairs.         slots. 

Number  of  sectors  per  slot,  c  =  j 

P'         5~£Wl 

y-0. 

y  -  ±  1. 

y  «    ±  2. 

6 

Oft^  3E  1 

6»i±2 

6  or  multi- 
ple of  6 

6        M           M    6 
6        M           l»     ^ 

6  or  multi- 
ple of  6 

^s":: 

6  or  multi- 
ple of  6 
2,4,8.... 
2,  4,  8  .... 

,  : 

7nl±l 
7«x±2 

6    „      ,,6 

7  or  m.  of  7 
7    „      ,,7 
7    „      ,,7 
7    „      ,,7 

3,      9.... 

7  or  m.  of  7 
1,  6,  8  .... 
2,  5,  9  .  .  .  . 
8,  4,  10  ... 

6  or  multi- 
ple of  6 
7  or  m  of  7 
2,  5,  9  
3,  4,  10  ... 
1,6,8.... 

y  -  ±  3. 

6  or  multi- 
ple of  6 
3,      9  .... 

6  or  multi- 

ple of  6 
3,      9.... 

7  or  m  of  7 
3,  4,  10  ... 
1,6,8..,. 
2,  5,  9  .... 
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difference  in  the  commutator  pitch  of  one  sector  making  a  large 
difference  in  py0  sector-pitches,  so  that  the  cumulative  total  falls 
far  short  of  or  much  exceeds  an  exact  tour  once  round  the  armature. 
The  further  use  of  the  above  expressions  is  given  m  §  15  and 
Table  V  of  the  next  Chapter 

LAP-  AND  WAVE-WINDING 

§  25.  The  E.M.F.  equations  for  lap-  and  wave-wound  armatures 
contrasted.  —  A  summary  of  the  foregoing  results  brings  out  clearly 
the  inherent  differences  of  the  two  great  divisions,  lap  and  wave- 
winding,  of  the  drum  continuous-current  armature  ;  by  the  side 
of  the  EM.F  equation  is  added  in  each  case  the  corresponding 

value  of  the  current  in  any  one  armature  path,  or  /  =  — 


LAP. 

a  =  mp,  and  m  must  be  some  whole 

number 
(1)  If  m  =>  1,  simplex  lap 


(2)  If  m  >  1,  multiplex  lap 
1          N 


I 

T  =       g 
J 


WAVE 
mp  =  any  whole  number. 


(1)  If  a  =  I,  simplex  wave 


J- 


(2)  If  a  >  1,  multiplex  wave 


§  26.  Lap  and  wave-wound  armatures  contrasted  in  appearance. — 

As  will  be  more  fully  described  in  Chapter  XIII,  the  most  usual 
type  of  winding  employed  on  a  toothed  armature  core  is  known 
as  "  barrel-winding,"  and  consists  of  lozenge-shaped  coils,  the  sides 
of  which  fall  into  two  layers  as  shown  in  Figs.  101  and  106  (ofi. 
Figs.  93  and  94). 

In  the  lap-  and  wave-wound  toothed  armature  represented  in 
Figs.  101  and  106,  the  lower  elements  are  marked  with  uneven 
and  the  upper  elements  with  even  numbers.  The  end-connectors 
of  such  armatures  with  two  layers  of  bars  are  F-shaped,  and  them- 
selves fall  into  two  layers.  The  developed  plans  of  Figs.  101  and 
106  then  show  that  in  the  lap-wound  armature  the  slope  of  the 
upper  layer  of  end-connectors  at  each  end  of  the  armature  is  aslant 
to  the  armature  core  in  opposite  directions,  while  m  the  wave- 
wound  armature  their  slope  is  parallel.  From  this  external  differ- 
ence it  is  at  once  easy  to  determine  by  inspection  whether  a  toothed 
armature  is  lap-  or  wave-wound  (Fig.  108). 

§  27.  Brush-polarity. — By  reason  of  convenience  in  manufacture 
the  connections  to  the  commutator  sectors  will  be  made  at  the 
part  of  a  front  coil-connector  which  is  nearest  to  the  commutator. 
With  coils  as  above  described,  this  is  in  the  lap-wound  drum  the 
apex  of  the  F-shaped  end-connections  exactly  midway  between 
the  two  coil-sides  (Fig.  101),  and  in  the  wave-wound  drum  midway 
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between  two  coils  at  the  end  of  one  and  at  the  beginning  of  the  next 
(Fig.  106). 

Since  the  brushes  are  so  arranged  as  to  effect  short-circuit  of  the 
coils  when  their  sides  are  in  the  interpolar  gaps  and  the  coils  face 
the  poles,  the  positions  of  the  brushes  in  both  cases  fall  nearly 
opposite  to  the  centre  of  the  poles.  It  thence  results  that  in  both 
cases,  whether  lap  or  wave,  with  a  counter-clockwise  direction  of 


Lap 


Wave 


FIG.  108 — External  appearance  of  lap-  and  -wave-wound  toothed 
armatures  contrasted. 

rotation  in  a  dynamo  (when  viewed  from  the  commutator  end)  a  positive 
brush  is  opposite  to  a  N.  pole,  and  a  negative  brush  is  opposite  to  a 
S.  pole,  and  vice  versS.  with  a  clockwse  direction  of  rotation,  whatever 
the  "  hand  "  of  the  winding.  It  results  that  the  "  hand  "  of  the 
armature  system  as  a  whole1  becomes  immaterial,  so  far  as  regards 
the  self-excitation  of  the  dynamo  for  a  given  direction  of  rotation, 
a  given  direction  of  coiling  in  the  field-magnet  bobbins  and  connec- 
tion of  them  to  the  positive  and  negative  sets  of  brushes  in 
accordance  therewith. 

*  For  a  fuller  statement,  see  Chapter  XI,  §  17,  in  the  5th  edit,  of  The 
Dynamo. 


9-(B066) 
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difference  in  the  commutator  pitch  of  one  sector  making  a  large 
difference  in  pye  sectoi  -pitches,  so  that  the  cumulative  total  falls 
far  short  of  or  much  exceeds  an  exact  tour  once  round  the  armature. 
The  further  use  of  the  above  expressions  ib  given  in  §  15  and 
Table  V  of  the  next  Chapter 

LAP-  AND  WAVE-WINDING 

§  £5.  The  E.M.F.  equations  for  lap-  and  wave-wound  armatures 
contrasted.  —  A  summary  of  the  foregoing  results  brings  out  clearly 
the  inherent  differences  of  the  two  great  divisions,  lap  and  wave- 
winding,  of  the  drum  continuous-current  armature  ;  by  the  side 
of  the  E  M.F.  equation  is  added  in  each  case  the  corresponding 

value  of  the  current  in  any  one  armature  path,  or  /  =  — 

LAP.  WAVE. 

a  =  mp,  and  tn  must  be  some  whole        a  <=  tnp  =  any  whole  number 
number. 

(1)  If  m  =  1,  simplex  lap  (1)  If  a  =•  1,  simplex  wave 

B.-0>.*ZX10"  J=^    =.-#».£  2TX10-  J=4' 

(2)  If  w  >  1,  multiplex  lap  (2)  If  a  >  1,  multiplex  wave 


§  26.  Lap  and  wave-wound  armatures  contrasted  in  appearance.— 

As  will  be  more  fully  described  in  Chapter  XIII,  the  most  usual 
type  of  winding  employed  on  a  toothed  armature  core  is  known 
as  "  barrel-winding,"  and  consists  of  lozenge-shaped  coils,  the  sides 
of  which  fall  into  two  layers  as  shown  in  Figs.  101  and  106  (cp. 
Figs.  93  and  94). 

In  the  lap-  and  wave-wound  toothed  armature  represented  in 
Figs.  101  and  106,  the  lower  elements  are  marked  with  uneven 
and  the  upper  elements  with  even  numbers.  The  end-connectors 
of  such  armatures  with  two  layers  of  bars  are  F-shaped,  and  them- 
selves fall  into  two  layers.  The  developed  plans  of  Figs  101  and 
106  then  show  that  in  the  lap-wound  armature  the  slope  of  the 
upper  layer  of  end-connectors  at  each  end  of  the  armature  is  aslant 
to  the  armature  core  in  opposite  directions,  while  in  the  wave- 
wound  armature  their  slope  is  parallel.  From  this  external  differ- 
ence it  is  at  once  easy  to  determine  by  inspection  whether  a  toothed 
armature  is  lap-  or  wave-wound  (Fig.  108). 

§  27.  Brush-polarity.  —  By  reason  of  convenience  in  manufacture 
the  connections  to  the  commutator  sectors  will  be  made  at  the 
part  of  a  front  coil-connector  which  is  nearest  to  the  commutator. 
With  coils  as  above  described,  this  is  hi  the  lap-wound  drum  the 
apex  of  the  F-shaped  end-connections  exactly  midway  between 
the  two  coil-sides  (Fig.  101),  and  in  the  wave-wound  drum  midway 
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between  two  coils  at  the  end  of  one  and  at  the  beginning  of  the  next 
(Fig.  106).  ^^ 

Since  the  brushes  are  so  arranged  as  to  effect  short-circuit  of  the 
coils  when  their  sides  are  in  the  interpolar  gaps  and  the  coils  face 
the  poles,  the  positions  of  the  brushes  in  both  cases  fall  nearly 
opposite  to  the  centre  of  the  poles.  It  thence  results  that  in  both 
cases,  whether  lap  or  wave,  with  a  counter-clockwise  direction  of 


Lap 


Wave 


FIG.  108 — External  appearance  of  lap-  and  -wave-wound  toothed 
armatures  contrasted 

rotation  in  a  dynamo  (when  viewed  from  the  commutator  end]  a  positive 
brush  is  opposite  to  a  N.  pole,  and  a  negative  brush  is  opposite  to  a 
S.  pole,  and  vice  versi  with  a  clockwise  direction  of  rotation,  whatever 
the  "  hand  "  of  the  winding.  It  results  that  the  "  hand  "  of  the 
armature  system  as  a  whole1  becomes  immaterial,  so  far  as  regards 
the  self-excitation  of  the  dynamo  for  a  given  direction  of  rotation, 
a  given  direction  of  coiling  in  the  field-magnet  bobbins  and  connec- 
tion of  them  to  the  positive  and  negative  sets  of  brushes  in 
accordance  therewith. 

1  For  a  fuller  statement,  see  Chapter  XI,  §  17,  in  the  5th  edit  of  The 
Dynamo. 
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CHAPTER  XII 

CLOSED-CIRCUIT  ARMATURE  WINDING   (continued] 

PARENT  AND  DERIVATIVE  MACHINES 

§  1.  Inequality  of  the  E.M.F.'s  in  the  lap-wound  multipolar. — 

In  the  lap-wound  multipolar  since  the  alternate  sets  of  brushes 
are  connected  together,  the  commutator  sectors  or  points  in  the 
winding  with  which  each  joint  set  of  brushes  of  the  same  sign  at 
any  moment  makes  contact  should  be  at  precisely  the  same  poten- 
tial, and  the  same  also  applies  in  a  lesser  degree  to  the  wave-wound 
multipolar  when  as  many  sets  of  brushes  are  employed  as  there 
are  poles. 

As  a  matter  of  fact  in  the  lap-wound  multipolar  it  is  not  easy  to 
secure  absolute  equality  of  the  E.M.F.'s  of  the  different  branches 
which  are  in  parallel,  owing  to  slight  differences  in  the  permeability 
of  the  several  magnetic  circuits  or  to  the  armature  not  being  exactly 
in  the  centre  of  the  bore.  The  consequences  arising  therefrom  will, 
therefore,  now  be  traced. 

In  the  lap-wound  multipolar  drum,  each  branch  of  the  armature 
winding  between  a  pair  of  adjacent  brushes  is  acted  on  by  two 
adjacent  poles  Suppose  now  that  for  some  reason  the  flux  from 
one  pole  and  into  the  halves  of  adjacent  poles  is  less  than  the 
normal  owing  to  the  pole  not  being  as  permeable  as  the  others, 
or  owing  to  the  length  of  its  air-gap  being  greater.  The  effect  on 
the  armature  currents  is  most  simply  studied  by  assuming  an  equal 
flux  from  or  into  each  pole,  and  upon  this  superposing  a  local  flux 
in  such  amount  and  direction  as  to  give  the  actual  distribution 
of  flux  in  the  real  case.  The  equal  E  M.F.'s  due  to  the  assumed 
equal  fluxes,  together  with  the  terminal  voltage  and  the  external 
current  therefrom  may  then  be  mentally  dismissed,  and  attention 
directed  at  first  solely  to  the  E.M.F.'s  and  current  due  to  the  super- 
posed flux.  It  will  be  found  in  all  such  cases  that  between  brushes 
of  the  same  sign  which  should  be  at  the  same  potential,  an  E.M.F. 
is  set  up  by  the  local  flux.  The  guiding  principle  must  then  be 
as  follows — since  the  brushes  of  the  same  sign  are  in  reality  joined 
by  short-circuiting  connections  of  practically  zero  resistance,  such 
local  currents  must  flow  as  will  exactly  absorb  the  local  E-M.F.'s, 
and  again  leave  no  difference  of  potential  between  brushes  of  the 
same  sign.  Finally,  under  load  the  local  currents  are  to  be  combined 
with  an  equal  division  of  the  load  current  to  obtain  the  actual 
currents  in  each  branch  of  the  armature  winding.  Thus,  in  Fig. 
1090  let  the  steel  casting  of  the  upper  N.  pole  of  a  6-pole  magnet 
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have  a  concealed  cavity  within  it,  by  reason  of  which  the  flux 
is  reduced  below  the  normal.  The  imaginary  local  flux  is  then 
directed  as  shown,  causing  E  M  F.'s  and  brush  potentials  as  shown 
in  Fig  1096  The  shading  off  of  the  lines  is  for  simplicity  neglected, 
and  each  active  bar  is  credited  with  an  E  M.F  of  1  volt.  Let  the 
resistance  of  each  branch  of  the  armature  winding  be  0  0533  ohm, 
and  of  each  brush  set  be  ^th  of  this  amount  Let  the  short-circuit- 
mg  brush  connections  of  zero  resistance  now  be  applied  ,  the  system 


37-6 


c&  Superposed  flax.      &  E  JIT'S  due  thereto     c  Currents  due  thereto 


e.  Combination  with 
normal  currents 


FIG 


d  System  of 
circulating  currents 

109.  —  Unequal  E  M  F  's  and  division  of  current  duo  to  defect 
in  one  pole  of  a  6-polo  lap-wound  machine. 


of  local  equalizing  currents  shown  in  Fig.  109c  and  d  will  then 
result  from  the  E.M.F.'s  of  Fig.  1096,  and  once  again  all  brushes 
of  the  same  sign  are  brought  to  the  same  potentials.  The  difference 
between  the  potentials  of  the  two  brush  sets  (2f  volts)  is  in  the 
reverse  sense  to  the  normal,  and  corresponds  to  the  lower  terminal 
voltage  arising  from  the  cavity.  The  currents  due  thereto  would 
then  be  as  shown  in  Fig.  109<Z,  and  the  extra  loss  over  the  armature 
resistance,  apart  from  the  extra  loss  over  the  brushes,  would  be 
420  watts,  compared  with  a  normal  loss  at  540  amperes  of 

0-0533 

540 a  X  — ^ —  =  2590  watts.    Actually  certain  secondary  reactions 
6 

from  the  armature  ampere-turns  very  greatly  check  any  such 
unequal  division  of  current  and  unequal  pole-strengths.  The 
mechanism  by  which  this  reduction  is  automatically  effected  in  the 
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lap-wound  irrultipolar  is  explained  in  detail  in  a  note  to  the  present^ 
Chapter. 

§  2.  Egnftliarinff  connections. — It  will  be  seen  that  in  such  a  case 
as  the  preceding  the  equalizing  currents  flow  through  the  brushes. 
But  this  could  be  very  largely  prevented  if  the  difference  of  pressure 
was  equalized  by  the  addition  of  a  subsidiary  set  of  cross-connections 
analogous  to  the  stationary  connections  of  the  brushes  and  coupling 
up  points  in  the  winding  or  on  the  commutator,  which  should  be  at 
the  same  potential,  but  of  lower  resistance  than  the  brush  connec- 
tions which  incidentally  serve  the  same  purpose.  No  very  large 

number  of  such  equalizing  con- 
nections need  be  applied,  and 
usually  in  practice  only  about 
6  to  10  points  in  every  pole-pair 
are  connected  to  as  many  nngs, 
or,  say,  one  ring  for  every  6_to 
10  sectors.  The  principle  is 
shown  diagrammatically  in 
Fig.  110,  where  in  a  6-pole 
machine  four  similar  points  in 
the  winding  in  each  double 
pole-pitch  are  connected  to  4 
rings ;  each  ring  is  therefore 
connected  to  three  points  in 
the  winding  situated  at  equal 

360° 
angles  of  120°  —  —7-    apart. 

P 

The  connections  may  be  made  to  commutator  sectors  at  the 
back  of  the  commutator,  but  more  commonly  they  are  tapped 
off  from  the  winding  proper  at  the  back  of  the  armature  (cp.  Figs. 
195  and  196).  It  must  be  clearly  understood  that  they  in  no  way 
prevent  the  evil  of  unequal  EJM.F.'s  in  the  different  branches  of 
the  armature,  but  owing  to  their  low  resistance  as  compared  with 
that  of  the  brushes  they  practically  short-circuit  the  alternative 
path  offered  by  the  connecting  lead  between  the  brushes  of  the  same 
sign.  The  excess  current  of  any  stronger  branch  is  thus  shunted 
through  the  auxiliary  by-pass,  and  does  not  have  to  pass  through 
J  the  brushes  where  it  increases  the  difficulty  of  commutation.  The 
currents  in  the  equalizing  connections  alternate,  and  since  their 
flow  implies  a  certain  loss  of  watts,  the  use  of  equalizers  does  not 
remove  the  necessity  for  great  care  in  the  centring  and  "  electrical 
balancing"  of  the  armature  in  multipolar  fields.  (Chapter  XV, 
§§  14  and  15.) 

In  order  that  equalizing  connections  may  be  legitimately  added 
to  an  armature,  it  is  evident  that  under  normal  conditions  when 
there  is  no  magnetic  reason  for  unequal  E.M.F.'s,  points  of  equal 


FIG.  110 — Equalizing  connections. 
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potential  must  exist  in  the  winding  which  may  be  joined  together 
without  any  current  passing  through  the  connection.  The  sum 
of  the  E.M.F.'s  between  a  pair  or  between  two  groups  of  such 
points  must  be  zero.  The  possibility  of  points  which  strictly 
fulfil  this  condition  existing  in  a  winding  turns  upon  the  question 
of  whether  after  the  rise  or  fall  of  the  E.M  F.  has  been  traced 
through  some  portion  of  the  winding,  exactly  the  same  rise  or 
fall  is  found  to  "  repeat,"  as  will  be  explained  in  the  following 
paragraphs. 

§  3.  The  conditions  under  which  repetitions  of  the  E.MJP.  arise.— 
A  coil-side  A  situated  at  any  moment  at  a  particular  spot  on  an 
armature  relatively  to  a  pole  of,  say,  N.  sign  generates  a  certain 
instantaneous  E.M.F.  If  on  the  same  armature  there  is  at  the 
same  instant  another  coil-side  A'  occupying  a  precisely  identical 
position  relatively  to  another  pole  of  the  same  sign,  it  must  also 
generate  the  same  instantaneous  E.M  F.,  the  assumption  being,  of 
course,  made  that  in  the  multipolar  machine  every  pair  of  poles 
yields  a  flux  equal  in  amount  and  similar  in  distribution 

It  is  further  the  case  that  in  all  windings  such  as  are  employed 
with  closed-circuit  armatures,  which  are  mechanically  symmetrical 
and  close  naturally  (i.e.  without  any  irregular  connection  causing 
what  may  be  termed  forcible  closure),  the  span  of  the  coils  is  uniform 
and  their  connections  are  made  after  a  uniform  law,  i.e.  the  back 
and  front  pitches  of  the  coils  are  the  same  throughout  the  whole 
winding  or  windings.  In  these  circumstances,  when  the  winding 
is  followed  through,  the  coil-side  B  next  in  succession  to  coil-side  A 
will  generate  an  instantaneous  E.M.F.  which  will  be  the  same  as 
that  of  coil-side  B'  the  next  in  succession  to  A'.  Similarly  the 
third  coil-sides  C  and  C'  must  generate  the  same  instantaneous 
E  M.F.,  and  so  on.  From  the  given  starting-points  then  the  gradual 
summation  of  the  E.M.F.'s  will  proceed  equally  until  in  each  case 
as  we  trace  out  the  winding,  we  reach  either  the  original  starting- 
point  A  or  another  coil-side  A'  in  the  same  winding  occupying 
at  the  same  instant  identically  the  same  position  as  A,  but 
relatively  to  another  pole  of  the  same  sign,  when  the  process 
begins  again. 

Proceeding  from  the  position  of  zero  E.M.F.  in  a  coil  and  tracing 
the  winding  until  it  has  crept  past  a  double  pole-pitch,  the  first 
result  is  a  nse  of  the  induced  E.M.F.,  say,  to  a  positive  maximum  ^ 
when  one  pole-pitch  has  been  crept  through ;  thenceforward  the 
sign  changes  and  a  negative  induced  E.M.F.  rises  to  a  maximum 
-  61 '.  As  further  explained  in  §  6,  the  possibility  of  some  inequality 
between  the  two  E.M.F.'s  must  be  considered  as  the  general  case, 
and  from  the  difference,  if  any,  i.e.  from  ^  -  ej  will  arise  a  circulating 
current,  alternating  in  direction  round  the  closed  circuit  as  rotation 
proceeds  and  the  second  part  of  the  winding  assumes  the  same 
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position  relatively  to  the  second  pole-pitch  that  the  first  part  had 
initially  to  the  first  pole-pitch.    It  must  now  be  noted  that  as  soon 
as  a  point  of  repetition  of  E  M  F.  is  reached  in  the  winding,  exactly 
the  same  circulating  current  will  be  earned  on  through  the  next 
stage  and  so  on,  until  the  ring  closes,  and  whether  each  stage 
corresponds  to  one  or  to  more  pole-pairs,  the  magnitude  and  direc- 
tion of  the  current  will  be  just  such  that  the  volts  lost  in  its  passage 
over  the  ohmic  resistance  exactly  absorb  the  differences  e^-e^, 
and  leave  the  points  marking  the  termination  of  stages  at  precisely 
the  same  potential.    Thus  if  between  any  pairs  of  points  the  same 
E  M  F.'s  &±  -  e^'  are  induced,  these  points  will  remain  at  the  same 
potential,  whether  or  no  there  be  any  circulating  current  or  its 
equivalent,  an  unequal  division  of  the  armature  current  under  load. 
There  are  then  points  of  equal  potential  in  the  winding  which 
may  be  legitimately  joined  by  equipotential  connections.    When 
so  joined,  no  current  will  flow  through  the  connecting  leads,  unless 
there  be  inequalities  in  the  pole-strengths,  from  the  effects  of  which 
on  the  brushes  it  is  the  function  of  the  equipotential  connections 
when  acting  as  equalizers  to  protect  the  machine. 

If,  therefore,  out  of  the  p  points  on  a  multipolar  armature  which 
at  any  instant  may  be  similarly  situated  relatively  to  poles  of  the 
same  sign,  the  number /are,  in  fact,  occupied  by  coil-sides,  equalizer 
connections  become  legitimate,  and  each  such  connection  may 
join  together  /  corresponding  points,  and  must  join  them  if  it  is 
required  to  load  all  the /pairs  of  armature  paths  equally  from  slip 
rings.  The  equipotential  pitch  or  the  distance  on  the  armature 
which  separates  one  point  from  the  next  successive  point  of  equal 
potential,  when  measured  in  coil-sides  or  elements,  will  be  Ujf, 
and  when  measured  in  coils  or  sectors  will  be  Cjf. 

§  4.  The  case  d  the  slotted  armature.— In  the  above  general 
statement  of  the  circumstances  under  which  it  becomes  possible 
to  divide  an  armature  winding  into  two  or  more  portions  which 
at  every  instant  give  an  E  M.F.  equal  in  amount  and  in  phase,  no 
specific  mention  has  been  made  of  the  slotted  armature.  When  the 
armature  of  a  multipolar  machine  is  slotted,  there  will  not  be  / 
-Apornts  which  at  any  instant  are  similarly  situated  relatively  to  poles 
of  the  same  sign,  unless  there  are/slots  so  situated,  In  order  that 
there  may  be  slots  occupying  at  one  instant  similar  positions 
rekfavely  to  poles  of  the  same  sign,  5  and  $  must  have  a  common 
factor  /  >  1.  When  5  is  prime  to  p,  there  axe  no  two  slots  which 
at  ajay  given  moment  have  the  required  similar  positions 

The  sole  condition  then  for  repetitions  of  E.M.F.  and  for  the 
legitimacy  of  equipotential  connections  in  a  slotted  armature  as 
normally  constructed  is  a  common  factor  /  >  1  between  S  and  j>, 
and  it  is  the  importance  of  this  factor  in  the  case  of  the  slotted 
armature  which  was  fr4  brought  out  by  Br,  S,  P.  Smith  In  h£ 
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paper  on  "  The  Theory  of  Armature  Windings."  *  The  pole-pairs 
are  then  divisible  into  /  groups  of  p/f  =  P'  pole-pairs  ;  the  slots 
are  similarly  divisible  into  /  groups  of  S//  =3  S'  slots,  and  the  two 
sets  of  groups  exactly  correspond  to  one  another.  The  number 
of  slots  which  at  any  instant  occupy  exactly  the  same  positions 
relatively  to  poles  of  the  same  sign  is  /.  This  granted,  it  follows 
that  in  each  of  the  /  slots  there  is  a  coil-side  occupying  the  same 
position  within  the  slot,  since  all  slots  in  the  assumed  regular  winding 
are  equally  filled  There  are,  therefore,  /  coil-sides  fulfilling  the 
conditions  of  §  3,  and  the  equipotential  pitch  measured  in  slots 
becomes  S//  If,  as  is  the  case  in  practice,  S  exceeds  p,  the  H  C.F. 
f  between  S  and  p  may  be  equal  to  p,  but  this  is  its  maximum 
value. 

All  slotted  armatures  can  thus  be  divided  into  two  classes, 
according  to  whether  S  has  not  or  has  a  factor  common  to  p  and 
higher  than  unity.  In  the  former  class  shown  on  the  left-hand 
side  of  Table  V  for  pole-pairs  up  to  12  in  number  there  are  no 
repetitions  of  E.M.F. ;  but  armatures  in  the  latter  class,  shown 
on  the  nght-hand  side,  possess  true  points  of  equal  potential,  give 
one  01  more  repetitions  of  the  same  E  M  F.'s  round  the  closed  circuit 
or  circuits,  and  admit  of  equalizing  connections. 

§  5.  The  distinction  between  parent  and  derivative  machines. — 
The  general  statements  of  §§  3  and  4  have  made  no  definite  reference 
to  the  nature  of  the  winding  of  the  armature.  Indeed  they  have 
been  framed  to  apply  equally  to  windings  forming  a  single  closed 
helix  or  two  or  more  independent  helices,  and  in  each  case  whether 
lap  or  wave-wound.  They  therefore  require  to  be  supplemented 
by  a  further  consideration  of  the  actual  circumstances  of  each 
class  of  winding. 

In  this  connection  it  will  be  found  that  many  interesting  points 
in  the  nature  of  multipolar  armature  windings  are  rendered  clearer 
by  considering  whether  they  can  be  reduced  to  a  simpler  form  by 
the  process  of  removing  one  or  more  sets  of  pole-pairs  and  the  same 
number  of  repeats  of  the  armature  winding  until  there  is  left  a 
machine  which  may  be  regarded  virtually  as  the  unit  by  the 
multiplication  of  which  the  actual  machine  is  obtained. 

The  first  requisite  will  be  a  knowledge  of  the  "  parent "  or  original 
types  which  cannot  be  reduced  by  the  above-described  process  to 
anything  simpler. 

In  the  multipolar  machine  repetition  of  E  M.F.  has  been  shown 
in  §  4  to  arise  from  the  multiplication  of  an  original  number  of 
slots  S'  with  their  corresponding  coil-positions  within  them,  and 
an  original  number  of  pole-pairs  p',  so  that  5  ~fS'  and  p  =  fp', 
while  c  =a  c'  remains  unchanged ;  and  this  suggests  what  is  in  fact 
the  case  that  the  machines  tabulated  on  the  left-hand  side  of  Table  V 

1  Journ.  I.E.E.,  Vol.  55,  p.  18. 
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furnish  the  parent  numbers  of  slots  and  pole-pairs  from  which 
other  machines  (tabulated  on  the  right-hand  side)  can  be  derived 
by  the  converse  process  of  cutting  the  originals  through  to  the 
centre,  inserting  one  or  more  additional  sets  of  p'  pole-pairs  (each 
set  being  equal  in  number  to  the  original  set)  and  connecting  in 
a  corresponding  number  of  exact  repeats  of  the  original  armature 
winding.  Every  time  that  the  same  system  of  conductors  occupying 
slot  positions  similarly  situated  relatively  to  poles  of  the  same 
sign  is  repeated,  there  will  be  an  exact  repetition  of  the  instantaneous 
EM .F.  of  the  original  winding  in  the  repeat  winding.  Whatever 
the  component  E.M.F.'s  or  resultant  EM.F.  as  a  whole  induced 
between  the  severed  ends  of  any  continuous  length  of  copper  in 
the  original  winding,  it  follows  from  the  nature  of  the  multiplying 
process  that  there  must  be  a  corresponding  length  of  copper  and  a 
corresponding  E  M.F.  or  E.M.F.'s  in  the  first  or  any  number  of 
sets  of  repeat  coils.  If,  therefore,  the  multiplication  is  carried  out 
/tunes,  that  is,  if /-  1  sets  of  p'  pole-pairs  and/- 1  repeats  of  the 
winding  are  inserted,  then  in  the  derived  machine  the  E.M.F., 
whatever  it  may  be,  which  is  induced  in  each  portion  into  which 
the  original  winding  has  been  severed,  must  re-occur  /-I  time*., 
so  that  there  are  in  all /occurrences  of  it ;  and  any /corresponding 
pouits  of  the  complete  winding  may  be  joined  together  by  an 
equalizer  connection  as  being  points  of  equal  potential. 

BIPOLAR  PARENT  TYPES 

§  6.  The  two-pole  parent  machine.— The  essential  characteristic 
of  the  two-pole  machine,  whether  lap  or  wave-wound,  is  that  m 
must  be  a  whole  number. 

With  any  number  of  sectors  cS'  =  n^n^  where  n±  and  «a  are 
any  whole  numbers,  let  the  winding  be  traced  through,  starting 
from  one  side  of  a  coil,  the  axis  of  which  stands  at  right  angles  to 
the  neutral  plane  of  zero  field,  and  being  careful  to  follow  the  winding 
in  the  direction  of  the  E  M.F.,  i.e.  from  a  negative  brush,  Thus 
m  Fig.  84  the  start  may  be  made  either  from  sector  1  down  element 
1  and  so  on,  or  from  sector  2  down  element  8,  any  little  E.M.F.'s  in 
these  two  elements  being  balanced  and  in  the  same  direction  away 
from  the  observer.  Or  in  Fig.  85  the  start  may  be  made  either  from 
sector  5  through  elements  9  and  16  hi  which  the  E.M  F.'s  are 
balanced  on  to  element  7,  or  from  section  6  down  dement  16  and 
up  9  to  element  2.  The  only  reason  for  so  choosing  the  start  is 
that  in  this  way  the  result  is  the  gradual  attainment  of  the 
E.M.F.  <?!  in  its  entirety,  followed  in  proper  sequence  by  the 
whole  of  -  ^'.  It  has  already  been  shown  in  §  10  of  Chapter  X  that, 
though  in  the  toothed  2-pole  drum  there  can  be  no  circulating 
current,  such  a  current  will  arise  in  the  smooth-core  armature  with 
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an  uneven  number  of  slots  S'  if  there  axe  harmonics  in  the  flux 
curve  of  the  order  5'  or  any  multiple  thereof.  Under  load  conditions 
the  complex  processes  of  commutation  may  also  affect  the  above 
statement,  so  that  as  already  mentioned  if  some  difference  e  -e  ' 
be  assumed  as  the  general  case,  there  will  arise  a  circulating  current 
passing  through  a  cycle  of  values  at  a  frequency  considerably 
greater  than  the  fundamental  frequency.  But  when  the  voltage 
absorbed  by  the  ohmic  resistance  in  relation  to  this  current  is  taken 
into  account  as  a  negative  E.M.F.,  the  sum  of  the  EJkLF.'s  is 
rendered  exactly  zero  ;  in  fact  the  circuit  of  the  armature  is  closed 
at  the  point  reached  at  the  end  of  the  tracing-out  process,  and  the 
circulating  current  or  its  equivalent,  the  unequal  division  of  an 
armature  load  current,  absorbs  at  any  instant  any  difference  between 
fij  and  0].'. 

Lap  and  wave-winding  will  now  in  turn  be  considered  separately, 
although  it  will  be  seen  later  that  there  is  but  little  electrical  dis- 
tinction between  them  in  their  two-pole  application  which  is  alone 
now  under  consideration. 

A.  LAP-WINDING 

§  7.  (1  a]  m  =  1  — Let  an  additional  pole-pair  and  a  repeat 
of  the  winding  now  be  inserted  and  joined  up  as  shown  in  Fig.  86. 
Starting  from  sector  1  as  before,  and  in  the  same  direction,  we  again 
obtain  e^,  and  at  the  further  end  the  original  winding  will  take  in 
portions  of  the  inserted  winding  up  to  sector  9,  which  being  similarly 
situated  will  again  complete  the  E.M.F.  -  0/.  The  remainder  of 
the  inserted  winding  will  in  turn  be  completed  by  linking  up  with 
the  portions  of  the  original  winding  so  far  left  out,  and  will  yield 
a  second  and  exactly  equal  e±  -  e±.  Hence  brushes  on  the  commu- 
tator at  1  and  9  may  be  joined  in  parallel,  as  being  strictly  at  the 
same  potential,  or  the  rotating  points  1  and  9  of  the  winding  may 
be  joined  by  an  equalizer  connection  as  strictly  equipotential 
points ;  and  the  same  holds  for  other  corresponding  intermediate 
points  in  the  winding  or  for  the  intermediate  pair  of  commutator 
brushes  of  opposite  sign.  As  already  stated,  the  possible  presence 
of  an  alternating  current  circulating  at  some  frequency  higher 
than  the  fundamental  round  the  closed  winding  will  not  in  any  way 
affect  the  equality  of  potential  of  the  above-described 

Its  continuance  round  the  enlarged  ci 

compensated  at  each  instant  b^T  iV 

ence  e±  - «/,  and  the  same  ol 

poles. 
The  same  process  may  agai 

another  pole-pair  ;  since  in  the 

after  crossing  the  double  pole- 
starting-point,  no  change  is  ca 
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or  more  repeats.  In  every  case  there  results  a  single  closed  helix, 
which  also  follows  at  once  from  the  fact  that  ye  =  m  =  1  has  been 
kept  unchanged,  and  this  can  have  no  common  factor  higher  than 
unity  with  the  new  number  of  sectors  C  =  pcS'.  The  derived 
machine  is  the  simplex  lap-wound  multipolar  with  a  =  p,  and  it 
is  seen  that  it  is  the  parent  two-pole  machine  multiplied  p  times. 
The  number  of  slots  in  the  derived  machine  being  5  =  pS',  the 
H.C.F.  of  S  and  pisf=p,  and  there  are  p  repetitions  of  the  E.M  F. 
e\  ~  ^L'»  the  sl°t  positions  at  any  moment  in  one  double  pole-pitch 
being  exactly  repeated  in  every  other  double  pole-pitch. 

Thus  any  simplex  lap-wound  multipolar  (y0=l)  which  has 
a  number  of  slots  S  exactly  divisible  by  the  number  of  pole-pairs 
(i.e.  S  =  pS')  is  a  derivative  from  a  parent  2-pole  lap-wound  machine 
having  the  same  value  of  c  and  S'  slots  The  equipotential  pitch 
measured  m  slots  is  yn  =  S'  =  Sfp,  and  in  coils  or  commutator 
sectors  is  cS'  =  Cfp,  or  in  elements  is  Ujp.  The  number  of  points 
at  any  given  potential  reaches  the  maximum  value  p,  and  to  all 
of  these  any  equalizer  connection  will  be  attached,  as  in  Fig.  110. 

§  8.  m  >  1  has  a  common  factor  with  cS'  greater  than  nmty.— - Next 
let  the  commutator  pitch  of  the  original  2-pole  lap-wound  machine  be  increased 
toy0  =  m>  1,  so  that  the  winding  becomes  multiplex,  a'  =  mp'  —  m  being 
&  whole  number,  2  or  more 

(16)  First  let  tn  >  1  be  a  factor  in  C'  =  cS'  Then  m  the  parent  machine 
there  are  m  independent  helices,  Interleaved  between  one  another,  each  of 
which,  considered  by  itself,  will  follow  exactly  the  same  laws  as  the  simplex 
winding  of  case  (la).  For  every  pole-pair  and  winding  inserted,  there  must 
be  a  repetition  of  the  E.M  F.  of  the  first  hehx  in  its  repeat,  and  of  the  E.M  F. 
of  the  second  hehx  in  its  repeat,  and  so  on  There  are  therefore  at  any 
instant  p  repetitions  of  E  M  F  m  each  of  the  tn  independent  helices  of  tho 
derived  machine  The  equipotential  pitch  is  as  before  But  it  may  bo  asked 
whether  there  is  any  exact  repetition  of  the  E  M  F  of  one  of  the  original 
helices  by  that  of  another,  or  in  the  derived  multipolar  machine  between 
portions  or  the  whole  of  the  independent  helices  Since  for  any  0110  position 
of  a  coil-side  in  a  slot  and  relatively,  say,  to  N  polos,  all  the  p  corresponding 
points  are  occupied  by  one  hehx,  this  can  at  once  be  answered  m  the  negative 

Equalizer  connections  in  the  derived  multipolar  therefore  can  only  connect 
points  in  each  of  the  windings  independently — a  condition  which  13  auto- 
matically cared  for  by  the  use  of  the  formulae  for  the  equipotential  pitch 
given  above  (§  7) 

For  the  same  reason  the  points  joined  on  the  commutator  by  any  brush 
are  never  strictly  at  the  same  potential.  Yet  the  difference  of  phase  which 
causes  this  cannot  be  alleged  as  any  objection  to  the  multiplex  winding  ;  on 
the  contrary  it  would  be  the  ground  for  its  adoption  for  the  following  reason. 
If  m  the  course  of  design  we  are  limited  to  a  two-pole  lap-wound  machine 
to  give  a  very  large  current,  the  progressive  commutation  of  the  contents  of 
a  slot  due  to  the  multiplex  winding  and  following  as  a  corollary  from  tho 
difference  of  phase  above  mentioned  would  be  the  cause  of  its  superiority  to 
a  simplex  winding. 

Thus  any  multiplex:  lap-wound  multipolar  with  ya  =  m  >  1,  in  which  the 
number  of  slots  S  is  exactly  divisible  by  p,  and  the  number  of  sectors  C  is 
exactly  divisible  by  mp,  has  m  independent  windings,  each  possessing  * 
repetitions  of  E  M  F.  but  with  none  between  windings  ,  and  it  may  be  traced 
back  to  a  parent  2-pole  machine  lap-wound  with  tn  independent  helices  and 
having  the  same  values  of  o  and  of  ya  >=  m  >  1,  but  with  5'  slots 

§  9.  tn  >  I  having  no  O.P.  with  cS'  higher  than  1  — (1  c]  Let  tn,  although 
>  I,  have  no  common  factor  higher  than  1  with  C  «=  cS',  so  that  the  original 
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multiplex  winding  forms  a  single  closed  helix      Thus  in 

winding  be  tnplex,  with  m  =  3   Neither  c  nor  S'  can  have 

than    1    with   m,    and   therefore    S' 

cannot  be  divisible  by  a'  =  m,  but  this 

cannot  be  regarded  as  any  objection, 

for  the  same  reasons  that  have  been 

given  under  (16)  ,  it  only  implies  that 

one  or  more  of  the  pairs  of  armature 

paths  must  contain  two  coil-sides  less 

than  the  other  or  others. 

Such  a  2-pole  winding  creeps  past  the 
double  pole-pitch  m  times  ,  and, 
when  cut  through  and  opened  out,  the 
m  sections  of  the  windings  can  be 
traced  through  from  the  intorpolar  line 
of  bisection  separately  Following 
the  same  rules  as  before,  for  the  first 
tour  of  Fig  111  the  starting-point  will 
be  the  coil-side  marked  1  ;  the  second 
tour  starting  from  2  begins  with  the 
next  but  one  coil-side  in  the  direction 
of  advance,  and  the  third  tour  starting 
from  3  begins  with  the  coil-side  adja- 
cent to  the  original  starting-point.  The 
first  tour  embracing  12  elements  or  6 
coils  will  yield  an  E  M  F  £x  -  «,',  the 
second  and  third  each  embracing  10 
elements  or  5  coils  will  yield  E.M  F  's 
e  i  -  et',  and  ea  -  ea',  with  differences  of 
phase  between  all  three,  and  all 
unequal 

Now  since  the  winding  is  a  closed 
helix  and  after  each  tour  returns  to  a 
different  starting-point,  it  follows  that 
when  another  pole-pair  and  a  repeat 
winding  are  added  on,  the  first  half- 
tour  of  the  whole  machine  will  end  at  2' 
and  its  continuation  onwards  complet- 
ing the  tour  will  be  from  2'  to  3,  yielding 
tho  same  E.M.F.  et  -  et'  as  the  original 
second  tour  from  2  The  second  half- 
tour  from  2  will  end  at  3',  and  its  con- 
tinuation onwards  completing  the 
second  tour  will  be  from  3'  to  1  ,  yielding 
the  same  E  M  F.  «,  -  et'  as  the  original 
tour  from  3  Lastly  the  third  half-tour 
from  3  will  end  at  1',  and  its  continua- 
tion onwards  will  be  from  1'  to  2,  yield- 
ing tho  same  E  M  F.  Et  -  ej  as  the 
first  tour  of  the  original  winding. 

But  now  let  a  second  pole-pair  and 
repeat  winding  be  inserted,  making 
3  in  all,  so  that  p  =*  m.  Then  at  once 
ya  =»  m  and  C  =>  cp  Sr  will  have  the 
common  factor  m  >  I,  and  we  return 
to  m  independent  helices,  but  now  each 
giving  the  same  total  E.M  F  at  any 
instant  In  series  with  1  -  2'  -  3* 
will  be  found  a  continuation  from  3' 
to  1  closing  one  helix.  In  series 
with  2-3'-l*  will  be  found  a 
continuation  from  1*  to  2  closing  the 
second  helix.  In  series  with  3  -  l'-2* 


Fig    111  let  the 
any  factor  higher 
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will  be  found  a  continuation  from  V  to  3  closing  the  third  helix.    We  thus 
have — 

First  Second 

Original  2-pole.      repeat.  repeat. 

1st  tour.    From  coil-aide  1.      El  -  «/    +    et  -  etr  +    et  -  etf 

2nd  tour.      „  „        2        et  -  «,'    +    «,  -  e,'  +    E1  -  et' 

3rd  tour.       „  „        3.       ff,  -  «,'    +    £,-«/  +     et  -  et' 

Hence  from  the  parent  multiplex  two-pole  machine  with  ye  *>»  m  >  I  and 
a  single  closed  helix,  although  p  repetitions  of  each  component  E.M.F  must 
always  occur  between  different  portions  of  the  windings,  the  derived  machine 
assumes  three  different  forms. 

If  *  is  prime  to  tn,  the  winding  remains  a  single  closed  helix.  If  the  actual 
winding  be  traced  through  from  a  given  starting-point,  an  equipotential  point 
is  found  after  tnS'  slot-pitches  have  been  passed  by,  but  since  m  is  prime  to 
p,  this  always  reduces  down  to  5  slots  passed  a  whole  number  of  times  plus 
or  minus  S'  slot-pitches,  i  e .  the  span  of  the  equalizer  connection  is  5"  slot 
pitches,  so  that  again  the  same  formulae  for  the  equipotential  pitch  remain 
true,  *  e  m  slots  yn  =  S'  and  in  sectors  =  cS', 

If  p  =.  m  or  a  multiple  of  m,  say  km,  there  are  m  independent  helices  ; 
in  this  case  when  p  =  m,  they  are  without  repetitions  in  themselves,  and  an 
equalizer  connection  joins  the  several  helices  together,  and  when  p  =  km, 
they  have  k  repetitions  in  themselves  and  an  equalizer  connection  joins  both 
points  in  each,  helix  and  the  several  helices. 

If  m  and  p  have  a  common  factor/'  greater  than  unity  but  less  than  m  or  p, 
there  result  ]'  independent  helices,  each  of  which  is  now  itself  multiplex  and 
making  m\j'  tours  of  the  armature ;  there  are  then  pjf  repetitions  in  each 
hehx.  In  both  the  last  two  groups,  there  is  always  complete  identity  between 
the  E.M  F.'s  of  the  /'  helices,  and  it  is  evident  that  the  second  group  when 
p  =  m  or  km  is  the  extreme  case  of  the  third  group  when  f  =  m,  so  that 
only  the  third  or  general  case  is  tabulated  in  Table  IV  (p.  247). 

Thus  multipolar  machines  having  a  multiplex  lap-winding  withy.  =»  m  >  1 
and  a  number  of  slots  5  exactly  divisible  by  p,  but  a  number  of  sectors  C 
not  exactly  divisible  by  tnp,  although  they  may  have  independent  windings 
or  a  single  hehx,  reduce  to  a  parent  two-pole  multiplex  machine  having  a 
single  closed  helix. 

B.  WAVE-WINDING 

§  10.  m  =  1. — Starting  with  a  two-pole  simplex  wave-wound 
machine  such  as  Fig.  85,  let  an  additional  pole-pair  and  a  repeat 
oi  the  winding  be  inserted  and  joined  up,  as  in  Fig.  87.  The  ends 
of  each  continuous  piece  of  wire  into  which  the  original  winding, 
when  opened  out,  is  cut  are  never  on  the  same  level.  Hence  when 
the  4-pole  winding  is  traced  through,  it  skips  alternate  coils  of  both 
the  original  and  inserted  windings. 

In  contrast  with  the  similar  lap  machine  in  which  the  winding 
always  remains  a  single  closed  helix,  the  same  two  cases  which 
arose  first  in  §  9  already  become  possible  in  the  multipolar  derivatives 
from  the  wave  machine  with  tn  =  1.  If  as  in  Fig,  85  y0  is  a  prime 
number  to  start  with,  the  winding  when  multiplied  always  remains 
a  single  hehx  (e.g.  with  4  poles  in  Fig.  87).  But  if  yc  is  not  a  prime 
number  to  start  with,  the  multiplication  of  S'  or  of  C'  or  of  »»by  p 
may  cause  S  or  C  to  have  a  common  factor  h  greater  than  unity 
with  ya,  or  mp  to  have  the  same  common  factor  with  C  ••>  -pC'. 
There  then  result  h  independent  wave-wound  helices. 
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Since  in  the  2-pole  machine  with  a'  =  1,  after  one  coil  has  been 
traced  through,  the  distance  traversed  has  exceeded  or  fallen  short 
of  one  exact  tour  of  the  armature  by  one  sector,  the  excess  or  defi- 
ciency after  two  coils  have  been  traced  through  in  the  4-pole 
derivative  will  be  2  sectors,  and  after  three  coils  have  been  traced 
through  in  the  6-pole  derivative  will  be  3  sectors.  Or  in  general, 
if  (p  - 1)  pole-pairs  are  inserted  and  p  coils  are  traced  through, 
it  will  be  p  sectors.  But  since  m  =  a(p  has  been  retained  unchanged 
and  this  is  =  1,  a  must  be  =  p,  and  a  multiplex  wave-winding 
with  a  =  p  is  obtained.  The  commutator  pitch  which  in  the  2-pole 

pcS' 
case  was  y0  =  cS'  ±  1  remains  unchanged  as  =--—  ±  1,  but  there 

P 
may  result  a  C.F.  higher  than  1  between  mp  and  C  or  between 

cS'  ±  1  and  cS. 

Thus  any  wave-wound  multipolar  machine  which  has  a  number 
of  slots  exactly  divisible  by  p,  or  5  =  pS'  and  a  —  p,  is  a  derivative 
from  a  parent  2-pole  simplex  wave-wound  machine  with  S'  slots, 
a'  =  1  and  the  same  value  of  c. 

If  the  actual  winding  of  the  derived  machine  be  traced  out  when 
it  remains  a  single  closed  helix,  the  namber  of  slot  pitches  passed 
by  m  following  the  winding  from  a  given  point  to  the  next  equi- 
potential point  in  succession  (where  both  the  position  of  the  winding 
in  the  slot  and  the  slot  position  relatively  to  a  pole  of  the  same 
sign  are  repeated) l  is  ya .  SJp.  The  commutator  pitch  yc  being 

cS'     S 

cS'  ±  1,  this  is  equal  to  5  .  -r-  ±  T  •  Now  in  order  that  y0  may  be 

p       p 

prime  to  p,  cS'  must  be  divisible  by  p,  i.e.  cS'jp  =  a  whole  number. 
Theref ore  the  equipotential  pitch  m  slots  is  equal  to  S  slots  passed 
by  cS'jp  times,  i.e.  to  cS'  exact  tours  round  the  armature  which 
cancel  out,  plus  or  minus  the  resultant  equipotential  pitch  Sip 

When  yc  and  p  have  the  common  factor  h  higher  than  1,  the 
number  of  slot-pitches  passed  by  in  proceeding  from  a  given 
point  to  the  next  equipotential  point  in  the  same  helix  is 

S  ,^r  =  S  .  T-^T  =  S  .  -r .    When  p  is  a  factor  hi  ye,  this  is  an 
p  kt  h          RI  r  ' 

exact  number  of  tours,  and  therefore  there  are  no  repetitions  within 
any  of  the  helices,  but  repetition  between  the  helices. 

§  11.  m  >  1. — Next,  let  the  commutator  pitch  of  the  original  2-pole 
wave-wound  machine  be  lengthened  or  shortened  from  ye  «  cS'  ±  1  to 
y0  a  cS'  ±  m>  where  m  is  a  whole  number  >  1.  In  the  2-pole  parent  since 
p  m  I,  there  are  h1  helices  if  tn  has  a  common  factor  h'  with  C,  and  in  the 
multipolar  derivative,  the  H.C  F.  of  tnp  and  C  must  at  least  contain  h'  \  if 
yJh'  and  *  have  the  further  common  factor  /,  the  number  of  helices  will 
rise  to  h'f,  and  when  /'  »  yejht  we  finally  reach  as  many  as  ye  helices,  each 
making  one  tour  of  the  armature.  It  will  be  gathered  that  ye  in  the 

1  Such  an  analysis  forms  the  basis  of  an  article  by  the  writer  on  "  Repeti- 
tions of  E.M.F.  ia  Armature  •Windings  "  (Bhotr.,  Vol.  79,  p.  888). 
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multapolar  wave  machine  takes  the  place  of  m  in  the  multipolar  lap  machine, 
and  it  is  therefore  needless  to  go  through  the  cases  in  detail.  The  results 
will  lie  followed  from  Table  IV,  page  247. 

§  12.  The  equivalence  ol  the  two-pole  lap  and  wave  parent 
machines,  and  of  the  derivatives  therefrom. — It  can  now  be  followed 
how  closely  equivalent  a  wave-winding  with  C/p  or  cSfp  a  whole 
number  is  to  a  lap-winding  with  the  same  values  of  c  and  S,  so  long 
as  all  the  2p  possible  sets  of  brushes  are  applied  to  the  commutator 
of  the  wave  machine  In  both  there  always  results  a  number  of 
pairs  of  parallel  paths,  a  —  p  or  a  multiple  of  p.  In  the  2-pole 
machine  with  the  same  numbers  of  slots  and  sectors  per  slot,  the 
same  value  of  m  and  the  same  back  and  front  pitches,  the  same 
coils  are  traversed  m  the  same  sequence  in  each  armature  path 
from  brush  to  brush,  whether  lap  or  wave-connected,  and  the 
order  of  traversing  the  actual  coil-sides  can  even  be  made  the  same 
The  2-pole  windings  are  therefore  practically  identical.  In  their 
multipolar  derivatives  the  coils  are,  of  course,  not  traversed  in  the 
same  sequence,  since  the  wave-winding  proceeds  at  once  in  stndes 
from  the  original  to  the  repeat  coils,  and  with  m  =  \,  the  derived 
wave  multipolar  may  have  more  than  one  closed  helix ,  but  for  each 
coil-side  traversed  in  the  lap-machine  in  one  armature  path,  a 
corresponding  coil-side  occupying  exactly  the  same  position  relatively 
to  another  pole  of  the  same  sign  is  found  m  the  corresponding 
armature  path  of  the  wave-wound  machine,  so  that  the  E  M  F.'b 
and  circumstances  of  the  two  machines  are  so  far  identical. 

There  remains,  however,  in  the  wave-wound  derivative  the 
difference  that  one  or  more  sets  of  brushes  might  be  lifted  from  the 
commutator,  when  the  armature  paths  of  the  equivalent  wave  and 
lap  machines,  both  derived  from  a  2-pole  parent,  would  no  longer 
remain  ahke .  And  this  fact  implies  not  only  freedom  from  the  effect 
of  unequal  pole-strengths,  but  also  the  liability  to  the  objectionable 
feature  of  "  selective  commutation  "  As  mentioned  later  in  §  18, 
wave-wound  machines  even  with  a  =  p,  or  a  multiple  of  p,  are  not 
infrequently  fitted  with  equalizer  connections,  although  they  can 
only  then  be  required  to  minimize  the  likelihood  of  "selective 
commutation."  If  so  fitted,  the  wave-wound  machines  can  claim 
no  advantage  over  the  lap-wound  machines  m  which  an  automatic 
check  to  unequal  current  division  is  set  by  armature  reaction.  The 
conclusion,  therefore,  is  that  whenever  it  is  desired  to  have  a.  =:  p 
or  a  multiple  of  p,  kp  winding  should  be  adopted  in  preference 
to  wave-winding. 

§  13.  Multipolar  parent  types.— The  parent  2-pole  machines 
have  now  been  disposed  of ;  in  all  the  remaining  types  of  parent 
machines,  5'  must  have  no  common  factor  higher  than  1  with  p', 
and  for  each  number  of  poles  there  will  be  one  or  more  parent 
numbers  of  slots  according  to  the  number  of  values  which  x'  may 
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assume  in  the  expression  S'  =  pfn^  ±  x'  without  its  having  a  common 
factor  with  p't  as  shown  in  Table  V  (p.  248). 

The  first  parent  machine  of  higher  order  will  be  the  4-pole 
machine  with  2«t  -f  1  slots,  followed  by  the  6-pole  machine  with 
3»!  ±  1  slots,  and  so  on.  The  principles  of  the  preceding  sections 
remain  the  same,  with  this  difference  that  each  addition  must  be 
of  a  set  of  pole-pairs  equal  in  number  to  the  original  set  p'.  Instead 
of  p  occurrences  of  the  same  E.M.F.,  the  number  of  occurrences 
can  now  never  be  more  than  /,  and  the  number  of  points  of  equal 
potential  that  may  be  joined  together  by  an  equalizer  connection 
is  /.  Correspondingly  the  equipotential  pitch  in  slots  is  yw  =  S//, 
or  in  coils  or  commutator  sectors  =  y  w  .  c  =  Cjf,  and  in  elements 


In  each  case  when  m  is  a  whole  number,  all  the  same  variants 
as  have  akeady  been  described  in  connection  with  a  2-pole  parent 
will  be  found,  with  the  exception  that  /  now  appears  instead  of  p. 
But  there  now  appears  for  the  first  tune  the  additional  possibility 
w,  the  wave  machine  of  m  being  a  proper  or  improper  fraction. 

Table  IV  is  extended  to  include  the  first  such  case,  viz.  .  — 
the  4-pole  parent  machine  with  S'  =  2%  -f-  1  and  c  =  2«a  +  1 
whence  m  =  a[p  =  $  or  $  or  $  .  .  .  .is  fractional  (cp.  Fig  107). 

TABLE  IV 


PARENT  MACHINES. 


No.  of 

No  of  tours  of 
helices,  each 

helix. 


DKRMTIVX  MACHINES. 


No  of 

No  of    tonn  of 
helices.      each 
helix. 


General,   lap   or   wave,    tho 
H.C.F  ofveandtfS'belnK/t' 

1 


yJV       H.CF.ofVA'and/18/'         A'/' 


m  —  a  whole  number 
Lap  or  wave 

II.  Four-pole,  P  -  2, 

mna  whole  no.,  lap  or  wave ) 

w-a  proper  or  Improper  > 

fraction,  wave  only       ) 

III.  Sk-pole,  *'-3, 
S'-3n,±\, 
andso  on. 


S^ptf 
<  yjh'  prlmo  to  p 
I  H.C.F.  of  yjh'  and  p  is  /' 

I  H  C.P.  of  yJW  an-1  /  Is  /' 

#-3/,  S-      . 
andso  on 


V*' 


h' 

h'f 


h'{'       vjh'f 


In  all  multipolar  parent  machines  and  in  all  their  derivatives, 
i.e.  when  S  =  pn±  -f-  x,  and  x  is  not  zero,  although  the  lap  machine 
giving  a  =  mp  pairs  of  armature  paths  may  still  have  any  whole 
number  »8  of  sectors  per  slot  (like  the  two-pole  machine  and  its 
derivatives),  the  wave-wound  machine  to  give  the  same  value  of 
a  must  have  c  =  pnt,  in  order  that  cS  =  pnt  (fa  +  x]  may  be 
divisible  by  p.  The  wave-wound  machines  with  S  =  pnr  -f-  x 
and  c  =  pnt  shown  on  the  left-hand  side  of  Table  V,  and  the 
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derivatives  from  them  which,  occur  on  the  right-hand  side,  are  then 
closely  paralleled  by  lap-wound  machines  with  the  same  values 
of  5  and  with  «a  made  equal  to  ^  or  a  multiple  of  p,  in  that  both 
give  a  =  mp.  The  resemblance  of  the  two  is,  however,  not  com- 
plete in  the  sense  that  the  wave  winding  picks  out  the  same  or 
similarly  situated  coil-sides  to  match  those  in  the  lap  machine ; 
this  is  forbidden  by  the  fact  that  the  number  of  slots  in  the  present 
cases  is  never  divisible  by  the  number  of  pole-pairs.  Consequently 
the  positions  of  one  set  of  slots  corresponding  to  a  pole-pair  are  never 
exactly  reproduced  by  the  positions  of  another  set.  Now  the  lap 
winding  passes  through  each  set  in  succession,  while  the  wave 
winding  proceeds  in  strides  from  one  set  to  another,  so  that  in  each 
pair  of  armature  paths  the  coil-sides  of  the  wave-winding  will  never 
be  situated  exactly  similarly  to  those  of  the  lap  winding 

It  will  be  seen  from  Table  V  that  when  S  =  pn^  +  x,  and  a 
is  to  be  =  p  or  a  multiple  of  p,  the  lap-wound  machine  is  less 
restricted  than  the  wave-wound  machine  in  the  possible  values  of  c 
Since  these  cases  stand  on  the  same  footing  in  that  they  equally 
admit  or  do  not  admit  of  equalizer  connections,  it  may  for  the  reason 
given  in  §  12  be  now  stated  that  whenever  a  is  to  be  p  or  a  multiple 
of  p,  lap-winding  is  to  be  preferred  to  wave-winding  But  as 
soon  as  a  is  to  be  independent  of  p,  wave  winding  with  its  possibility 
of  m  being  a  proper  or  improper  fraction  alone  holds  the  field. 

§  14.  Parent  and  derived  machines. — A  genealogical  tree  could 
thus  be  drawn  up,  showing  each  parent  machine  with  m  a  whole 
number  which  may  be  lap  or  wave-wound,  and  with  m  a  proper 
or  improper  fraction  which  can  only  be  wave-wound.  According  as 
yt  has  or  has  not  a  common  factor  with  cS'  greater  than  1,  the 
parent  winding  consists  of  independent  helices  or  of  a  single  helix, 
or  in  general  if  h'  be  the  H.C .F.  of  ye  and  cS't  there  are  h'  helices. 
The  class  of  winding  resulting  from  multiplication  of  the  original  can 
then  be  brought  under  a  single  general  statement. 

Assuming  y0  and  c  to  be  retained  unchanged/  if  /  is  the  H  C.F 
between  5  and  p,  then  in  the  derived  machine  if  the  H  C.F.  of 
y0fh'  and  /  is  /',  there  are  h'f  helices,  each  making  yejh'f  tours  of 
the  armature  before  closing,  and  h'f  =  h,  the  H.C.F  of  ye  and  C 
for  the  derived  machine.  In  shortened  form  Table  IV  illustrates 
the  process  of  derivation,  and  by  inserting  the  proper  value  of  ya 
any  case  coming  under  it  can  be  analysed,  yjh'  is  a  whole  number 
not  present  as  a  factor  in  C',  and,  therefore,  fixing  the  number  of 
tours  of  the  winding ;  but  when  C'  is  multiplied  by  /,  yejhf 
may  then  have  a  common  factor  /'  with/,  raising  the  number  of 
helices  to  h'f  and  correspondingly  reducing  the  number  of  tours  in 
each. 

When  either  m  or  mp  is  contained  as  a  factor  m  C,  h  may  rise 
to  equality  with  their  values.  It  is  only  in  the  derivatives  from  an 
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original  2-pole  that  in  the  above  statement  p  can  be  substituted 
for/. 
§  15.  The  possible  values  of  a  in  both  lap  and  wave  machines. — 

A  complete  list  of  parent  and  derivative  machines  for  all  numbers 
of  pole-pairs  up  to  p  =  12  is  given  in  Table  V.  Although  appearing 
on  opposite  sides  of  the  central  column  4,  it  will  be  understood  that 
the  machines  on  the  right-hand  side  are  not  derived  from  those 
in  the  same  row  on  the  left  (the  arrangement  being  purely  by  pole- 
pairs),  but  from  the  machines  given  in  the  same  row  in  columns 
9  and  10 

The  values  of  a  for  all  numbers  of  slots  and  sectors  per  slot  for 
both  lap  and  wave  machines  are  added,  the  sequence  of  numbers 
in  each  row  of  columns  1  and  7  corresponding  to  increasing  values 
of  m  (1,  2,  3  .  .  .)  for  lap  machines  and  of  varying  values  of  s  for 
wave  machines  reckoning  from  amin.  In  the  latter,  values  of 
a  above  2  or  Sssldom  occur  in  practice,  but  are  included  to  indicate 
the  result  that  follows  from  alteration  of  the  commutator  pitch 
Further,  Table  III  has  already  shown  that  for  a  given  value  of  p, 
the  same  values  of  a  recur  with  different  values  for  x  and  y,  giving 
the  same  product  xy,  so  that  in  Table  V  to  avoid  unnecessary  repe- 
tition in  the  case  of  parent  machines  with  the  higher  number  of 
poles  c  u>  not  directly  given,  but  in  its  place  the  value  which  x'y' 
must  have.  It  will  also  be  understood  thai  any  of  the  alternative 
bracketed  values  of  S  can  be  employed  with  a  value  of  c  or  of  x'y' 
to  give  a  the  values  which  appear  in  the  same  horizontal  row. 

The  great  number  of  possible  values  of  a  that  wave  winding 
allows,  due  to  the  possibility  in  it  of  a  fractional  creep,  is  apparent 

§  16.  Simplex  wave- windings  («  ==»  1).  It  will  have  been  noticed  from 
Tame  V  that  all  cases  of  simplex  wave-windings  (IB.  a  =  1)  appear  on  the 
left-hand  side  of  the  table  as  original  types,  and  it  is  of  interest  to  collect 
these  cases  and  discover  what  values  of  c  are  possible  with  each  value  of  p 
as  in  Table  VI  (p  252). 

It  will  be  seen  that  x'y1  must  be  1  or  differ  from  p'  or  a  multiple  of  p'  by  1. 
y'  must  not  have  any  common  factor  higher  than  1  with  p',  and  consequently 
the  same  is  true  for  c.  There  is  a  good  choice  in  the  possible  values  for  c, 
especially  when  p'  is  a  prime  number,  provided  that  the  number  of  slots  is 
chosen  to  suit. 

But  when  we  pass  to  duplex,  triplex  .  .  wave-windings  with  a  =  2,  3  . , 
it  will  be  found  that  each  value  of  a  appears  on  both  sides  of  Table  V  The 
difference  thereby  indicated  being  that  in  the  one  case  there  are  repetitions  of 
E  M  F.  and  in.  the  other  case  there  are  none,  au  important  consequence 
flowing  from  it  is  traced  in  §§  18,  20. 

§  17.  The  choice  of  a  continuous-current  armature  winding. — 

The  choice  between  the  various  alternative  methods  of  drum-winding 
for  a  continuous-current  armature  turns  in  the  first  place  mainly 
upon  (1)  the  value  of  the  total  current  7B,  since  upon  this  depends 
the  question  of  the  number  of  parallel  paths  q  which  it  is  advisable 
for  the  armature  to  present  for  the  passage  of  the  current,  and 
indirectly  the  best  number  of  poles.  In  order  to  limit  the 
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inductance  which  retards  the  commutation  of  the  current  in  each 
short-circuited  coil  as  it  passes  under  a  brush,  it  is  inadvisable  for 
the  current  in  any  one  path,  or  /  =  IJq,  to  exceed  150-200  amperes, 
and  to  avoid  an  unduly  long  and  unwieldy  commutator,  the  current 
per  brush  arm  should  not  exceed  400  amperes.  With  commutating 
poles  /  may  be  raised  to  350-400  or  even  more  amperes  per  path, 
when  special  occasion  requires  it,  and  the  long  commutator  thereby 
involved  cannot  otherwise  be  avoided. 

TABLE  VI 
SIMPLEX  WAVE-WINDINGS,  a  =  i. 


No 

of 

No.  of 

Possible  Values  of  & 

pole 

slots 

pairs 

£1 

s-. 

Relatively  to 

ff. 

Joint  possibilities  relatively  to  p. 

1 

»l 

Mj 

- 

,  2,  3,  4  .  . 

a  any  whole  number. 

2 

2ttj+l 

2n,+  l 

- 

,  3,  5,  7  .  . 

a  any  uneven  no. 

9 

3«!±1 

3«,±1 

- 

,  2,  4,  5  .  . 

a  any  no.  except  3  or  multiples  of  3 

4 

4Wf  ±  1 

•4ft«  ~c  1 

- 

,  3,  5,  7  .  . 

a  any  uneven  no. 

B 

1 

Stt.  ±  1 
S»1±2 

Wt|  32  1 

- 

,  4,  6,  9  .  . 
,  8,  7,  8  .  . 

\ 

==  any  no.  except  S  or  multiples  of  5. 

6 

e^ii 

6n,±l 

- 

,5,7.    . 

«  any  no.  prime  to  6. 
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Trial  of  a  simplex  lap-winding,  with  each  coil  consisting  of  a 
single  turn  only,  is  then  to  be  recommended,  and  this  as  the  best 
and  simplest  of  windings  should  be  discarded  only  when  its  use  is 
forbidden  by  the  considerations  to  be  named  below.  The  practised 
designer  knows  at  the  outset  its  limitations  and  when  it  must  be 
departed  from,  but  for  the  beginner  and  less  experienced  designer, 
it  is  advocated  as  the  starting-point  ul  every  case.  The  farther 
considerations  that  may  necessitate  its  abandonment  are  as  follows — 

(2)  The  magnet  must  not  prove  unduly  heavy  or  the  armature 
core  too  long ;  see  Chapter  XV,  §  17. 

(3)  It  may  lead  to  a  width  of  commutator  sector  less  than  the 
minimum  that  is  prescribed  by  mechanical  and  manufacturing 
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reasons.  In  anticipation  of  Chapter  XIII,  §  30,  it  will  here  be 
stated  that  the  peripheral  width  of  a  commutator  sector  at  its  top 
should  not  be  less  than  0-190*,  so  that  with  mica  0-020"  thick  the 
minimum  width  of  the  pitch  of  the  commutator  sectors  is  0-210",  or, 
say,  5  mm. ;  further,  for  preliminary  calculation  the  commutator  dia- 
meter may  be  taken  as  0-75  D  for  small  or  0  6  D  for  large  machines, 
where  D  is  the  over-all  diameter  of  the  armature.  To  lessen  the 
number  of  sectors  and  so  increase  their  width  for  a  given  diameter 
of  commutator,  the  use  of  coils  each  with  2  or  more  turns  suggests 
itself,  but  the  increased  difficulty  of  commutation  owing  to  the 
inductance  of  each  short-circuited  coil  increasing  roughly  as  the 
square  of  the  number  of  its  turns  introduces  the  restrictions  next 
to  be  mentioned. 

(4)  In  all  cases  of  coils  with  different  numbers  of  turns  on  similar 
machines,  the  current  /  must  vary  nearly  inversely  to  the  square 
of  the  number  of  turns  to   maintain  the  same  freedom  from 
sparking     Generally  speaking,  in  practice 

with  one  turn  per  section,  J  ^  200  amperes 
„    two  turns      „  J  ^    50         „ 

„    three  „          „  J  ^    22-5      „ 

(5)  The  average  voltage  between  two  adjacent  sectors,  2p  .F6/C 
should  not  exceed  about  15  volts  (Chapter  X,  §  13),  and  lastly 

(6)  the  number  of  sectors  per  pole,  C/2£,  should  not  fall  below  a 
minimum  of  15  or  the  number  of  slots  below  10  even  in  small 
machines  (Chapter  X,  §  15). 

Whenever  the  total  amperes  do  not  exceed  300-400,  it  follows 
from  (1)  and  (4)  that  q  could  be  2.  In  such  cases  with  a  simplex 
lap  winding  for  which  q  =  2p,  we  are  led  to  a  single  pair  of  poles. 
Yet  experience  has  shown  that,  except  for  very  small  outputs  at 
high  speeds,  a  4-pole  machine  is  in  general  cheaper  to  manufacture, 
since  among  other  reasons  the  multipolar  field  renders  possible 
the  use  of  former-wound  coils  which  are  m  themselves  cheaply 
produced.  Further,  the  yoke  and  magnetic  circuit  of  the  bipolar 
machine  is  heavier,  and  even  though  its  field  copper  may  be  less 
than  that  of  the  4-pole  machine,  the  total  cost  of  the  magnet  is 
greater.1  A  2-pole  magnet  is  therefore  put  out  of  court  by  (2), 
and  a  4-pole  field  magnet  is  much  more  likely  to  exist  as  the  standard 
pattern  to  which  the  designer  must  conform.  From  the  data  of 
the  required  output  and  speed  the  designer  can  estimate  approxi- 
mately what  size  of  armature  core  is  suitable,  and  which  of  the 
standards  at  his  disposal  fulfils  the  requirements  most  nearly.  It 
will  now  be  found  that  up  to  300  amperes  in  most  cases  a  simplex 

i  See  Miles  Walker,  The  Specification  and  Design  oj  Dynamo-Electric 
Machinery,  pp  11,  12. 
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lap-winding  leads  to  commutator  sectors  which  are  too  thin,  and 
too  numerous  for  economical  manufacture,  and  if  the  lap-winding 
is  to  be  retained,  recourse  must  be  had  to  coils  with  2  or  more 
turns.  But  a  single-turn  wave-winding  in  a  4-pole  field  has  the 
same  number  of  sectors  as  lap-winding  with  2  turns  per  coil ;  the 
former  is  then  to  be  preferred  as  cheaper  (cfi.  Chapter  XI,  §  22) 
and  better  for  manufacturing  reasons  owing  to  the  size  of  the 
conductor  being  more  substantial.  Throughout  the  present  range 
of  amperes,  therefore,  simplex  wave-winding  (a  =  1)  in  general 
takes  precedence  over  lap-winding  The  only  limit  to  this  is  in 
the  case  of  such  high,  speeds  and  low  voltages  that  the  number 
of  commutator  sectors  per  pole  falls  below  the  minimum  of  15, 
when  a  simplex  lap-winding  will  be  adopted  in  preference  1 

When  the  total  amperes  exceed  300,  and  a  4-pole  field  is  still 
suitable,  the  transition  is  made  to  single-turn  simplex  lap-winding, 
the  dividing  line  being  drawn  according  to  the  circumstances  of 
the  particular  case. 

When  7a  is  >  400  amperes,  the  number  of  pairs  of  armature  paths 
or  of  pole-pairs  need  not  exceed  a  =  To/400,  but  as  an  empirical 
expression  in  better  agreement  with  average  cases  may  be  taken 
the  next  larger  whole  number  to  a  =  /a/300,  and  the  next  step  is 
to  try  provisionally  the  corresponding  number  of  poles,  viz.  p  =  a. 
Assuming  then  a  magnet  frame  with  the  required  number  of  poles 
to  be  available  and  that  it  does  not  contravene  condition  (2)  above 
given,  single-turn  simplex  lap-winding  will  henceforth  be  in  all 
cases  adopted,  but  with  the  limitation  that  those  combinations  only 
are  to  be  used  which  appear  on  the  nght-hand  side  of  Table  V  with 
a  definite  preference  for  those  which  permit  of  the  full  use  of 
equalizing  connections.  The  lap-winding  ensures  more  positively 
than  wave  winding  equal  division  of  the  total  armature  current 
between  the  several  sets  of  brushes  of  the  same  sign,  owing  to  its 
freedom  from  "selective  commutation,"  and  the  reason  for  itb 
adoption  in  preference  to  wave-winding  with  a  =  p  in  both  cases 
has  already  been  stated  in  §  12,  apart  from  the  fact  that  the  winding 
of  the  wave  machine  in  such  cases  is  slightly  more  expensive. 
The  assumptions  made  before  adopting  the  single-turn  simplex 
lap  winding  have,  however,  indicated  the  cases  when  wave-winding 
again  becomes  the  best,  but  now  in  its  multiplex  form  with  a  >  1 
and  <  p.  These,  with  other  exceptions  to  the  general  adoption 
of  simplex  lap  winding,  have  now  shortly  to  be  considered. 

(«)  The  size  of  machine  necessarily  increases  with  the  output 
per  rev.  per  mm.,  and  it  is  not  practically  advisable  to  increase  the 
length  beyond  certain  well-defined  limits  (cp.  condition  (2)  above 
and  Chapter  XV,  §  16),  so  that  it  is  the  diameter  rather  than  the 

1  Occasionally  a  3-turn  lap-winding  may  work  in  more  conveniently  than 
either  a  single-turn  or  2-turn  wave  between  which  it  falls. 


CLOSED-CIRCUIT  ARMATURE  WINDING         255 

length  of  the  armature  core  in  which  the  increase  is  actually  made 
to  meet  increasing  outputs.  Next,  for  every  diameter  of  core 
there  is  a  minimum  number  of  poles  below  which  it  is  not  advisable 
to  go,  owing  to  the  great  weight  of  iron  in  the  yoke  (cp.  Chapter 
XV,  §  16)  Thus  whenever  an  output  of  high  voltage  at  a  low 
speed  demands  a  machine  of  large  diameter,  but  is  combined  with 
such  a  comparatively  small  current  that  p  =  7a/300  gives  a  number 
of  poles  below  the  minimum  for  the  diameter,  a  multiplex 
wave-winding  will  be  adopted  1 

(b)  The  same  alternative  of  multiplex  wave-winding   (a  <  p) 
also  enables  the  designer  to  meet  the  case  when  a  pattern  already 
exists  m  which  the  number  of  poles  is  larger  than  the  current  per 
path  calls  for,  and  the  coils  or  bars  and  sectors  of  the  lap-winding 
become  too  numerous  and  small  for  cheap  and  easy  production 
Even  when  the  discrepancy  between  the  number  of  pole-pairs 
that  gives  a  light  and  economical  magnet-system  and  that  given 
by  70/300  =  a  is  not  very  great,  between  each  pair  of  consecutive 
pole-numbers  there  often  occur  cases  of  outputs  for  which  single- 
turn  simplex  lap-winding  with  the  smaller  number  of  poles  makes 
the  machine  heavy  and  long  and  with  the  next  larger  number  gives 
too  many  commutator  sectors.    The  larger  number  of  pole-pairs 
with  multiplex  wave-winding  is  then  to  be  adopted.    Thus  a  four- 
path  winding  (a  =  2)  can  be  used  in  an  8-pole  machine, 2  and  a 
4-  or  6-path  winding  in  a  12-pole  machine     The  combinations 
of  a  6-path  wave-winding  (a  =  3)  in  the  8-pole  machine,  and  of  a 
4-path  wave-winding  (a  =  2)  in  a  6-pole  machine  are  here  not 
included  for  a  reason  to  be  mentioned  in  §  18. 

It  will  be  noticed  that  the  cases  under  (a)  and  (6)  are  in  fact 
analogous  to  our  first  use  of  simplex  wave-winding  with  four  poles 
in  preference  to  a  bipolar  lap-wound  machine. 

(c)  Next,  if  the  armature  current  be  large,  the  voltage  low  and 
the  speed  comparatively  high,  as  in  machines  for  electro-deposition 
or  electrolytic  purposes,  and  the  number  of  poles  required  by  simple 
lap-winding  is  beyond  that  which  the  existing  pattern  of  field- 
magnet  possesses  or  exceeds  the  limit  usually  called  for  in  commercial 
practice,  two  alternative  courses  are  open  to  the  designer.    A 
compromise  may,  in  the  first  place,  be  effected  by  adopting  the 
smaller  number  of  poles  and  a  multiplex  lap-winding  giving  2mp 
parallel  paths.     E.g.  if  the  simple  lap-winding  leads  to   eight 
poles,  but  four  poles  are  otherwise  more  advantageous,  an  8-path 

1  A  good  example  is  found  in  the  design  of  a  500  H.P.  500-volt  rolling-null 
motor  running  at  the  slow  speed  of  32  revs,  per  nrin  ,  given  by  Miles  Walker, 
The  Specification  and  Design  of  Dynamo-electric  Machinery,  p.  511. 

1  Cp  S  P.  Smith,  Notes  on  Theory  and  Design  of  Continuous-current 
Machines,  p.  38,  where  the  pros  and  cons  for  the  winding  of  a  350  kW.  500- 
volt  machine  at  200  revs  per  min.  are  clearly  set  forth ;  also  Miles  Walker, 
too.  cit ,  p  513. 
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winding  with  m  =  2  will  be  preferable  to  a  4-path  winding,  since 
the  mutual  inductance  of  the  smaller  subdivisions,  even  though 
they  are  side  by  side,  will  be  less  than  the  self-inductance  of  the 
undivided  coil,  and  the  commutation  is  thereby  to  a  certain  extent 
improved  The  maximum,  number  of  elements  and  sectors  which 
the  simplex  lap-wound  drum  of  the  desired  dimensions  can  yield 
may  be  too  small  for  satisfactory  working,  but  by  the  adoption 
of  the  multiplex  lap-winding  the  requirement  that  the  number  of 
sectors  per  pair  of  poles  must  not  fall  below  a  certain  minimum  is 
met,  since  their  number  becomes  m  times  as  great.  There  remains, 
however,  the  reverse  obj  ection  that  with  the  given  field  even  a  duplex 
lap-winding  may  and  often  does  lead  to  too  large  a  number  of  ele- 
ments and  sectors.  The  second  alternative  can  then  be  adopted, 
namely,  a  multiplex  wave-winding,  since  with  this  we  are  indepen- 
dent of  the  number  of  poles,  and  e  g.  can  use  a  6-path  armature 
with  four  poles.1 

§  18.  The  importance  ot  the  symmetrical  cases  when  a  =  /, 
the  H.C.F.  between  5  and  p.— The  value  of  equalizer  connections 
in  multipolar  lap-wound  machines  to  minimize  the  effect  of  any 
want  of  equality  in  the  several  fields  admits  of  no  doubt,  and  practice 
would  appear  to  show  that  in  multipolar  wave-wound  machines 
when  there  is  more  than  one  pair  of  parallel  paths  from  brush  to 
brush,  equalizer  connections  are  also  beneficial  Although  they 
may  not  be  necessary  to  minimize  the  effects  of  unequal  pole- 
strengths,  it  is  probable  that  by  their  use  the  tendency  towards 
selective  commutation  is  reduced  when,  as  is  almost  invariably  the 
case,  as  many  sets  of  brushes  are  to  be  used  as  there  are  poles. 
The  commutator  need  not  then  give  any  great  margin  in  the  contact 
area  of  each  set  of  brushes,  to  enable  them  to  cope  with  more  than 
their  strict  proportion  of  current. 

Now  among  the  wave  possibilities  that  appear  on  the  left-hand 
side  of  Table  V  there  will  be  found  many  multiplex  combinations 
that  would  otherwise  be  useful,  e.g.  especially  the  cases  a  =  2  in  a 
6-pole  machine,  and  a  «=  3  in  an  8-pole  machine.  But  it  will  also 
be  seen  that  they  are  best  avoided  as  not  admitting  of  equalizer 
connections  owing  to  S'  being  prime  to  p'.  Only  in  very  special 
cases  when  it  is  a  question  of  improving  the  commutation  of  large 
currents  at  low  voltage  by  a  further  subdivision  of  the  winding 
into  a  larger  number  of  paths  (e.g.  a  >  p,  as  at  the  end  of  the  preced- 
ing section)  can  the  difference  of  phase  hi  the  EJM.F.  of  the  windings 
that  are  coupled  in  parallel  by  the  brushes  be  regarded  as  an 
advantage  outweighing  the  fact  that  true  equipotential  points  do 
not  exist  in  the  winding. 

On  the  right-hand  side  of  Table  V,  both  lap  and  wave  windings 

1  A  machine  -with  a  commutator  at  each  end  of  the  armature  winding 
provides  a  third  way  of  meeting  the  difficulty. 
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are  affected  by  an  analogous  question,  viz.,  whether  it  is  necessary 
or  advisable  to  employ  only  those  combinations  in  which/  =  a,  and 
in  which,  therefore,  both  5  =  fS'  and  p  =  fpf  are  divisible  by  a. 
Now  the  cases  of  /  <  p  admit  of  equalizer  connections  in  a  restricted 
degree,  but  they  cover  two  classes — on  the  one  hand  those  for  which 
a  =  /,  and  on  the  other  those  in  the  same  horizontal  rows  giving 
higher  values  of  a  and  also  those  in  other  horizontal  rows  giving 
a  —  p  or  a  multiple  of  p.  The  machines  in  the  former  class  are 
always  deiived  from  a  parent  machine  in  which  S'  is  not  exactly 
divisible  by  p',  but  p'  is  exactly  divisible  by  a'  owing  to  the  latter 
being  unity  (i  e.  simplex  wave) ;  hence  in  their  derivatives  p  con- 
tinues to  be  exactly  divisible  by  a.  On  the  other  hand,  the  machines 
of  both  the  latter  kinds  are  always  derived  from  parent  machines 
in  which  not  only  was  S'  not  exactly  divisible  by  P'  but  further  p' 
was  not  exactly  divisible  by  a',  so  that  in  the  derivatives  p  is  not 
exactly  divisible  by  a.  This  necessarily  implies  some  difference  of 
phase  in  the  E.M.F.  of  the  windings  that  are  coupled  in  parallel 
at  the  brushes  to  which  objection  must  be  taken  except  under 
stringent  conditions  of  necessity,  as  suggested  in  the  previous  para- 
graph. But,  more  than  this,  the  fact  that  with  the  multiplex 
wave  windings  of  the  class  now  in  question  the  brushes  must 
necessarily  bridge  across  one  or  more  sectors  and  make  good  and 
uniform  contact  hi  so  doing  is  a  further  attendant  disadvantage, 
the  importance  of  which  cannot  be  overlooked.  It  is  therefore 
on  these  accounts  best  to  adhere  strictly  to  those  combinations 
on  the  right-hand  side  deriving  from  parent  machines  hi  which 
a'  =  1,  and  in  which,  therefore,  no  brush  need  span  a  sector  or  more 
to  secure  short-circuiting  of  a  coil  during  commutation.  Such 
combinations  are  those  in  which  /  =  a,  and  the  resulting  windings 
are  "  symmetrical "  in  every  sense,  both  p  and  S  being  divisible 
by  a.  Their  importance  has  been  emphasized  by  Dr.  S.  P.  Smith 
in  his  paper  on  "  The  Theory  of  Armature  Windings. 1  to  which  the 
reader  should  refer,  and  on  account  of  this  importance  they  are 
marked  by  heavy  figures  in  Table  V. 

§  19.  The  tapping  of  parent  machines  for  JV  phases. — Closed-circuit  arma- 
tures not  being  confined  to  continuous-current  machines,  it  remains  to  add 
a  few  words  relating  to  their  use  on  alternators  or  on  rotary  converters.  In 
the  first  place  since  in  the  parent  machines  on  the  left-hand  side  of  Table  V  the 
multiple  paths  of  the  multiplex  windings  with  a!  >  1  are  only  obtained  by 
means  of  the  brushes  placing  them  in  parallel,  it  follows  that  it  is  only  the 
parent  machines  with  simplex  winding  (a'  =»  1)  that  can  be  tapped  by  means 
of  permanent  connections  attached  to  slip-rings. 

In  order  to  divide  a  2-pole  simplex  winding,  whether  lap  or  wave,  into 
N  phases  displaced  at  equal  electrical  angles  of  2n]N  radians,  the  only 
condition  that  must  be  fulfilled  is  that  S'  must  be  exactly  divisible  by  N ; 
apart  from  the  present  requirement,  S'  may  be  any  whole  number,  so  that  if 

1  Journ.  J.E  E ,  Vol.  55,  p.  19 ;  and  in  Notes  on  Theory  and  Design  of 
Continuous-current  Machines,  pp  13,  19,  22-25. 
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we  take  N  =  3,  4,  or  6  as  being  the  usual  numbers  of  phases  required  in  prac- 
tice, the  condition  is  satisfied  by  making  S'  =  3wt  or  4nt  or  6nt  in  the  three 
cases. 

But  each  multipolar  simplex  wave-winding  is  also  an  original  type  which 
cannot  be  obtained  by  multiplication  of  the  pole-pairs  from  the  two-pole 
wave-wound  machine  In  these  cases  again  S'  must  be  exactly  divisible 

by  N,  and  since  S'  now  =  p'nj.  ±  x*.  **  .T  must  be  a  whole  number 
If  p'  and  2V  are  identical,  ^-^jjr  —  cannot  be  a  whole  number  since  ^-would 

then  =  --,  and  this  is  fractional  ;    and  if  p'  and  N  have  any  common  factor 
P 

greater  than  1,  ^  "wJl  only  yield  a  whole  number,  when  x'  and  N 
have  the  same  common  factor  as  p'  and  N.  Otherwise,  taking  out  the 

common  factor  of  pf  and  N  would  leave  -1  with  a  smaller  denominator 

f  N 

x' 
than  T-T-,  and  their  sum  cannot  be  a  whole  number 

N 

Taking  N  =  3,  4,  or  6,  and  applying  these  criteria  to  the  simplex  cases  of 
Table  VI,  it  is  found  that  — 

A  machine  with  p'  =  2,  4,  8,  or  10  cannot  be  tapped  for  4  or  6  phases  ; 
„      p'  =  3  or  9  „          „          „       3  or  6       „ 

„     p'  =  6  or  12  „          „          „       3,  4,  or6  „ 

and  within  the  range  considered  only  machines  with  p'  =  1,  5,  7,  or  11  can  be 
tapped  for  either  3,  4,  or  6  phases  l  Since  S'  and  p'  have  no  common  factor 
higher  than  1.  and  S'  is  to  be  exactly  divisible  by  N,  it  follows  that  p'  must  not 
be  exactly  divisible  by  N 

In  the  possible  cases,  to  determine  the  number  of  slots  divisible  by  N  and 
conforming  to  a  given  type  p'n^  ±  x1,  the  simplest  method  is  to  determine 
in  the  first  place  the  lowest  value  of  p'q  ±  tf  which  is  divisible  by  N,  *  s  q  is 

to  be  the  lowest  integer  which  will  make        $       =*  a  whole  number,  say 

±  k  ;  then  to  the  number  of  slots  ±  kN  can  always  be  added  any  number 
«t  of  groups  of  p'N  slots.  The  complete  expression  for  the  total  number  of 
slots  is  then  for  N  phases  — 

S'  -  p'Nnj.  ±  A2V. 


Thus,  for  N  =*  3,  let  p'  =  4  ;  then  the  lowest  value  of  4q  -fc  1,  which  is 
divisible  by  3,  is  4  x  1  -  1  »  3,  and  the  general  expression  for  S'  is  p'Ntii 
±  A2V  =  4  x  3^  ±  3  «=  12«!  ±  3  But  if  p'  =  5,  and  x1  =>  1,  the  lowest 
value  of  5q  ±  1  divisible  by3is5xl  +  l=6,  and  p'Nn^  ±  kN  «=«  5  X  3nx 
±  6  =>  iStt!  ±  6,  so  that  the  possible  numbers  of  slots  go  up  by  alternate 
steps  of  12  and  3 

We  thus  find  for  simplex  wave-windings  divisible  into  2V  phases  the  values 
of  S'  given  in  Table  VII,  *  which  also  covers  the  2-pole  lap  armature  The 
alternatives  correspond  to  the  alternative  values  of  p'n^  ±  tf  in  Table  V. 

The  slots  having  been  determined,  the  phase-pitch  is  ypjt  in  slots  «  S'/JV, 
or  in  coils  or  sectors  «=  cS'fN,  so  that  — 

Phase      I  is  connected  to  sector  or  coil  1 

II        „         „        „         „       1  +  yfK 

,.   m     ........    i  +  iC 

and 

Phase  2V  ........         1  +  (2V  -  1)  y^ 


iSP.  Smith,  "  The  Theory  of  Armature  Windings,"  Jaunt.  I  E.E.,  Vol  55, 
pp.  22  and  32. 

•  S  P.  Smith,  loc.  ctt. 


No  of 
pole- 
pairs 
P' 

1 
2 
3 

4 


10 


11 
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TABLE  VII 


Number  of  Slots,  S',  when 


6»i  +  3 

12Wl  ±  3 
J  IS**!  ±  6 
)  15«!  ±  3 

[21*! ±  6 

\2lnl  ±  3 

\  24**!  ±  9 
|  24*!  ±  3 


i  30»t  ±  9 
J  30*! ±  3 
'33Mj  J;  12 

33nt  ±  3 

"    ±i5 

±6 


12«!  ±  4 

20»,  ±  4 
20Ml  ±  8 

28*!  ±8 
28Mi  ±  12 

±  4 


36wt±8 
36«1  ±  16 
36**!  ±  4 


44nL  ±  12 
44nx  ±  20 
44wt  ±  8 
44Wl  ±  4 
44th  ±  16 


N  =  6 


30»!  ±  6 
30»t  ±  12 

42nt  ±  6 
42«L  ±  12 
42Wl  ±  18 


GQnj,  ±  12 
66»1±24 
66n!  ±  30 
66ni  ±  16 
66n!  ±  6 


Type  of  Winding 
Lap  or  wave  2-pole. 


,  Simplex  multipolar 
wave-windings 


§  20.  The  tapping  of  derivative  machines  for  N  phases. — In  the  cases 
given  in  the  preceding  section,  there  are  no  repetitions  of  EM.F.  and  no 
points  of  equal  potential  to  which  equalizer  connections  can  be  attached, 
and  as  a  consequence  there  is  no  possibility  of  employing  parallel  paths 
in  each  phase.  For  this  to  be  possible  the  multipolar  machine  must  contain 
/  repetitions  of  E.M.F.,  so  that  one  tapping  can  be  connected  to/  points  m 
the  winding  at  distances  ot  the  equipotential  pitch,  yt(t,  apart.  But  for  the 
purpose  of  discovering  whether  there  are  accessible  points  in  the  winding  for 
the  tappings  for  N  phases,  only  the  parent  machine  containing  5'  slots  and 
p*  pole-pairs  which  serves  as  the  original  must  be  considered.  It  is  not 
therefore  sufficient  in  multipolar  simplex  lap-winding  or  multiplex  wave- 
windings  that  5  should  be  divisible  by  N ;  the  stricter  condition  must  be 
fulfilled  that  S//  •«  5'  or  the  slots  included  in  one  repetition  should  be  divisible 
by  N.  The  number  of  slots  in  the  multipolar  simplex  lap-winding  must 
therefore  be  3/mi,  4/>ni,  or  66nj  in  the  three  cases,  and  in  the  multiplex  wave- 
windings  it  must  be  If  times  the  numbers  given  for  p'  =  p\j  pole-pairs 

Lastly,  in  multiplex  wave-windings  it  is  only  the  symmetrical  windings 
marked  in  heavier  figures  on  the  right-hand  side  of  Table  V  which  can  be 
tapped  when  a  >  1 ;  for  these  are  the  only  windings  derived  from  parent 
machines  with  a'  =»  1,  which  alone  can  be  tapped  for  N  phases  when  S'  is 
given  its  correct  value. 

The  phase  pitch  is  yvh  in  slots  ••  S'/N,  or  in  coils  «=•  cS'jN,  and 

Phase  I  taps  In  sectors  or  colls, 
1, 
Phase  II, 

l+»»V 
Phnso  III, 


and  Phase  N, 
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NOTE  TO  CHAPTER  XII 
ARMATURE  CIRCULATING  CURRENTS  IN  LAP-WOUND  MULTIPOLARS  l 

WHEN  a  lap-wound  drum  armature  is  displaced  eccentrically  within  the 
bore  of  a.  multipolar  magnet  system,  the  reaction  from  internal  currents  cir- 
culating at  no  load  within  the  armature  (or  under  load  from  unequal  dis- 
tribution of  the  actual  armature  currents  in  the  different  branches  of  the 
winding)  tends  to  compensate  for  the  inequalities  in  the  polo-strengths  by 
which  the  circulating  currents  have  themselves  been  originated.  It  is  here 
assumed  that  the  armatures  considered  are  not  fitted  with  equalizing  rings, 
since  the  purpose  of  these  is  as  far  as  possible  to  prevent  the  passage  of  cir- 
culating currents  through  the  brushes,  yet  it  is  only  when  they  do  so  pass 
that  they  develop  to  its  full  the  above-mentioned  property  of  automatic 
compensation.  The  exact  mechanism,  magnetic  and  electric,  by  which  this 
desirable  effect  is  produced  in  the  4-pole  machine  has  been  explained  by 
Dr.  W.  Lulofs,  *  and  the  explanation  is  here  repeated  in  a  slightly  different 
form,  which  does  not  affect  the  principle 

I.  The  superposed  fluxes  representing  the  effect  of,  say,  vertical  displace- 
ment in  line  with  a  pole  in  a  4-pole  field  are  indicated  in  Fig.  112  (a).  It 
may  be  explained  that  it  is  here  a  matter  of  indifference  whether  the  magnetic 
lines  (shown  open-ended)  are  dosed  through  the  horizontal  poles  and  air-gaps 
or  whether  they  are  joined  up  to  form  a  two-pole  field.  In  the  former  case 
the  direction  of  the  lines  in  the  two  halves  of  a  horizontal  pole  or  air-gap 
being  opposed,  the  net  E.M  F  due  to  the  horizontal  poles  is  zero,  or  physically 
speaking,  the  increased  and  reduced  fluxes  will  in  nature  distribute  themselves 
almost  uniformly  over  the  horizontal  poles  and  air-gaps,  and  if  these  fluxes 
are  for  the  present  purpose  regarded  as  greater  or  less  -Bran  the  normal  by  the 
same  amount,  there  is  no  superposed  flux  to  be  considered  therein  From 
the  E  M.F  's  shown  by  crosses  and  dots  in  Fig.  112  (6)  there  anse  what  may 
be  called  primary  circulating  currents,  7^  passing  through  each  half  of  the 
armature  winding  and  uniting  to  flow  through  the  top  and  bottom  brushes 
and  the  lead  connecting  them.  If  r  =  the  resistance  of  one  of  the  four  branches 
of  the  armature  winding,  rb  =  the  resistance  of  one  brush  set,  and  Ra  the 
resistance  of  the  connecting  lead,  and  e1  be  the  extra  E.M.F.  induced  in  one 
branch  of  the  winding  under  two  poles, 

7  =»  2fl  .  ** 

1      2r  +  4r6  +  2Re      r  +  2rt  +  Re 

From  the  way  in  which  the  primary  currents  are  distributed  (Fig,  112  (c\) 
the  magnetic  effects  of  the  side  conductors  cancel  out,  and  the  net  magnetic 
effect  is  that  due  to  the  ampere-turns  that  are  left  as  shown  in  Fig.  112  (df). 
By  comparison  with  the  direction  of  the  currents  in  the  exciting  wires  on  the 
poles  which  are  also  shown  in  Fig.  112  (d),  it  will  be  seen  that  on  the  actual 
magnetic  circuits  of  the  machine  (shown  dotted)  the  general  result  is  a  strength- 
ening or  "  forward  "  effect  (F,  F],  increasing  the  normal  fluxes  on  the  one 
side  of  the  vertical  diameter  (the  left  side  with  the  assumed  polarities  and 
direction  of  rotation),  and  a  weakening  or  "  back  "  effect  (B,  B),  reducing  the 
fluxes  on  the  other  side  of  the  vertical  diameter.  The  line  of  the  magnetic 
effect  of  the  primary  currents  is  thus  displaced  90°  from  the  line  of  the 
eccentricity. 

The  magnetic  result  of  the  primary  currents  is  therefore  precisely  the  same 
as  if  the  armature  were  displaced  horizontally  (in  our  case  to  the  left),  and 
an  the  same  phenomena  of  Figs  112  (a)-(c)  are  repeated  with  secondary 
E  M  F.'s  and  secondary  currents,  ev  and  7^  displaced  through  90°.  Since 
S.  poles  are  now  strengthened  and  weakened,  the  new  superposed  fluxes  would 
be  represented  by  the  fluxes  of  Fig.  112  (0)  displaced  forwards  90°,  the  poles 
remaining  stationary.  In  consequence  the  new  secondary  E.M.F.'s  and  cur- 
rents are  represented  by  Figs  112  (6)  and  (c)  similarly  displaced  90°  forwards, 

1  Abbreviated  mainly  from  an  article  by  the  writer  in  Electrician,  Vol.  72 
p  901. 

1  Journ  LEE,  Vol.  43,  p.  166;  and  Electrician,  Vol.  70,  p.  308, 
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as  shown  in  Fig.  112  («)  and  (/).    By  analogy  I,  -»  f      ^  +  R-t  where 
«,  is  the  E  M  F.  due  to  the  magnetizing  ampere-turns  of  Fig.  112  (d).    The 

^^r 

^ 

^ 


magnetic  effect  of  the  secondary  currents  on  the  actual  magnetic  circuits 
of  the  machine  will  be  represented  by  Kg.  112  (d)  with  the  armature  rotated 
forwards  through  90°.  ft  is  thus  displaced  180°  in  relation  to  the  fluxes  of 
Fig.  112  (a),  and  is  in  direct  opposition  to  them.  The  secondary  currents, 
therefore,  oppose  the  cause  from  which  they  originally  arose,  and  partially 
counterbalance  the  effect  of  the  eccentricity* 
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lrvbl(\ul  of  cousulfiitiK  I  ho  vtfcct  of  tin-  pniti.uv  .iu<t  «.»<>ivlirv  itniyMt 
on  the  actual  magnetic  circuits  of  the  ni.u  hiiie,  it  \\n\\l\  U  » LjtulK  l^Mitm  it** 
in  the  prosnit  caw  to  i  n-dit  r.uh  s\sd>m  with  .1  t\\u  j-.J,  iirl.J  »<<  a  M  i  r.f  linn 
similar  to  thatofl-in  ll'2  (<i).  hut  tin  fitnuti  nn  (h<»i  ••»  li.  HM-  nf  i  .i>l  j<i«^ 
sincu  it  wilt  bo  fouiid  tn  j^ivc  tin-  kcj  in  (la1  L.IM  >  nf  in  i«  him  .  mitt  »i  ir  U>  ti> 
foiti  poles 

Tlio  LDinbuiiition  of  tin*  l\\<>  vts  <>f  i  uncut  .if    *tJ  1 1^  .    JJ1.'  M   m<|  }'i 
the  result  shown  in  l-i^    11H  (<»)  .mil  (/>).  with  .1  n    nil  tut  tnn'mir- 
shown  in  l-'jjy.  li:»  (i)      If,  ihrnfim-  TJ  .uul  /,  !•»   thr  pm  iiv  J  \l  1 

VI. 

r:>    .;. 
<D/t-  '.*     v» 

••;  ifi, 


^         ^   l-  <'  ^  ..I- 

-j  *S  (I)  £  '• 

jf*^        /iCiV  '• 


xyv 

s.^ 

(1>  ch  ^1- 
c-r/j.  -i- 

t»     i»^ 

lj»^ 

/A> 

113.— Cotuhincd  prinuiry  and  m-«'uu»|,iry  rff^t  in 
4-polo  inaclunp. 

"Hi  (/)  (0 


(«)  «id  (b)  Ilia  romhiimUnn  of  (c) 
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owing  to  the  low  resistance  of  the  circuit  upon  which  it  acts,  will  give  a 
comparatively  large  secondary  current ,  further,  owing  to  the  ineffective  way 
in  which  the  secondary  ampere-turns  are  linked  with  the  original  magnetic 
circuits,  a  comparatively  large  secondary  current  will  be  required  to  produce 
much  effect  in  the  way  of  cutting  down  the  flux  due  to  eccentricity.  Con- 
sequently the  current  It  much  exceeds  Iv  and  this  conclusion  as  shown  by 
Dr  Lulofs  is  borne  out  experimentally.  If  I:  were  negligible,  not  only 
would  the  effect  of  eccentricity  be  partially  balanced,  but  also  the  fluxes 
in  the  two  upper  quadrants  would  be  identical  among  themselves,  and 
similarly  the  fluxes  of  the  two  lower  quadrants.  In  the  actual  machine,  how- 
ever, the  effect  is  always  as  if  the  eccentricity  were  not  only  reduced  in 
amount  but  shifted  in  direction,  being  more  or  less  inclined  to  the  vertical, 
as  if  compounded  of  a  vertical  and  a  horizontal  displacement 


86-6 


a.  Superposed  flux         &.  E  M.P'«  due  thereta   _ 

arising  from  eooentrioity  e 


d  System  of  circulating  onrrenti.         e.  Components  of  Fig  lOBd 
FIG    114. — Effect  of  eccentricity  of  armature  in  a  6-pole  machine 

If  the  original  displacement  were  along  an  interpolar  line,  it  may  be 
regarded  as  the  result  of  a  horizontal  and  a  vertical  displacement.  In  this 
case  the  currents  Jj  and  I,  would  retain  the  same  relative  magnitude  for  each 
component  displacement,  but  the  total  currents  through  the  horizontal  and 
vertical  brush  sets  would  then  become  equal. 

II.  Turning  to  the  6-pole  machine,  in  which  the  eccentricity  of  the  armature 
due  to  wear  of  the  bearings  is  in  a  direct  line  with  a  pole  (Fig.  1 14  (a)  ),  the 
reduction  of  the  flux  in  the  upper  pole  and  its  two  adjacent  neighbours  due 
to  the  longer  air-gaps  may  be  represented  by  a  counter  flux  precisely  analogous 
to  that  of  Fig  109  (a) ;  the  increased  flux  in  the  lower  pole  is  similarly  repre- 
sented by  an  additional  local  flux.  These  two  fluxes  are  symmetrical,  and  if 
of  equal  amount,  then  with  the  same  numerical  quantities  as  were  employed 
in  connection  with  Fig.  109,  they  give  the  E.M.F.'s  between  brushes  shown  in 
Fig.  114  (6),  and  the  primary  circulating  currents  of  Fig.  114  (c)  and  (d) 
The  brush  connecting  rings  are  assumed  to  be  complete  circles  round  the 
commutator.  One-third  of  each  ring  (shown  dotted  ux  Fig.  114  (c) )  carries  no 
primary  current,  since  the  brushes  connected  by  these  thirds  are  at  the  same 
potentials. 

It  will  be  seen  that  the  E.M.F.'s  in  each  of  the  branches  of  the  armature 
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winding  on  the  horizontal  diameter  cancel  out,  the  local  flaxes  which  they 
cut  being  in  opposite  directions  and  supposed  equal  in  amount.  There  is, 
therefore,  no  E.M  F.  in  the  horizontal  branches,  and  no  current  therein 
The  final  distribution  of  the  primary  circulating  currents  due  to  Fig  114  (6)  is 
simply  obtained  from  Fig.  109  (d)  by  folding  it  over  on  a  horizontal  diameter 
and  adding  the  currents  algebraically ;  thus  the  currents  in  the  upper  and 
lower  branches  are  49  +  37-6  =  86-6  amperes  (Fig.  114  (d) ),  and  in  the  hori- 
zontal or  side  branches  11-4-11  4  =  0.  The  system  is  symmetrical  on  either 
side  of  the  vertical  diameter,  and  the  circulating  current  /i  =  86-6  amps, 
passes  in  series  through  two  branches  of  the  armature  winding,  two  brush 
connecting  leads,  two  brush  sets  and  the  halves  of  two  brush  sets.  Let  ex 
=3  the  voltage  induced  in  one  of  the  upper  or  lower  branches ;  let  r  *==  the 
resistance  of  a  branch  of  the  armature  winding,  rb  =  the  resistance  of  one 
brush  set,  and  R0  =  the  resistance  of  one  lead  short-circuiting  two  adjacent 

sets  of  brushes   of   the  same    sign. 

Then 


2r  +  6r 


2R 


r+  3r6  +  K0 

and    with    the    values    assumed    in 
Chapter  XII,  §  1,  R0  being  supposed 
to  be  practically  negligible,  3r& 
»  0-3r,  and 


It 


6 
0-0533  x  1-3 


86-6  amperes. 


Not  only  are  all  brushes  of  the  same 
sign  reduced  to  the  same  potential, 
but  from  the  symmetry  of  the  arrange- 
ment all  are  reduced  to  zero.    There 
is,    therefore,    unlike    the     case     of 
Fig.    109   («),   no  diminution  of  the 
terminal  voltage,  since  the  flux  has 
been     assumed    to     be     as     much 
strengthened  in  the  lower  half  as  it  is 
weakened  in  the  upper  half. 
In  the  unsymmetrical  case  of  Fig  109,  the  side  branches  of  the  armature 
winding  each  have  an  E  M  F.  =  *,/3,  and  the  currents  of  Fig.  109  (<*)  are 
obtained  by  superposing  the  two  systems  of  Fig.  114  («).    The  one  gives  a 


FIG.  114  (/) —Magnetizing  effect 
of  primary  ampere-conductors  m 
a  6-pole  machine. 


current 


6 


+  Re 


2r  + 


and  the  other 


0-0533 


6  0533  (1-65) 


60-4  amps. 


22'8 


up?f  ,branch  ti*  current  is  60-4  -  114  -  49,  and  in  a  lower 
branch  26-2  +  11-4  =  37-6;  in  the  side  branch,  34-2  -  22-8  -11-4  amS 
The  ampere-conductors  of  Fig.  114  (c)  as  acting  on  the  magnetic  drcuS 
of  the  machine  reduce  themselves  to  the  single  layer  of  Fig,  114  (  n   sinca 
any  two  wuea  i  carrying  current  in  opposite  directions  and  aymmeWoallv 
situated  on  either  side  of  an  interpolar  dotted  line,  so  far  as  that  majmatfc 
circuit  is  concerned,  annul  one  another.    By  comparison  with  the  exdtSr 
8  - 


twice  as  strongla  forward 

I14 


on  a  hne  at  right  angles  to 
eccentndty  as  in  the  4^>ole  case.    And  tins  is  m%ct  fl 
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m  the  lap-wound  multipolar  as  regards  the  first  effect  from  the  primary  cir- 
culating currents  As  before,  this  effect  would  be  reproduced  by  imagining 
the  armature  to  be  displaced  horizontally  to  the  left,  giving  rise  to  the  super- 
posed fluxes  of  Fig  115  (a)  The  only  difference  is  that  the  displacement 


FIG.  115. — Secondary  effect 
in  a  6-pole  machine 

(a)  The  superposed  flux  wpwsent- 
ing  effect  of  primary  ampere- 
conductors. 

(1)  Secondary  E.M.F.'s  due  to  (a), 
(c)  Secondary  currents  due  to  (b) 

(<*)  Magnetizing  effect  of  secondary 
ampore  conductors 


(bb>/ 

>uld  now  have  to  be  made  not  in  the  direct  line  of  a  pole,  but  along  an  inter- 
nal line  between  two  poles.    Consequently  the  distribution  of  the  new 
perposed  fluxes  does  not  exactly  reproduce  that  shown  in  Fie    114  (a) 
it  requires  a  new  diagram  as  given  in  Fig.  115  (a).    This  difference  in  the 
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pictures  of  the  two  superposed  fluxes  is  a  characteristic  of  the  machine  with 
an  uneven  number  of  pairs  of  poles. 

The  system  of  secondary  EM.F.'s  and  currents  is  shown  in  Fig.  115  (6) 
and  (e).  The  E  M  F  and  the  current  in  the  circuits  on  the  horizontal  diameter 
must  be  double  that  of  the  other  branches  pf  the  winding,  as  indicated  by  the 
double  crosses  and  double  rings  with  central  dot  The  secondary  current  is 


*"  +  3?j  +  RC 

The  current  37a  crosses  twice  from  one  side  of  the  armature  to  the  other, 
21,  by  a  direct  connecting  lead  and  7,  vta  two  connecting  leads,  touching  at 
a  brush  but  not  re-entenng  the  armature  winding  since  the  potentials  of  the 
points  in  contact  are  the  same 


FIG  116  — Combined  primary 

and  secondary  effects  in  a 

6-pole  field 

(a)  The  combination  of  Fig.  114  (c) 
and  Fig.  115  (e). 

(6)  The  resultant  magnetizing  ampere- 
conductors 


The  magnetic  effect  of  the  secondary  current-turns  when  grouped  on  the 
original  magnetic  circuits  leave  as  their  effective  residue  the  groups  shown 
in  Fig  115  (d),  from  which  by  comparison  with  the  exciting  wires  on  the 
poles,  it  will  be  seen  that  there  is  a  forward  effect  (F^  on  the  two  upper  circuits 
and  a  back  (J57)  effect  on  the  two  lower,  both  tending  to  compensate  for  the 
originating  inequalities  in  the  pole-strengths  The  fluxes  due  to  Fig.  115  (d) 
would  again  reproduce  Fig.  114  (a),  but  in  exact  opposition. 

If  the  original  displacement  had  been  along  an  interpolar  line,  the  primary 
circulating  currents  would  have  been  given  by  Figs.  115  (W-fd)  and  the 
secondary  by  Figs.  114  (6)-(d).  V  '  W 

The  combination  of  the  primary  and  secondary  systems  in  the  present 
case,  »  e.  of  Fig  114  (e)  and  Fig.  115  (c)  yields  Fig,  116  (a).  Their  net  effect 
on  the  original  magnetic  circuits  may  be  obtained  by  adding  EigT  liS  (d) 
to  Fig  114  (/),  but  it  is  equally  and  as  easily  obtained  from  Fig  116  (p)>  by 
cancelling  out  pans  of  wires  which  carry  the  same  current  in  opposite  directions 
and  are  symmetrically  situated  on  either  side  of  on  interpolar  line  tip"  to  the 
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centre  of  a  pole  Thus  Fig  116  (b)  is  equivalent  to  Figs  115  (d)  and  114  (/) 
combined,  although  this  may  not  be  evident  at  first  sight  The  apparently 
fragmentary  nature  of  the  groups  of  ampere-wires  in  Figs  115  (d)  and  114  (/), 
and  their  unsymmetncal  distribution  in  relation  to  the  magnetic  circuits  thus 
disappear  when  the  complete  result  is  reached,  and  form  no  real  objection 
to  the  correctness  of  the  method  employed.  It  will  be  seen  from  Fig  116  (6) 
that  as  before  the  final  result  is  a  partial  equalization  of  the  fluxes  above  and 
below  the  horizontal,  and  a  virtual  displacement  of  the  armature  along  some 
line  inclined  to  the  vertical  On  each  magnetic  circuit  the  effective  ampere- 
turns  due  to  the  circulating  currents  are  proportional  either  to  37,  +  7, 
or  to  37,-71  or  to  7^  as  marked  for  each  sixth  of  the  circumference  For 
quantitative  calculations  they  would  have  to  be  multiplied  in  each  case  by 
some  factor  to  take  into  account  the  fact  that  they  do  not  all  equally  embrace 
the  entire  flux  of  the  circuit. 

In  every  case  when  once  the  system  of  circulating  currents  ha§  been  clearly 
established,  the  mental  aid  afforded  by  the  paraphernalia  of  imaginary 
superposed  fluxes  due  to  these  currents  as  intermediate  steps  in  the  argument 
may  be  dispensed  with,  and  the  attention  nveted  solely  on  the  resultant 
ampere-turns  as  acting  on  each  circuit 

III  The  8-pole  case,  as  might  be  expected,  more  nearly  resembles  the 
4-pole  case  in  that  the  horizontal  displacement  which  is  virtually  the  equiva- 
lent of  the  "  forward  "  or  strengthening  effect  from  the  primary  current-turns 
on  all  the  circuits  to  the  left  of  the  vertical  and  the  corresponding  back  effect 
on  all  the  circuits  to  the  right  of  the  vertical  is  once  again  in  direct  line  with 
a  pole  Consequently  as  in  the  4-pole  machine  the  additional  superposed 
flux  which  would  represent  such  a  displacement  of  the  armature  repeats  the 
original  superposed  flux  from  eccentricity  in  its  distribution  (although  not 
in  amount)  if  the  latter  be  rotated  through  a  right  angle  But  in  contrast 
with  a  4-pole  machine,  since  the  poles  which  are  most  weakened  and  strength- 
ened by  the  horizontal  displacement  are  of  the  same  polanty  as  those  which 
are  weakened  and  strengthened  by  the  vertical  displacement,  the  primary 
superposed  flux  must  be  rotated  backwards  through  90°,  instead  of  forwards, 
in  order  to  give  the  secondary  fluxes  Similarly  the  secondary  E  M  F.'s 
and  currents  are  also  represented  in  direction  by  the  primary  E  M.F  's  and 
current  rotated  backwards  through  90°. 

The  distribution  of  currents  in  the  8-pole  case  has  been  worked  out  by  the 
writer  in  the  above-mentioned  article  (Electrician,  Vol  72,  p  904),  and  need 
not  here  be  repeated. 

The  general  conclusion  for  all  lap-wound  multipolars  is  as  follows — 

Eccentricity  of  the  armature  within  the  bore  sets  up  unbalanced  E  M.F.'s 
and  a  system  of  primary  circulating  currents 

The  magnetic  effect  of  these  strengthens  the  fluxes  on  one  side  of  the  line 
of  eccentricity  and  weakens  the  fluxes  on  the  other  side  Hence  it  is  virtually 
equivalent  to  a  displacement  of  the  armature  along  a  line  at  right  angles 
to  the  lino  of  eccentricity.  * 

The  magnetic  effect  of  this  virtual  displacement  sets  up  a  system  of  second- 
ary E.M.F  's  and  currents  analogous  to  the  former,  and  in  the  case  of  machines 
with  an  even  number  of  pairs  of  poles  exactly  repeating  them  to  some  larger 
scale  of  values  "With  an  odd  number  of  pole-pairs  the  virtual  displacement 
is  along  an  interpolar  line  if  the  real  eccentricity  is  in  line  with  a  pole,  or 
vice  versa, 

The  magnetic  effect  of  the  secondary  circulating  currents  is  in  exact 
opposition  to  the  original  effect  of  the  eccentricity,  and  partially  wipes  it  out 

The  combination  of  the  two  sets  of  current  in  the  actual  machine  means 
in  reality  an  unequal  distribution  of  current  such  that  on  each  magnetic 
circuit  there  is  more  or  less  than  tho  normal  number  of  ampere-turns.  The 
added  or  subtracted  ampere-turns  partially  equalize  the  fluxes  from  the 
several  poles,  and  the  effect  is  the  same  as  if  the  armature  were  displaced  to 
a  lesser  degree  and  along  some  line  inclined  to  the  true  line  of  the  eccentricity. 
The  larger  the  secondary  currents  as  compared  with  the  primary,  the  greater 
the  equalization  and  the  more  nearly  the  remaining  small  virtual  displacement 
is  along  the  line  of  eccentricity. 


CHAPTER  XIII 

CONTINUOUS-CURRENT  ARMATURES 

§  1.  Lamination   of   armature  core  to  avoid  eddy-currents.— As 

mentioned  m  Chapter  III,  the  use  of  an  iron  supporting  core  to 
carry  the  armature  winding  either  necessitates  its  rotation  together 
with  the  rotating  wires,  or,  if  the  armature  is  stationary  and  the 
field-magnet  revolves,  implies  that  its  surface  is  swept  over  by  the 
moving  field  of  lines.  From  this  there  follows  the  necessity  for 
laminating  the  core.  Whenever  a  metallic  mass  actively  cuts 
lines  of  flux,  it  becomes  the  seat  of  induced  E  M  F.'s,  which,  unless 
prevented  from,  so  doing,  will  set  up  electric  currents  ;  the  direction 
of  these  in  that  part  of  their  path  where  the  E  M.F  is  generated 
will  be  at  right  angles  to  the  direction  of  the  lines  and  to  the  direction 
of  movement.  If,  therefore,  the  core  whereon  the  active  conductors 
are  wound  be  formed  of  a  solid  metal  mass,  the  latter  will  itself 
act  inductively,  and  although  the  E  M  F.'s  induced  hi  it  maybe  small, 
yet,  owing  to  the  low  resistance  of  the  numerous  metallic  paths 
open  to  them,  they  will  cause  large  eddy-currents  to  circulate  round 
the  core  ;  the  latter  will  then  become  heated,  and  power  will  be 
wasted  equal  in  amount  to  the  product  of  the  E.M  F.  and  the 
strength  of  the  eddy-current  multiplied  by  the  cosine  of  the 
angle  of  lag  of  the  latter.  In  a  solid  drum  armature  the  eddy- 
currents  will  flow  in  sheets  along  the  length  of  the  iron  core,  in 
opposite  directions  under  adjacent  poles.  The  current-density  will 
be  greatest  near  the  surface,  where  the  rate  of  cutting  lines  and  the 
induced  E  M.F.  is  greatest;  throughout  the  entire  length  of  the  core, 
and  especially  at  its  ends,  the  current-sheet  under  one  pole  will 
curve  round  on  either  side  and  again  unite  to  complete  its  circuit 
under  poles  of  opposite  sign.  In  all  cases  the  direction  of  the 
eddy-currents  on  the  surface  of  the  core  will  be  similar  to  that  of 
the  useful  currents  in  the  active  conductors,  since  these  latter  are 
expressly  arranged  to  obtain  the  best  inductive  effect.  So  long 
as  the  metal  core  rotates,  or  is  swept  by  the  lines,  it  remains  impos- 
sible to  prevent  the  induction  of  E.M.F.'s  in  its  surface,  but  it  is 
possible  to  interpose  in  the  paths  which  the  eddy-currents  would 
follow  such  very  high  resistances  as  to  prevent  their  attaining  any 
appreciable  strength.  This  is  effected  by  laminating  the  core  in 
planes  at  right  angles  to  the  active  conductors,  the  edges  of  the 
laminations  being  presented  to  the  lines  of  the  field,  and  each 
lamination  being  separated  from  its  neighbours  by  a  •fe'hfa  layer  or 
covering  of  some  insulating  material.  The  mass  of  metal  is  thus 
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broken  up  at  the  actual  seat  of  the  E  M  F.  and  transversely  to  its 
direction,  and  the  subdivision  must  be  especially  perfect  at  the 
periphery,  where  the  E.M.F  is  greatest.  Small  E.M.F.'s  will  still 
be  induced  transversely  across  the  surface  of  each  lamination,  but 
they  will  be  prevented  from  acting  summationally  or  in  series  by 
the  intervening  insulation  ;  the  currents  that  can  be  set  up  are  thus 
reduced,  and  likewise  the  power  that  is  absorbed  (cp  Chapter  XXI, 
§  17).  The  thinner  the  laminations,  the  less  will  be  the  amount  of 
the  eddies,  but  the  greater  the  loss  of  space  by  the  insulation  foi  a 
given  over-all  length  of  core,  and  the  limit  to  the  advantage  of 
further  subdivision  is  reached  when  questions  of  the  cost  of  manu- 
facture or  of  the  loss  of  space  outweigh  a  possible  slight  gain  in 
efficiency 

§  2.  Discs  for  drum  armatures. — The  above  requirements  are 
met  by  the  use  of  thin  discs,  either  threaded  on  to  the  arms  of  a 
central  hub  or  keyed  directly  to  the  shaft  or  assembled  inside  an 
external  case  when  the  armature  is  the  stationary  member.  Each 
core-disc  is  lightly  insulated  from  its  neighbours  on  either  side ; 
hence  they  make  little  or  no  contact  with  each  other  except  through 
their  connection  with  the  shaft  or  case,  and  the  passage  of  eddy- 
currents  along  the  surface  or  through  the  mass  of  the  core  from 
one  disc  to  another  is  very  largely  prevented 

The  discs  are  stamped  out  of  soft  annealed  sheets  of  mild  steel,1 
and  are  afterwards  notched  with  slots  foi  toothed  armatures.  Their 
thickness  does  not  exceed  0-025"  or  No  24  (sheet-iron  gauge),  and 
in  general  ranges  a  between  0-025"  and  0-016"  (No.  28)  or,  say,  0-6 
and  0-4  mm  ,  below  the  latter  limit  the  reduction  in  the  eddy-current 
loss  within  the  core  is  so  slight  that  it  does  not  compensate  for  the 
increased  cost  of  the  discs  and  the  greater  labour  in  assembling 
them  Up  to  4  feet  in  diameter,  discs  may  be  procured  as  complete 
rings,  each  forming  one  stamping,  but  for  armatures  above  40  inches 
in  diameter  segments  are  preferably  employed,  as  the  larger  discs 
buckle  somewhat  in  the  annealing  process  and  are  unwieldy  to 
handle.  The  waste,  too,  is  less  when  the  width  of  the  segments 
is  chosen  to  fit  the  size  of  the  sheets  from  which  they  are  to  be 
stamped  In  slotted  armatures  each  segment  should,  if  possible, 
contain  a  whole  number  of  teeth  and  slots  A  small  clearance  of 
a  few  mils  is  allowed  in  the  width  of  a  segment  as  compared  with  the 
proportion  of  the  circumference  corresponding  to  the  number  of 
segments.  The  segmental  discs  are  then  assembled  together  into 
a  nng  with  butt  joints  m  any  one  layer,  but  so  arranged  that  the 
joints  of  neighbouring  layers  do  not  coincide  in  position  (Figs.  124 

1  See  Chapter  XIV,  §§  4,  5. 

1  The  density  being  7  8  grammes  per  c.  cm ,  the  weight  per  superficial  square 
foot  of  the  thicker  dimension  is  1  Ib  ;  a  thickness  of  0  020  (No  26)  is  widely 
adopted,  its  weight  per  aq  ft.  being  0-81  Ib, 
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and  127).  Each  disc  is  either  coated  with  insulating  varnish,  paste, 
or  paint,  or  is  effectively  separated  from  its  neighbours  by  an  inter- 
posed thin  sheet  of  paper  cut  out  to  the  required  shape  ;  or  the 
oxide,  which  f onns  on  the  discs  after  heating,  and  which  is  practically 
a  non-conductor,  is  relied  on  to  insulate  the  discs.  When  varnish 
is  employed,  the  discs  are  either  painted  by  hand  or  are  passed 
between  rolls  dipping  into  a  bath  of  the  varnish  ;  if  heated  and  put 
under  pressure,  they  will  then  adhere  so  tightly  that  the  whole  core 
is  formed  into  a  solid  and  compact  mass.  After  allowing  for  slight 
inequalities  in  the  thickness  of  the  discs,  and  for  the  two  coats  of 
varnish,  one  on  either  side,  and  measuring  in  all  about  0-0006", 
from  90  to  92  per  cent  of  the  total  cross-section  of  the  core  may  be 
counted  on  as  the  net  area  through  which  the  magnetic  flux  passes 
"  Insukned  "  discs  are  largely  supplied  by  Messrs.  Joseph  Sankey 
&  Sons,  in  which  one  side  is  covered  with  a  thin  layer  of  an  insulating 
paste.  Paper,  when  handled  as  separate  sheets  to  be  laid  between 
the  discs,  cannot  be  conveniently  thinner  than  one  or  two  mils, 
or  0-025  to  0-05  mm. ;  the  net  volume  of  iron  in  the  core  then 
amounts  to  88  or  90  per  cent  of  the  gross  volume  In  the  case  of 
toothed  armatures,  an  extra  allowance  of  1  or  2  per  cent,  must  be 
made  for  irregularities  in  the  assembled  discs,  ,'and  a  combination 
of  the  two  methods  is  frequently  employed ;  a  thinner  paper, 
less  than  1  mil  in  thickness,  is  pasted  by  rolls  on  to  the  sheet  iron 
with  varnish  and  at  the  same  tune  dried,  before  the  discs  are  punched 
in  the  stamping  press.  The  teeth  then  remain  well  insulated  right 
up  to  their  edges,  and  the  work  of  clearing  the  paper  from  the  slots 
of  the  assembled  core  is  obviated. 

Annealing  reduces  the  loss  by  hysteresis,  but  it  is  not  practically 
worth  while  to  re-anneal  the  discs  after  the  teeth  have  been  stamped 
out  round  their  periphery,  if  this  process  is  carried  out  separately 
after  the  inside  hole  is  punched  Compound  dies  may  also  be 
employed  to  stamp  out  the  inside  and  the  slots  simultaneously,  but 
only  if  the  number  of  stampings  in  view  warrants  the  first  cost  of 
the  expensive  die  required.  More  usually  the  slots  are  punched  out 
separately  in  a  disc-notching  press. 

§  3.  Construction  of  continuous-current  dram  armature  cores.— 
We  now  turn  to  the  consideration  of  rotating  armatures,  which 
to  a  large  extent  cover  the  same  ground  as  continuous-current 
machines,  since  in  this  class,  as  opposed  to  alternators,  the  armature 
is  invariably  the  rotating  portion. 

In  small  2-pole  drum  armatures  the  discs  are  usually  threaded 
directly  on  the  shaft,  and  held  in  position  by  a  driving  feather 
running  along  the  length  of  the  core.  At  the  two  ends  of  the  core 
are  cast-iron  end-flanges,  between  which  the  discs  are  tightly 
compressed ;  one  of  these  is  first  driven  home  against  a  collar  on 
the  shaft,  the  discs  are  then  assembled,  and  after  compression  by 
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hydraulic  or  mechanical  means  the  second  end-flange  is  slid  on  and 
secured  in  its  place  by  a  tightemng-nut  screwing  on  to  the  shaft 
(Fig  117)  The  end-flanges  are  best  keyed  to  the  shaft  to  avoid 
all  nsk  of  their  working  loose.  For  a  given  armature  diameter 
the  maximum  radial  depth  of  disc  is  thus  obtained,  but  in  larger 
machines,  especially  if  multipolar,  sufficient  cross-section  of  iron 


FIG.  117 — Small  two-pole  drum  armature  core 

is  secured  without  using  the  full  depth  or  difference  between  the 
radius  of  the  disc  and  the  radius  of  the  shaft.  The  discs  may  then 
be  pierced  with  holes  towards  their  inner  edge  in  order  to  lighten 
them  and  provide  air  canals  (Figs.  118,  199,  and  200),  or  they  may 
be  cut  away  on  the  inside,  four  projecting  lugs  being  left,  which  fit 


FIG    118. — Drum  armature  disc 
•with  air-spaces 


FIG.  119 — Drum  armature  dine 
'with  internal  lugs. 


exactly  on  to  four  flats  milled  along  the  length  of  the  shaft  (Fig. 
119).  For  armatures  above  22  inches  in  diameter  it  is  cheaper  to 
employ  discs  of  lesser  depth  supported  on  a  cast-iron  hub,  which 
is  itself  pressed  hydraulically  on  to  the  shaft  over  a  strong  key,  and 
the  use  of  such  a  hub  is  often  extended  to  still  smaller  armatures. 
Keyways  are  stamped  on  the  inner  periphery  of  the  discs  to  fit  four 
or  more  arms  or  ribs  which  project  radially  from  the  central  sleeve 
of  the  hub.  The  latter  abuts  against  a  collar  on  the  shaft,  and  has 
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an  end-flange  either  cast  in  one  with  it  or  fastened  to  it.  The  tips 
of  the  radial  arms  are  turned  in  the  lathe  to  the  correct  diametei 
to  fit  the  inside  of  the  keyways,  and  the  sides  of  the  arms  are  milled 
to  the  correct  width  to  fit  the  notches  ;  the  discs  are  then  slid  ovei 
the  radial  arms  and  compressed  by  the  second  end-flange,  which 


tL. 


FIG.  120 — Hnb  and  end-flange  of  multipolar  drum  armature. 

is  screwed  directly  to  the  shaft,  or,  in  larger  machines,  is  fastened 
to  the  hub,  making  the  core  entirely  self-contained.  Fig.  120 
shows  a  large  hub  for  a  multipolar  machine,  with  one  end-flange 
cast  on,  the  second  end-flange  being  shown  at  the  side,  and  in 
Fig.  121  is  seen  the  same  hub  with  the  dte  partly  assembled 
thereon  ;  Fig.  199  shows  a  hub  also  with  one  end-flange  cast  on  it, 
but  at  the  opposite  end  to  the  coupling.  Jn  Fig.  122  both 


CONTINUOUS-CURRENT  ARMATURES  273 

end-flanges  are  separate  from  the  hub,  the  actual  combined  hub  and 
end-flanges  being  shown  in  Fig.  123  without  the  core-discs.  A 
fixed  end-flange  has  the  disadvantage  that  it  prevents  the  milling 
of  the  arms  to  their  correct  width  at  the  extreme  end,  so  that  a 
central  hub  with  two  detached  and  similar  end-flanges  as  in 


* 


FIG.  121  — Core-discs  being  assemblod  on  hub. 


Figs.  122, 124-126  is  to  be  recommended.  At  either  end  the  com- 
pressing flange  may  be  fixed  to  the  hub  by  studs  as  in  Fig.  122,  or 
by  bolts  running  from  end  to  end  of  the  core  underneath  the  discs, 
as  in  Figs.  125  and  201.  Other  methods  of  fastening  them  are  the 
use  of  a  split  ring  of  circular  or  rectangular  section  which  is  sprung 
into  a  recess  in  the  hub  where  it  is  locked  by  the  pressure  of  the 
discs,  or  a  kind  of  bayonet  ]omt,  the  flange  being  turned  round 
through  an  angle  after  it  is  slid  on  to  the  hub  ;  in  both  these  cases 
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the  discs  are  kept  under  compression  during  the  process  of  fixing 
the  locking  arrangement.1 

_      ri, 


1 


When  the  diameter  of  the  armature  is  so  large  that  the  core  must 
be  built  up  out  of  segments,  these  may  be  held  by  bolts  passing 
through  holes  (Fig.  124)  near  then:  inner  edge,  and  clamping  the 

The  Mechanical  Design  and  Construction  of  Generators 
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segments  to  the  end-flanges,  or  the  discs  may  be  keyed  on  wedge- 
shaped  projections  from  the  hub,  with  the  compressing  bolts  lying 


.Vr~i"-r-**' 

~     '     I 

FIG.  123 — Hub  and  end-plates  of  armature 


l     * 


FIG.  124. — Segmental  core-discs  fastened  by  bolts  to  flanges. 


FIG.  125  — Segmental  core-discs  keyed  on  hub  and  compressed 
by  bolts. 

below  the  discs  (Figs.  125  and  126).  The  end-flanges  are  con- 
veniently made  in  several  pieces,  each  being  secured  against 
centrifugal  force  by  screws  through  a  flange  on  the  armature  hub 
(Fig.  124),  or  by  lugs  engaging  beneath  a  turned  ring  on  the  hub 
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(A,  A,  Fig.  125).    Each  segment  must  be  held  by  at  least  two  bolts 
or  keyways.    Or  conversely  to  Fig.  126,  the  segments  may  be 


•43 

1 


dovetaUed  to  the  arms  of  the  hub  by  wedge-shaped  lugs,  50  as  to 
protect  the  discs  from  radial  movement  (Fig.  127)  under  the  action 
of  centrifugal  force. 
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Large  armature  hubs  usually  have  an  extension  at  one  end  to 
cany  the  commutator  sleeve,  as  in  Figs.  126,  185,  and  199  ;  or 
the  commutator  is  bolted  up  to  the  arms  of  the  ai mature  hub. 
Very  large  multipolar  machines  may  have  a  double-aimed  1mb, 
as  m  Fig.  125,  with 
the  nave  spirt  to  avoid 
contraction  strains,  01 
they  may  be  built  up 
on  the  fly-wheel  of 
the  driving  steam- 
engine. 

In  small  machines, 
if  a  tightemng-up  nut 
is  employed  to  hold 
the  armature  core  m 
place,  it  is  advisable 
to  lock  it  by  a  set 
screw,  the  point  of 
which  enters  the  shaft, 
since  otherwise  there 
is  a  possibility  of  the 
nut  and  discs  slacking 
back  thiough  mechan- 
ical vibration.  The 
nuts  holding  end-flanges  in  place  may  be  fastened  by  split  pins  01 
by  riveting  over  the  heads  of  the  studs  or  bolts. 

At  either  end  of  the  armature,  especially  when  toothed,  there  are 
often  placed  one  or  more  stout  iron  plates  Vhich  serve  to  support  the 


FIG    127  — Segmontal  discs  dovetoilud 
to  hub 


FIG.  128 — Pronged  tooth-support. 

•thinner  discs  where  they  aie  driven  up  against  the  end-flanges  or 
end-arms  of  the  hub.  It  must  not  be  possible  at  any  part  of  the 
surface  to  force  the  point  of  a  thin  knife  blade  between  -the  discs. 

In  toothed  cores,  if  the  teeth  are  long  and  narrow,  it  becomes 
advisable  to  back  them  up  at  the  ends  of  the  core  with  prong  sup- 
ports of  brass  or  malleable  cast  iron  (Figs.  126  and  128),  so  that 
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not  only  the  body  of  the  core  but  also  the  teeth  may  be  firmly 
compressed.  Otherwise  the  distance-pieces  forming  the  ventilating 
openings  which  are  next  to  be  described  are  not  tightly  held  between 
the  teeth,  and  if  of  iron  they  may  under  strong  excitation  vibrate 
slightly  as  they  enter  or  leave  a  magnetic  field 

At  intervals  of  some  3  to  5  inches  along  the  length  of  toothed  cores 
(unless  of  small  size),  air-ducts  or  ventilating  passages  are  formed  by 


The  British  Thomson-Houston  Co.,  Ltd. 

FIG   129 — Spot-welded  ventilating  disc  (for  armature  with  continuous 
ring  stampings)  and  spacer  (for  segmental  stampings) 

distance-pieces  between  neighbouring  discs.  Such  distance-pieces 
may  be  of  thin  iron  or  brass  of  channel  or  L  section  riveted  or  spot- 
welded  to  a  core-plate  to  form  an  air-disc  as  in  Fig.  129  ;  or  a  number 
may  be  cast  together  in  brass  to  form  a  segmental  pronged  strip,  with 
wider  lugs  on  its  lower  edge  by  which  it  is  merely  hooked  under  the 
core-plates  as  the  armature  is  being  built  up  (Fig.  130).  In  either 
case  they  must  be  mechanically  strong,  rigid,  and  well-secured,  Free 
passages  from  f"  to  $"  wide  are  thus  obtained  from  the  inner 
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air-chamber  within  the  core  to  the  outside,  so  that  the  air  is  drawn 
by  centrifugal  force  through  openings  on  the  surface  between  the 
groups  of  coils  in  the  slots,  the  numerous  blades  in  the  air-ducts 
forming  a  very  effective  fan  The  air  must  have  an  unimpeded 
entrance  into  the  centre  of  the  core, 
in  smaller  machines  through  special 
holes  in  the  end-flanges.  It  is 
especially  important  to  keep  the  air- 
way through  the  narrow  roots  of  the 
teeth  as  free  as  possible,  so  that  the 
distance-pieces  should  there  be  thin ; 
since  without  such  precautions  the 
usefulness  of  the  ventilating  discs 
is  almost  nullified 

Fig.  131  shows  a  completed  core  with  three  air-ducts,  and  similar 
air-ducts  are  also  seen  in  Figs  121  and  200.  Ventilating  passages 
at  each  end  of  the  core  between  the  end-flanges  and  discs  (as  in 
Figs.  125  and  201)  have  considerable  value,  and  do  not  take  up  any 


FIG.  130 — Ventilating 
distance-piece 


FIG    131  — Completed  drum  toothed  armature  core 


part  of  the  valuable  core-length  under  the  pole-face.  Most  of  the 
cores  illustiated  above  have  outer  rings  cast  on  the  end-flanges  to 
carry  the  end-connectors  of  barrel  winding,  and  the  nbs  which 
support  these  rings  serve  as  the  blades  of  a  fan,  or  carry  wings 
(Fig.  201)  to  dissipate  the  heat  from  the  winding. 

§  4.  Avoidance  of  eddy-currents. — All  bolts  used  to  hold  the 
core  in  position  and  passing  through  the  mass  of  the  discs  must 
either  be  so  placed  as  to  be  cut  by  as  few  lines  as  possible  (i.e.  near 
to  the  inner  circumference  of  the  discs,  well  out  of  the  path  of  the 
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magnetic  flux,  as  in  Figs.  124  and  125),  or  must  be  insulated  from 
the  core  and  end-plates  by  fibre  tubes  and  fibre  or  mica  washers 
(Fig.  132)  in  order  to  obstruct  the  paths  that  eddy-currents  generated 
in  them  would  follow  (wde  Chapter  XXI,  §  18) 

In  all  cases  care  must  be  taken  that  the  end-plates,  end-flanges, 
supporting  hubs,  etc.,  are  not  the  seat  of  eddy-currents  ;  so  far  as 
possible  they  must  be  kept  without  the  influence  of  the  magnetic 
field,  and  hence  in  order  to  avoid  eddy-currents  set  up  in  the  thick 
end-plates  by  reason  of  lines  curving  round  from  the  flanks  of  the 
poles  into  their  outer  surfaces,  it  is  usual  for  the  axial  length  of  the 
armature  core  to  exceed  that  of  the  pole-face  by  \"  to  J"  at  each 
end  In  drum  armatures  with  discs  of  considerable  radial  depth 
very  few  lines  pass  across  from  inner  side  to  inner  side  of  the  discs 
through  the  air  ,  yet  if  they  were  worked  at  a  very  high  flux  density, 
a  small  percentage  of  the  lines  of  the  field  would  cross  the  internal 


I  II 

FIG    132 — Insulated  bolts 

opening  of  the  discs.  Any  such  internal  field  would  remain  sta- 
tionary, and  would  therefore  be  cut  by  the  arms  and  sleeve  of  the 
central  hub  with  consequent  eddy-currents.  The  loss  occasioned 
thereby  would  usually  be  small,  but  is  one  among  other  reasons 
which  limit  the  permissible  flux-density  in  the  core  On  general 
grounds,  as  well  as  to  minimize  any  such  loss,  it  is  important  to 
lighten  the  hub  as  far  as  may  be  consistent  with  the  maintenance 
of  sufficient  mechanical  strength. 

Again  at  each  stage  of  the  building-up  of  the  core  the  greatest 
care  must  be  taken  to  ensure  that  the  edges  of  the  plates  are  not 
brought  into  contact  ,  the  dies  for  punching  the  slots  of  toothed 
armatures  must  be  kept  sharp,  and  any  bumng  at  the  edges  of  the 
plates  must  be  reduced  to  a  minimum  and  afterwards  removed. 
By  such  attention  to  details  it  is  alone  possible  to  becme  the 
minunum  core-loss  from  the  eddy-currents  that  still  persist 

§  5.  Mechanical  strength  of  armature  cores. — The  centrifugal  force  of  a 
particle  of  mass  tn  at  distance  r  from  an  axis  about  which  it  is  rotated  with  an 
angular  velocity  of  o»  radians  per  second  being  wco"*1,  the  general  expression 

W 

for  the  single  resultant  centrifugal  force  acting  on  a  body  of  mass  M  ••  •— 

g 
in  a  direction  radial  from  the  axis  and  passing  through  its  centre  of  gravity  is 

W 
F=a~  ot\ '57) 

O 
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Since  a>r  =  v,  we  also  have 

*-£.*!  .         .         .  (58) 


Again,  since  to  =  -^pr-, 
bU 

F  =  0  0109  —  W%  •  •  -  (59) 

§ 

Here  rg  is  the  distance  from  the  axis  of  the  centre  of  gravity  of  the  body 
considered,  and  vg  is  the  velocity  per  second  corresponding  thereto  By 
these  formulae  the  centrifugal  force  from  a  separate  mass,  as  e  g  a  single  pole 
on  a  rotating  field-magnet,  is  found  Whichever  form  is  used,  ra  must  be 
known  either  by  approximate  calculation  or  from  the  dimensions  in  the  case 
of  homogeneous  bodies  of  regular  shape,  and  g,  the  acceleration  per  sec  per 
sec  from  gravity,  must  be  expressed  in  a  similar  unit,  e  g  in  feet  or  inches  ; 
-F  is  then  found  in  the  unit  chosen  for  the  weight  W 

If  the  core-discs  of  an  armature  are  complete  annular  rings,  they  form  a 
homogeneous  cylinder,  thick  or  thin  as  the  case  may  be,  subjected  to  a  radial 
force  of  uniform  intensity  over  the  whole  cylindrical  area  of  each  concentric 
layer  ;  the  radial  centrifugal  force  is  similar  for  each  elementary  sector  of  the 
cylinder,  and  acting  uniformly  round  the  cylinder  is  exactly  analogous  to 
a  fluid  pressure  within  its  interior,  so  that  it  causes  a  resultant  bursting  tension 
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FIG    133 

across  any  radial  section  of  the  cylinder  The  radial  force  of  each  small 
wedge-shaped  element  is  balanced  by  the  resultant  of  the  circumferential  or 
hoop  tensions  exerted  by  the  neighbouring  elements  on  each  of  its  two  radial 
side-surfaces,  together  with  the  difference  of  radial  stress  on  the  outer  and 
inner  faces  of  the  element  when  the  force  is  transmitted  from  layer  to  layer 
through  a  thick  cylinder  In  all  such  cases  of  a  uniform  radial  force,  whether 
external  or  internal,  if  /„  be  its  value  per  unit  angle  in  circular  measure,  and 
if  any  diametral  plane  AD  through  the  cylinder  be  taken  (Fig  133),  the 
resultant  force  acting  across  the  double  section  AB,  CD  is  the  sum  of  all  the 
normal  components  f0  sin  a  when  the  individual  forces  of  all  the  similar 
sectors  of  unit  angular  width  are  resolved  at  right  angles  to  the  plane  in 
question.  The  resultant  bursting  force  acting  on  the  double  cross-section  is 

therefore  /„       /      sin  a     da  =  2/0,  or  on  the  single  section  AB  on  the  one 

side  is  half  this  value,  =  fa  The  total  centrifugal  force  summed  up  all  round 
the  periphery  as  acting  independently  in  a  radial  direction  on  each  small 
elementary  sector  being  symbolized  by  F0,  the  force  per  unit  angle  in  circular 

E1 

measure  is/0  =  —  If  a  be  the  radial  depth  of  the  cylinder  and  b  its  breadth 
in  an  axial  direction,  the  single  cross-section  is  db.  Hence  the  stress  on  the 

material  averaged  over  the  section  is  ^|,  or 

average  s0  =  ^ 
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Or,  if  it  be  preferred  to  consider  the  intensity  of  the  pressure  per  unit  length  of 
arc  at  any  radius  r,  and  per  unit  breadth  in  the  axial  direction,  as  is  more 

p 

usual  in  the  case  of  a  boiler  shell,  *  e    p  =  =—  ^-.  it  is  evident  that  the  resultant 

r 


tension  on  unit  breadth  of  the  double  cross-section  is  equal  to  the  intensity 
of  pressure  p  multiplied  by  the  projection  of  the  semicircle  of  radius  r  on  the 

plane  in  question,  »  e  by  D  =  2r  ,  whence  the  resultant  tension  is  pr  per  unit 

jj«          17 

breadth  along  the  cylinder,  and  the  stress  on  the  material  is  sfl  =  —  =  —  £-=- 

ft          TC  •  Ado 

The  total  centrifugal  force  F0  as  above  defined  will  be  given  by  the  same 

W 
expression  as  originally  used,  namely,  —  .  co*rg  =  F0,  where,  however,  it 

must  be  borne  in  mind  that,  although  W  is  the  weight  of  the  whole  cylinder, 
rg  is  in  contrast  to  the  previous  case  not  the  radius  to  the  centre  of  gravity 
of  the  cylinder  as  a  whole  (since  this  is  zero),  but  is  the  radius  to  the  centre 
of  gravity  of  a  wedge-shaped  sector  of  indefinitely  small  width  ;  the  centre 
of  gravity  of  the  cyUnde.r  as  a  whole  being  at  its  centre,  the  centrifugal  force 
acting  on  it  as  a  whole  is  zero,  yet  the  expression  for  the  total  sum  of  the 
elemental  centrifugal  forces  acting  independently  and  its  symbol  F0  are 
required  in  order  to  discover  the  intensity  of  the  force  acting  per  unit  angle, 

jr 
or  /.  =  ^-2.     The  average  stress  on  the  material  of  the  cylinder  due  to  the 

J>n 
centrifugal  force  is  therefore 

s   =     F*     =         Q>'-  r 

=  ** 


— 
.  ab       g     2it  .  ab 

where  ab  is  the  single  section  across  the  narrowest  part  of  the  core. 

Since  the  centre  of  gravity  of  a  wedge-shaped  sector  of  angular  width  26  is 

•x.   x  j    j.     ^  <-         2  /**"  ~  JVN  s"1  &  *_~     xv         x_        ,  sin  0       , 
situated  at  a  distance  -5-  (  _,".      „,  )  —  5—  from  the  centre,  and  —5—  *"  1 
o  \K0*  -  Rf/      o  0 

when  6  is  very  small,  the  radius  to  the  centre  of  gravity  of  a  small  wedge- 

2  /R  *  —  J?  *\ 

shaped  sector  of  indefinitely  small  width  is  f  -  «=»  —  (  _°        n^  )     We  then 

*  \-n-o    ~  «<"/ 

have 

W      ,    2  /R*  - 

F'-7-*-s(v-i 

If  w  =  the  weight  of  unit  volume,  the  weight  W  of  the  whole  ring  is 
w  X  TC  (R0  +  /^)  x  ab,  thence 

FC-J  •  «»»  .-|(Jeo»  +  R0  R{  +  Rtf  X  ab 

p 
The  average  stress  on  the  material  =*          *  .  ,  or  finally 

average  sa  =  j  .  QJ«   ~(R0»  +  R0R{  +  Rfl        .         ,     (60) 

The  same  result  is  reached  if  we  consider  the  resultant  centrifugal  effect 
acting  as  a  single  force  on  the  half  of  the  xing,  and  tending  to  split  it  across 
any  diameter  The  centre  of  gravity  of  the  semicircular  annulus  being 

situated  at  a  distance  from  its  axis,  ra  =  5-  [  _,011  ~     *  Y  and  its  weight 

/R   +  Rf\  3"  \Ro   -  •«<'/ 

being  o/.Trf     °         *  j   x  ab,  the  resultant  centrifugal  force  acting  on  it 

as  a  whole  in  a  radial  direction  through  its  centre  of  gravity  is,  by  formula  (57), 
^  o"  ab  x  ^  (R0*  +  R0.Rt  +  Rt*).     The  average  stress  on  the  material 

of  the  ring,  if  it  be  complete,  is  equal  to  this  resultant  centrifugal  force  divided 
by  the  double  section  2ab  ;   or 

average  se  =-       .  «•.  1(^  +  R0.Rt  +  Rfl      .         .     (60) 
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If  R0,  Rt  are  expressed  in  feet,  and  g  in  feet  per  sec  per  sec  =  32  2,  with 
wrought  iron  or  mild  steel  of  specific  gravity  7  8,  w,  the  weight  of  a  cubic  foot, 
=  486  Ibs ,  and 

average  sfl=  0  105  x  wa  X  -^  (R0S  +  R0   ^  -f-  Rfl  lb  per  square  inch 

=  0-001 15  2Va  —  (R0*  +  R0   Rt  +  Rt*)  lb.  per  square  inch     .     (61) 

where  N  is  the  number  of  revolutions  per  minute  Or  for  cast  iron  of  specific 
gravity  7-2,  as  in  the  end-flanges,  w  =  448,  and 

average  sa  -  0-00106  N».-i  (R0»  +  R0.Ri  +  Rf) 

If  the  core  be  smooth,  with  the  winding  held  in  place  by  binding  wires,  the 
above  case  of  a  homogeneous  cylinder  acted  upon  only  by  its  own  centrifugal 
force  is  reproduced  But  while  in  the  foregoing  the  average  circumferential 
or  hoop  stress  has  alone  been  determined,  in  reality  when  the  ring  has  appre- 
ciable thickness  in  comparison  with  its  diameter  the  actual  stress  is  not 
uniform  over  the  whole  radial  depth  The  radial  force  as  we  pass  from  the 
outside  surface  is  transmitted  from  layer  to  layer  to  the  interior  with  increas- 
ing intensity,  if  the  cylinder  is  solid,  but  again  decreases  towards  the  inside 
circumference  if  the  cylinder  is  perforated  with  a  hole  In  consequence, 
as  mentioned  at  the  outset,  in  the  general  case  of  a  thick  cylinder  there  is 
a  difference  of  radial  stress  on  the  outer  and  inner  faces  of  a  small  element 
forming  part  of  any  one  component  layer  Thus  in  a  hollow  thick  cylinder 
the  radial  stress  tending  to  divide  one  layer  from  another,  and  acting  at 
right  angles  to  the  circumferential  stress,  is  zero  at  the  outer  and  inner 
circumferences,  and  reaches  a  maximum  at  some  depth  within  the  rim  But 
even  though  the  maximum  radial  stress  tending  to  divide  two  layers  may 
not  be  considerable,  the  important  result  follows  that  the  hoop  stress  is  no 
longer  uniform  but  vanes  at  different  depths,  and  is  a  maximum  at  the 
inside  edge  By  reason  of  the  minute  expansion  of  the  cylinder  under  the 
action  of  the  centrifugal  force  a  true  expression  for  the  local  stress  must 

contain  Poisson's  ratio  — ,  which  for  metals  may  be  taken  as  lying  between 

J  and  J  In  order  to  render  the  problem  capable  of  solution,  in  the  case  of 
d  solid  homogeneous  cylinder,  the  effect  of  its  length  must  be  ignored  ,  the 
results  are  therefore  only  stnctly  true  for  a  very  thin  flat  disc,  but  this  corre- 
sponds to  the  case  of  an  armature  core-disc,  and  for  such  a  disc  with  a  hole 
at  its  centre  it  is  found  that  the  greatest  value  of  the  hoop  stress  which  occurs 
at  the  inner  circumference,  is  given  by  the  expression1 


or,  assuming—  =  —  and  with  the  radn  expressed  in  feet,  for  wrought  iron  or 
mild  steel, 

se  maa  =  0  00029  AT"  (3-25  fl0»  +  0-75  Rf)  lb  per  square  inch  (62) 

Hence  if  the  central  hole  be  very  small,  the  maximum  stress  is 
*o  na*  -  0-00094  JV»   R0* 

while  on  the  same  assumption  of  a  very  small  hole  the  average  stress  would 
only  be 

0000383  tf«.K« 


It  will  bo  seen  that  the  maximum  stress  would  be  nearly  2  J  times  the  average 
in  such  an  extreme  case,  and  remains  as  much  as  25  per  cent,  greater  even 

1  Ewing,  Strength  of  Materials  (2nd  edit  ),  p.  218  Cp.  A.  Jude,  The  Theory 
of  the  Steam  Turbine,  Chap  XIII  See  also  B  A  Behrend,  "  A  New  Large 
Generator  for  Niagara  Falls,"  Trans  Amer  I.E.E  ,  Vol.  27,  Part  II,  p  1061. 
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when  Rf  =  J  R0  For  solid  cylinders  of  considerable  axial  length,  oven 
the  above  more  accurate  formulae  can  only  be  regarded  as  approximately 
true. 

Thus  it  is  only  when  the  thickness  of  the  ring  is  quite  small  as  compared 
with  its  diameter  that  the  radial  stress  which  is  zero  at  the  outer  and  inner 
circumferences  reaches  so  small  a  value  within  the  thickness  that  it  may  be 
neglected ,  no  difference  between  the  radial  stresses  on  the  outer  and  inner 
faces  of  an  elementary  layer  then  arises,  and  the  centrifugal  force  of  each 
element  is  strictly  balanced  by  the  resultant  of  the  hoop  tensions  on  its  two 
sides  The  stress  in  a  thin  rim  thus  becomes  sensibly  uniform  over  the 
whole  cross-section,  or  the  average  and  maximum  values  coincide 

Since  in  such  a  case  R0  and  Ri  are  each  nearly  equal  to  the  mean  radius 

Rm  =  R°  J  Ki>  tf16  expression  (R0*  +  R0  Rt  +  Rf)  in  formulae  (60)  and 
(61)  reduces  to  3  Rma,  and  we  have 

c    — •  —       m^        7?    ^  =  — —       it    ' 
0  g    '  '       m  g  m 

where  vm  is  the  mean  velocity  corresponding  to  JR_j 

Hence  in  the  special  case  of  a  nm  of  small  radial  depth  as  compared  with 
its  diameter  for  wrought  iron  or  mild  steel,  if  Rm  and  vm  are  expressed  in  feet 
and  feet  per  second, 

sa  =  0  00115  N*  Rmn,  or  0-105  vm*  Ib.  per  square  inch          .     (63) 
or  for  cast  iron 

s0  =  0-00106  N*  Rm*,  or  0-097  vm*  Ib.  per  square  inch  .     (64) 

The  stress  is  then,  as  is  well  known,  dependent  only  upon  the  square  of  the 
mean  velocity,  and  in  Ib  per  square  inch  is  nearly  TV,th  of  the  square  of  the 
mean  velocity  in  feet  per  second  Obviously  since  in  the  above  expression 
the  inner  radius  is  ex  hypothest  to  differ  but  little  from  the  outer  radius,  thy 
outer  radius  or  the  peripheral  velocity  may  also  be  used  but  with  slightly  less 
accuracy. 

We  have,  however,  in  most  cases  to  deal  with  rings  of  appreciable  depth, 
and  are  therefore  more  interested  in  the  maximum  stress  winch  holds  in  such 
cases,  and  upon  which  the  bursting  would  in  reahty  depend  From  eq  (62) 
it  will  be  seen  that  in  the  two  extreme  cases  of  a  very  thin  nng  and  of  a  nearly 
solid  nng,  the  maximum  stress  only  vanes  in  the  proportion  of  4  to  3-25  ; 
or  with  wrought  iron  as  the  material,  from  0-00115  N*R0*  to  0  00094  N*R0* 
There  is  therefore  but  little  error  in  all  practical  cases  m  assuming  the  maxi- 
mum stress  as  0  001  N*R0a,  or  if  we  wish  to  be  on  the  safe  side  in  taking  the 
maximum  figure,  0-00115  N»R0* 

To  this  in  the  case  of  the  toothed  armature  core  must  be  added  the  stress 
from  the  centrifugal  force  of  the  iron  teeth,  and  also  from  the  copper  winding 
within  the  slots  when  these  are  closed  or  locked  by  wooden  wedges.  Having 
calculated  the  total  radial  centrifugal  force  P,,1  from  the  teeth  and  copper 
winding  so  far  as  the  latter  falls  on  the  core-discs,  this  may  be  regarded  as 
distributed  uniformly  over  the  whole  cylinder  below  the  bottom  of  the  slots, 
so  that  if  we  retain  R0  to  signify  the  radius  to  the  bottom  of  the  slots,  the 

F  l 
radial  tension  on  the  outer  surface  is  rt   _°     ,.    The  hoop  stress  due  thereto 

4T:R0     o  f  pi 

increases  towards  the  inner  surface,  and  there  has    the    value   x—^.-- — -, 

2R  *  F1  2R  2™ a  •  ° 

X  n  «   "D  *  =*  o-S;  x  D     i  °*>      Tlie  maximum  stress  at  the  inner  surface 

tiff    —     Kf  ATtClD  JX.Q     -J-     -fit 

is  therefore 

77 1  97? 

^-.-OWIlWV  +  jiXj^        .         .     (65) 

where  R0  is  the  radius  to  the  bottom  of  the  slots,  a  is  the  radial  depth  below 
the  slots,  and  b  is  the  net  length  of  the  iron  core  with  allowance  for  Insulation 
between  the  discs  and  for  air-ducts 

There  are,  however,  but  few  parts  of  an  armature  which  are  only  subjected 
to  the  direct  stress  from  centnfugal  force  Thus  when  the  core  13  built  up 
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out  of  segments  fastened  by  bolts  through  the  end-flanges  on  the  hub,  these 
latter  must  take  some  portion  of  the  centrifugal  force  of  the  discs  in  different 
degrees  according  to  the  method  of  construction  Again,  the  core-discs  when 
internal  to  the  field-magnet  are  subjected  not  only  to  centrifugal  force,  but 
also  to  a  nearly  uniform  external  pull  in  a  radial  direction  from  the  magnetic 
field  If  the  total  value  of  this  pull  summed  up  all  round  the  armature  cir- 
cumference, as  will  be  further  explained  in  Chapter  XV,  §  9,  be  Pm,  the 
resultant  tension  as  acting  on  a  single  cross-section  of  a  core  composed  of 

p 
circular  discs  will  be,  just  as  in  the  case  of  the  centrifugal  force,  -~ 

2t"R 

Across  a  horizontal  diameter  there  is  a  further  additional  stress  due  to  the 
weight  of  the  core  itself  ,  if  as  the  worst  condition  the  weight  of  the  lower  half 
is  assumed  to  be  entirely  unsupported  by  the  arms  of  the  hub,  the  tension 

on  the  double  cross-section  due  to  the  weight  would  be  -_•     These  forces 

A 

reinforce  the  simple  bursting  stress  from  centrifugal  force,  but  the  effect  of 
the  weight  is  usually  negligible,  so  that  the  resultant  maximum  stress  upon 
the  material  becomes  approximately 

p 
sa  -  sc  max  +  —  ^        ......      (66) 

p 

If  the  armature  is  eccentric  in  the  bore,  for  —  ^  in  the  above  must  be 

it 

substituted  the  total  resultant  pull  Pmf  acting  on  a  half  of  the  ring  in  the 
direction  of  its  eccentricity  If  therefore  the  eccentncity  is  in  the  downward 
vertical  direction,  and  it  is  supposed  that  the  armature  has  simply  sunk 
downwards  while  the  magnet  yoke-ring  retains  its  true  circular  shape  without 
deformation,  the  resultant  pull  Pm'  may  be  approximately  estimated  on  the 
lines  given  in  Chapter  XV,  §  14 

Next,  if  it  be  supposed  that  the  armature  nm  is  rigidly  anchored  at  each 
junction  with  an  arm,  there  has  further  to  be  considered  the  bending  moment 
actuig  on  the  core  between  each  pair  of  arms,  and  reaching  its  maximum  at 

F  4-  P    -4-  W 
the  points  of  junction    The  total  force  between  a  pair  of  arms  is  —  °—  —  ^—  — 

where  nn  is  the  number  of  spokes  or  arms  of  the  hub,  and  this  force  is  uniformly 

27TT 

distributed  along  a  length  -  ^,  so  that  the  stress  at  the  junction  with  an  arm  is 


on  the  analogy  of  a  beam  fixed  at  both  ends  and  loaded  uniformly,  Z  being  the 

modulus  of  the  section,  which  by  the  usual  formula  for  a  rectangle  is  — 

6 

The  core  would  thus  become  bowed  outwards  between  each  pair  of  arms,  aud 
the  stresses  in  the  core  would  be  increased  as  compared  with  the  case  when 
the  core  suffers  no  deformation.  Even  the  above  estimate  of  the  bending 
moment  would  be  increased  if  there  is  any  unequal  magnetic  pull,  as  will  be 
described  in  Chapter  XV,  §  14.  If  the  width  of  a  pole-face  exceeds  the  distance 
between  two  arms,  and  the  maximum  induction  in  the  air-gap  is  regarded 
as  holding  over  the  whole  of  the  distance  between  two  arms,  the  total  pull 

which  could  occur  between  two  arms  would  be  -  VlaV  '     A.-^-—  .  or  since 

1  735  X   10°  na 

this  is  a  maximum  estimate,  for  the  area  of  the  periphery  might  be  substituted 
the  smaller  area  of  the  2p  pole-faces,  i  e  j^^J  10»  x?  '  lb  '  where  A  ia 
the  area  of  one  pole-face  in  square  inches.  Hence  in  the  above  expression 
for  s0',  instead  of  Pm  would  be  substituted  the  imaginary  value  obtained 
on  the  assumption  that  the  pull  was  uniform  round  the  armature  at  its  real 

i-.  a       -n    /  Ba  max.  \l 

maximum  value,  namely,  Pm*  «  Pm  f       „„„„„   )      The  stress  due  to  the 

\ag  average/ 

bending  moment  is  additive  to  $v  but,  AS  thus  calculated,  it  is  not  strictly 


286  CHAPTER  XIII 

correct  and  is  somewhat  over-estimated,    a  more  detailed  analysis  would 
have  to  take  into  account  the  stretching  of  the  arms,  which,  although 
considered  above  as  inextensible,  would  in  reality  lengthen  slightly.  x 
But  if  ,  as  an  approximation,  the  combined  stress  is  taken  as  the  sum  of 

sa  and  sa',  we  must  then  have  sa  +  sa'  ^  ft,  where  ft  is  the  safe  purmisMblc 
limit  of  tensile  stress  with  the  particular  material  employed  Such  ji  HUIMIUU  in 
value,  sa  +  sa',  probably  errs  on  the  high  side,  so  that  a  high  permissible 
tensile  stress  may  be  taken,  and  for  wrought-iron  or  mild-steel  shucls/j  in.iy 
be  reckoned  as  14,000  Ib.  per  square  inch 

Owing  to  the  abundant  strength  of  the  sheet  steel  used  in  armatuie  cori-s, 
any  such  calculation  is  as  a  rule  superfluous  (even  when  allowance  IH  niadt* 
for  any  accidental  excess  of  speed  which  might  occur),  except  in  the  nisc  nf 
very  high  penpheral  speeds  such  as  with  armatures  driven  by  steam  ttirbiiii-s, 
or  of  very  large  size  ,  the  above  remarks  are  therefore  only  mtroduu'il  m 
view  of  the  increasing  use  of  high-speed  machines,  to  indicate  tho  lutiiii* 
of  the  stresses  to  which  the  armature  core  is  subjected,  and  al.su  on  act  mint 
of  the  general  applicability  of  the  methods  and  formulae  obtained  to  many 
similar  problems  which  occur  in  the  calculation  of  tho  mechanic-,  il  Htroiifjtli 
of  various  parts  of  the  dynamo.  a 

§  6.  Mechanical  strength  ol  armature  hubs.  —  If  the  armat  un- 
makes N  revs,  per  nunute,  and  transmits  HP  horses'  po\\vr, 
the  torque  or  twisting  moment  acting  on  the  armature  H 

_        HPx  33,000x12      ot,nnnHP.    ,  J       ,,      T 

Tm=  --_          -  =  63,000--rr-  inch-pounds,    In  >i  dynamo 

work  this  may  be  translated  into  a  more  convenient  form.     If  llir 
output  of  a  dynamo  be  kW  kilowatts,  the  actual  powci  which 
into  the  shaft  either  through  the  pulley  of  a  bclt-rliivuii 
or  through  the  couphng  connecting  il  directly  to  the  nank-sliafl 

kW 
of  an  engine,  is  KW  =  —  ,  where  ^  is  the  efficiency,  or  tht>  uitio 

between  the  useful  power  given  out  at  the  terminals  and  the  total 
power  absorbed  m  abtaining  it.3  By  substitution  of  the  quantity 
KW,  reduced  to  horsepower  in  the  above  equation,  wo  obtain  as 
the  normal  torque 

kW 
Tm  =  85,000  —    inch-pounds        .         , 


The  commercial  efficiency  of  dynamos  vaiics  considerably  with 
their  type  and  size,  but  m  the  greater  number  of  cas.es  it  ranges  /nun 
70  in  small  to  90  per  cent,  or  more  in  large  machines  ;  un  uw  ra^ 
value  of  v\  is  therefore  about  0-85.  Thus  the  coeflicfont  fur  tho 
conversion  of  the  horse-power  input  into  kilowatts  of  output  in.iy 

1  Cp.  Unwin  and  Mellanby,  Elements  of  Maohine  Design,  Part  II,  p,  285. 

*  See  Niethammer,  Berechmtng  und  Konstniktion  der  Gleichstrommaschinfti 
und  Gleichstromwotoren,  Part  II,  p.  369  ff  ,  from  which  the  treatment  m  thn 
latter  part  of  the  present  section  is  denved  in  part,  and  to  which  the  nmdor 
is  referred  for  a  fuller  discussion  of  the  whole  subject. 

*  In  the  case  of  a  separately  excited  machine,  the  exciter  of  which  ia  not 
driven  from  the  mam  dynamo  shaft,  the  power  absorbed  in.  the  flold  ahould 
strictly  be  taken  into  account  in  calculating  the  commercial  efficiency 
although  in  our  present  connection  such  loas  in  the  field  stands  outaida  th« 
calculation  of  the  strength  of  shaft.  wuunuo  mo 
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746 
be  taken  on  the  average  as  =  ^7^.  X  0-85  =  0-63,  and  any  equation 


expressed  in  terms  of  horse-power  must  be  divided  by  this  coefficient 

kW 
to  express  it  in  terms  of  kilowatts,  or  Tm  —  100,000-rr  inch-pounds. 

If  w  —  the  output  in  watts, 


Tn  —  IQQjz  inch-pounds, 


w 


where  T=  =  the  watts  per  rev.  per  minute — a  quantity  the  importance 

of  which  in  dynamo  designing  has  already  been  mentioned 

If  then  ra  be  the  radius 
of  the  arm  in  niches  (Fig. 
134),  or  the  distance  from 
the  centre  of  the  shaft  to  the 
tip  of  the  arm,  where  the 
resistance  to  the  motion  is 
applied,  and  »0  is  the  number 
of  arms  or  spokes,  the  force 
acting  at  the  tip  and  tend- 
ing to  bend  the  spoke  is 

Pt  =      Tn     pounds        If 

any  point  be  taken  along  the 
arm,  distant  I  inches  from 
its  tip,  the  leverage  is  I, 
and  the  bending  moment  at 

that  point  under  normal  full  load  is  Bt 


FIG  134. 


X  I.  The  bending 


moment  divided  by  the  modulus  of  the  section  Z  gives  the  stress 

B         PI 
on  the  material  at  the  point  in  question,  *  «.  s6  =  ~  =  -—  is  the 

stress  due  to  the  transmitted  torque  across  a  transverse  section 
taken  at  any  point  I  inches  from  the  tip  of  the  arm  This  reaches 
its  maximum  at  the  junction  of  the  arm  with  the  nave,  so  that  if 
Y n  be  the  ladius  to  the  nave,  also  in  niches, 

sb  =     *     „ — —  =  — — -  (  a  „  n  )  Ib  per  square  inch     .     (69) 
z,  fa  x  na  \    £,    j 

Or  if  the  arm  be  of  rectangular  cross-section,  of  thickness  ha  inches, 
and  of  breadth  ba  inches  parallel  to  the  length  of  the  shaft,  so  that 

*a  X  V 
its  section  modulus  is  — -=. — 


~~      P%  .  r\ 


Ib.  per  square  inch 


(70) 
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But  while  the  above  gives  the  normal  bending  stress  on  the  arms, 
this  may  be  very  much  increased  by  sudden  retardation  of  the  whole 
moving  mass,  as  by  a  short-circuit  occurring  with  a  compound- 
wound  dynamo.  The  inertia  of  a  heavy  fly-wheel,  as  in  a  machine 
directly  coupled  to  a  steam-engine,  would  cause  a  greatly 
increased  force  to  be  transmitted  through  the  arms  of  the  hub 
The  design  of  an  armature  hub  must  then  follow  the  lines  of  a  large 
wheel  or  pulley,  and  the  energy  that  may  be  delivered  to  the  arma- 
ture core  from  the  actual  fly-wheel  of  the  steam-engine,  as  due  to 
the  greatest  retardation  that  is  likely  to  occur,  say  complete  stoppage 
in  three  to  five  seconds,  must  be  calculated  ;  the  torque  that  is  at 
the  same  time  being  given  by  the  steam  pressure  acting  on  the 
pistons  would  also  have  to  be  taken  into  account.  Further,  it  has 
been  above  assumed  that  each  arm  takes  its  strict  share  of  the  total 
driving  force,  and  so  is  equally  effective  On  all  these  grounds  it 
is  advisable  to  take  from  4  to  5  tunes  the  normal  value  of  Pt  or  Tm 
in  the  calculation  of  the  bending  stress  x 

The  stress  must  then  be  </(,  the  safe  permissible  tensile  stiess. 
Since  sb  is  to  be  reckoned  on  a  liberal  basis,  as  at  least  four  times  that 
corresponding  to  normal  full  load,  the  permissible  tensile  stress  in 
cast  iron  may  be  taken  as  high  as  4,000  Ib.  per  square  inch.  The 
arms  of  the  hub  must  also  be  strong  enough  to  withstand  the  shearing 
action  ;  this  is  uniform  throughout  the  length  of  the  arm  and  is 

1  In  addition  to  the  bending  stress  at  any  section  of  the  arm  there  is  also 
the  tension  from  its  own  centrifugal  force,  although  this  is  of  but  blight  impor- 
tance in  ordinary  cases  If  the  cross-section  of  the  arm  be  uniform  throughout, 
its  weight  is  to  x  (ra  —  r^  x  section,  and  the  radius  to  its  centre  of  gravity 

is  -"-£-—•  Its  centrifugal  force  is  therefore  J  —  .  o>a  (ra*  -  rna)  x  section, 
and  the  stress  due  thereto  with  cast  iron  as  the  material  is  from  §  5, 

T  x  Hf£T  N*  (r*  -  ^  lb  P61  ^"^  inch' 

the  two  radii  being  now  measured  in  inches,  t  e. 

sc  =  3-68  N*  (r0*  -  xn*)    X   10-«  lb.  per  square  inch 

Further,  if  the  coro  is  m  segments  dovetailed  to  the  hub,  there  has  to  be 
added  the  tension  due  to  magnetic  pull ,  the  total  maximum  pull  that  can 

JP  "        B  a          A      2  -b 
act  on  one  arm  is,  as  in  §  5,  approximately  -&-  =  1  ^j"^  1Q6 '  -^ ~  •     If 

W  be  the  weight  of  the  armature  core,  the  proportionate  share  of  its  weight 

W 
on  one  arm  will  be  — ,  and  in  each  of  these  two  latter  cases  the  stress  is  equal 

na 

to  the  force  divided  by  the  section.  The  total  combined  stress  at  the  root  of 
the  arm  would  therefore  be 

s    +5    4.  V+   W 

b~   °       n0  X  section  of  arm 

If ,  as  an  extreme  supposition,  it  be  assumed  that  the  arms  of  the  hub  will 
also  be  called  upon  to  withstand  the  centrifugal  force  of  the  armature  core, 
the  second  term  most  again  be  increased.  Cp.  Unwm  and  Mellanby,  Elements 
of  Machine  Des\gn,  Part  II,  p.  285. 
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equal  to  the  drag  or  force  acting  at  the  tip  of  each  arm,  %  e  to 
transferred  without  change  to  any  transverse  section 


T 


'a 

of  the  arm.1    Then 


where  /a,  or  the  safe  working  stress  under  shearing,  may  be  given 
half  the  value  of  ft,  or  2,000  Ib  per  square  inch. 

It  will  be  found  that  there  is  usually  no  difficulty  in  obtaining 
ample  strength  in  the  hub  against  either  bending  or  shearing 

When  the  hub  is  pressed  on  to  the  shaft  by  screws  or  hydrauhcally, 
an  excess  allowance  rising  from  2  to  4  mils  is  made  in  the  diameter 
of  a  shaft  of  6  to  10  inches,  in  order  to  secure  a  sufficiently  good 
driving  fit.  2  In  large  machines  the  nave  of  the  hub  is  split  in  order 
to  avoid  strains  from  contraction  during  cooling,  and  is  subsequently 
drawn  together  by  wrought-iron  rings  shrunk  on  or  by  bolts.  3 

In  all  cases  care  must  be  taken  that  sufficient  surface  is  given  to 
the  tips  and  driving  edges  of  the  arms,  and  that  the  discs  are  accur- 
ately fitted  or  keyed  to  them.  If  this  precaution  be  neglected, 
the  driving  stress  will  after  several  years  of  use  end  by  causing  the 
edges  of  the  discs  to  cut  into  the  arms,  with  the  result  that  as  soon 
as  the  least  relative  movement  takes  place,  wear  of  the  arms  begins, 
and  rapidly  increases,  until  the  core  either  in  one  solid  mass  or  in 
certain  sections  becomes  loose  on  the  shaft 

§  7.  Mechanical  strength  of  armature  shafts.—  Armature  shafts 
are  usually  of  mild  steel,  produced  by  the  Bessemer  or  Siemens- 
Martin  process.  The  determination  of  the  diameter  required  at 
different  parts  of  then:  length  is  largely  a  matter  of  experience,  but 
nevertheless  in  the  main  it  requires  to  be  based  on  the  theoretical 
rules  appropnate  to  shafts  which  are  subjected  to  the  combined 
stresses  of  torsion  and  bending.  The  calculation  of  the  torsional 
stress  due  to  the  continuous  and  steady  transmission  of  horsepower 
through  a  rotating  shaft  is  an  easy  matter,  since,  as  in  the  preceding 
paragraph,  the  twisting  moment  about  the  axis  of  the  shaft  or 

kW 
Tn  =  100,000  -TV  inch-pounds. 

But  torsion  is  by  no  means  the  only  stress  to  which  the  armature 
shaft  is  subjected  ;  even  more  important  is  the  bending  stress, 
due  to  several  causes,  chief  among  which  is  the  weight  of  the  arma- 
ture itself.  In  ring  or  drum  armatures  the  weight  is  more  or  less 

1  See  Unwin,  Elements  of  Machine  Design  (edit   1909),  part  i,  p  66 

'  Cp  R  Livingstone,  The  Mechanical  Design  and  Construction  of  Generators, 

pp.  33-38. 

8  See  Unwin  and  Mellanby,  Elements  oj  Machine  Design,  Part  II,  pp  278- 

281,  and  Niethammer,  Berechnung  und  Konstrvktion  der  Gleichstrommaschinen 

und  Gleichstrommotoren,  pp.  378-383. 
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uniformly  distributed  over  the  length  of  the  shaft  between  the 
bearings  ;  in  discoidal  and  disc  armatures  the  weight  is  more  nearly 
concentrated  at  the  centre,  although  even  then  the  axial  length  of 
the  supporting  hub  is  usually  a  considerable  number  of  inches. 
If  W  be  the  weight  of  the  complete  armature  in  pounds,  and  I  be 
the  span  in  inches  between  the  bearings  on  either  side  of  the  armatui  e, 
then  if  we  assume  the  whole  of  the  weight  to  be  concentrated  at 
one  point  (Fig.  135),  the  reactions  at  the  centres  of  the  bearings 

Q,  R  are  w-.  =  W-, — f-7-  and  wz  =  W,    . 


y.    The  bending  moment 

diagram  is  drawn  as  follows  ;  upon  the  direction  of  R  produced, 
mark  off  a  length  «6representmgto  some  convenient  scale  the  moment 
of  w±  about  R,  a  negative  or  clockwise  moment  being  measured 

downwards   and    a    positive    or 

Q  R         counter-clockwise    moment    up- 

wards. Jom  be,  intersecting  the 
direction  of  W  at  d,  and  lastly 
join  da.  Then  abc  is  the  moment 


Jf 


4 


w 


¥ 
Twj 


FIG  135  — Bending  moment  dia- 
gram due  to  weight  of  armature 
if  concentrated. 


FIG  136  — Comparison  of  bend- 
ing moment  diagrams  due 
to  weight,  concentrated  and 
distributed. 


area  of  wv  and  abd  is  the  moment  area  of  W ;  W  lt  being 
positive,  its  area  above  the  horizontal  line  ac  is  equally  well 
given  by  the  area  of  the  triangle,  abd,  lying  between  the  same 
parallels,  when  the  base  ba  is  measured  upwards.  Thus  the 
positive  moment  area  abd  balances  a  portion  of  the  negative  moment 
area,  and  the  remaining  shaded  triangle  adc  is  the  bending  moment 
diagram,  its  vertical  ordmates  being  proportional  to  the  bonding 
moment  at  corresponding  points  of  the  shaft .  The  greatest  bending 

moment  is  W-~^j-,  and  in  the  case  of  Fig.  135,  if  we  take  r  ==*  7T2?* 
*i  -f  *a  *t      "'" 

it  is  but  Irttle  different  from  that  due  to  a  load  concentrated  at  tho 
centre  which  gives  the  dotted  equilateral  triangle  of  Fig.  136  and 

Wl 
Bm  ~  ~£~-    If.  however,  the  weight  is  assumed  to  be  uniformly 

distributed  along  the  entire  length  between  the  bearings,  the  bending 
moment  diagram  is  given  by  the  dotted  parabola  with  vertex  at 
the  centre  (Fig  136),  the  greatest  bending  moment  being  reduced 


CONTINUOUS-CURRENT  ARMATURES 


291 


Wl 
to  Bm  =  — .    Neither  supposition  is  stnctly  true,  and  in  default 

o 

of  an  accurate  setting-out  of  the  bending  moments  a  fair  approxima- 

Wl 
tion  is  obtained  if  the  intermediate  full  line  of  Fig.  136  with  Bm  =  -g- 

is  adopted. 

Comparison  of  a  large  number  of  dynamos  of  different  sizes  and 
types  shows  that  the  weight  of  the  armature  is  largely  independent  of 
the  type  of  field,  and  may  be  expressed  to  a  fair  degree  of  accuracy 
as  proportional  to  the  frds  power  of  the  kilowatts  per  rev.  per  minute, 


or  Wn 


(kW\\ 

•\N) 


Ib.     The 


U- 


value  of  the  constant  c  ranges 
from  6,000  in  small  to  10,000 
in  large  machines,  but  more 
often  approximates  to  the 
lower  limit,  so  that  its 
average  value  may  be  put 
at  7,200, 1  ^e.  Wa=7,2QQ 

W\% 
TT      Ib. 


The  length  of  the  span  be- 
tween the  bearings  in  average 
cases  is  of  such  an  order  that 
we  assume  it  to  be  I  =  96 


-r=  J     inches.    The  bending 

moment  due  simply  to  the 
weight  of  the  armature  as 
given  by  the  above  formula 
will  then  be 


Bm  = 


FIG.  137  — Bonding  moment  diagram 
due  to  weight  of  armature  and  of 
fly-wheel 


6 

kW  HP 

=  115,000  -rr  ,  or  72,500  -^-  inch-pounds 


(71) 


In  engine-driven  dynamos,  where  the  heavy  mass  of  the  fly-wheel 
is  supported  between  the  inner  bearing  of  the  engine  and  the  outer 
or  commutator  bearing  of  the  dynamo,  it  will  be  necessary  to  take 
this  further  weight  into  account  as  concentrated  at  a  certain  distance 

1  In  alternators  in  which  the  revolving  portion  is  very  usually  the  field- 
magnet,  and  this  is  combined  with,  or  itself  forms,  the  fly-wheel  of  the  driving 
engine,  the  weight  will  be  considerably  higher  than  in  a  continuous-current 
dynamo  with,  revolving  armature  ;  owing  to  the  great  variations  of  tho 
conditions,  c  may  then  reach  values  between  10,000  and  20,000,  and  can  hardly 
be  said  to  be  a  constant,  even  in  alternators  of  the  same  type. 
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from  the  centre  of  the  armature.  The  bending  moment  diagram 
may  then  be  obtained  by  adding  the  ordinates  of  the  diagram 
due  to  each  separate  weight,  or  we  may  set  off  the  moment  of 
wt  about  R,  i.e.  ac  ==•  Wlz  +  W^  downwards,  and  join  cs  (Fig 
137)  intersecting  the  direction  of  the  fly-wheel  weight  W1  produced 
at  d  ;  measure  cb  =  W-J^  upwards  from  c,  and  join  db  and  fa  ,  then 
afde  is  the  combined  bending  moment  diagram.  The  fly-wheel 
being  supposed  to  be  three  times  as  heavy  as  the  armature,  and  at 
the  same  distance  from  the  commutator  end  that  the  pulley  bearing 
formerly  was,  it  will  be  seen  that  the  bending  moment  is  increased 
1|  times.  i 

§  8.  Causes  increasing  the  bending  moment  on  shafts. — There 
are  still,  however,  a  number  of  causes  increasing  the  bending 


FIG    138. — Forces  acting  on  belt-driven  dynamo. 

moment  which  in  the  above  equations  are  entirely  unrecognized. 
First  amongst  these  may  be  mentioned  the  lateral  pull  caused  from 
the  pulley  end  by  the  tension  of  the  driving  belt  or  ropes.  The 
pulley  in  belt-driven  machines  is  usually  placed  outside  of,  yet  as 
close  as  possible  to,  one  of  the  two  bearings  (cp.  Fig  6)  ;  and  a 
certain  amount  of  bending  stress  must  be  allowed  for  within  the 
span  of  the  shaft  from  the  one  bearing  to  the  other,  over  and  above 
that  due  to  the  weight  of  the  armature.  If  T=TA-T-L  is  the 
driving  force  at  the  periphery  of  the  pulley  in  lb.,  or  the  difference 
in  the  tensions  of  the  two  sides  of  the  belt,  the  total  pull  on  the  shaft 
at  the  centre  of  the  pulley  is  Tt  +  2Y  The  arc  embraced  by  the 
belt  on  the  smaller  driven  pulley  being  taken  as  about  0-4  of  its 
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circumference,  and  the  coefficient  of  friction  between  the  belt  and 
the  pulley  as  0-3  (these  assumptions  being  such  as  usually  hold  m 
practice1),  Tz  +  7\  may  be  reckoned  as  =  3T.  This  pull  causes 
reactions  in  the  two  bearings  (Fig.  138)  of  values 


3T 


-* 


Their  directions  in  the  plane  of  the  pull  are  as  shown  in  Fig.  139, 
whence  the  bending  moment  diagram  due  to  the  overhung  pulley 
is  easily  drawn  by  setting 
off  ab  =  3T  (ls  -f-  Z4)  on 
the  direction  of  t2  produced 
and  joining  be  If  the 
driving  force  and  the  weight 
were  acting  m  the  same 
plane,  the  two  shaded  areas 
acd  of  Figs  139  and  135 
could  be  combined  by  add- 
ing together  then*  corre- 
sponding ordinates  algebrai- 
cally ;  but  in  general  the 
pull  of  the  belt  acts  horizon- 
tally or  at  right  angles  to 
the  weight  In  order  to 
find  the  maximum  bending 
moment  the  diagrams  must 
then  be  combined  by  taking 
the  square  root  of  the  sum  of 
the  squares  of  the  ordinates 
at  corresponding  points. 
This  has  been  done  in  Fig. 

140,  and  from  it  the  increase  and  altered  position  of  the  maximum 
bending  moment  within  the  bearings  due  to  the  belt  is  clear.    To 
this  has  next  to  be  added 
the  possibility  that  there  is 
a  considerable   unbalanced 
or  one-sided  magnetic  pull, 
the  nature  of  which  will  be 
described  in  Chapter  XV, 
§  14 ;    any  such  pull  will 
tend  to   deflect  the  shaft, 

and  will  often  coincide  nearly  m  direction  with  the  weight  of 
the  armature  and  increase  the  downward  pressure  by  at  least 
one-third.  Further,  its  effect  is  cumulative,  the  pall  increasing 
the  eccentricity  of  the  armature  within  the  bore  of  the  poles  and 
exaggerating  the  initial  effect. 

1  See  Unwin,  Elements  of  Machine  Design  (1909  edit.),  Part  I,  pp.  446-453 


FIG   139. — Bending  moment  diagram  duo 
to  belt  pull 


d  d 

FIG  140 — Combined  bending  moment 
diagram  due  to  weight  of  armature  and 
belt  pull 
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Straining  actions  are  also  set  up  when  the  masses  of  the  armature 
and  fly-wheel  are  rapidly  accelerated  or  retarded  by  reason  of  sudden 
changes  in  the  armature  load  such  as  occur,  eg.  in  a  generator 
supplying  current  to  tramcar  motors 

When  the  maximum  bending  moment  has  been  determined,  it 
must  be  combined  with  the  twisting  moment  by  the  well-known 
rule  through  which  the  equivalent  bending  moment  is  obtained,1 
namely, 


IT 

The  moment  of  resistance  of  a  circular  section  to  bending  is  ^/t  d  3  = 

0-098/t^8,  and  equating  this  to  the  equivalent  bending  moment  we 
obtain 


— 5 — 

j£J 

(KJ98/; 


(72) 


where  A  is  the  minimum  diameter  of  a  solid  circular  shaft  for  a  given 
value  of  ft,  and/t  is  the  safe  working  stress  of  the  material  of  the 
shaft.  The  value  of  /<  which  is  found  by  experience  to  give  practical 
results  for  the  case  of  a  dynamo  shaft  ranges  from  4,500  to  7,500  Ib 
per  square  inch,  and  Bt  being  reckoned  m  inch-lbs.,  the  diameter 
is  thence  found  in  inches. 

§  9.  Deflection  of  shafts. — There  still  remains  a  second  point  of 
view  from  which  the  diameter  of  the  shaft  as  deduced  from  the 
combined  twisting  and  bending  moment  must  again  be  checked, 
namely,  the  deflection  of  the  shaft  regarded  as  a  beam  supported 
at  either  end  by  a  bearing  and  carrying  a  more  or  less  concentrated 
load.  The  amount  of  this  deflection,  although  determined  by  the 
bending  stresses,  yet  forms  an  independent  consideration  of  great 
importance,  especially  in  the  case  of  shafts  with  a  long  span  between 
the  bearings.  The  shaft  may  then  have  sufficient  strength  to 
transmit  the  requisite  horsepower  torsionally  and  to  resist  the 
greatest  bending  moment,  but  still  may  be  too  weak  from  the 
deflection  point  of  view,  since  any  initial  deflection  itself  increases 
the  one-sided  magnetic  pull  by  decreasing  the  air-gap  in  one  or 
other  direction. 

If  a  weight  W  be  concentrated  at  a  spot  distant  ^  and  /a  units 
of  length  from  the  two  bearings,  the  total  length  of  span  being 
I  =  /!  +  29,  and  if  the  shaft  be  throughout  of  uniform  diameter  d, 
the  greatest  deflection  of  such  a  beam  under  its  concentrated  load 
willbe3 

W.lf.lf 
0==     31. El 

1  Unvrin,  Elements  of  Machine  Design  (edit.  1909),  Fart  I,  p.  126. 
1  Umvin,  Elements  of  Machine  Design  (edit.  1909),  Part  I,  pp.  79,  80. 
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where  I  is  the  moment  of  inertia  of  the  section  wliich  for  a  circle 

TrtZ4 
is  -jrr,  and  E  is  the  modulus  of  elasticity     For  steel  E  may  be  taken 

as  30,000,000  Ib.  per  square  inch,  so  that  when  W  is  reckoned  in 
lb.,  and  with  the  lengths  and  diameter  reckoned  ui  inches 

W  .  L,  * .  /,a 
3  =  0-227       ,        a    X  10-«  inches         .         .     (73) 

If  •  Cv 

W.I3 
If  /!  =  Ja,  <3  =  |g-£j, 

and  in  the  same  units  as  above 

W.I3 

=  0-0141  — -=—  X  10-6  inches. 
a* 

Strictly  speaking,  the  calculation  would  require  to  be  earned 
through  for  the  deflection  at  each  point  due  to  each  of  the  weights 
corresponding  to  the  armature  and  commutator,  to  the  fly-wheel, 
and  to  the  unsymrnetncal  magnetic  pull  x  The  resultant  deflection 
would  then  be  given  by  the  geometrical  sum  of  the  component 
deflections  at  any  point.  It  will,  however,  suffice  to  substitute 
for  W  the  single  weight  W0  which,  so  far  as  the  resultant  bending 
moment  is  concerned,  most  nearly  represents  the  combined  effects 
of  the  various  weights,  W0  being  located  at  the  spot  where  the 
bending  moment  has  been  found  to  be  greatest  (as  at  d  in  Fig  140)  ; 
the  assumption  that  each  weight  is  concentrated  will  have  led  to 
an  error  on  the  safe  side  in  the  estimate  of  We 

The  resultant  deflection  d  as  deduced  from  W0  must  then  be  limited 
to  an  amount  not  exceeding  10  per  cent,  of  the  normal  air-gap  as  a 
maximum,  no  allowance  being  made  for  any  additional  stiffness 
added  to  the  shaft  by  the  close-fitting  sleeve  of  the  hub 

If  all  the  weight  were  distributed  perfectly  uniformly  along  the 
shaft,  there  would  be  a  great  reduction  in  the  deflection,  the  equation 
becoming 

W,,  J3  WA   I* 

d  =  ?6tg 'm  =  0-0088  -^p-  X  10-«  inches  .        .     (730) 

t.e  only  $ths  of  the  deflection  for  the  same  weight  concentrated  at 
the  centre  of  the  span. 

In  practice  the  weights  are  to  some  extent  distributed  along  the 
shaft,  although  not  uniformly  so  ;  on  the  other  hand,  the  above 
expressions  are  only  true  for  a  shaft  of  uniform  diameter.  If  an 
axial  section  of  the  shaft  approximates  to  a  cubic  parabola  (i.e. 

1  For  the  full  procedure,  see  especially  "  The  Bending,  Vibrating  and 
Whirling  of  Loaded  Shafts,"  by  Capt  J.  Morris,  No.  551  of  Reports  and 
Memoranda  of  the  Advisory  Committee  for  Aeronautics  (H.M.  Stationery  Office) ; 
and  R.  Livingstone,  The  Mechanical  Design  and  Construction  of  Generators 
(Electrician  Publishing  Co.),  p.  75. 
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if  r  =  */a  .  x,  where  /  is  the  radius  of  the  shaft  at  a  distance  x 
from  the  centre  of  the  nearer  bearing,  and  a  is  a  constant,  a  condition 
which  would  give  uniform  strength  under  a  load  concentrated  at 
the  centre  of  the  span),  or  to  a  truncated  cone  tapering  from 
maximum  d  to  \&  at  the  entrance  to  a  bearing,  the  deflection  would 
be  increased  as  much  as  1  £  times  as  compared  with  a  shaft  of  uniform 
diameter.  Either  of  the  above  cases  more  nearly  resembles  an 
actual  shaft  which  is  tapered  towards  the  bearings,  but  in  practice 
there  should  be  sufficient  strength  to  render  it  unnecessary  to 
calculate  the  influence  of  the  varying  section  of  the  shaft  moie 
exactly.  1 

§  10.  Stiffness  of  shaft  to  resist  centrifugal  whirling.  —  Great  stiffness  In 
the  shaft  is  equally  necessary  in  high-speed  machines  for  another  reason 
Consider  a  rotor  of  mass  M,  and  in  order  to  eliminate  any  deflection  due  to 
gravity  let  its  shaft  be  vertical  ;  and  in  order  still  further  to  simplify  the 
problem  let  this  mass  be  so  disposed  that  it  can  be  imagined  to  bo  con- 
centrated at  one  single  point  situated  at  a  distance  r0  from  the  centre  line  of 
the  shaft.  No  rotor  built  by  human  hands  but  is  in  some  small  degree  out 
of  true  dynamic  balance  —  it  may  be  only  from  a  want  of  homogeneity  in  the 
material  —  so  that  its  centre  of  mass  does  not  in  practice  fall  absolutely  on  the 
centre  line  of  the  shaft,  and  it  may  when  running  require  to  be  represented 
by  two  concentrated  masses  arranged  at  different  points  along  the  «mal 
length  between  the  bearings,  but  this  additional  complication  is  for  our 
purpose  neglected  Let  the  shaft  be  run  up  to  any  constant  angular  velocity  eo. 
If  the  shaft  be  then  imagined  to  be  forcibly  retained  in  its  truly  vertical  line, 
it  is  subjected  to  a  centrifugal  force  in  the  horizontal  plane  of  the  mass- 
centre  and  of  magnitude  Mo^rp  =  F0  When  the  restraint  is  removed,  the 
shaft  under  the  action  of  this  force  must  be  deflected  through  some  distance 
radially  ;  if  c  be  the  force  in  the  horizontal  plane  of  the  mass-centre  required 
to  bend  the  shaft  through  unit  distance,  the  first  deflection  of  the  centre- 
line of  the  shaft  from  the  vertical  axis  through  the  centres  of  the 
bearings  is  ^  =  FJc,  and  if  rt  be  expressed  as  a  fraction  q  of  r  0,  FJc  =  qr0. 
The  increment  to  the  displacement  mil  give  nse  to  a  first  additional  increment 
to  the  centrifugal  force  of  Mco^  =  Ft  ™  qFp  Assuming  the  deflection  to 
be  always  in  the  same  direction  as  the  centrifugal  force  and  the  same  pro- 
portionality between  force  and  deflection  to  continue  to  hold  for  small  deflec- 

_  E» 

tions,  there  ensues  a  first  increment  to  the  deflection,  viz.  ra  =  —  -  =  qlra, 

c 

which  again  gives  nse  to  a  second  increment  to  the  centrifugal  force,  and  so  on 

Corresponding  then  to  F0  +  Ft  +  Ft  +        .  =  JF,  +  qF0  +  q*Ff  +  ... 

the  final  distance  of  the  mass-centre  from  the  vertical  axis  through  the  bearings 


Thus  at  each  stage  in  the  process  the  displacement  releases  as  it  were  an 
additional  deflecting  force,  and  the  case  is  analogous  as  will  appear  later  to 
that  of  two  alternators  in  parallel  with  an  initial  divergence  of  phase  between 
them  which  releases  an  additional  synchronizing  force  magnifying  the  initial 
displacement 

1  In  shafts  proportioned  to  give  a  uniform  stress  throughout,  Mr.  R. 
Livingstone  (Ekclrioian,  Vol.  57,  p  570)  gives,  as  the  average  of  a  number 
of  cases, 

d  ~  0-0118  ^^-^  X  10-«  inches 
a* 

where  the  weights  of  engine  fly-wheel,  armature  and  cpmmutator,  and  the 
unbalanced  magnetic  poll  are  all  simply  added  together  to  give  W. 


CONTINUOUS-CURRENT  ARMATURES  297 

The  geometric  series  will  only  have  a  finite  sum  if  the  first  deflection  qr0 
is  less  than  the  distance  r0  or  q  <  1,  and  its  value  is  then 


? 


The  force  tending  to  straighten  the  shaft  is  cr,  and  this  is  equal  to  the 
deflecting  force  Mcoa  (r0  +  r)  ,  if  then  the  rotor  is  run  up  to  such  a  speed  that 
Mcpa  =  c,q  =  F0/cr0  =  MO^IC  =  1,  and  it  would  appear  either  that  r  becomes 
infinite  or  that  r0  must  be  zero,  which  is  e*  hypothec  not  the  case  To  put  the 
same  in  a  different  form,  since 

cr  =  Mco*  (r0  +  r} 

Mco*r0  M(or0 

~  c  -  .Meo"  =  c/w  -  Mca 

If  then  at  =  -\Jc\M  or  c  =  Jlfcoa,  the  denonunator  is  zero,  and  f  becomes 
infinite.  If  for  any  given  values  of  c,  M  and  r0  the  curve  of  r  as  connected 
with  increasing  values  of  a>  is  plotted,  it  rises  very  steeply  as  Afo>a  approaches 
c,  and  finally  disappears  in  positive  infinity  If  in  the  mathematical  equation 
Mcoa  is  made  to  exceed  c,  the  curve  returns  from  negative  infinity  in  a  second 
branch. l 

If  we  express  o>  as  faUg-u,  and  coorit  is  the  particular  value  of  eo  which  is 

equal  to  V^M,  r  =  r0        ,^?.V*     _  r0  r-^-n-    The  equation  and  curve 

0  c  -  Mfitcoiof{t        °  1  -  Aa 

are  then  exactly  analogous  to  those  for  the  displacement  of  an  undamped 
oscillating  system  as  in  Chap  VI,  §  23  (a)  A  negative  r  would  indicate  that  the 
mass-centre  has  passed  to  a  position  between  the  centre-line  of  the  shaft  and 
the  true  vertical  axis  through  the  beanngs,  «  e.  that  the  shaft  is  rotating 
outside  the  position  of  M,  and  that  the  mass-centre  is  at  a  distance  v  -  r0 
only  from  the  vertical  axis 

The  case  is,  however,  physically  unreal  as  that  of  the  undamped  oscillating 
system  ;  actually  Mm*  may  exceed  c  and  must  therefore  have  been  equal  to 
it  at  a  certain  critical  speed  which  has  been  run  through  The  explanation 
is  again  to  be  sought  in  damping  forces  which  do  not  appear  in  the  simplified 
form  of  the  equation. 

When  the  unbalanced  rotor  has  been  run  up  to  some  constant  speed  less 
than  the  critical  speed,  let  its  shadow  be  imagined  to  be  thrown  by  a  lamp  in 
front  of  it  on  to  a  vertical  white  wall  behind  it  The  edge  of  the  shadow  will 
then  oscillate  to  and  fro,  or  the  centre-line  of  the  rotor's  shadow  will  describe 
a  simple  harmonic  motion  across  the  true  vertical  axis,  with  a  frequency 
equal  to  the  revolutions  per  second  and  with  a  certain  amplitude  Let  a 
pencil  now  be  brought  up  in  the  horizontal  plane  of  the  mass-centre  and 
parallel  to  the  wall,  until  it  is  ]ust  touched  by  the  rotor  once  in  each  revolution. 
The  question  then  is,  Where  will  the  mass-centre  be  at  that  instant  in  the 
presence  of  some  damping  force,  and,  if  not  in  line  with  the  pencil,  what 
will  be  the  amount  of  lag  or  lead,  t  e  what  will  be  the  angular  phase  displace- 
ment between  radu  through  the  pencil  to  the  vertical  axis  and  through  the 
mass-centre  respectively  ?  The  answer  is  supplied  by  the  usual  equations 
given  in  Chap  VI,  §  23,  for  linear  mechanical  oscillations  which  are  simple 
harmonic  functions 

Assuming  a  damping  force  proportional  and  opposed  to  the  apparent 
oscillating  velocity,  when  the  mass-centre  is  turning  through  a  half  revolution, 
say,  from  the  front  to  the  back  on  the  right-hand  side  of  the  vertical  axis 
through  the  beanngs,  the  transverse  component  of  the  radial  centrifugal 
force,  growing  and  waning,  is  always  directed  towards  the  right  and  passes 
through  a  maximum  when  the  radius  to  the  mass-centre  is  parallel  to  the 
wall ,  the  same  also  holds  for  the  transverse  acceleration  which  is  propor- 
tional to  the  transverse  force  A  cyclic  state  of  affairs  being  assumed  to  have 
been  reached,  the  case  is  the  same  as  the  damped  case  of  Chap  VI,  §  23  (6), 
when  velocity  and  displacement  are  interpreted  in.  our  case  as  the  instanta- 
neous projections  on  the  wall,  t  e  as  the  transverse  components  of  the  real 
velocity  and  real  displacement. 

1  Cp.  Fig  4  in  E  Rosenberg's  paper,  Journ.  I E  E  ,  vol .  42,  p  J532 
11— (5065) 
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As  there  explained,  as  soon  as  even  the  smallest  damping  force  is  introduced 
into  the  problem,  at  speeds  below  that  for  which  Afo>a  =  c  or  to  =  -\/ejM 
the  vector  of  the  displacement  lags  behind  that  of  the  apphed  oscillating  force 
(apparent  only  in  this  case)  by  some  angle  gradually  increasing  up  to  90°, 
while  the  vector  of  the  oscillating  speed  precedes  that  of  the  force  When 
Mmz  =  c,  i  e  at  the  resonant  frequency,  as  it  may  be  called  by  analogy,  the 
vectors  of  speed  and  force  coincide,  and  the  displacement  lags  90°  behind 
Above  the  resonant  frequency,  the  lag  of  the  displacement  continues  to 
increase  and  for  small  values  of  the  damping  factor  b  rapidly  approaches  180°, 
but  never  reaches  that  value  at  any  finite  speed.  At  the  speed  (oorit  giving 
resonant  frequency,  the  oscillating  velocity  always  reaches  its  maximum  for 
any  degree  of  damping  But  not  so  the  displacement.  This  always  occurs> 
below  resonant  frequency,  but  while  for  small  degrees  of  damping  the  fre- 
quency giving  the  maximum  displacement  is  but  very  httle  lower  than  the 
resonant  frequency,  as  the  damping  factor  is  increased,  it  occurs  at  lower 
and  lower  frequencies  (see  Figs  47-50) 

Some  proportion  of  the  apphed  force  F  being  expended  in  overcoming  tho 
damping  force,  it  is  only  the  component  at  nght  angles  to  the  latter  which  IB 
effective  in  causing  displacement  This  effective  component  is  then  not 
simply  the  sum  of  the  geometnc  senes  F0  (1  +  q  +  q*  +  ?a  +  •  )  ',  with 
each  increment  of  displacement  the  angle  ij  between  the  vectors  of  the  oscil- 
lating force  and  displacement  alters,  so  that  for  each  of  the  steps  into  which 
the  process  has  been  mentally  divided,  the  effective  component  is  the  valuo 
of  the  force  at  that  stage  multiplied  by  cos  r\  The  final  value  of  the  effective 
force  is  therefore  F  =  F0  cos  77  (1  +  q  +  q*  +  ),  and  the  ratio  of  the 
amplitudes  of  the  final  and  initial  displacements  is 

F        /I  -  qn\  f 

O  =  •=-={  T —  )    COS    71  =  — 

F«  \  1  —  y  /  r»  1  _  n 

At  the  resonant  frequency,  q  =  1,  but  77  =  90°,  so  that  although  - — — 
becomes  infinite,  its  product  with  cos  77  remains  finite  *•  ~  9 

The  supposed  case  so  far  described — but  with  the  linear  oscillations  in  .1 
different  plane — is  closely  reproduced  practically  in  tho  method  used  for 
balancing  high-speed  rotors  :  The  rotor  is  mounted  between  two  bearings 
which  are  free  to  move  in  one  plane — hon;eontally  or  vertically — although 
then-  motion  is  controlled  by  springs  on  either  side  of  each  plummor-block 
It  is  then  driven  either  through  a  flexible  coupling  or  by  a  vertical  belt  (so 
as  to  eliminate  any  honzontal  component  in  the  driving  force),  and  brought 
up  to  speed  As  the  resonant  frequency  is  approached,  the  amplitude  of  the 
oscillations  increases  notably,  but  since  the  damping  fncfaon  even  with  the 
plummer-blocks  mounted  on  balls  is  considerable  in  relation  to  the  centnfugal 
force,  the  maximum  displacement  occurs  slightly  below  the  true  resonant 
frequency  The  rotor  is  run  at  some  speed  below  that  for  resonance  in  one 
direction  ;  it  is  next  run  at  exactly  the  same  speed  in  the  opposite  direction, 
and  in  each  case  it  is  marked  on  some  turned  portion  where  it  just  touches 
a  marking  pointer  The  bisector  of  the  two  marks  then  indicates  tho  side  of 
the  shaft  on  which  lies  the  mass-centre  s 

Returning  to  the  vertical  shaft,  let  the  whole  of  the  procedure  first  described 
in  relation  to  one  vertical  plane  be  repeated  in  relation  to  a  second  vertical 
plane  at  nght  angles  3  A  duplicate  set  of  projections  or  of  apparent  linear 

1  See  E  Rosenberg,  Journ  I.E.E.,  Vol.  42,  p  551,  Fig  16,  and  especially 
J  J  King-Salter,  "  The  Balancing  of  Rotors,  Proc  Inst.  Naval  Architects, 
Vol.  62,  p.  156 

1  Many  variations  are  possible  and  are  practised;  thus  each  end  may 
require  to  be  dealt  with  separately,  and  one  bearing  may  bo  locked  fast.  The 
rotor  may  be  run  up  above  the  cnucal  speed  through  a  clutch  by  a  motor, 
and  then  disengaged  from  th&  clutch  and  allowed  to  run  down. 

0  The  explanation  of  the  centrifugal  whirling  of  shafts  by  a  theory  based 
on  linear  oscillations  in  two  planes  at  nght  angles  to  one  another,  was  due 
originally  to  Prof  Miles  Walker,  and  has  now  been  described  by  him  in  The 
Diagnosing  of  Troubles  tn  Electrical  Machines,  pp  1 17-129,  qu.  v  ,  in  preparing 
the  present  article  (written  prior  to  the  publication  of  the  last-mentioned  book) 
the  writer  has  been  indebted  to  Mr.  S.  Neville  for  much  kind  assistance, 
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oscillations  and  of  oscillating  forces  is  obtained  in  the  second  plane  The  true 
movement  and  forces  are  then  the  vector  sums  of  similar  pairs  in  the  two  sets, 
and  these  being  alike,  their  recombination  leads  to  movement  of  the  centre- 
line of  the  shaft  in  a  circle  round  the  vertical  centre-line  through  the  bearings 
The  phenomenon  of  centrifugal  -whirling  thus  finds  a  simple  explanation, 
and  the  possibilities  of  running  through  the  critical  speed  and  of  steady  running 
at  a  speed  considerably  above  it  are  fully  accounted  for 

As  the  speed  is  increased,  the  radu  of  maximum  deflection  or  displacement 
and  of  the  unbalanced  centrifugal  force  gradually  diverge,  and  when  the 
divergence  exceeds  the  90  degrees  corresponding  to  resonant  frequency,  the 
mass-centre  has  virtually  crept  round  into  a  position  between  the  centre  line 
of  the  shaft  (which  is  in  agreement  with  the  displacement)  and  the  centre-line 
through  the  bearings  The  actual  motion  of  the  mass-centre  is  made  up  of 
two  rotary  motions,  t  e  of  the  rotation  of  the  centre-line  of  the  shaft  round 
the  centre-line  through  the  bearings  and  of  the  rotation  of  the  mass-centre 
about  the  centre-line  of  the  shaft.  During  the  process  of  running  up 
and  of  passing  through  the  critical  speed  during  the  acceleration  period, 
account  would  have  to  be  taken  of  the  actual  components  of  the  changing 
speed  in  the  two  planes,  and  the  displacements  above  contemplated  for  the 
conditions  of  constant  speed  would  not  be  reached  even  if  the  damping 
were  very  small.  The  value  of  the  controlling  force  c  per  umt  displacement 
is  obtainable  through  an  intermediary  calculation  of  the  gravity  deflection 
of  the  rotor  shaft  under  its  own  weight  But  except  in  a  simple  case  where 
the  load  is  practically  concentrated  near  the  centre  halfway  between  the 
bearings,  there  are  several  values  of  c,  repiesenting  different  forms  of  distortion 
of  the  shaft  Since  the  phase  angle  between  mass-centre  and  maximum 
displacement  is  found  during  balancing  to  remain  not  far  from  180°  at  speeds 
only  slightly  above  the  resonant  speed,  but  to  change  very  rapidly  near  the 
critical  speed,  it  may  be  concluded  that  the  damping  factor  b  is  less  than  0  2, 
and  more  probably  is  only  0-1  of  60_ft  (cp  Fig  48)  The  actual  cause  of  the 
damping  force  is  to  be  found  in  the  air  friction  due  to  the  rotation  of  the 
centre-line  of  the  shaft  about  the  centre-line  through  the  bearings,  when 
resolved  into  two  components  at  right  angles,  and  in  the  viscosity  of  tho  oil 
in  the  bearings. 

Next  let  a  magnet  bo  arranged  at  one  side  of  the  vertical  shaft  opposite 
the  rotor,  so  as  to  cause  a  continued  pull  hi  one  direction,  deflecting  the  shaft 
laterally.  At  very  low  speeds,  the  shaft  would  revolve  bent  into  its  deflected 
position  But  now  the  transverse  component  of  the  unbalanced  centrifugal 
force  would  during  one  half  revolution  act  in  conjunction  with  tho  magnetic 
pull  and  dunng  the  other  half  in  opposition  to  it  The  bending  of  the  fibres 
of  the  shaft  would  cause  a  loss  by  mechanical  hysteresis,  and  this  would  set 
up  a  reaction  equivalent  to  harmonic  disturbing  forces  in  the  two  planes  at 
right  angles  These  components  would  have  to  be  added  to  those  already 
described  for  the  simple  centrifugal  force,  and  the  result  would  bo  movement 
of  the  centre-line  of  the  shaft  round  the  vertical  axis  in  an  elliptical  orbit 
The  case  supposed  finds  its  exact  counterpart  in  the  ordinary  rotor,  horizontally 
supported  and  acted  on  by  the  unidirectional  force  of  gravity 

The  problem  of  centrifugal  whirling  has  also  been  attacked  from  an  entirely 
different  point  of  view,  and  much  discussion  has  been  expended  on  the  ca.se 
of  a  shaft  which  is  at  one  and  the  same  time  rotating  and  vibrating  laterally. 
If  a  shaft  supported  between  two  bearings  and  at  rest  is  imagined  to  be 
plucked  to  one  side  and  released,  it  will  vibrate  with  a  certain  frequency  de- 
pending on  its  dimensions  and  elasticity.  If  tho  shaft  is  at  the  same  time 
rotating,  as  its  speed  is  increased,  the  frequency  of  vibration  gradually 
diminishes  This  is  due  to  the  action  of  the  unbalanced  centrifugal  force 
opposing  the  resistance  to  deflection  due  to  the  elastic  stress  in  the  material 
of  the  shaft ;  the  centrifugal  force  thence  retards  the  vibration  so  that  the 
shaft  takes  longer  to  pass  from  its  position  of  maximum  displacement  inwards 
to  the  centre  and  thence  outwards  again.  At  some  speed  then  there  comes 
a  critical  point  at  which  the  lateral  vibration  vanishes,  and  the  shaft "  whirls," 
just  as  a  skipping-rope  held  at  its  two  extremities  and  swung  round.  At 
this  point  the  unbalanced  centrifugal  -force  exactly  annuls  the  righting  force, 
and  the  periodic  time  of  a  revolution  is  equal  to  the  original  periodic  time  of  a 
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lateral  vibration  when  the  shaft  as  at  rest.    The  lateral  motion  of  ,\.  vibrating 
shaft  being  resolved  into  a  number  of  harmonics  of  different  frequencies,  let 


problem  of  finding  the  lowest  frequency 
the  shaft  when  it  is  not  rotating  »  But  while  the  truth  of  the  facts  last 
mentioned  does  not  appear  to  be  open  to  question,  the  difficulty  remains 
that  in  the  ordinary  cases  of  practice  there  does  not  appear  to  be  any  sufficient 
cause  to  originate  the  transverse  vibration  which  the  theory  presupposes 
For  this  reason  the  simpler  explanation  first  given  appears  prefeiablc 

To  apply  it  in  order  to  determine  the  speed  at  which,  the  displacement 
will  be  a  maximum  and  which  will  be  below  the  true  resonant  speed  still 
remains  a  complicated  problem  The  resonant  speed  must  firat  bo  found, 
and  to  find  this,  c,  the  proportionality  factor  of  the  controlling  force,  must  bo 

calculated     For  a  single  concentrated  mass  M  =  —  ^,  on  a  shaft  of  uniform 

qj  pr  £f 

diameter,  c  would  by  §  9  be  -yyj-,  where  l^  and  /a  are  the  distances  of  tho 

Jt       2 

mass  from  the  centres  of  the  bearings.  But  when  the  diameter  and  moment 
of  inertia  of  the  several  sections  of  the  shaft  and  rotor,  as  in  pracliui,  vary 
greatly,  the  bending  moment  diagram  must  be  reduced  to  that  for  an  equiva- 
lent shaft  of  uniform  diameter  Thence  by  a  double  integration  a  deflection 
diagram  with  maximum  value  8  can  be  obtained  graphically,  and  th«  con- 
centrated force  F  that  would  give  a  similar  diagram  can  be  approximated, 
from  which  c  =•  F/8 

The  whole  problem  assumes  great  importance  in  the  case  of  dynamos  and 
alternators  driven  at  high  angular  speeds  by  steam  turbines  or  waterwhools, 
but  since  these  are  not  here  under  consideration,  further  treatment  of  it  is 
postponed  It  needs  only  to  be  added  that  the  greater  the  diameter  .uul 
stiffness  of  the  shaft  for  a  given  length  between  its  bearings,  tho  less  the  deflec- 
tion due  to  the  initial  lack  of  a  perfect  dynamic  balance,  and  tho  grcator  the 
likelihood  that  the  running  speed  will  fall  below  the  critical  speed—  J,  condition 
which,  where  possible,  should  always  be  aimed  at 

§  11.  Diameter  of  armature  shaft.—  It  is  manifest  that  the 
influence  of  all  the  causes  which  tend  to  stress  the  shaft  is  to  a  laige 
extent  indeterminate,  and  we  must  therefore  in  the  absence  of 
complete  data  fall  back  upon  approximations  which  in  practice  have 
been  found  to  give  sufficient  strength  to  withstand  the  working 
shocks  and  stresses  and  sufficient  stiffness  against  vibration. 

Experience  shows  that  in  most  cases  satisfactory  working  can  only 
be  effectually  ensured  by  taking  the  maximum  bending  moment  as 
about  three  tunes  that  which  would  be  due  to  the  simple  weight  of  the 
armature—  or  in  other  words,  on  the  approximate  assumptions  of  §  7 

kW  w 

Bm  =  345,000  jj  ,  or  345  ^  inch-pounds 

HP 
=  217,000  -TT-  inch-pounds. 

The  twisting  moment  being 

kW  w 

Tn=  100,000  -jy,  or  100  ^ 

=  63,000  ~ 

N 

»  As  given  in  "  The  Bending,  Vibrating,  and  Whirling  of  Loaded  Shafts  " 
by  Capt.  J.  Moms  (Reports  and  Memoranda  of  tha  Advisory  Committee  for 
Aeronautics,  No  551)  J 
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the  equivalent  bending  tnome/nt  is 


kW  w 

=  352,500  JT-,  or  352  jj  inch-pounds       .         .     (74) 

HP 
=  222,000  -jr  inch-pounds. 

It  is  evident  that  the  bending  action  is  of  far  greater  importance 
than  the  simple  torsion,  and  in  consequence  it  is  in  the  estimate 
of  the  bending  moment  that  the  apparently  large  factor  of  safety 
of  3  must  be  introduced.  The  absence  of  the  belt  pull  in  engine- 
driven  dynamos  is  roughly  counterbalanced  by  the  greater  span 
and  the  share  which  the  dynamo  shaft  takes  in  carrying  the  weight 
of  the  fly-wheel 

Inserting  the  intermediate  value  of  6,000  Ib.  per  square  inch  for 
ft  m  equation  (72)  we  have  for  the  diameter  of  the  shaft 


By  such  equations  the  minimum  diameter  of  the  shaft  at  the  centre 
of  the  armature  or  at  any  part  beneath  armature  or  commutator 
may  practically  be  determined.  Both  the  hub  of  the  armature  and 
the  sleeve  of  the  commutator  add  to  the  rigidity  of  the  shaft,  and 
if,  as  is  often  the  case,  there  is  a  gap  between  these  two,  the  bending 
is  largely  concentrated  thereat,  so  that  it  is  of  chief  importance  to 
maintain  the  diameter  to  its  full  value  at  this  spot.  For  very 
small  armatures  the  shaft  as  given  by  the  above  general  equations 
may  not  be  sufficiently  stiff,  so  that  f  to  f  inch  must  be  added  to 
the  diameter.  In  every  case  any  special  circumstances  of  the  design 
must  be  considered ;  thus  in  dynamos  with  a  very  small  air-gap 
01  of  large  diameter  with  a  comparatively  small  clearance,  the 
magnetic  pull  due  to  inequalities  in  the  strength  of  the  several 
fields  and  any  tendency  to  vibration  must  be  specially  guarded 
against  by  employing  an  exceptionally  stiff  shaft. 

If  a  key-way  is  to  be  cut  in  the  shaft  for  keying  on  the  discs  or 
their  supporting  hub,  further  allowance  must  be  made ;  and  in 
general  to  give  stiffness  at  the  centre,  the  shaft  is  usually  there 
swelled  out  to  a  larger  diameter  than  it  has  within  the  beanngs. 
Any  such  alteration  in  the  size  of  shaft  requires,  of  course,  to  be 
effected  with  a  fairly  large  radius  in  order  to  avoid  opening  of  the 
fibres  of  the  steel  at  the  corner  where  the  change  of  diameter  is 
made. 
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Dynamos  driven  directly  by  the  engine  aic  bolted  to  the  ci auk- 
shaft  either  by  a  solid  half-coupling  forged  on  the  aimatme 
shaft  or  by  a  loose  half-coupling  of  c.ist-non  keyed  to  the  shaft. 
Sufficient  space  must  be  allowed  on  one  or  oilier  .side  foi  the 
withdrawal  of  the  coupling  bolts. 

In  the  case  of  traction  generatois  which  are  subjected  to  great  and 
sudden  changes  of  load  causing  laigc  and  iapid  intei  changes  of 
energy  between  fly-wheel  and  armature,  the  attuul  dynamo  shuit 
may  be  relieved  of  a  large  portion  of  the  stiess  by  piolongmg  the 
armature  cast-iron  hub  to  form  a  coupling  by  which  it  may  be 
immediately  bolted  to  the  fly-wheel  (Figs.  120  and  121).  The  shaft 
has  then  merely  to  take  the  bending  moment  due  to  the  weight  of 
the  armature  at  the  outer  bearing,  and  the.  stiess  of  driving  is 
transmitted  directly  from  the  fly-wheel  into  the  hub  and  its  coie- 
discs  without  passing  through  the  key  01  keys-  by  which  the  hub 
is  fixed  to  the  shaft. 

Within  the  bearing  nearest  to  the  diivmg-point  the  bending 
moment  is  less  than  at  the  centie  of  the  ai  mature,  and  the  dianietei 
of  shaft  may  be  correspondingly  reduced.  The  possible  reduction 
is,  however,  much  greater  in  small  than  in  luige  machines,  sime  in 
the  former  the  diameter  at  the  centre  is  propoitiomitely  largei  in 
order  to  give  sufficient  stiffness  to  the  shaft.  Thus  in  machines 
giving  less  than  10  watts  per  rev.  per  minute  the,  diameter  within 
the  bearing  may  be  only  75  per  cent  of  the  smallest  diameter  within 
the  armature,  and  this  proportion  will  rise  to,  suy,  90  per  cent,  in 
machines  giving  over  100  wattb  per  rev.  per  mmuto.  The  diameter 
of  the  shaft  within  the  outer  or  commutator  bearing  may  bo  still 
further  reduced,  since  the  horsepower  is  absorbed  within  the.  ai  ma- 
ture and  the  twisting  moment  becomes  negligible  ;  in  many  cases, 
however,  for  convenience  of  manufacture,  the  same  duunc-tei  of 
journal  is  retained  throughout,  even  though  within  the  one  beaung 
there  is  a  surplus  of  strength,  and  in  all  cases  a  small  number  of 
different  diameters  along  the  shaft  conduces  to  economy  in  its 
manufacture 

The  above  approximate  figures  require  in  every  case  to  be  checked 
by  consideration  of  the  strength  of  the  journal.  Thus  in  the  case  of 
the  belt-driven  dynamo  of  Fig.  138  the  journal  next  to  the  pulley 
is  subjected  to  a  combination  of  a  bending1  moment  3T  .  /.  and  a 
twisting  moment  Tn. 
The  equivalent  bending  moment 9  is  then 

Be  =  i(3r.  za)  +  i  V(3r  T,)«  VTf  ;>• 

1  The  weight  of  the  pulley  itself  is  not  haw  taken  Into  account. 


CONTINUOUS-CURRENT  ARMATURES  303 

Equating  B0  to  the  moment  of  resistance  of  the  circular  shaft  to 
bending,  the  minimum  diameter  of  the  shaft  within  the  pulley 
bearing  is  given  by  the  relation 


where  ft  as  before  may  be  taken  as  6,000  Ib   per  square  inch. 

In  the  outer  bearing  farthest  from  the  pulley  there  is  no  twisting 
moment,  but  the  bending  moment  is  the  combined  result  of  the 
weight  of  the  armature  and  the  pull  of  the  belt.  The  load  on  the 
bearing  is  Pz  =  Vze>a8  +  £aa,  and  the  bending  moment1  of  this  at 
the  inside  end  of  the  shaft  nearest  to  the  armature  is  £Pa  I'.  The 
diameter  is  then  deduced  from 

iPaZ'<0098/t(rf')3  -         -         •      (76) 

Since  I'  is  at  present  undetermined,  the  above  relation  can  pro- 

p 
visionally  be  solved  by  substituting  -r  —  1>  for  I',  where  j>  is  the 

"p     Cu 

intensity  of  the  pressure  on  the  area  &'  V  of  the  bearing  projected 
on  to  the  diametral  plane,  and  must  be  given  a  normal  value  such 
as  is  found  in  practice  (see  §  13).  Thence 


•     •     •     •  <77> 

§  12.  Friction  of  bearings  and  their  dimensions.  —  With  a  copious 
supply  of  oil  well  introduced  between  the  journal  and  bearing 
surface,  and  provided  that  the  intensity  of  the  pressure  per  square 
inch  is  not  so  great  as  to  be  on  the  point  of  squeezing  out  the  lubri- 
cant, the  coefficient  of  friction  p,  so  far  from  being  a  constant  as 
in  the  case  of  solids,  has  been  found  to  vary  nearly  inversely  as 
the  intensity  of  the  pressure  and  inversely  as  the  temperature  within 
the  usual  range  of  these  quantities  The  relation  of  p  to  the  velocity 
is  of  a  more  complex  character  ;  up  to  470  feet  per  minute  for  a 
given  pressure  and  temperature  it  is  nearly  proportional  to  the 
square  root  of  the  velocity,  between  470  and  790  feet  per  minute  it 
is  more  nearly  proportional  to  Vu,  while  for  speeds  above  2,000 

/' 
»   *i  •  «•  and  this  amount  must  be  deducted  from  the  bending  moment  due 

to  the  belt  pull.  The  true  bending  moment  at  the  centre  of  the  journal  neglect- 
ing the  weight  of  the  armature  which  may  or  may  not  act  in  the  same  plane 
is  thus 


which  must  be  substituted  for  3T.lt  in  the  equation  for  the  equivalent 
bending  moment. 

1  Unwin,  Elements  of  Machm*  Destgn  (edit.  1909),  Part  I,  §  165. 
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feet  per  minute  it  is  piactically  independent  of  v.  The  watts  lost 
in  bearing  friction  are  then  proportional  in  the  three  cases  to  fl1-5, 
fl1-2  and  v.  For  the  lower  speeds  from  300  to  600  feet  per  minute, 
which  are  usually  met  with  in  dynamo  practice  (apart  from  turbo- 
generators), the  square  root  proportionality  may  be  assumed, 

Vw 

and  we  then  have  p  =  c  —  —  ,  where  c  ranges  from  1-32  to  1-6 
p.T 

when  p  is  expressed  in  Ib.  per  square  inch  of  projected  bearing  sur- 
face, v  in  feet  per  minute,  and  the  temperature  of  the  bearing  bush  is 
reckoned  in  degrees  Centigrade  The  influence  of  different  kinds 
of  oil  and  of  different  combinations  of  metals  in  the  journal  and 
bearing  bush  respectively  is  but  small,  so  that  finally  it  may  be  said  x 
that  for  a  steel  shaft  running  on  a  gun-metal  or  white-metal  surface 

Vv 

[A  =  1-49  —  —  approximately 
p.T 

Unless  the  bearing  is  artificially  cooled,  a  high  velocity  is  accom- 
panied by  a  high  temperature,  and  wee  versd,  so  that,  as  will  be 
seen  from  Fig  141,  if  an  initial  temperature  of  20°  C  be  assumed  for 
the  air,  Vv]T°  has  almost  a  constant  value  under  given  conditions 
of  natural  cooling,  and  for  bearings  of  similar  type  whatever  the 
speed.  It  averages  about  04,  so  that  fj,  is  then  simply  inversely 
proportional  to  the  specific  pressure,  and  =  0-596//>.  Inserting  the 
specific  pressures  of  170  and  65  Ib.  per  square  inch  of  projected 
bearing  surface  as  the  upper  and  lower  limits  which  are  likely  to 
occur  in  practice,  fi  is  found  to  vary  bet  ween  0-0035  and  0-009,  the 
higher  value  corresponding  to  the  lower  specific  pressure.  It  must 
agim  be  emphasised  that  the  above  practical  values  for  \i  only  hold 
good  if  the  natural  relation  between  the  velocity  and  the  tem- 
perature of  the  bearing  is  not  largely  modified  as  would  be  the  case 
if  the  running  of  the  journal  was  entirely  dependent  upon  artificial 
cooling. 

Since  the  total  load  on  the  bearing  P  =  pd'  I'  Ib.  where  d'  and  /' 

are  in  inches,  the  factional  resistance  R  = 


—  *'49  -^5-  •  d^'lb  is  seen  to  be  completely  independent  of  the  load 

for  a  given  diameter  and  length  ;  the  work  done  and  the  heating 

1  See  especially  the  results  of  the  exhaustive  experiments  given  by  Lasche, 
"  On  Bearings  for  High  Speeds,"  Traction  and  Transmission,  Vol.  6,  p.  33  ff., 
and  the  earlier  experiments  of  G  Dettmar,  "  On  Friction  Losses  in  Dynamos," 
E.T  Z  ,  Vol  20,  pp.  380  and  397.  The  latter  gives  a  much  higher  value  for 

c,  namely,  2-69,  *  e  p  =  2-69  —  ~,  whence  it  results  that  for  a  temperature 


—     , 
y 


of  37-5°  C  in  the  bearing  bush  the  loss  by  friction  is  at  the  rate  of  2-16  X  10~* 
d'  V  (d'N]^A  watts  instead  of  the  value  which  is  given  above  But  in  this  is 
included  windage  or  air  fnction'as  well  as  true  beanngjfnction. 
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which  thence  results  are  due  to  the  shearing  of  the  viscous  liquid  in 
its  given  state  of  temperature,  and  though  the  application  of  the 
load  may  alter  the  distribution  of  the  pressme  round  the  circum- 
ference of  the  ]ournal  within  the  bearing,  the  mean  thickness  of 
the  lubricating  film  remains  practically  constant,  and  so  also  the 
work  done  in  shearing  it.  The  power  lost  in  the  beaiing  is  then 

1-49  rf'J'.fl1-5 
Rv=  -— 


33,000  T° 

yl  5 

=•  45-1  x  10-a  -~    d'  I'  horsepowei 

=  33-7  X  10-3  ~    d'  I'  watts     .         .         .     (78) 

It  is  therefore  proportional  to  the  beaiing  surface  and  to  the  l-5th 
power  of  the  velocity.  Or  again,  since  v  =  ird'NflZ  feet  per  minute, 
the  friction  loss  is 


6-02  x  10-«  v       '      d'  V  horsepower 
1 

(d'N)1'* 
=  4-5  x  10-3  v    ro     .  d'  I'  watts        .         .     (78«) 

Assunung  the  temperature  of  the  bearing  bush  to  be  37°-5  C. 
(100°  F  ),  an  average  figure  for  the  friction  loss  in  a  bearing  would  be 

1-61  x  10-7  (d'N)™  d'l'  horsepower 
=  1-2  x  10-4  (d'N)1'*  d'  I'  watts         .         .     (786) 

As  mentioned  above,  a  reduction  of  the  diameter,  provided  that 
the  bearing  is  not  artificially  cooled  but  is  dependent  upon  its  own 
specific  rate  of  radiation,  reduces  its  rise  of  temperature.  From 
the  formula  for  the  friction  loss  it  is  seen  that  the  reduction  of  the 
rise  of  temperature  has  in  itself  the  effect  of  increasing  the  friction 
loss  ;  yet  since  the  friction  loss  is  proportional  to  d?>6,  wliile  the  rise 
of  temperature  is  less  than  proportional  to  d,  and  even  then  has  to 
be  added  to  a  fixed  initial  temperature  of  the  air,  it  is  evident  that 
a  reduction  in  the  diameter  of  the  journal  to  the  niinimum  required 
by  considerations  of  strength  is  m  every  case  to  be  recommended 
on  the  double  score  of  increasing  the  efficiency  of  working  and  of 
reducing  the  temperature  of  the  bearing  which  makes  its  running 
more  reliable. 

p 

The  diameter  being  thus  fixed  as  low  as  is  safe,  V  as  •—-.,  and  'b 

pd 

is  to  be  taken  as  high  as  is  found  practicable,  since  the  efficiency  is 
increased  by  reducing  the  length  as  much  as  possible.  Especially 
is  this  the  case  with  the  outer  bearing  farthest  from  the  driving 
engine,  since  from  §11  the  necessary  diameter  for  this  is  itself 
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partly  dependent  upon  the  reciprocal  of  the  intensity  p  ;  in  con- 
sequence the  higher  the  specific  pressure,  the  less  the  diameter  and 
the  less  the  nse  of  temperature,  which  again  assists  by  reason  of 
the  viscosity  of  the  lubricant  being  better  maintained  in  a  state  to 
withstand  the  tendency  for  it  to  be  squeezed  out.  It  is,  however, 
evident  that  in  any  case,  even  if  the  bearing  is  artificially  cooled, 
the  intensity  of  the  pressure  must  never  approach  the  limit  when 
the  oil  is  liable  to  be  squeezed  out  The  higher  the  temperature, 
the  less  the  viscosity  of  the  oil,  the  film  which  separates  the  two 
surfaces  becomes  thinner,  and  as  soon  as  it  is  ruptured  the  journal 
seizes  ;  the  intensity  of  the  pressure  when  the  lubricant  is  squeezed 
out  is  thus  partly  dependent  upon  the  temperature,  but  imdei 
ordinary  conditions  when  the  oil  is  not  forced  through  the  bearing 
under  pressure  it  ranges  from  400  to  500  Ib  pei  square  inch  of 
projected  bearing  surface. 

In  the  case  of  dynamo  bearings  in  which  the  load  is  continuous 
and  always  in  the  same  direction,  as  e.g  on  the  lower  bush  when  the 
effect  of  any  eccentricity  of  the  armature  within  the  bore  is  added 
to  that  of  the  weight,  the  permissible  specific  pressure  must  be  very 
much  reduced  below  the  above  value,  especially  when  due  regard  is 
had  to  the  very  important  question  of  the  amount  of  wear  of  the 
bearings  m  prolonged  work. 

In  order  to  ensure  durability  and  reliability  in  working  it  is 
necessary  in  all  high-speed  machinery  to  make  the  journals  of  con- 
siderable length  as  compared  with  their  diameter,  and  in  belt-driven 
armatures  of  small  size  running  at  1 ,000-1 ,200  revolutions  per  minute, 
the  ratio  most  frequently  observed  is  I' Id'  =  4,  where  d'  is  the 
diameter  of  the  journal.  In  engine-driven  armatures  and  in  large 
machines  generally,  ninning  at  about  300  revolutions  per  minute  or 
less,  the  proportionate  length  may  be  reduced,  say,  to  2  £  diameters ; 
or  in  general  l'/dr  =  \  VN  to  $  VW 

The  increase  of  the  ratio  of  length  to  diameter  with  highei  speeds, 
such  as  is  shown  in  the  following  table, 


N  revs 
permin 

£ 
d' 


200       300       400       500       700 


2-5         3        3-25       3-5 


900        1100 


3-75          4 


really  amounts  to  a  reduction  of  the  pressure  per  unit  of  bearing 
surface  as  the  velocity  of  the  relative  movement  between  journal  and 
bearing  increases  Experience  therefore  dictates  that  from  con- 
siderations of  wear  the  necessary  length  of  bearing  must  be  deduced 
from  specific  pressures  which  are  reduced  as  the  velocity  is  increased. 
We  thus  have  in  practice  such  limiting  values  as  p  =a  170  Ib.  per 
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square  inch  of  projected  bearing  surface  with  a  velocity  of  270  feet 
per  mm  ,  decreasing  to  p  =  50  Ib  per  square  inch  with  a  velocity  of 

P         P  x*  irN 
600  feet  per  mm     Thence/'  =  j-^  =      *  ^  =  5-7  X  lO'6  PN 

inches  with  the  higher  pressure  and  lower  speed,  and  =  8-7 
X  10"6  PN  inches  with  the  lower  pressure  and  higher  speed  ; 
or  on  the  average,  say,  p  =  70  Ib  and  v  =  500  feet  per  minute, 
whence  approximately 

V  =  7-5  X  1Q-*PN  inches     .         .         .     (79) 

As  a  general  rule  for  ordinary  bearings,  pv  does  not  exceed  60,000. 
As  an  example  of  the  calculation  of  P,  the  total  load  on  the 
pulley  bearing  of  Fig    138  is  P1  =  Vw^  -f  tj*,  or  if  ljlz  =  4/6, 
as  was  assumed  before,  and  l^l^  =  1/4, 

px  =  V  (W  X  0-6)2  +  (BT  X  l-25)ri 
that  on  the  other  bearing  is 


P2  =  vXa  +  *,«  =  V(W  X  0-4)2  +  (3T  X  0-25)2, 

and  the  intensity  of  pressure  in  pounds  per  square  inch  of  projected 

P  HP 

area  is  4>  =  -j^,.     Since  the   driving  tension   T  =  126,000    -rrr 

»  i  dN 

kW 
pounds  =  200,000  -jrz  pounds  where  d  is  the  diameter  of  the  pulley 

wjtY 

in  inches,  or  if  V  is  the  velocity  of  the  belt  in  feet  per  minute  since 

33,000  HP      52,000 
T  =        v        =       v 

be  expressed  as  follows  — 


33,000  HP      52,000  W  ,      ,       , 

T  =  =  pounds,  the  above  equations  may  also 


It  will  be  found  that  Px  =  4T  is  a  convenient  approximation  which 
holds  very  closely  in  all  ordinary  cases,  the  effect  of  the  weight 
acting  at  right  angles  to  T  raising  the  total  load  from  3-75T  to  4T. 

In  drum  machines  the  armature  core  centres  itself  longitudinally 
within  the  pole-pieces  by  reason  of  the  magnetic  pull  to  which  it 
is  subjected  when  displaced  axially. x  A  slight  amount  of  end-play  is 
not  disadvantageous,  since  it  secures  a  more  uniform  wear  of  the 
commutator  surface,  but  it  is  seldom  allowed  to  exceed  -^th  of  an 
inch  to  |th  in  large  machines,  and  it  must  be  limited  by  raised 

1  For  the  forces  brought  into  action  by  a  to-and-fro  axial  movement  of 
the  armature,  see  F  W  Carter,  "  Magnetic  Centering  of  Dynamo-electric 
Machines,"  Proc.  Inst  CE.,  Vol.  187,  pp  311-318. 


306  CHAPTER  XIII 

partly  dependent  upon  the  reciprocal  of  the  intensity  p  ;  in  con- 
sequence the  higher  the  specific  pressure,  the  less  the  diameter  and 
the  less  the  rise  of  temperature,  which  again  assists  by  reason  of 
the  viscosity  of  the  lubricant  being  better  maintained  in  a  state  to 
withstand  the  tendency  for  it  to  be  squeezed  out.  It  is,  however, 
evident  that  in  any  case,  even  if  the  bearing  is  artificially  cooled, 
the  intensity  of  the  pressure  must  never  approach  the  limit  when 
the  oil  is  liable  to  be  squeezed  out.  The  higher  the  temperature, 
the  less  the  viscosity  of  the  oil,  the  film  which  separates  the  two 
surfaces  becomes  thinner,  and  as  soon  as  it  is  ruptured  the  journal 
seizes  ;  the  intensity  of  the  pressure  when  the  lubricant  is  squeezed 
out  is  thus  partly  dependent  upon  the  temperature,  but  under 
ordinary  conditions  when  the  oil  is  not  forced  through  the  bearing 
under  pressure  it  ranges  from  400  to  500  Ib.  per  square  inch  of 
projected  bearing  surface. 

In  the  case  of  dynamo  bearings  in  which  the  load  is  continuous 
and  always  in  the  same  direction,  as  e  g.  on  the  lower  bush  when  the 
effect  of  any  eccentricity  of  the  armature  within  the  bore  is  added 
to  that  of  the  weight,  the  permissible  specific  pressuie  must  be  very 
much  reduced  below  the  above  value,  especially  when  due  regard  is 
had  to  the  very  important  question  of  the  amount  of  wear  of  the 
bearings  in  prolonged  work. 

In  order  to  ensure  durability  and  reliability  in  working  it  is 
necessary  in  all  high-speed  machinery  to  make  the  journals  of  con- 
siderable length  as  compared  with  their  diameter,  and  in  belt-driven 
armatures  of  small  size  running  at  1 ,000-1 ,200  revolutions  pei  minute, 
the  ratio  most  frequently  observed  is  I'jd'  =  4,  where  d'  is  the 
diameter  of  the  journal  In  engine-driven  armatures  and  in  large 
machines  generally,  running  at  about  300  revolutions  per  minute  or 
less,  the  proportionate  length  may  be  reduced,  say,  to  2J  diameters ; 
or  in  general  l'/d'  =  }  VNto  fc  VW. 

The  increase  of  the  ratio  of  length  to  diameter  with  highei  speeds, 
such  as  is  shown  in  the  following  table, 


N  revs, 
permin 

V_ 
d' 


200       300       400       500       700 


2-5          3        3-25       3-5 


000        1100 


3-75          4 


really  amounts  to  a  reduction  of  the  pressure  per  unit  of  bearing 
surface  as  the  velocity  of  the  relative  movement  between  journal  and 
bearing  increases.  Experience  therefore  dictates  that  from  con- 
siderations of  wear  the  necessary  length  of  bearing  must  be  deduced 
from  specific  pressures  which  are  reduced  as  the  velocity  is  increase^ 
We  thus  have  in  practice  such  limiting  values  as  p  =?  170  Ib.  per 
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shoulders  on  the  shaft  The  centre  of  the  armature  core  must  be 
in  line  with  the  centre  of  the  pole-faces,  so  that  there  may  be  no 
magnetic  pressure  against  the  collar  causing  it  to  heat  up. 

§  13.  Temperature  of  bearings.— A  second  and  independent 
question  is  the  temperature  which  the  bearing  will  attain  in  working, 
*  e  whether  with  a  given  diameter  as  fixed  by  considerations  of 
strength  and  with  a  given  number  of  revs,  per  minute  it  can  be 
counted  upon  to  be  self -cooling.  The  rate  at  which  heat  is  generated 
in  the  work  of  overcoming  the  factional  resistance  of  the  bearing 
must  not  be  greater  than  the  rate  at  which  it  can  be  dissipated 
conveniently  without  any  undue  increase  of  its  temperature.  Two 
cases  then  have  to  be  distinguished  according  as  the  bearing  is 
dependent  only  upon  its  own  radiation  of  heat  from  its  outside 
surface  assisted  by  any  convection  currents  due  to  rotating  masses 
in  close  proximity,  or  is  artificially  cooled  by  oil  or  water  being 
circulated  through  it. 

The  rate  at  which  heat  can  be  dissipated  from  a  bearing  without 
artificial  cooling  depends  upon  a  number  of  complex  conditions,  chief 
among  which  are  the  difference  of  temperature  between  the  bearing 
bush  and  the  surrounding  air,  and  the  area  of  the  radiating  surface  of 
the  metal  plummer-block.  To  these  must  be  added  the  effect  of 
the  artificial  ventilation  which,  especially  in  dynamos,  may  arise 
from  the  proximity  of  the  rotating  commutator  or  armature  winding. 
But  for  a  given  rise  of  temperature  of  the  bearing  bush  which  causes 
the  heat  to  be  conducted  to  the  outside  of  the  plummer-block  the 
rate  of  dissipation  may  be  taken  as  proportional  to  the  surface 
of  the  journal  or  to  its  projected  area  d'  I',  so  that  for  each  value 
of  the  rise  of  temperature  there  corresponds  a  certain  specific 
radiation  of  horsepower  per  square  inch  of  projected  bearing  surface 
which  is  similar  m  bearings  of  similar  type.  According  to  the 
experiments  above-cited  of  Herr  0.  Lasche,  the  specific  radiation 
from  the  outside  of  the  plummer-block  (the  oil  remaining  unchanged 
as  in  ring  lubrication)  increases  faster  than  the  difference  between 
the  temperature  of  the  bearing  bush  and  that  of  the  surrounding 
air,  and,  assuming  an  initial  air  temperature  of  20°  C.,  is  approxi- 
mately proportional  to  the  l-5th  power  of  the  rise  of  temperature 
of  the  bearing  bush,  or  h  =  k  ( A*)1 6.  In  still  air,  with  h  reckoned 
in  horsepower  per  square  inch  of  projected  bearing  surface,  k  was 
found  by  experiment  to  be  about  22-5  X  lO"6  in  the  case  of  ordinary 
bearings,  and  42  x  lO'6  in  the  case  of  specially  massive  bearings, 
when  t  is  in  degrees  Centigrade.  In  dynamos,  partly  perhaps  by 
reason  of  the  ventilation,  which  is  always  more  or  less  present  from 
the  commutator  or  armature  winding,  these  values  appear  to  be 
exceeded  in  practice  The  specific  rate  of  radiation  in  horsepower 
per  square  inch  probably  ranges  from  0-008  to  0-016,  and  assuming 
that  in  these  two  limiting  cases  the  bearing  temperatures  are  46°-2  C. 
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and  61°-5  C  ,  or  the  rises  of  temperature  26°-2  C   and  41°-5  C  , 
k  then  becomes  as  much  as  60  X  10'6. 

To  the  quantity  hd'  I'  must  be  added,  in  the  case  of  artificially 
cooled  bearings,  the  heat  that  is  abstracted  per  minute  by  water 
circulated  round  the  bearing  or  by  the  oil  which  is  passed  through  the 
bearing  and  withdrawn  as  it  becomes  heated.  Thus  in  the  latter 
case  it  is  found  that  the  oil  leaves  the  bearing  at  a  temperature 
about  15°  C.  below  that  of  the  bush,  or  if  the  latter  is  to  be  main- 
tamed  at,  say,  75°  C  ,  the  oil  leaves  at  60°  C.  If  it  is  then  cooled 
down  to  45°  C  and  supplied  anew  to  the  bearing,  Q  gallons  being 
passed  through  the  bearing  per  minute,  the  late  at  which  heat  has 
been  withdrawn  is  proportional  to  (60°  -45°)  X  specific  heat  per 
gallon  X  Q.  When  expressed  m  horsepower,  this  quantity  is  to 
be  added  to  the  rate  of  radiation  hd'  I',  and  their  sum  must  then 
be  equal  to  the  rate  at  which  heat  is  generated,  namely, 

uPnd'N          uPd'N 
12  X  33,000=  126,000 

In  the  more  ordinary  case  of  a  bearing  without  artificial  cooling  it 
is  only  the  specific  rate  of  radiation  which  must  be  equated  to  the 
rate  at  which  heat  is  generated,  both  being  expressed,  e  g  in  horse- 
power per  square  inch  of  projected  bearing  surface.  Assuming, 
then,  the  above  expressions  for  h  and  p  (eq.  78)  fairly  to  represent 
the  facts  under  ordinary  conditions  of  medium  speeds,  pressuie, 
and  temperature,  the  two  rates  of  generation  and  radiation  of  heat 
m  horsepower  per  square  inch  of  projected  bearing  surface  when 
equated  give 


From  this  the  important  result  follows  that  with  bearings  of  sunilai 
type  naturally  cooled,  to  every  linear  speed  of  journal  there  corre- 
sponds a  particular  temperature  rise  independently  of  its  length  and 
pressure  An  initial  air  temperature  of  20°  C.  may  m  all  cases  be 
assumed,  so  that 

45.1  v  in-6 
20°)  =          *         P15      .         .         .     (80) 


or  with  k  =  60  X  10-° 

=  0-75  w1  * 

Fig.  141  shows  three  curves  obtained  from  (80)  with  values  of 
k  =  37  X  10-9,  or  60  X  10"6,  or  90  X  10"6,  the  first  being  the  highest 
for  the  case  of  no  auxiliary  ventilation,  and  the  intermediate  corre- 
sponding to  the  more  usual  case  of  dynamo  bearings  with  some 
natural  windage.  The  general  shape  of  the  curves  is  closely  borne 
out  by  experiment,  although  the  value  of  the  constant  varies 
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considerably  ,  it  is  practically  independent  of  the  pressure,  and  so 
of  the  length  of  the  bearing,  although  there  is  a  tendency  for  the 
nse  to  be  slightly  greater  with  higher  pressure. 

From  a  curve  such  as  those  of  Fig.  141  it  can  at  once  be  deter- 
mined whether  it  will  be  necessary  to  resort  to  artificial  cooling  in 
any  given  case,  a  maximum  temperature  which  should  not  be 
exceeded  in  the  bush  being  fixed  at  70°  C ,  and  the  highest  curve 
being  taken  in  order  to  be  on  the  safe  side. 

It  is  thus  evident  that  h  is  only  of  importance  as  determining  the 
question  whether  a  bearing  of  given  diameter  and  at  a  fixed  speed 


10 


°0  100  200  800  400  600  800  700          800  000 

Feet  per  Minute 

FIG    141  —  Temperature  of  bearing  bush  and  speed  of  journal. 

can  be  self-cooling,  and  its  exact  value  in  ordinary  cases  is  of  no 
great  interest,  since  there  is  usually  a  good  margin  in  reserve.  The 
necessary  length  of  the  bearing  can  be  made  to  appear  dependent 


upon  A,  by  the  equahty  =  V  V.  whence  f  = 


But  such  dependence  is  more  apparent  than  real,  since  /*  is  itself 
increased  by  an  increase  in  h,  and  it  will  be  found  that  by  substitution 
of  the  full  expression  for  p  and  of  h  in  terms  of  the  temperature  and 
velocity  we  simply  return  to  our  original  equation  I'  =  P/pd'. 

While  in  the  above  a  medium  speed  of  journal  surface  has  been 
contemplated,  the  different  law  which  holds  for  very  high  peripheral 
speeds  must  be  taken  into  account'  in  the  case  of  turbo-dynamos. 
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When  the  peripheral  speed  of  the  journal  exceeds  900  feet  per 
minute,  up  to,  say,  4,000  feet  per  minute,  the  friction  is  practically 
independent  of  the  velocity,  and  between  such  limits  as  from 
20  to  200  Ib.  pressure  per  square  mch,  and  consequent  temperatures 
in  the  rubbing  surfaces  of  30°  to  100°  C.,  Lasche  found  it  to  be 
approximately  true  that  fj.pT°  =  a  constant  =  28  45,  where  p 
is  in  Ib  per  square  inch  and  T  in 
degrees  Centigrade  The  horse- 
power generated  in  the  bearing, 
if  v  is  in  feet  per  minute,  is 

fiPv        fj,pd'  I'v 
33,000  =  33,000 

and,  since  pp  =  2845/r°,  the  rate 
of  generation  of  heat  per  square 
inch  of  projected  area  will  be 


Boale  of  Inches 
01234 


T°       33,000 

or  if  the  initial  temperature  is 
20°  C 

862  x  10-8        "i 
( A*)ltB  ( A*  +  20°)  = •, v       \  § 

K 

.     (80«) 

and  if  k  =  60  X  10-° 
=  14-35  v. 

Above  125°  C.  (257°  F )  Lasche 
found  that  the  lubricating  proper- 
ties of  oil  rapidly  fell  oft 

§  14.  Pedestals  and  plumraer- 
blocks. — The  journals  are  support- 
ed either  by  2,  3,  or  4  arms  from 
the  end-shield  castings  of  small 
multipolar  machines  (Fig.  142), 
or  by  pedestals  which  either  form 
part  of  the  base-plate  casting 
or  are  separate  plummer-blocks 

(Figs.  143  and  144).  They  are  fitted  with  a  gun-metal  or  phosphor- 
bronze  "  brass,"  or  with  a  cast-iron  shell  or  bush  lined  with  white- 
metal.  The  white-metal  is  locked  in  the  shell  by  being  run  into 
recesses  or  grooves  in  it  which  have  a  dovetailed  section  or  over- 
hanging edges.  In  all  except  small  machines  the  white-metal 
bearing  is  to  be  preferred,  since  if  the  bearing  becomes  overheated 
the  white-metal  melts  and  runs  out ;  indication  is  thus  given  of 
the  overheating  without  so  much  injury  to  the  running  surface  of 


FIG  142  — Bearing  m  end-shield 
casting  of  small  machine 
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the  journal  as  always  results  from  the  "  seizing  "  of  a  solid  gun- 
metal  bush  The  brass  or  liner  is  prevented  from  turning  either  by 
snugs  which  engage  in  corresponding  recesses  in  the  pedestal  or  by 


a  screw  in  the  upper  part  of  the  pedestal.  The  bush  may  be  solid 
when  it  can  be  slipped  over  the  end  of  the  shaft,  and  then  has  a 
shoulder  at  one  end  to  prevent  axial  movement  in  one  direction. 
But  preferably  it  is  split,  and  can  then  have  a  shoulder  at  either 
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end  (Figs  142  and  143)  ,  the  pedestal  is  provided  with  a 
separate  cap  fastened  by  two  or  four  screws,  and  the  arrangement 
has  the  advantage  that  the  two  halves  can  be  closed  together  to 
take  up  wear,  while  the  solid  bush  when  appreciably  worn  requires 
to  be  entirely  rehned  with  white-metal  The  division  of  the  cap 
from  the  pedestal  should  be  approximately  at  right  angles  to  the  line 
of  maximum  resultant  pressure  upon  the  bearing  ;  the  joint  should 
therefore,  in  large  dynamos  driven  by  horizontal  belting  or  by  a 
horizontal  steam-engine,  be  inclined  at  about  45°  to  the  vertical. 
In  order  to  facilitate  the  self -alignment  of  the  bearing  on  the  shaft, 


FIG.  144. — Self-aligning  spherical  bearing. 

the  bleeve  or  bush  in  the  commutator  bearing  of  the  directly  driven 
dynamo  is  frequently  so  made  as  to  allow  of  a  certain  amount  of 
swivelling  movement.  The  outside  of  the  bush  at  the  middle  of 
its  length  forms  part  of  a  sphere,  and  is  given  a  correspondingly 
spherical  seating  (Fig.  144),  or  if  the  pressure  be  small  the  seating 
may  be  cylindrical  when  the  bush  may  be  slipped  in  from  the  end 
within  a  solid  pedestal 

At  each  end  of  the  bearing  are  hooded  chambers  in  which  the  oil 
which  exudes  from  the  ends  of  the  journal  is  caught  and  returned  by 
grooves  cut  at  the  bottom  of  the  bearing  into  a  reservoir.  These 
grooves  should  be  of  ample  section  and  with  sufficient  fall  to  return 
the  oil  quickly  to  the  reservoir.  At  the  end  nearest  to  the  armature 
the  shaft  must  be  provided  with  an  oil-thrower  to  prevent  the  oil  from 
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creeping  along  the  shaft  on  to  the  armature  or  commutator  or  brush- 
earner  and  there  destroying  the  insulation.  Either  an  upstanding 
annular  ridge  is  formed  on  the  shaft  when  it  is  turned,  or  a  collar  with 
a  thin  pointed  edge  of  larger  diameter  is  shrunk  on  to  the  shaft 
(Figs.  200  and  184) ,  m  either  case  the  oil  is  drawn  to  the  outei 
edge  of  the  ring  and  thence  is  flung  off  by  centrifugal  force  and  caught 
in  the  hollowed  chamber  within  the  bearing  The  curvature  of 
the  hood  must  be  such  as  to  cause  the  oil  to  be  returned  on  the 
bearing  side  rather  than  on  the  armature  side,  whence  it  may  drip 
on  to  the  shaft  past  the  oil-thrower.  At  the  outer  or  commutator 
end  a  plate  over  the  opening  of  the  bearing  is  of  convenience  to 
prevent  the  entrance  of  dust,  and  m  other  cases,  if  the  rotating 
armature  winding,  or  the  proximity  of  a  fan  causes  a  draught  of 
air  along  the  bearing,  a  brass  ring  m  halves  should  be  fitted  so  as 
closely  to  embrace  the  shaft  at  the  end  of  the  bearing,  in  order  to 
prevent  the  oil  being  drawn  along  the  shaft. 

In  small  machines  the  white  metal  is  sometimes  run  directly  into 
the  cast -iron  pedestal,  an  oiled  mandril  or  the  armature  shaft  itself 
being  previously  inserted  and  held  centrally  in  place  so  that  the 
metal  may  run  round  it.  The  whole  is  heated  up,  and  passages  are 
left  to  allow  the  heated  air  to  be  expelled  As  the  metal  cools  the 
mandril  is  turned  round  in  guides  by  hand,  and  a  hard  smooth 
surface  is  obtained  which  does  not  require  to  be  subsequently 
machined. 

§  15.  Lubrication  of  bearings. — Lubrication  is  usually  effected  in 
dynamo  bearings  by  means  of  brass  or  cast  white-metal  or  alu- 
minium rings  (Figs.  143  and  144)  which  rest  on  the  journal  and  dip 
into  an  oil  reservoir,  formed  m  the  hollow  pedestal  and  of  sufficient 
size  to  allow  any  sediment  in  the  oil  to  settle.  The  section  of  the 
rings  is  slightly  tapered,  being  broader  at  the  base  ,  when  the  shaft 
rotates  they  are  earned  slowly  round  by  the  friction  of  their  contact 
with  it,  so  that  the  journal  becomes  self-lubricating  as  soon  as  the 
ai  mature  rotates  In  the  upper  half  of  the  bush  or  liner  are  as 
many  gaps  as  there  are  rings,  while  the  bottom  half  remains  whole  ; 
or  the  gaps  in  the  upper  half  may  be  joined  by  bndge  pieces  at  the 
sides  so  as  not  to  interfere  with  inspection  of  the  working  of  the 
nngs  through  openings  at  the  top  (Fig  142)  The  oil  is  drawn 
up  by  the  motion  of  the  ring  and  at  the  top  of  the  journal  enters 
a  recess  cut  longitudinally  along  the  brass,  whence  it  is  distributed 
by  grooves  cut  spirally  along  the  inner  surface.  All  such  grooves 
and  recesses  must  be  sealed  at  their  farther  ends  so  as  to  confine 
the  oil,  and  it  is  important  that  the  oil  should  be  introduced  at  the 
•pomt  of  least  pressure  so  that  it  may  be  swept  forwards  by  the 
rotating  shaft ;  hence  the  grooves  should  follow  the  direction  of 
rotation,  and  if  the  pressure  between  journal  and  bearing  should 
prevent  the  entry  of  the  oil  on  this  side,  the  grooves  must  be  made 
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to  feed  a  second  recess  at  some  point  where  the  pressure  is  relieved. 
Fig  145  shows  a  bearing  opened  at  the  top  and  unrolled  ;  with  the 
given  direction  of  rotation  the  oil  is  fed  into  the  right-hand  longi- 
tudinal recess,  and  thence  distributed  by  the  grooves  The  edges 
of  the  grooves  must  not  be  sharp,  but  must  be  slightly  rounded  off 
so  as  to  allow  the  oil  to  be  drawn  over  the  shaft  by  its  rotation 
Care  must  be  taken  that  the  actual  bearing  surface  is  not  too  much 
reduced  by  the  grooves  At  each  end  of  the  bush  are  circum- 
ferential grooves  to  collect  the  oil  and  return  it  to  the  reservoir 
through  the  vertical  holes  in  the 
grooves  before  it  spreads  outwards 
along  the  shaft.  Clearance  1between 
the  journal  and  bush  reduces  the 
friction,  but  has  to  be  kept  small  to 
avoid  vibration,  especially  at  the 
commutator  end ;  the  diameter  of 
the  bearing  exceeds  the  diameter  of 
the  shaft  by  2  to  4  mils,  according 
to  the  size  of  shaft.  The  rings  and 
the  surface  at  the  sides  against 
which  they  may  touch  must  be 
quite  smooth.  Where  it  is  incon- 
venient or  impossible  to  thread  them 
over  the  shaft  they  must  be  in  two 
halves,  hinged  together,  and  fastened 
at  the  opposite  side  by  a  screw  or 
spring  clip  as  in  Fig.  146.  The 
diameter  of  the  nngs  should  be  about 
one  and  a  half  times  that  of  the 
journal,  and  large  enough  to  pass 
over  the  ends  of  the  brass.  On 
bearings  exceeding  8  inches  in 
length  two  or  more  rings  may  be 
employed  Chains  are  also  sometimes 

employed  in  place  of  rings,  but  although  they  lift  more  oil  they  are 
not  so  suitable,  since  they  necessitate  more  of  the  brass  being  cut 
away,  and  at  high  speeds  cause  frothing  of  the  oil  owing  to  the 
admixture  of  air  The  oil  should  not  stand  so  high  m  the  reservoir 
as  to  clog  the  free  movement  of  the  nngs,  or  to  rise  into  the  groove 
at  the  bottom  of  the  bush,  and  its  height  is  usually  indicated  by 
an  oil  gauge  with  which  may  be  combined  a  draining  tap  for  use 
when  at  intervals  the  oil  has  to  be  changed  (Fig  142  or  Fig.  143) 

1  See  Lasche,  "  Bearings  for  High  Speeds,"  Traction  and  Transmission, 
Vol  6,  pp  44-49,  where  experiments  are  also  given  as  to  the  amount  of  oil 
delivered  by  ring  lubrication,  and  "  Steam  Turbines  and  Turbo-Generators  " 
W.  J.  A.  London),  Journ  I  E.E.,  Vol  35,  pp.  188-190. 


Brass  out  through  from  top  and  opened  out 

FIG  145 — Plan  of  oil  grooves  m 
bearing  brass. 
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The  covers  of  the  inspection  openings,  if  circular  plugs,  should  be 
fastened  to  the  bearings  by  a  small  chain  to  prevent  then:  being 
lost,  but  preferably  are  either  sliding  or  hinged  with  a  spring  to 
keep  them  closed.  There  must  be  good  clearance  between  the  nng 
in  its  working  position  and  the  surrounding  walls  so  as  to  lessen 
the  amount  of  oil  thrown  on  to  the  joint  whence  it  will  creep  to  the 
outside ,  a  stepped  or  registered  joint  is  for  the  same  reason  of 

assistance,  and  should  be  employed  in 
Bprtag  OUp  large  bearings     In  any  case  the  joint 

of  the  split  bearing  should  be  carefully 
surfaced  so  as  to  prevent  the  oil  work- 
ing its  way  through  it.  In  large 
machines  the  bearings  are  sometimes 
arranged  with  a  water  jacket  through 
which  a  stream  of  water  can  be  passed 
in  the  emergency  of  a  hot  bearing. 

§  16.  Insulating  materials. — No  one 
substance    combines    all   the  various 
qualities  that  go  to  make  up  the  ideal 
insulating    material,    and    among     a 
sparing  oup  number  of  materials  a  judicious  selec- 

|j  c*>     a)  :|     tion  j^  to  ke  macie  to  obtain  that 

FIG  146— Hinged  oil-ring        wblch  1S  best  smted  to  the  exact  end 

in  view     For  insulating  purposes  in 

dynamo  work  a  high  specific  resistance,  as  expressed  by  megohms 
per  centimetre  cube  of  the  material,  is  by  no  means  so 
important  as  a  high  "  disruptive "  or  dielectric  strength  to 
resist  breaking-down  under  the  stress  of  a  high  voltage.  The 
one  property  is  not  necessarily  accompanied  by  the  other,  and 
in  fact  no  very  direct  relation  between  the  two  can  be  traced. 
Comparison  of  the  value  of  different  materials  must  therefore 
primarily  be  based  upon  the  voltage  (continuous  or  maximum 
alternating  volts)  which  on  an  average  they  can  be  relied  upon  to 
withstand  per  mil  of  thickness  without  being  pierced.  For  the 
same  maximum  volts  the  alternating  current  is  the  more  likely  to 
cause  puncture,  probably  chiefly  owuig  to  the  heating  of  the  dielectric 
which  results  from  the  alternating  electrostatic  stress.  The  energy 
loss  in  a  dielectric  under  such  stress  is  for  the  same  temperature 
proportional  to  the  square  of  the  voltage,  and  also  increases  with 
the  frequency.  A  high  frequency  is  therefore  more  trying,  since 
under  many  circumstances  the  heat  cannot  be  dissipated  as  quickly 
as  it  is  generated ;  the  temperature  then  rises,  perhaps  only  locally, 
but  this  again  increases  the  heating,  and  so  on  cumulatively  until 
breakdown  occurs,  especially  if  the  initial  temperature  is  high. 
Fibrous  materials  usually  break  down  from  burning  rather  than 
from  dielectric  rupture,  unless  the  applied  voltage  is  much  above 
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the  material's  disruptive  strength,  when  the  rupture  is  instantaneous 
For  the  same  reason  the  seventy  of  the  test  increases  with  the  length 
of  time  for  which  the  pressure  is  applied,  although  not  very  markedly, 
as  much  depends  upon  the  circumstances  A  duration  of  1  to  5 
minutes  is  sufficiently  long  to  give  reliable  results  ,  between  1  and 
10  minutes  there  is  usually  a  reduction  of  some  15  per  cent,  in  the 
disruptive  strength.1 

The  electrolytic  action  which  might  be  feared  with  continuous 
current  is  rendered  innocuous  in  practice  owing  to  the  fact  that  the 
heating  of  the  dynamo  when  at  work  dnves  off  the  moisture  without 
which  electrolysis  cannot  be  set  up  ;  it  is  only  of  importance  in  the 
case  of  newly  wound  coils  or  dynamos  that  have  been  standing  for 
some  time  in  a  damp  place. 

At  the  head  of  the  list  of  insulating  mateiials,  as  combining  many 
of  the  most  valuable  qualities,  stands  mica.  Besides  being  incom- 
bustible, it  is  non-hygroscopic  (so  that  it  does  not  absorb  moisture 
if  the  dynamo  is  exposed  to  damp,  and  does  not  in  consequence 
deteriorate),  and  mechanically  strong  to  withstand  great  pressure 
Its  specific  disruptive  strength  varies  considerably  in  different 
qualities,  that  of  pure  white  mica  being  very  high  But  although 
it  must  be  free  from  iron  oxide  in  patches  of  any  thickness,  the  mica 
for  commercial  work  need  not  be  entirely  transparent ,  streaked 
or  green  spotted  mica  may  be  counted  on  to  withstand  a  pressure 
of  1 ,000  maximum  volts  for  every  thousandth  of  an  inch  in  thickness 
Mica  in  its  natural  state  cannot,  however,  be  obtained  in  large 
sheets  ;  and  further,  it  is  extremely  inflexible  when  an  appreciable 
thickness  has  to  be  bent  to  a  curved  surface  of  small  radius.  On 
the  score  of  price  and  of  the  need  for  insulating  curved  or  broken 
surfaces,  it  therefore  becomes  necessary  to  employ  the  artificial  forms 
of  mica  known  as  micamte  and  megomit 

These  artificial  forms  are  made  of  small  and  thin  laminae  of  mica 
re-assembled  into  a  sheet  and  cemented  together  with  an  insulating 
gum  under  great  pressure  and  high  temperature.  Owing  to  their 
greater  homogeneity  their  disruptive  strength  is  if  anything  more 
uniform  than  that  of  pure  mica,  and  may  also  be  taken  as  1,000 
maximum  volts  per  mil  of  thickness  at  ordinary  temperatures. 
The  specific  strength  of  composite  mica  products  is  but  li  ttle  affected 
by  rise  of  temperature,  and  their  heating  under  a  rapidly  alternating 
potential  is  but  small  In  order  to  apply  the  micanite  to  the 

1  See  Turner  and  Hobart,  The  Insulation  of  Electric  Machines  (Pitman 
%  Sons) ;  Fleming  and  Johnson,  The  Insulation  and  Design  of  Electrical 
Windings  (Longmans) ,  Miles  Walker,  Specification  and  Design  of  Dynamo- 
tlecinc  Machinery,  pp.  174-187 ;  Rayner,  "  Report  on  Temperature  Experi- 
ments carried  out  at  the  National  Physical  Laboratory,'  Journ,  IEE, 
Vol  34,  p  613,  and  "  High-voltage  Tests,  etc.,"  Journ  IEE.,  Vol  49,  p  3 , 
Yules  Walker,  Joum.  LEE.,  Vol.  47,  p.  553,  S  Evershed,  "The  Cha- 
•acteristics  of  Insulation  Resistance,"  Journ.  I  E.E ,  Vol.  52,  p.  51 ,  and 
A.  S  Langsdorf,  "  The  Fatigue  of  Insulation,"  Electr.  World,  Vol,  52,  p  942 
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armature  core  it  is  heated  to  about  200°  F  ,  the  kind  employed  being 
such  that  it  then  becomes  soft  and  pliable,  and  can  be  easily  moulded 
on  to  curved  surfaces     Flexible  mwamte  is  also  made  which  has  a 
slightly  lower  disruptive  strength,  750  maximum  volts  per  mil  when 
cold,  and  lastly  mwanite  cloth,  which  has  a  backing  of  fine  muslin  01 
linen,  or  micanite  paper  in  which  the  backing  is  of  paper  on  one  <n 
both  sides.    The  layers  of  mica  nse  from  2  to  3  as  the  thickness 
increases  from  0-008"  to  0-014"  in  the  case  of  cloth,  or  from  0-005" 
to  0  Oil "  in  the  case  of  paper.    The  piercing  voltage  of  the  two  lattei 
is  less  than  in  the  case  of  the  sheet ,  it  averages  from  450  to  850 
maximum  volts  per  mil  for  paper,  and  from  430  to  700  for  linen, 
but  depends  to  some  extent  on  the  method  and  carefulness  of  the 
manufacture 

In  general  the  curves  for  disruptive  strength  in  relation  to  thick- 
ness gradually  bend  over,  showing  that  the  strength  per  mil  in  thin 
sheets  is  not  maintained  with  greater  thickness.  With  mica  pro- 
ducts this  is  not  very  marked,  and  when  present  it  is  probably  due 
to  want  of  complete  homogeneity,  as,  eg.  through  the  inclusion 
of  a  minute  air  bubble  m  natural  mica,  or  of  varying  amounts  of 
cement  in  the  artificial  forms,  either  of  which  causes  may  alter  the 
gradient  of  the  potential  fall  through  the  material. 

In  the  case  of  organic  fibrous  materials  in  sheets,  whether  un- 
treated or  impregnated  with  insulating  varnishes,  the  decreasing 
strength  per  layer  is  quite  marked,  so  that  it  has  been  said  that  the 
disruptive  strength  is  proportional  to  the  f  rds  power  of  the  thickness. 
But  the  reason  is  not  clear,  and  it  is  probably  to  be  ascribed  either 
to  films  of  air  between  the  layers  unless  these  are  very  tightly 
compressed,  or  to  irregularity  of  impregnation  by  the  oil  or  varnish, 
or  to  the  presence  of  moisture  still  remaining  in  the  inner  layers. 

The  specific  insulation  resistance  of  organic  materials,  such  as 
paper,  linen,  cotton,  or  vulcanized  fibre,  is  much  improved  by  such 
moderate  heating  as  will  expel  all  moisture,  and  so  also  is  their 
disruptive  strength.  But  as  the  temperature  is  increased  above 
80°  C  there  sets  in  a  real  deterioration  due  to  partial  disintegration 
of  the  material,  if  the  heating  is  maintained  for  long  periods,  as  is 
the  case  with  dynamos  after  many  years  of  work.  The  effect  of 
temperature,  and  also  the  allied  question  of  brittleness  after  fre- 
quent heating  thus  become  all  important  when  we  pass  from  tho 
inorganic  mica  senes. 

Ebonite  and  vulcanite  are  unsuitable  for  coil  or  core  insulation 
from  their  bnttleness  when  cold,  and  from  the  fact  that  they  soften 
at  a  temperature  of  65°  C.,  which  is  within  the  working  range  of 
the  dynamo,  while  rubber  products  are  inadmissible  from  their 
deterioration  under  the  action  of  light  and  air. 

Red  or  grey  vulcanized  fibre  in  thin  sheets  up  to  0-080"  has  a 
disruptive  strength  of  400-200  maximum  volts  per  mil  of  thickness  ; 
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it  is  mechanically  strong,  tough,  and  durable,  but  it  is  very  hygro- 
scopic, when  dry  quickly  absorbing  moisture  and  swelling,  and 
shrinking  again  when  heated ;  further,  it  becomes  bnttle  when 
continually  heated,  so  that  it  has  practically  been  superseded  as  a 
material  for  insulating  dynamo  coils  or  cores 

Passing  these  by,  therefore,  we  come  to  press-spahn,  which  in 
thin  sheets  is  largely  used  for  low  voltages,  and  possesses  many 
recommendations.  It  is  flexible,  homogeneous,  and  uniform  in 
thickness,  with  a  smooth  glossy  surface  ;  it  is,  however,  somewhat 
hygroscopic,  especially  if  creased,  which  destroys  its  glazed  surface, 
and  must  always  be  carefully  dried  before  use.  It  vanes  greatly  in 
quality,  but  on  an  average  when  thoroughly  dried  it  has  in  sheets 
0-010"  thick,  a  disruptive  strength  of  400  maximum  volts  per  mil 
of  thickness,  decreasing  in  sheets  of  0-040"  thickness  to  300  volts 
per  mil.  Much  the  same  reduction  is  found  when  several  thin 
sheets  are  used  to  give  the  same  total  thickness,  and  in  either  case 
if  creased  it  cannot  be  relied  upon  to  withstand  more  than  250 
maximum  volts  per  mil.  If  dried,  soaked  in  hot  linseed  oil  for 
several  hours,  and  then  again  thoroughly  dried,  a  thin  sheet  of  0-010" 
which  will  have  increased  m  thickness  to  0-016"  has  its  disruptive 
strength  increased  to  520  maximum  volts  per  mil  of  its  increased 
thickness,  but  this  improvement  as  compared  with  untreated 
press-spahn  is  not  maintained  when  several  sheets  are  superposed 
on  one  another.  Plain  varnishing  of  the  surface  with  a  good 
insulating  coating  is  equally  effective,  and  can  raise  the  disruptive 
strength  to  600  volts  or  even  more,  although,  stnctly  speaking, 
the  effect  can  hardly  be  stated  as  dependent  on  the  mils  of  total 
thickness. 

Linens,  cambric,  muslin,  and  other  stuffs  impregnated  with  twice- 
boiled  linseed  oil  or  other  varnishes,  i.e.  "  oiled  linen,"  etc.,  which 
are  sold  under  various  trade  names,  are  from  their  flexibility  especi- 
ally useful  for  the  insulation  of  the  groups  of  wnes  in  former-wound 
coils.  In  general  for  a  thickness  of  0-006*  they  may  be  relied  upon 
to  have  a  disruptive  strength  of  1,000-500  volts  per  mil  of  thickness 
at  ordinary  temperatures  of  the  atmosphere,  decreasing  to  500-300 
volts  per  mil  in  greater  thicknesses  up  to  0-040*,  or  in  superposed 
layers.  In  many  cases  the  effect  of  temperature  upon  such  fabrics 
is  marked,  the  disruptive  strength  being  reduced  at  60°  C.  to  350 
maximum  volts  per  mil  for  the  thinner,  and  to  270  volts  for  the 
thicker  sheets,  while  at  higher  temperatures  the  reduction  may  be 
still  greater,  the  figures  approaching  to  300  and  200  maximum 
volts  per  mil  respectively  for  the  thin  and  thick,  limits  given  above. 
Canvas  varnished  is  not  sufficiently  good  to  rely  upon  as  armature 
insulation. 

Thin  cotton  tape  0-006*  thick  has  a  disruptive  strength  of  about 
150-100  maximum  volts  per  mil,  and  is  not  greatly  improved  by 
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varnishing,  although  this  piecaution  is  very  necessary  in  order  to 
check  its  absorption  of  moisture. 

Lastly,  we  come  to  papers  of  various  lands,  which  must  always  be 
coated  with  insulating  varnish  on  account  of  their  hygroscopic 
nature,  and  which  are  in  fact  chiefly  to  be  regarded  as  carriers  of 
the  varnish,  so  that  they  should  possess  mechanical  strength.  On 
these  grounds  Manilla,  Willesden,  and  bond  papers  are  valuable, 
since,  besides  being  mechanically  strong,  they  show  a  fairly  uniform 
disruptive  strength  under  different  conditions  of  thickness,  tem- 
perature, and  duration  of  test.  When  untreated  they  break  down 
with  a  thickness  of  0-006*  approximately  between  350-250  maximum 
volts  per  mil,  and  when  built  up  to  0-040"  between  235-150  volts 
per  mil,  but  with  a  good  varnish  or  impregnated  with  hot  hnseed 
oil  for  some  time  (for  which  their  fibrous  nature  renders  them  well 
suited)  and  thoroughly  dried,  these  figures  are  raised  to  amounts 
varying  from  1,000-600  in  thin  sheets,  and  from  600-390  volts  in 
thicker  sheets  respectively  per  mil  of  the  thickness  after  treatment. 
Very  carefully  prepared  papers  reach  a  strength  of  even  1,250  to 
1,500  maximum  volts  per  mil.  On  the  whole  the  papeis  are  better 
electrically  than  the  linens  and  impregnated  fabrics,  but  are 
mechanically  not  so  strong. 

Asbestos  paper  is  to  a  considerable  extent  incombustible,  yet  is 
of^but  little  use  owing  to  its  being  strongly  hygroscopic  ;  its  dis- 
ruptive strength  is  only  about  100  maximum  volts  per  mil,  but  can 
be  increased  by  soaking  in  insulating  oil  or  paraffin  wax 

All  papers  and  linens  should  be  carefully  examined  for  pinholes  or 
metal  particles  adhering  to  their  surface.. 

Of  recent  years,  cellulose  acetate  has  been  introduced  as  a  new 
insulating  material  which  is  non-inflammable  and  a  good  insulator. 
It  can  be  moulded  into  tubes,  and  its  ultimate  field  will  depend  on 
its  durability  which  a  longer  experience  can  alone  show. 

As  a  plastic  insulator  which  can  be  moulded,  a  condensation 
product  from  the  chemical  action  of  phenol  on  formaldehyde,  known 
as  "  Bakelite  "  from  its  discoverer,  Dr.  L.  H.  Backland,  has  also 
met  with  considerable  success  *  in  slabs  or  as  packing-pieces. 

The  function  of  insulating  varnishes  is,  in  the  first  place,  to  rein- 
force the  disruptive  strength  of  fibrous  materials  by  filling  up  their 
interstices  and  covering  their  surface  with  a  layer  of  highly  insulating 
material ;  in  the  second  place,  to  prevent  the  re-entrance  of  moisture 
into  their  pores  after  they  have  once  been  well  dried  ;  and  finally, 
on  exterior  surfaces  to  give  and  maintain  a  smooth  hard  finish. 
The  varnish  should  be  quick  drying,  without  requiring  the  use  of  a 
large  amount  of  an  expensive  and  highly  inflammable  solvent  to 
thin  it  and  to  prevent  it  from  drying  up  in  the  dipping  bath.  It 

1  See  "  Moulded  Insulating  Compositions,"  by  R  T.  Fleming,  Jottrn.  I  E.E 
Supplement  to  Vol.  57,  1919,  p.  323. 
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should  be  chemically  stable,  and  should  not  contain  free  resinous 
acids  which  attack  copper  and  produce  green  salts  of  very  low 
resistance  ;  it  should  not  soften  under  heat,  and  should  be  water- 
proof and  unaffected  by  lubricating  oil.  Especially  is  it  desirable 
that  varnishes  should  not  become  brittle,  crack  or  peel  off,  but 
remain  tough,  flexible,  and  elastic  after  prolonged  heating  ;  under 
the  combined  effects  of  heat  and  long-continued  vibration  they 
must  show  no  tendency  to  disintegrate  into  powder. 

Shellac  dissolved  in  methylated  spirits  dries  quickly  and  sticks 
well,  but  becomes  brittle  from  age  and  vibration ;  it  is  therefore 
unsuitable  for  general  use,  and  a  similar  liability  to  powdering 
forbids  the  use  of  copal  and  asphaltum  varnishes. 

The  action  of  lubricating  oil  on  varnishes  is  that  it  unites  with 
part  only  of  the  constituents  of  the  varnish,  and  thence  liberates  free 
acids  which  attack  copper,  as  evidenced  by  green  discolorations,  and 
finally  reduce  the  resistance  so  much  that  break-down  follows.  The 
paraffin  non-acid  varnishes  are  free  from  the  liability  to  chemical 
resolution,  since  they  unite  wholly  with  the  oil  without  losing  their 
insulating  properties ;  they  are,  however,  difficult  to  dry  and  to 
handle,  do  not  give  a  smooth  hard  surface,  and  from  the  very  iact 
that  they  remain  plastic  after  prolonged  heating  are  liable  to  be 
thrown  out  by  the  action  of  centrifugal  force  in  the  case  of 
quickly-rotating  coils 

There  remains  linseed  oil  with  or  without  adimxtuies  of  vegetable 
resins  and  gums.  Linseed  oil  requires  to  be  oxidized  in  order  to 
dry  it,  so  that  the  advantage  of  the  vacuum  chamber  in  drying 
without  the  application  of  great  heat  is  largely  nullified,  since  air 
has  to  be  admitted  at  intervals  and  stovmg  is  as  effective  and  more 
rapid  ;  further,  the  oxidation  process  continued  by  the  rapid  rotation 
of  well-ventilated  armatures  in  time  renders  the  surface  brittle 
The  well  oxidized  substance  has  been  called  "  linoxyn,"  and  is  a 
stable  body,  solid,  but  slightly  flexible. J  Under  severe  conditions 
as  when  ozone  is  produced  by  silent  electrostatic  discharge  between 
insulated  wires  and  the  slot  insulation  in  extra  high-voltage  alter- 
nators, the  oxidation  process  is  earned  too  far,  and  as  the  result 
of  this  "  super-oxidation  "  the  insulation  becomes  soft  and  pasty. 
Chemical  products  are  then  formed  which  are  soluble  in  water, 
corrode  the  insulation,  and  attack  the  copper.  Lastly,  there  is 
some  nsk  of  oil  combining  with  linseed-oil  varnishes  under  the 
action  of  gentle  heat.  Yet  on  the  whole  for  impregnating  purposes 
the  balance  of  advantage  may  perhaps  be  said  to  rest  with  linseed-oil 
compounds,  since  they  can  be  given  various  degrees  of  quickness 
in  drying,  of  toughness  and  of  smoothness  of  surface, 
the  purpose  which  they  are  to  serve,  and  it  is  'better 
to  prevent  lubricating  oil  from  reaching  the ' 

i  C.  J.  Beaver,  Journ.  I,E.E.,  Vol.  47,  p.  563. 


322  CHAPTER  XIII 

Cotton-covered  coils  should  be  dried  before  the  varnish  is  applied, 
since  acid  moisture  in  the  covering  may  with  the  linseed  oil  produce 
deterioration  Coils  varnished  with  linseed-oil  frequently  show 
a  greenish  discoloration  of  the  cotton  insulation  due  to  the  action 
of  weak  organic  acids  on  the  copper  wire,  but  such  discoloration 
is  practically  harmless,  and  must  not  be  confounded  with  the 
conosion  due  to  high-voltage  discharges.1  Linseed  oil  expands 
in  drying,  which  is  of  advantage  in  closely  filling  all  pores. 

To  withstand  the  acid  fumes  in  the  proximity  of  accumulators, 
special  exterior  enamels  are  required. 

§  17.  The  insulation  of  armature  wires. —  The  armature  con- 
ductors are  either  round  wires  (in  special  cases  made  up  into  stranded 
cables)  or  solid  bars  of  rectangular  (or  less  usually  of  square) 
cross-section  with  slightly  rounded  corners.  In  all  cases  soft 
annealed  copper  is  employed  both  for  the  active  conductors  and 
also  for  their  connectors,  and  such  copper  is  now  commercially 
obtained  in  accordance  with  a  standard  of  conductivity  denned  by 
international  agreement,  viz ,  that  a  metre  length  of  Standard 
Annealed  Copper  Wire  1  sq  mm  in  sectional  area,  has  a  resistance 
of  -gVth  of  an  ohm  at  20°  C  ,  so  that  its  resistivity  at  that  temperature 
is  1  -724  microhms  per  cm.  cube  So  long  as  the  current  to  be  carried 
by  each  active  conductor  does  not  exceed  about  50  amperes,  solid 
wires  of  circular  section  can  be  used  ;  their  diameter  will  not  exceed 
0-150",  and  they  can  be  readily  bent  or  shaped  Single-cotton 
covering  does  not  give  sufficiently  good  msulation  for  armature 
wires,  and  double-cotton  covering  by  itself  is  only  suitable  for  arma- 
tures of  low  voltage  and  on  small  wires,  since  it  is  apt  to  open  out 
when  the  wire  is  bent  Double-cotton  covering  adds  10  mils  to 
the  diameter  of  a  wire  measuring  0-050*  or  less,  12  mils  to  the  diam- 
eter of  a  wire  measuring  from  0-055*  to  0-075*,  and  14  mils  to  the 
diameter  of  wires  above  that  size,  the  thickness  of  the  cotton  thread 
employed  being  increased  on  the  larger  wires.  A  finer  thread  may 
also  be  obtained  at  slightly  increased  cost  by  the  use  of  which  the 
increase  of  diameter  is  reduced  to  6  mils  for  wires  from  0-028* 
to  0-036*  diameter,  or  8  mils  from  0-040*  to  0-050*  diameter,  and 
above  to  10  mils  Triple-cotton  covering  is  too  thick  and  wastes 
space,  so  that  the  most  usual  insulation  is  a  braided  cotton  covering. 
With  fine  cotton  this  may  be  taken  as  adding  13  mils  on  a  diameter 
of  0-060*  or  less,  15  mils  on  to  0-100*  diameter,  and  17  mils  if  the 
bare  diameter  be  Q-l&Q". 

The  percentage  of  the  total  slot  area  which  is  filled  with  copper  in 
a  toothed  armature  turns  upon  two  entirely  independent  questions. 
The  first,  which  is  for  the  present  postponed,  is  the  relation  between 
the  thickness  of  the  insulating  lining  of  the  slot  or  envelope  of  a 
composite  coil  to  the  width  and  depth  of  the  slot,  which  will  depend 
»  A.  P.  M,  Fleming  and  R.  Johnson,  Jown.  /.£.#.,  Vol.  47,  p.  550, 
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solely  upon  the  voltage  which  the  insulation  has  to  stand     The 
second  question,  with  which  alone  we  are  hei  e  immediately  concei  ned, 
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is  the  ratio  of  the  copper  area  to  the  area  of  the  space  which 
the  insulated  wires  take  up,  and  this  will  depend  primarily  upon  the 
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area  of  each  wire  and  also  upon  its  shape  The  smaller  the  wire,  the 
greater  the  space  which  the  thickness  of  its  insulation  takes  up  in 
proportion  to  its  area,  so  that  small  outputs,  high  voltages,  and  low 
speeds  all  combine  to  demand  more  room  for  msulation  than  then 
opposites  ;  further,  small  round  wires  utilize  the  space  much  less 
efficiently  than  conductors  of  the  same  area  with  square  01  rect- 
angular cross-section  The  ratio  of  copper  to  space  occupied  for 
small  and  large  conductors  respectively,  or  then:  "  space-factor," 
is  plotted  m  Figs  147,  148  in  relation  to  their  copper  area  ;  from 
these  figures  a  number  of  conclusions  are  evident  to  the  eye,  and 
it  is  at  once  seen  how  far  it  is  possible  to  go  in  making  use  of  the 
available  space  to  be  occupied  by  the  conductors. 

Double-silk  covering  lightly  varnished  only  adds  from  3  to  5  mils 
to  the  diameter,  and  since  very  small  round  wires  below  0-040* 

Ratio  of  copper  to  space  occupied 

0-9  .       


0*8 
0-7 
06 


a.  Square  wire.braided  or  tapec.  26  mils  +  5  :nils  vsimsh 
05         b~  Rectangular  4:.,)»    »    »        »         ">>         » 


o  "         10!  L  »     "     "         w  *  " 

0-4 

firei  of  coppur  in  sy.inchqs. 

0  0-05  0-1  0-15  0-2  0-26 

FIG    148  —  Space-factor  of  rectangular  insulated  bars 

diameter,  as  used  in  small  motors,  are,  when  silk-covered,  less  than 
twice  as  expensive  as  cotton-braided  wires,  the  saving  in  the  space 
which  they  take  up  as  shown  in  Fig.  147  (on  the  supposition  that 
there  is  no  bedding  of  the  round  wires)  may  more  than  compensate 
for  their  increased  cost,  while  for  still  smaller  wires  the  use  of  silk 
becomes  a  necessity.  Wires  less  than  0-040*  in  diameter,  however, 
hardly  enter  into  ordinary  dynamo  practice,  and  above  this  suse 
silk  covering  is  prohibited  by  the  fact  that  it  more  than  doubles  the 
cost  of  the  insulated  wire  A  fine  cotton  braiding  will  add  14  to 
15  mils  to  each  dimension  of  a  small  rectangular  conductor,  say, 
0-100*  x  0-050*  bare,  and  such  conductors,  even  though  of  small 
area,  soon  show  nearly  as  good  a  result  as  silk-covered  round  wires. 
Square  conductors  which  would  utilize  the  space  best  are  in  practice 
to  be  avoided,  as  their  tendency  to  turn  on  edge  renders  them  very 
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difficult  to  wind  and  to  bend  without  danger  of  their  cutting  into 
the  insulation  of  neighbouring  wires  in  the  same  coil.  There  is, 
however,  no  very  great  loss  of  space  with  rectangular  braided  wires 
with  4  : 1  ratio  of  depth  to  width,  and  still  less  with  2  : 1  ratio,  so 
that  for  any  area  above,  say,  OH"  x  0-055"  a  rectangular  strip  is 
to  be  recommended 

We  thus  pass  gradually  to  "  bar-winding,"  the  dimensions  of 
large  rectangular  bars  being  increased  by  0-020*  with  double-cotton 
covering  and  by  0  025"  with  braiding,  which  is  preferable  The 
curves  for  the  extreme  cases  of  a  square  section  and  a  rectangular 
section  with  a  ratio  10  : 1  for  the  dimensions  of  its  sides,  and  both 
with  25  mils  of  insulation  on  their  thickness,  are  given  in  Fig.  148. 
Where  the  conductor  is  thin  and  deep,  so  that  braiding  would  not 
lie  closely  against  its  deep  side,  and  further,  when  there  is  only  one 
turn  per  section,  the  copper  strip  will  first  be  bent  to  its  required 
shape  and  will  then  be  wrapped  round  with  a  half-lapped  covering 
of  thin  cotton  tape  (£"  or  £*  wide  X  0-006"  thick)  in  a  taping 
machine  *  The  four  thicknesses  of  tape  are  then  equivalent  to 
the  braiding,  and  add  25  mils  to  the  dimensions.  The  same  also 
applies  to  large  bars,  each  of  which  forms  one  half  of  a  loop,  the  two 
halves  being  subsequently  united  by  a  soldered  joint  in  the  process 
of  winding  the  armature. 

The  cornei  s  of  all  conductors  of  rectangular  section  are  slightly 
rounded  off  m  the  manufacture  In  all  cases  the  insulated  bars  or 
coils  forming  a  composite  group  corresponding  to  a  slot  are  dipped 
m  an  insulating  varnish,  so  as  to  become  thoroughly  impregnated, 
and  afterwards  dried  in  a  vacuum  chamber  2  or  stove.  In  Fig.  148 
an  allowance  of  5  mils  on  the  dimensions  has  been  made  for  the 
varnish  which  thus  soaks  into  the  braiding  or  taping. 

Under  prolonged  heating,  even  if  the  temperatuie  does  not  much 
exceed  100°  C.,  the  cotton  covering  of  wires  and  bars  begins  in  course 
of  time  to  deteriorate  ;  it  turns  brown  and  becomes  carbonized,  so 
that,  although  its  insulation  resistance  may  still  remain  very  high, 
it  is  friable  and  mechanically  weak,  and  from  this  fact  an  important 
limitation  ib  set  to  the  temperature  which  the  dynamo  should 
m  ordinary  working  be  allowed  to  reach. 

§  18.  The  toothed  drum  armature. — In  addition  to  its  perfect 
system  of  driving  the  conductors,  shielded  as  they  are  from  the 
greater  part  of  the  magnetic  drag  (Chapter  IV,  §  7),  the  slotted  or 
toothed  drum  armature  has  the  additional  advantage  that  it  allows 
of  the  use  of  solid  bars  of  much  greater  width  than  are  permissible 
on  the  smooth-surface  core,  Since  by  far  the  greater  proportion 
of  the  flux  passes  through  the  teeth,  the  density  of  the  lines  within 
the  slots  is  but  a  small  fraction  of  the  average  density  in  the  air-gap 

1  See  Turner  and  Hobart,  Tha  Insulation  of  Eleotnc  Maohtnas,  Chap  XIX. 
•  Ibtd.t  Chap.  XX. 
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of  a  similar  armature  with  smooth  surface  ;  the  possible  range  of 
density  within  any  one  slot  is  therefore  very  greatly  reduced 
Consequently  at  any  moment  the  difference  in  the  density  of  the 
flux  cut  by  the  two  sides  of  even  a  fairly  wide  bar  never  reaches 
the  magnitude  that  it  would  have  in  a  bar  of  the  same  width  on  a 
smooth-surface  armature  as  it  emerges  from  under  the  pole-edge 
where  the  air-gap  flux-density  changes  very  rapidly  The  so-called 
eddy-current  loss  in  the  copper  bars  due  to  want  of  uniformity 
in  the  current-distribution  over  their  section  is  thus  greatly  reduced 

Lastly,  the  slotted  armature  is  well  fitted  with  its  pio]ectmg  iron 
teeth  for  the  rapid  dissipation  by  radiation  of  the  heat  geneiated 
within  it,  and  can  be  much  better  ventilated  by  air  canals  than  is 
possible  in  the  smooth-surface  core  which  is  entirely  covered  with 
a  heat-retaining  layer  of  insulation.  For  all  these  reasons,  the 
toothed  armature  has  displaced  the  smooth-surface  aimatuie 
formerly  in  vogue. 

The  shape  of  the  slots  in  the  toothed  core  permits  of  many 
variations,  but  if  it  is  open  at  the  top  the  width  of  opening  usually 
does  not  exceed  twice  the  length  of  the  single  air-gap  1  Otherwise 
the  unequal  distribution  of  the  flux  caused  by  the  alternating  slots 
and  teeth  becomes  extended  in  a  marked  degree  to  the  boied  face 
of  the  pole-piece  (cp  Fig.  28) ;  the  passage  of  the  lines  as  they 
sweep  over  the  pole-faces  will  then  set  up  eddy-cunents  in  the 
solid  mass  of  the  pole,  and  the  loss  of  energy  and  heating 
due  thereto  may  be  so  great  as  to  necessitate  the  lamination  of  the 
pole-shoes. 

The  liability  to  eddy-currents  in  solid  poles  is  largely  i  educed  by 
employing  half-closed  slots  (Figs.  1496  and  150),  and  is  entirely 
obviated  by  tunnel  armatures,  in  which  a  number  of  holes  are 
stamped  in  the  discs  close  to  the  periphery,  and  the  wires  are 
threaded  through  these  holes  after  they  have  been  lined  with  tubes 
of  micamte.  Moulded  tubes  or  troughs  of  micanite  or  megohmit 
can  be  procured  in  every  variety  of  shape,  and  can  be  slid  into 
tunnels  or  half-closed  slots ;  their  disruptive  strength  will  reach 
750  maximum  volts  per  mil  of  thickness  of  the  wall.  Such  half- 
closed  slots  or  tunnels  are,  however,  attended  with  the  disadvantage 
that  the  inductance  of  the  active  conductors  is  much  increased, 
and  the  difficulty  of  commutation  and  of  sparkless  collection  of  the 
current  is  correspondingly  greater  ;  hence  in  practice  their  possible 
use  is  largely  limited.  Further,  the  insertion  of  the  wires  or  bars 
is  more  troublesome  than  with  open  slots,  so  that  the  form  shown 
in  Fig.  149a  which  is  adapted  to  receive  a  wooden  wedge  or  key 
is  that  most  generally  used  for  continuous-current  dynamos  and 
motors. 

The  slot-pitch  may  vary  from  £-m.  in  small  machines  to  IJ-in. 

1  See  Chap.  XXI,  §  27. 
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in  large  machines,  with  such  proportions  of  slot  and  tooth-width 
at  the  top  as  below — 

Slot-width  Tooth-wtdih  ,  MS 

wa  at  top,  wti  3l    il  Slot-pitch 

r             r             r  J  os 

1*                           ,y                       ,'„*  0-78  0437 

li"                         4*                         T  0-5  033 


Slot-pitch 


Average  values— 


0-45* 


0-8* 


056 


0-36 


The  slot-pitch  X  0-36  gives  therefore  a  preliminary  starting-point 
in  design 
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FIG    149  — Open  and  half-closed  slolb 


The  total  depth  of  the  slot  ranges  from  2  to  4  times  the  slot- 
width,  and  averages  perhaps  3  times.  It  is,  however,  closely 
limited  by  the  diameter  of  the  armature  With  slots  having  pai  allel 
sides,  the  smaller  the  armature,  the  greater  the  proportionate 
reduction  in  the  width  at  the  root  of  the  tooth  wtz  for  a  slot  of  the 
same  depth,  as  will  be  obvious  from  Fig.  149.  Hence  with  a  normal 
density  in  the  air-gap  the  flux-density  at  the  roots  of  the  teeth  and 
the  saturation  thereat  will  be  unduly  great  unless  the  depth  of  the 
.slot  is  limited  to  such  values  as  the  following  (see  Fig.  202) — 


7)»flf»  of  armalurt. 

5* 

10* 
15* 
22* 
50* 


Slot-depth,  ht 
OH* 
1-0* 
1-3* 
1-5* 
2-0* 


§  19.  Insulation  of  armature  core  and  coils. — Returning  to  the 
process  of  constructing  an  ordinary  drum  armature,  after  the  toothed 
discs  have  been  built  up  into  a  cylindrical  core,  the  next  step  will  be 
to  smooth  off  all  sharp  edges  against  which  any  portion  of  the  wind- 
ing is  liable  to  be  pressed,  especially  at  the  ends  of  the  slots  whence 
the  winding  will  project.  Any  roughness  along  the  sides  <$  the 
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slots  will  be  removed  by  filing,  and  this  operation  must  be  cleanly 
and  sharply  done  so  as  to  minimize  any  chance  of  burring  over  the 
edges  of  the  discs ,  in  fact,  the  file  must  be  used  as  sparingly  as 
possible,  so  as  not  to  bring  the  discs  into  contact  on  their  surface, 
whereby  the  advantage  of  the  lamination  would  be  largely  nullified, 
and  paths  for  eddy-currents  would  be  formed.  The  need  for  great 
care  in  this  respect  and  for  good  workmanship  to  secure  a  low 
core-loss  has  already  been  emphasized 

At  the  ends  of  the  core  the  rings  forming  the  seatings  for  the  end- 
connectors  of  the  coils  will  be  insulated  with  layers  of  paper,  press- 
spahn,  or  in  high-tension  machines  of  micanite,  projecting  well  ovei 
any  metallic  surface  in  close  proximity  to  the  coils  The  insulation 
can  here  be  made  thicker  than  on  the  active  surfaces  of  the  core, 
since  space  is  not  so  valuable  All  joints  or  seams  in  the  insulating 
covering  require  particular  attention,  so  that  there  may  be  no 
likelihood  of  the  winding  making  contact  with  the  core  The  whole 
is  then  finally  varnished  and  dried  in  order  to  rid  it  of  all  moisture 
preparatory  to  winding 

For  a  test  pressure  of  2,000  R.M.S.  volts  for  one  minute  at  20°  C., 
or  ordinary  atmospheric  temperatures,  a  thickness  of  insulation  of 
0-035*  from  copper  to  iron  would  give  a  factor  of  safety  of  at  leafat 
3  with  the  usual  materials  employed,  and  for  a  working  pressure  of 
500  volts  this  thickness  would  be  ample  With  250  volts  working 
pressure  or  less,  mechanical  considerations  demand  much  the  same 
thickness  of  insulation,  although  the  material  may  be  of  less  electrical 
strength  The  percentage  of  the  total  slot  area  which  is  taken  up  by 
the  lining  and  insulation  between  the  two  layers  of  coils  will  obviously 
vary  greatly  with  the  dimensions  of  the  slots,  and  the  difference 
or  the  portion  of  the  slot  area  which  is  available  for  the  winding 
will  range  from  55  per  cent,  with  a  slot  £ "  X  J*  to  83-5  per  cent,  with 
a  slot  2J*  X  £*,  while  for  very  high  voltages  the  percentages  may 
fall  much  lower.  It  is  not  therefore  advisable  to  employ  a  gieat 
number  of  very  small  slots,  owing  to  the  waste  of  space  in  their 
insulation,  and  two  or  more  sections  of  the  armature  winding  are 
usually  grouped  in  one  slot  The  product  of  the  above  available) 
percentages  with  the  percentage  deduced  from  Figs.  147  and  148 
will  give  the  ratio  which  the  copper  area  bears  to  the  total  slot  area, 
and  evidently  this  may  vary  very  greatly,  a  high  voltage  not  only 
demanding  a  thick  wall-lining,  but  also  being  usually  accompanied 
with  a  small  sectional  area  of  wire,  especially  if  the  output  be  small 
and  the  speed  low. 

With  open  slots  either  the  blots  may  be  lined  for  the  reception  of 
the  conductors,  or  the  conductors  may  themselves  be  encased  with 
the  wrapping  which  is  to  insulate  them  from  the  iron  core,  the 
latter  being  the  preferable  plan.  In  either  case  the  wrapping  or 
slot  lining  will  be  built  up  of  practically  the  same  materials  and  in 
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the  same  way.  Two  or  more  thin  layers  are  better  than  a  single 
thick  one,  as  giving  greater  flexibility,  and  one  at  least  of  the  layers 
must  possess  sufficient  mechanical  strength  and  hardness  to  prevent 

s 
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?  010" Press  Spahn 


FIG.  150. — Half-closed  slot  insulated  for  500  volts 

any  danger  of  its  being  cut  when  pressed  into  its  place  within  the 
slot.  Thus  for  500  volts  the  insulation  of  Fig.  150  may  be  used 
with  a  half-closed  slot.  With  an  open  slot,  micanite  or  megohmit 


f  OltfMioamto  for  600  vol 
J  or  'OlO'preBB  apahn  for 
I  250  volts  and  leaa 


FIG.  151  — Insulation  of  coll  in  slot  with  wooden  wedge. 


plate  is  readily  moulded  in  place,  a,  strip  of  the  required  dimensions 
being  heated  on  a  plate  by  a  gas  jet,  laid  in  a  slot,  and  pressed 
down  tightly  into  its  corners  by  a  wood  or  iron  bar  having  the  exact 
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internal  shape  of  the  slot  when  insulated  It  is,  however,  even 
better  to  insulate  the  composite  coils  first  and  afterwards  to  press 
them  into  the  slots  ,  a  wrapping  of  oiled  linen,  0-0125*  thick  and 
over-lapping  at  the  top,  is  placed  next  to  the  wires,  and  over  this  a 
nearly  closed  but  not  overlapping  channel  of  micamte  0-010*  thick, 
the  whole  being  then  bound  round  with  a  half-lapped  spiral  of  tape 
0-006"  thick  and  £"  wide.  The  tape  is  not  reckoned  to  add  much 
to  the  insulation,  but  is  chiefly  to  retain  fast  the  composite  group 
during  the  processes  of  dipping  them  into  varnish  and  forcing  them 
into  place,  as  in  Fig  151,  which  shows  the  coils  afterwards  locked 
with  a  wooden  tkey.  The  thickness  of  a  single  side  is  thus 
0  0125"  +  0-010"  +  0-012",  or  say  0-035*,  and  of  the  double  insula- 
tion at  the  top  and  bottom  of  an  element  is  0-037*  +  0-020*  +  0-024* 

Cotton  Braiding 
/•016*each  sldq 

„-  •020"Press-Spahn 


Fie   152 — Insulated  slot  of  toothed  armature  for  250  volts. 

or  say  0-080".  For  250  volts  the  same  will  again  hold  good,  save 
that  for  the  micamte  will  be  substituted  a  channel  of  press-spahn, 
also  0-010*  thick,  to  protect  the  oiled  linen,  or  the  insulation  may 
be  as  in  Fig.  152,  which  shows  the  bars  coming  close  up  to  the  top 
of  the  slot  in  the  less  usual  case  of  their  retention  by  binding  wire. 
In  all  cases  the  slot  insulation  must  project  £*  beyond  the  actual 
length  of  the  core  at  either  end,  and  when  the  coils  are  not  wrapped 
round  as  a  whole  with  the  main  insulation  a  strip  of  micamte  or 
press-spahn  will  be  inserted  to  separate  the  two  layers  of  conductors 
between  which  the  full  difference  of  potential  of  the  machine  exists, 
and  in  some  cases  a  corresponding  strip  at  the  top  of  the  slot. 

Thus  in  designing,  if  30  mils  are  allowed  for  the  double  thickness 
of  the  cotton  braiding  or  taping  on  each  wire  or  bar  after  the  whole 
coil  has  been  varnished,  and  a  small  play  of  5  mils  be  added  to  each 
bar  to  allow  for  slight  irregularities  ;  further,  if  0-075*  be  allowed 
for  the  double  thickness  of  the  wall  lining  or  coil  wrapping,  a  total 
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deduction  of  0-075*  -f  JO-OSS*  X  number  of  conductors  abreast) 
has  to  be  made  from  the  width  of  the  slot,  and  the  remainder  divided 
by  the  number  of  conductors  abreast  gives  the  permissible  thickness 
of  the  bar  or  diameter  of  wire.  Or,  if  na  =  number  of  conductors 
abreast  in  one  layer  in  a  slot,  and  the  copper  thickness  of  each  is 
t  inches, 

t=^o-vr_ 

na  \    ' 

If  the  bars  are  heavy  and  stiff  ,  say  larger  than  0  4*  X  0-OQ", 
an  extra  allowance  of  some  5  to  6  mils  per  bar  should  be  made  in 
the  width  of  the  slot  From  the  depth  of  the  slot  h,  there  must  be 
deducted  0-160*  -f  (0-030"  X  number  of  layers),  the  wires  being 
tightly  held  down,  and  the  remainder  divided  by  «,,  the  number 
of  layers,  will  give  the  permissible  depth  of  conductor  h,  or  with 
wooden  wedge  0-2"  thick 


-0-030"      .         .         .     (82) 

while  as  above  if  the  bars  are  deeper  than  £*,  an  additional  allow- 
ance of  a  few  mils  will  be  required.  If  a  specially  fine  braiding  is 
employed,  the  bar  allowance  may  be  reduced  to  0  025*  and  0-020" 
in  the  width  and  depth  respectively 

§  20.  Drum  armature  winding.  I.  (a)  Hand-wound  coils.  — 
Although  the  various  kinds  of  drum  winding  pass  by  natural 
transitions  from  one  into  another  without  sharp  distinctions,  they 
may  broadly  speaking  be  grouped  into  two  classes,  according  as 
the  armature  is  (I)  coil-wound,  *  e.  wound  with  round  wire  or  strips 
of  comparatively  small  rectangular  section,  in  coils  usually  of  two 
or  more  complete  tuins,  the  wire  being  wound  or  shaped  in  its 
insulated  state,  or  (II.)  bar-wound  with  conductors  of  massive 
rectangular  section  —  insulated  after  shaping. 

In  group  I,  which  coincides  practically  with  machines  of  small 
or  medium  size  and  output,  the  coils  may  be  either  (a)  wound  by 
Juind  directly  on  to  the  armature  core,  or  (b)  shaped  on  formers 
prior  to  assemblage  on  the  core. 

In  hand-wound  armatures  where  the  loops  overlap  each  othei 
as  they  pass  round  the  shaft  at  either  end,  the  difference  of  potential 
at  the  crossing-points,  since  it  amounts  to  the  full  E.M.F.  of  the 
machine,  is  apt  to  destroy  the  intervening  insulation  and  lead  to 
short  circuits  ;  further,  the  repair  of  any  one  loop  almost  invariably 
necessitates  the  complete  unwinding  and  rewinding  of  the  armature. 
Owing  to  these  objections  and  its  greater  expense,  hand-winding 
except  in  very  small  2-pole  machines  has  been  superseded  by 
former-wound  coils. 

§  21.  Dram  armature  winding.  I.  (b)  Former-wound  coils.  — 
These  are  shaped  on  "  formers  "  prior  to  being  assembled  on  the 
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armature  core  ;  they  are  therefore  perfectly  symmetrical  and  mtei- 
changeable,  and  have  the  further  advantages  that  they  can  be  well 
insulated  by  wrappings  of  linen,  micanite,  paper  or  tape,  can  be 
tested  before  they  are  placed  in  position  on  the  core,  and  are  them- 
selves inexpensive  to  wind  in  the  first  instance.  The  guiding 
principles  on  which  the  formed  coils  are  shaped  are  as  follows  : 
either  the  coil  is  lozenge-shaped  with  its  centre  wider  than  the  two 
parallel  and  straight  inducing  sides,  or  the  two  halves  of  a  complete 
coil  are  of  different  width  ;  in  either  case  one  side  of  a  coil  being  of 
smaller  width  can  be  passed  through  the  wider  sides  or  centres  of 
other  coils.  If  C  be  the  total  number  of  coils,  the  first  Cj2p  coils 
are  placed  in  succession  on  the  core,  one  side  of  each  being  in  its 
final  position  and  the  other  side  being  temporarily  and  loosely 
held  in  place  The  winding  now  proceeds,  both  sides  of  each  coil 
being  fixed  m  then:  final  position,  until  there  only  remain  C/Zp  coils 
to  be  wound.  The  narrow  side  of  these  has  to  be  passed  through 
the  sides  of  the  first  C/2p  coils,  so  that  these  latter  are  now  lifted  up 
a  little  to  allow  of  the  introduction  of  the  remaining  coils,  and 
as  each  of  these  is  placed  in  position  the  first  Cj2p  coils  can  be 
successively  closed  down  until  the  whole  armature  is  finished.  It 
may  here  at  the  outset  be  mentioned  that  a  trapezoidal  loop  or 
coil,  in  which  every  end-connection  passes  across  the  pitch  in  one 
straight  line,  is  seldom  or  never  used  m  practice  ;  as  a  coil  on  a 
former-wound  armature,  its  side  of  less  width  could  be  passed 
through  the  greater  sides  of  other  coils,  but  whether  on  a  former- 
wound  or  on  a  bar-wound  armature,  the  use  of  one  long  and  one 
short  straight  conductor  joined  by  slanting  end-connectors  is  vetoed 
by  the  fact  that  the  axial  length  required  for  the  whole  mass  of 
end-connectors  is  nearly  twice  as  great  as  that  required  when  the 
end-connectors,  changing  their  direction  of  slant  at  the  centre, 
first  recede  from  and  then  draw  inwards  towards  the  core.  It  is 
therefore  invariably  the  case  in  all  except  hand-wound  drums  that 
the  end-connectors  at  their  centre  are  given  a  twist,  or  are  so  formed 
by  bending  that  they  are  as  it  were  enabled  to  pass  by  one  another 
in  regular  succession  ;  they  then  fall  either  into  two  layers  coaxial 
with  the  shaft  (barrel  winding),  or  into  two  whorls  in  planes  at  right 
angles  to  the  shaft  (butterfly  or  involute  end-connectors,  which  are 
very  frequently  but  less  accurately  called  "  evolute  "). 

Thus  the  distinction  between  barrel-winding  and  winding  with 
involute  end-connectors  is  that  in  the  former  the  end-connectors 
he  on  the  circumference  of  a  cylinder  practically  of  equal  diameter 
with  the  core,  while  in  the  latter  the  end-connectors  are  bent  down 
into  planes  at  right  angles  to  the  shaft.  This  distinction  occurs 
both  with  "  former-wound  "  armatures  and  with  the  "  bar-wound  " 
armatures  to  £e  described  later,  and  applies  to  both  cases  equally. 
In  barrel-winding,  either  every  alternate  element  must  be  cranked 
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down  at  each  end  so  as  to  bring  its  end-connections  into  a  layer 
below  those  of  the  other  elements,  or  the  elements  must  them- 
selves be  in  two  layers,  and  between  the  elements  of  any  one  layer 
there  must  be  intermediate  gaps  not  filled  with  conductors.  The 
latter  condition  is  at  once  given  by  the  slotted  armature,  since  in 
it  one  inducing  side  of  each  coil  falls  into  the  upper  layer  and  the 
other  side  into  the  lower  layer,  while  the  intervening  iron  teeth 
supply  the  necessary  spaces  between  the  elements  of  each  layer. 
Barrel  winding  is  therefore  by  far  the  most  widely  used  method  for 
inultipolar  machines  with  slotted  armatures  ;  furthei ,  although 
former-wound  coils  may  be  used  on  both  smooth  and  slotted 
armatures,  they  are  specially  suited  to  the  latter  when  barrel-wound 
and  for  four  or  more  poles,  and  it  is  chiefly  on  this  account  that  the 
multipolar  machine  now  finds  favour  even  for  compaiatively  small 
outputs. 

The  shapers  employed  for  forming  the  coils,  whether  for  barrel  or 
involute  winding,  are  very  vaiious,  and  a  coil  may  be  barrel-wound 


FIG    153. — Composite  coil,  three  sections  abreast. 

at  one  end  and  be  of  the  involute  type  in  ordei  to  economize  space 
at  the  other  end. 

Two  different  methods  of  manufacture  "may,  however,  be  clearly 
distinguished  ,  either  the  wires  are  wound  in  the  first  instance  into 
a  simple  coil  which  is  afterwards  shaped  by  hand  or  machine  into 
the  exact  form  in  which  they  are  applied  to  the  armatuie,  or%thc 
coil  is  immediately  wound  to  the  required  shape  in  a  grooved  wooden 
or  cast-iron  mould,  the  wires  being  held  in  clips  as  the  coil  is  formed. 

In  the  first  case  a  generally  adopted  procedure  for  barrel  winding 
may  be  described  as  follows.  According  as  there  are  to  be  two,  three 
or  four  commutator  sectors  per  slot,  two,  three,  or  four  conductors 
are  wound  abreast  in  a  lathe  from  as  many  drums  of  wire  arranged 
m  tandem  on  to  a  wooden  channelled  frame,  so  as  to  form  a  composite 
lozenge-shaped  coil,  as  in  Fig.  153.  The  nose  of  the  coil  is  then  fixed 
in  a  vice  or  in  a  special  machine,  and  the  two  sides  of  the  V  are 
pushed  apart  from  one  another ;  the  same  process  is  repeated  at 
the  second  nose,  and  by  this  means  the  twist  is  given  at  each  end 
of  the  coil  which  causes  it  to  fall  into  an  upper  and  a  lower  portion, 
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corresponding  to  the  two  layers  of  the  finished  ai  mature.  After 
being  roughly  shaped  by  hand  the  coil  is  then  hooked  over  the 
shaper  of  Fig.  154,  and  by  turning  the  handle  its  two  portions  are 
made  to  recede  from  one  another,  so  that  the  coil  is  forcibly  drawn 
out  into  its  finished  shape.  The  same  result  may  also  be  obtained 


FIG    154 — Shaping  tool  for  drum  coils. 

by  transferring  the  coil  of  Fig.  153  to  a  machine  having  two  halves 
hinged  together,  of  radius  equal  to  the  radius  of  the  armature,  and 
each  half  holding  firmly  in  a  slot  one  side  of  the  coil ;  the  two  halves 
are  then  rotated  apart  about  the  hinged  joint,  and  the  coil  is  opened 
out  through  an  arc  corresponding  to  the  winding  pitch  (cp  Brit. 
Pat  7373,  1900,  Langdon-Davies  and  Soames).  Or  the  former  on 


View  of  bend 
when  tilted 


FIG    155 — Shaped  coil. 


which  the  coil  is  wound  may  itself  be  in  halves  attached  to  a  machine, 
by  which  the  one  half  is  pushed  apart  from  the  other  (cp.  also  Street 
Railway  Journalt  vol.  18,  pp.  2  and  3),  the  necessary  curvature  of 
the  ends  being  imparLed  afterwards. 

From  Fig.  155,  which  shows  a  single  separate  section  when 
formed,  it  will  be  seen  that  a  wire  which  is  at  the  top  of  the  upper 
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layer  and  forms  the  beginning  of  a  section  leads  on  to  a  wire  which 
is  at  the  bottom  of  the  lower  layer,  so  that  finally  the  free  ends  of  a 
section  come  out  respectively  at  the  tops  of  the  upper  and  lower 
layers.  If  the  required  number  of  sections  per  slot  is  such  that  a 
normal  width  of  slot  leads  to  an  inefficient  section  of  ^conductor,  the 


FIG.  156. — Composite  coil,  three  sections  "deep. 

sections  must  be  wound  on  the  top  of  one  another,  as  in  Fig.  156, 
which  shows  a  composite  coil  of  three  sections  woimd  on  the  top 
of  one  another,  the  width  of  the  coil  being  only  that  of  two  con- 
ductors ;  but  this  method  is|only"possible  with  lap-wound  armaturcR. 
If  the  armature  is  lap-wound,  the  free  ends  of  the  section  aie  bi  ought 


V 


FIG   157. — Finished  coil,  three  sections  abreaat,  for  lap-wound  armature. 

along  the  ends  of  the  coil  to  the  centre  (Fig.  1 57  corresponding  to 
Fig.  153  and  Fig.  158  to  Fig.  150),  ready  to  be  afterwards  united 
at  the  commutator  lugs  ia  their  proper  sequence  after  they  have 
been  placed  on  the  armature. 

If  the  armature  is  wave-wound,  the  ends  of  the  sections  are  led 
away  in  opposite  directions,  since  they  are  to  be  soldered  to 
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FIG   158 — Finished  coil,  three  sections  deep,  for  lap-wound  armature 


\ 

\ 


\ 


FIG  159. — Fmished  coil  ior  wave-wound 
armature 
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commutator  sectors  which  are  at  some  distance  apart  from  each  other. 
(Cp.  Figs.  93  and  177,  the  latter  illustrating  the  connections  foi 
a  single  wave-wound  section,  consisting  of  two  turns  or  loops). 
It  is  evident  from  this  latter  figure  that  the  layers  of  comimitatoi 
connections  proceed  m  the  opposite  direction  to  the  end  of  the  coil 
from  which  they  spring,  and  that  therefore  those  free  ends  which 
would  naturally  fall  at  the  top  of  the  bottom  layer  must  at  some 
part  of  their  course  be  bent  down  so  as  to  clear  the  bottom  half  of 
the  coil  and  come  out  at  the  extreme  bottom  below  any  other  part 
of  the  coil.  The  passage  of  the  free  ends  from  the  top  of  the  lowei 
layer  to  the  bottom  may  be  effected  at  the  commutatoi  end  dose 
to  the  armature  core  between  the  slots ;  but  if  the  width  of  thu 
teeth  at  then:  loot  does  not  give  sufficient  loom  between  the  blots 
it  becomes  preferable  so  to  wind  the  coil  that  the  passage  is  niadu 
at  the  farther  end  between  the  noses  of  the  coils.  How  the  winding 
must  be  arranged  in  order  to  effect  this  is  seen  from  the  two  views 
of  a  wave-wound  composite  coil  in  Fig.  159,  where  the  lower  layer 
of  the  upper  half  is  caused  to  pass  to  the  lowei  layer  of  the  lower 
half  at  the  end  farther  from  the  commutator. 

After  forming  the  coils,  lap-  01  wave-wound  as  tho  case  may  be, 
then-  slanting  ends  are  taped,  and  the  straight  active  portions  .ire 
wrapped  round  with  the  insulation  as  described  in  §  19.  The  com- 
posite coil  is  then  varnished  or  impregnated  after  drying  to  expel 
all  moisture  under  a  vacuum  in  a  small  chamber  communicating 
with  a  bath  of  the  insulating  medium  employed.  It  is  next  finally 
dried  in  a  stove  or  drying  chamber,  and  then  forms  a  compact  and 
easily  handled  element,  the  sides  of  which  exactly  fit  witliin  the  slots, 
Or  the  coil  may  be  soaked  in  varnish  and  pressed  into  accurate 
shape  in  a  steam-heated  mould.  Prior  to  assemblage,  each  coil 
can  be  tested  for  short-circuits  between  its  several  turns  by  a  small 
transformer,  over  the  central  core  of  which  the  coil  is  slipped  so  as 
to  act  as  a  secondary,  an  alternating  current  being  passed  through 
the  primary ;  when  a  short-circuit  exists,  the  ammeter  shows  a 
greatly  increased  secondary  current,  *  and  the  coil  becomes  heated. 

The  winding  of  a  coil  immediately  to  the  required  shape  is  hardly 
feasible  with  rectangular  wire  of  considerable  depth,  but  is  common 
with  round  wire.  The  shaper  is  then  in  two  halves  fastened  to- 
gether by  a  central  bolt,  and  is  so  formed  as  to  leave  a  deep  groove 
between  its  two  halves  ;  it  is  mounted  either  vertically  in  a  lathe 
or  horizontally,  and  is  turned  round  in  quarter  steps  when  released 
by  a  foot-lever,  so  as  to  allow  the  winder  time  to  arrange  the  wiio 
in  its  place  between  each  quarter  revolution,  Fig.  160  shows  one 
such  coil  for  a  barrel-wound  armature!  and  a  number  may  be 

1  See  Turner  and  Hobart,  The  Insulation  of  Electric  Machines,  pp,  255  ft, 
for  such  testing  transformers.  Cp.  also  Miles  Walker,  The  Diagnosing  of 
Troubles  in  Electrical  Machinist  pp.  31-33, 
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arranged  side  by  side  and  bound  together  to  form  a  composite  coil. 
In  order  to  bring  the  free  ends  into  the  top  and  bottom  layers 
respectively  in  the  case  of  wave-wound  armatures,  the  coil  may  be 


\_ 


FIG.  160, 

begun  at  its  centre,  one  half  of  the  wire  being  loosely  coiled  up  at 
the  side  during  the  winding  of  the  first  half,  and  the  coil  being 
finished  by  winding  the  second  half  in  the  opposite  direction.  Or 


-  SM  2  - 
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FIG.  161  — Winding  of  barrel  armature 

two  separate  halves  may  be  wound,  and  afterwards  united  by  a  thm 
sleeve  of  copper  soldered  to  a  parr  of  free  ends  on  the  side  farther 
from  the  commutator. 

The  assembling  of  the  composite  coils  on  the  barrel-wound 
armature  is_shown  in  Fig.  161.    One  side  of  each  coil  is  pressed 
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down  into  its  place  at  the  bottom  of  a  slot ;  the  upper  side  of  the 
first  Cj2p  coils  are  at  first  only  loosely  arranged,  but  after  these  are 


FIG   162. — Insertion  of  last  coils  of  barrel  armature 


FIG.  163. — Connecting  up  to  commutator. 

assembled  both  sides  of  each  coil  are  pressed  down,  the  one  into  the 
bottom  layer  and  the  other  into  the  top  layer.  As  the  winding 
approaches  completion  the  upper  sides  of  the  first  coils  are  lifted 
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up,  to  allow  of  the  insertion  of  the  last  r /«*  .    i 

upper  layer  (Fig    163)     Aft«      M    •  ' and  afte"™-ds  the 
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w,  and  z0<a  in  similar  designs  retain  much  the  same  ratio,  a  varies  but 
little,  and  in  the  development  on  the  flat  averages  from  30°  to  40°. 
Let  m  =  the  distance  measured  on  the  circumference  at  the  under- 
side of  the  lowest  layer  of  the  coil,  or  PQ,  through  which  a  coil-side 
is  bent,  i.e  in  the  usual  arrangement  half  the  winding  pitch  in  inches; 
then  the  axial  length  I  of  the  sloping  portion  of  the  coils  will  be 

OR  =  m  tan  a  =  -7=--^- 
v 


FIG.  165 — Axial  projection  of  end-winding  in  barrel  armature. 

y '  yB' 

Since  m  =  ^-  (ws  ~\-  wta),  where  -5-  is  the  half-pitcli  in  slots,  this 

may  also  bo  put  in  the  foim 

i  __  y«'  fa  +  w^  (w>  +  <*)_ 

2V  (»i  4-  Wfji)1  -  (wf  +  rfj8 
Thus  the  nuinboi  of  connectors  cut  through  along  a  longitudinal 

y' 

section  at  one  end  as  at  RQ  13-77;  their  joint  thickness  at  right 

fi 

angles  to  the  slant  is  ~-  (ws  -\-  d),  and  this  thickness  must  be 


increased   in  the   ratio   of 


cos  a 


order  to  find  the  axial  width. 
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Let  a"  —  the  length  of  the  straight  projection  from  the  slot  before 
the  slant  commences,  say,  \"  ;  thence  an  easy  bend  is  given  at  a 
radius  of  £  w3  on  the  inside,  and  similarly  at  the  outer  or  far  end. 
The  axial  length  of  the  bend  or  of  the  soldered  pint  by  which  the 
lower  layer  passes  round  into  the  upper  layer  is  approximately 
equal  to  half  the  total  depth  ha  of  the  slot  Thus  by  Fig.  165  the 
total  axial  length  at  either  end  is 


y»  (w,  H-  »*•)   (w,  + 


The  length  of  the  copper  path  along  the  entire  end-connector  is 
required  in  order  to  calculate  th&electncal  resistance  of  the  armature 
winding  If  ?%  be  the  distance  of  the  half-pitch  measured  on  the 

y  ' 

mean  circumference  at  the  centre  of  the  slot,  =  ~  (ws  +  wt)  where 

£t 


FIG    166 

wt  is  the  mean  width  of  tooth,  the  curved  length  of  the  sloping 
portion  of  a  half  loop  will  be  the  hypotenuse  of  the  right-angled 
triangle  having  for  its  two  sides  the  circumferential  distance  Wj 
and  the  axial  length  /,  or  V%a  +  2a.  The  total  length  from  slot 
to  slot,  neglecting  the  slightly  shorter  pitch  at  the  commutator 
end,  is  therefore 


2'  =  2  {  v2  +  /«  +  a"  +  1-25  wt  +  hjZ]         .     (84) 

If  the  ends  of  the  coils  pass  from  slot  to  slot  across  a  chord  instead 

of  lying  on  the  circumference,  the  winding  at  the  ends  of  the 

armature  tapers  inwards  towards  the  shaft,  and  a  form  is  obtained 

intermediate  between  the  barrel  and  involute  types  (Fig.  166). 

§  23.  Former-wound  coils  with  involute  end-connections.  —  Passing  to  coils 
•with  involute  end-connectors,  there  are  again  the  two  methods  according  to 
•which  the  coil  is  either  first  wound  and  then  shaped,  or  is  wound  directly  to 
the  required  shape.  For  the  first  method  the  coil  may  be  first  wound  round 
pegs  on  a  flat  base  (Fig  167,  i),  the  pegs  being  gradually  shifted  as  the  turns 
are  wound  in  succession,  or  it  is  wound  on  a  stepped  shaper  ;  the  coil  is  next 
forcibly  opened  out  approximately  into  a  rectangle  of  which  the  sides  are  of 
different  width,  and  the  ends  are  finally  bent  by  a  press  in  two  halves,  to  the 
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required  curvature,  so  that  the  coils  fit  into  one  another  The  shapors  for 
•winding  such  coils  immediately  to  the  required  shape  have  been  worked  out 
in  detail  by  Eickemeyer, x  and  adapted  to  a  variety  of  cases  ,  with  a  number 
of  wires  per  coil-side,  these  may  be  arranged  one  above  the  other  along  the 
straight  inducing  sides  of  the  coil,  and  side  by  side  at  the  ends  so  as  to  obtain 
enough  room  towards  the  shaft,  or  any  re-arrangement  of  the  component 
wires  may  be  used  giving  a  cross-section  to  the  ends  different  from  that  on 
the  surface  of  the  core.  The  nature  of  the  involute  winding  is  seen  in  Fig  168, 
which  shows  a  4-pole  armature  with  several  coils  in  place,  and  with  a  number 
having  their  wider  sides  lifted  up  to  allow  of  the  introduction  beneath  and 
through  them  of  the  narrower  sides  of  the  last  coils  as  indicated  by  a  single 
coil  at  the  top  of  the  diagram 


,riv 


II    . 


Ill 


FIG.  167. — Former-winding  for  involute  coils. 

When  finished  the  involute  end-connectors  lie  flat  against  tho  insulated 
ends  of  the  core  with  a  gap  of  from  $•*  to  y  between  the  adjacent  sides  of  the 
two  whorls  at  each  end  The  axial  projection  from  the  core  is  now  a  minimum, 
and  is  equal  at  each  end  to  twice  the  width  of  the  connector  plus  the  gap 
between  the  whorls  and  the  thickness  of  the  end-plate  with  its  insulating 
check.  The  problem  of  the  shortest  path  across  the  pitch  for  the  two  whorls 
whose  planes  are  at  right  angles  to  the  shaft  is,  mutatis  mutandis,  very  similar 
to  the  same  question  in  the  barrel-wound  armature.  If  the  angle  of  the 
butterfly  be  chosen  too  acute,  the  length  of  the  copper  ia  unnecessarily 
increased,  and  the  depth  may  approach  the  shaft  too  closely  to  allow  of  room 
for  the  central  portions ;  if  chosen  too  obtuse,  the  connectors  cannot  be 
forced  into  the  room  assigned  for  them  In  order  that  they  may  lie  evenly 
upon  one  another,  and  also  take  the  shortest  path,  their  curves  must  be 

portions  of  an  involute  of  a  drcle,  whose  radius  J26  is  -»      •*_W-  where  5  is 


27T 
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the  total  number  of  slots,  and  w  is  the  insulated  thickness  of  one  composite 
end-connector  corresponding  to  a  slot  measured  normally  to  its  length. 
The  dimension  w  may  often  be  identified  with  the  •width  of  a  slot,  but  is  not 
necessarily  so,  if  the  cross-section  of  the  coil  is  altered  when  it  emerges  from 
the  slot,  and  in  any  case  a  small  margin  must  be  allowed  on  the  insulated 
copper  for  clearance  when  the  thick  coils  are  not  easily  compressible  The 


FIG   168. — Four-pole  armature  with  former  shaped  coils,  and  involute  end-winding. 

base-circle  BD  (Fig  169),  is  that  circle  whose  circumference  is  exactly  filled 
by  the  end-connectors  (and  their  clearances)  as  they  spring  normally  outwards 
from,  its  periphery.  Taking  any  point  A  on  the  outer  circle,  and  drawing  a 
tangent  from  it  to  the  base  circle,  as  AB,  the  complete  involute  is  that  which 
would  be  traced  if  we  imagine  a  string  of  length  AB  and  fixed  at  B  to  be 


/ 

/•OB, 


/  i\ 


FIG    169 — Involute  end- winding. 

gradually  wrapped  round  tho  base  circle  while  continuously  stretched  taut, 
and  of  this  curve  so  much  is  used  as  suffices  to  span  half  the  winding  pitch, 
e  g  the  length  AC  out  of  the  total  ACT),  the  length  used  diminishing  as  the 
number  of  poles  is  increased  and  the  angular  winding  pitch  13  reduced.  The 
double  end-connector  may  therefore  be  set  out  as  follows  (Fig  170).  Upon 
a  circle  APQ  of  radius  less  than  the  radius  to  the  slots  by  a  distance  of  say 
Hw  (in  order  to  allow  the  connectors  to  curve  upwards  and  over  into  the 
slots),  mark  off  a  number  of  points  A  corresponding  to  the  centre  hues  of  the 
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slots  ;  from  each  point  draw  tlie  tangents  1,  2,  3,  .  .  to  the  "base  circle,  and 
upon  these  tangents  which  cut  all  the  connectors  normally  mark  off  a  number 
of  widths  each  equal  to  w,  beginning  from  the  outer  circumference  as  at  A 
The  same  process  is  repeated  on  both  sides  of  the  base  circle,  until  by  joining 
a  succession  of  points  A,  M,  N,  etc  ,  in  the  two  directions  of  curvature,  the  two 
involute  curves  join  as  at  C  To  this  depth  must  then  be  added  an  amount 
CF  equal  to  the  width  of  the  connector  parallel  to  the  shaft  (  =  g  which  will 
m  many  cases  be  equal  to  A8/2)  in  order  to  allow  for  the  central  portion  of  the 
end-connector  curving  round  from  one  plane  of  whorls  to  the  other.  The 
radius  to  this  inner  edge  F  must  evidently  stall  fall  outside  or  on  the  cir- 
cumference of  the  base  circle ;  otherwise  connectors  of  the  given  thickness 
and  spanning  the  required  winding  pitch  cannot  fall  into  the  available  room — 
a  point  which  must  be  carefully  venfied.|  The  necessary  radial  depth  may  also 
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FIG.  170. — Setting  out  of  involute  end-winding. 


be  calculated  mathematically  as  follows.  If  a  •=  the  angle  subtended  by  an 
involute  curve  ACD,  and  0  =»  the  angle  subtended  by  the  arc  BD  which  Is 
the  evolute  of  the  involute  (Fig  169),  both  boing  expressed  in  circular  measure, 
AB  which  is  equal  to  the  arc  BD  is  equal  to  Kb  .  6,  and 


tan  (8  -  a) 


AB 
OB 


~ —  =,  0,  whence  a  •»  0  -  tail'1  0, 


and    by    giving   various  values  to   0,   a  curve  connecting  a  and  0  can 
be    plotted    applicable    to  ^all    cases.     Further,   from    the    right-angled 


<^AO*  -  OB* 


Rb  .  6,    so    that 


mangle    AOB,    AB 

imversally   0  «=  X^-T^f^r.     The  outer  radius  R  to  the  circle  APQ  of 

Fig.  170,  and  also  the  radius  J?6  being  known,  Ot  of  the  complete  involute 

.  /  J3  3  p    I 

=  v  -"i  _~  •"•&    and  the  corresponding  value  of  at  follows  from  the  relation 

jiven  above  The  angle  s  corresponding  to  half  the  winding  pitch  being  also 
mown,  a  new  value  at  =  a^-  s  is  found  corresponding  to  the  portion  CD 
if  the  involute  which  is  not  used,  and  thence  6t  from  the  general  curve  con- 

lectmg  a  and  6.  The  value  Rt  is  then  Obtained  from  0,  •*  —  H  ~  ft., 
nd  the  radial  depth  of  the  portion  A  Q  is  the  difference  Rj.  -  Rt.  To  this 
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must  be  added  the  constant  11  w  reckoned  from  the  bottom  of  the  slots 
plus  the  central  portion  g. 

The  length  of  the  involute  ACD  is  i  Bb  .  0* ,   hence  the  length  of  the 
copper  path  in  the  curved  portion  of  the  end-connector  between  J?j  and 

Rt  =  J  Rb  (0ja  -  5,1)  SB     1      -    ' ,  and  taking  into  account  the  various 

bends  as  the  connector  changes  its  plane,  if  a*  =  the  length  of  projection 
outwards  from  the  slot  before  it  bends  downwards  into  the  inner  whorl  nearest 
to  the  core,  the  total  length  of  path  in  the  end-connector  from  slot  to  slot  is 


§  34.  II.  Bar-wound  drum  armatures. — From  the  former-wound 
barrel  armature  it  is  easy  to  pass  to  the  bar-wound  barrel  armature, 
the  transitional  stage  being  a  single  complete  loop  consisting  of 
two  active  conductors  and  a  pair  of  end- 
connectors,  the  whole  made  of  copper  strip 
of  rectangular  section.    The  required  length 
rv         of  copper  is  cut  off  and  bent  round  at  its 
J        centre,  so  that  it  falls  into  two  levels  with  a 
FIG.  171.  little  space  between  them  (Fig.  171) ;  the 

bending  tool  is  shown  in  Fig.  172,*with  a 
copper  strip  in  process  of  being  bent  round  on  itself.  Or,  if 
the  copper  strip  is  thin  and  deep,  it  may  be  folded  over  on 
itself  so  as  to  form  the  junction  of  the  upper  and  lower  layers 
(Fig.  171).  Each  end  "is  then  bent  through  the  correct  pitch, 


^ 


~"*  FIG.  172. — Tool  for  forming  loop  in  copper  strip  '1 

and  by  means  of  a  shaper  is  given  the  proper  curvature  so 
that  it  "may  he  on  a  cylindrical  surface  in^two  levels.  Fig  173 
illustrates  a  lap-wound  loop,  and  Fig.  174  the  shaper  on  which 
it  is  formed.  Hie  loops  after  being  taped  are  placed  in  succession 
on  the  armature,  the  lower  half  being  pressed  down  into  the  bottom 
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of  the  slot  and  insulation  being  inserted  along  the  slot  between  the 
two  layers  where  they  are  m  close  contiguity.  The  sloping  gap 
between  the  two  layers  beyond  the  core  is  advantageous  as  assisting 


FIG.  173 — Lap-wound  loop  of  copper  strip. 


the  ventilation.  Finally,  the  upper  halves  of  the  first-wound 
loops  are  lifted  up  to  allow  of  the  lower  sides  of  the  last  loops  being 
introduced  beneath  them  Fig.  175  shows  a  lap-wound  armature 
with  coils  thus  made.  The  connections  between  the  loops  are 


-V, 


FIG    174. — Shaper  for  lap-wound  loop  of  copper  strip. 

iade  at  theii  junctions  in  the  forks  of  the  commutator  connectors, 
'ig.  176  gives  the  shaper  required  for  a  wave-wound  armature  in 
'hich  there  are  two  loops  per  section  divided  between  different 
'ots,  the  method  of  connection  with  every  other  loop  reversed 
emg  indicated  in  Fig.  177. 
The  last  form  of  the  barrel  armature  is  at  once  the  simplest  and 
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commonest  for  all  machines  having  conductors  of  large  cross- 
section  ;  by  it  each  loop  is  composed  of  two  separate  bars  which  are 
first  placed  in  position  and  subsequently  soldered  together  in  their 


Flo.  175 — Barrel-winding  of  armature  with  formed  coils  of  copper 

strip. 


FIG.  176. — Shaper  for  wave-wound  FIG.  177. — Connection  of  wave- 

loop  with  two  loops  per  section.  wound  loops,  two  per  section. 

due  sequence  when  both  layers  have  been  arranged  in  the  slots. 
Each  end  of  the  bar  is  bent  through  half  the  pitch,  and  is  then 
curved  to  suit  the  armatute  circumference  ;  Fig.  178  shows  the 
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shaper  used  for  this  second  operation,  together  with  two  bais  m 
place  for  shaping.  A  group  of  two,  three,  or  four  bars  corresponding 
to  one  slot  and  taped  together  are  usually  bent  as  a  whole.  The 


FIG.  178 — Shaper  for  half-loops  of  lap-wound  bar  armature. 

shaped  bars  of  the  lower  layer  are  then  laid  in  position,  one  or  moier 
at  the  bottom  of  each  slot,  with  their  ends  projecting  so  as  to  form 
a  complete  cylinder.  Fig.  179  shows  the  commencement  of  the 


>        /   S  »  I 
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FIG   179. — Lap-winding  of  bar  armature  with  half-loops ;  lower  layer. 

winding  of  the  armature  of  Fig.  121.    After  tr 
tion  above  the  lower  layer  the  remaining  b#»w 
of  the  slots,  their  ends  having  previously 
to  pass  through  the  ijemaimmg  hall  pf  to 
complete  cylindrical?  envelope  ©n  the  ex 
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(Fig    180)     At  the  ends  the  two  layers  are  soldered  together, 
small  copper  clips  being  passed  over  the  bare  ends  of  a  paii  of  bars, 


FIG    180 — Lap-winding  of  bar  armature  with  half-loops;   upper  layer 

one  in  the  upper  layer  and  the  other  in  the  bottom  layer.    Oi  at 
the  commutator  end  the  two  layers  of  bars  may  be  united  by 


FIG    181  — Completed  lap-wound  bar  armature. 

soldering  within  the  lug  which  leads  to  the  commutator  sector.  Fig. 
181  shows  the  finished  armature  of  Figs  179  and  180  for  an  8-pole 
375-kilowatt  machine  ;  as  the  slope  of  the  end-connections  at  either 
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end  is  in  opposite  directions  lelatively  to  the  armatuie  core,  it  is 
lap-wound  The  lower  layer  of  end-connectors  is  frequently 
cranked  down  so  as  to  allow  of  free  ciiculation  of  air  between  the 
two  layers,  as  shown  in  Fig  200  With  stout  bars  there  is  at  the 
commutator  end  no  necessity  to  support  them  on  a  special  ring,  the 
numerous  commutator  lugs  helping  to  retain  them  in  cylindrical 
shape  unless  the  speed  is  very  high. 

The  simple  bars  above  described  involve  a  greater  number  of 
soldered  joints  than  the  method  of  completely  formed  loops,  but  in 
either  system  the  diffeience  of  potential  between  any  two  adjacent 
connectors  m  the  same  layer  is  never  more  than  the  E.M  F  due  to 
two  active  conductors,  so  that  there  is  little  likelihood  of  the  insula- 
tion breaking  down  They  are  further  easily  repaired,  especially 


FIG.  182  — Shaper  for  coil  with  involute  end-connectors  at  one  end. 

the  simple  bar-wound  form  ;  if  a  bar  of  the  lower  layer  be  damaged 
it  is  only  necessary  to  unsolder  and  take  off  a  comparatively  small 
number  of  bars  in  order  to  withdraw  it.  The  sole  disadvantage  of 
the  barrel-wound  armature  is,  in  fact,  the  axial  length  taken  up 
by  the  end-connections,  more  especially  when  the  number  of  poles 
is  few.  This  axial  length  is  for  bars  calculated  on  the  same  principles 
as  in  §  22  for  coils. 

In  order  to  economize  room  in  the  axial  length  the  involute  type 
of  end-connector  is  occasionally  employed  with  bar  armatures  at 
the  end  farther  from  the  commutator.  The  bare  copper  strip  is 
first  bent  completely  round  on  itself,  leaving  only  a  gap  correspond- 
ing to  the  width  between  the  two  whorls  of  the  end-connectors  ; 
if  of_massive  section,  this  operation  must  be  done  when  it  is  heated. 
It  is"  then  forced  apart  and  hammered  on  a  cast-iron  shaper  (Fig. 
182)  into  a  butterfjy  shape.  Each  end  is  then  bent  round  through 
a  right  angle  to  form  the  straight  inducing  sides,  and  the  whole  is 
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lapped  over  with  insulating  tape  (Fig.  201).    A  final  class  of  drum 
armatures  is  that  in  which  the  axial  length  is  a  minimum  owing 

to  the  employment  of  separate 
involute  end-connectors  at  both 
ends  of  the  armature,  but  this 
method  of  construction  being 
practically  confined  to  smooth- 
surface  armatures  is  now  seldom 
used. 

§  25.  Commutators.  —  In  the 
construction  of  the  comwiUatov 
various  modifications  are  possible, 
but,  broadly  speaking,  two  typeb 
may  be  distinguished.  In  the  first 
(Fig  183),  which  is  only  suitable 
for  small  machines,  the  wedge- 
shaped  strips  of  copper  and  the 
intervening  plates  of  mica  are 
held  in  place  by  a  sleeve  or  bush 
with  a  coned  mushroom-shaped 
head  and  a  coned  ring  divided 
into  four  or  more  segments  and 
screwed  down  to  the  sleeve.  The 
latter  may  be  of  gun-metal  or  cast 
iron,  the  ring  being  of  wrought 
iron  or  gun-metal.  The  angle 
at  which  the  coned  surfaces  aie 
inclined  to  the  horizontal  axis 
should  not  exceed  50°.  Complete 
insulation  of  the  sectors  from 
the  supporting  structure  between 
which  may  exist  the  full  stress  of 
the  voltage  of  the  machine  is 
obtained  by  conical  rings  on  the 
sloping  sides ;  these  are  of  mica 
or  micamte  moulded  exactly  to 
the  required  taper,  For  100  volts 
and  upwards  it  becomes  necessary 
to  cover  the  entire  sleeve  with  a 
moulding  of  micanite  or  paper  to 
prevent  sparking  from  copper  to 
iron.  Care  must  be  exercised  that 
the  sectors  do  not  bed  down  on 
to  the  sleeve  before  they  are 
held  thoroughly  tight  sideways.  The  sectors  are  forced  inwards 
under  the  sloping  faces  at  either  end,  and  thus  bind  on  one  another 
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like  the  stones  of  an  arch,  but  it  is  still  possible,  if  their  taper  be 
but  slight,  that  they  may  be  diiven  inwards  and  put  out  of  truth 
by  an  accidental  blow. 

In  the  second  type  (Fig    184),  which  is  more  usual  in  larger 


machines,  especially  with  carbon  brushes,  the  coned  ends  of  both 
sleeve  and  loose  ring  are  let  into  recesses  in  the  sectors,  and  for 
greater  rigidity  the  sleeve  is  usually  of  cast  iron  with  collar  of  cast 
iron  or  cast  steel.  The  sectors  and  insulating  strips  of  mica  are 


354 


CHAPTER  XIII 


built  up  into  a  circle  and  tightly  held  together  by  a  circular  chuck 
or  clamp  having  numerous  radial  screws  compressing  internal 
segmental  pieces  against  the  copper.  At  each  end  of  the  commutator 


a  F-shaped  groove  is  turned,  into  wluch  a  taper  ring  of  built-up 
mica  or  micamte  is  fitted.  The  whole  is  passed  over  the  sleeve 
until  it  engages  with  the  coned  fixed  ring,  the  loose  coned  ring  is 
put  in  place,  and  by  hydraulic  pressure  the  two  rings  are  driven  home 
and  fixed  by  the  screws  after  which  the  external  cbuck  can  be 
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removed  For  greater  strength  in  the  present  type  the  pressure 
is  maintained  by  several  set  screws  (Fig.  184),  or  in  still  largei 
machines  by  bolts,  as  in  Fig.  185,  and  both  coned  rings  may  then  be 
loose.  Fig.  186  shows  a  component  cast-iron  sleeve  and  single 
loose  cone,  with  one  of  the  tapered  micanite  rings,  while  Figs.  187 
and  188  show  a  small  and  a  large  finished  commutator,  the  latter 
corresponding  to  the  armature  of  Figs.  179-181.  The  bolts  should 
be  arranged  as  close  as  possible  to  the  under  side  of  the  copper, 
and  may  for  part  of  their  length  be  let  into  pockets  on  the  surface 
of  the  cast-iron  body  (Fig.  190)  ;  their  material  should  have  gieat 
tensile  strength  and  a  high  elastic  limit  (nickel  steel  with  an  elastic 
limit  of  65,000  Ib  per  square  inch  will  be  employed  in  special  cases), 
and  their  length  should  be  great,  as  giving  more  elasticity  to  take 
up  the  effect  of  heating  and  cooling. 


FIG    186  —  Component  parts  of  commutator, 


When  the  dynamo  is  at  work  the  temperature  of  the  commutator 
is  raised  by  the  passage  of  the  current  over  the  contact-resistance 
of  the  brushes  (especially  if  of  carbon)  and  by  their  fnction  with 
its  surface  ;  the  difference  in  the  expansion  of  the  copper  and  the 
cast-iron  shell  or  sleeve  then  sets  up  very  considerable  stresses  in 
the  structure.  It  is  consequently  difficult  to  devise  any  mechanical 
construction  that  shall  never  fail  to  keep  the  surface  perfectly 
cylindrical  after  repeated  heating  and  cooling,  since  between  metal 
and  metal  must  intervene  the  layer  of  insulation,  and  upon  this 
comparatively  compressible  medium  falls  all  the  stress.  Any 
relative  movement  of  neighbouring  sectors  by  which  one  is  raised 
above  or  lowered  below  the  other  even  to  a  minute  degree  suffices 
with  carbon  brushes  to  cause  them  to  ]ump  as  they  pass  over  the 
displaced  sector  owing  to  the  carbon  having  no  elasticity  such  as 
is  given  by  copper  gauze  brushes.  Sparking  is  thereby  set  up,  and 
the  surface  of  the  sector  which  is  at  fault  is  rapidly  eaten  away 
until  finally  the  commutator  is  rendered  unworkable.  Smoothness 
of  surface  is  in  fact  more  essential  than  perfect  concentricity  with 
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the  axis  of  the  shaft ,  the  brushes  have  tune  to  follow  any  eccen- 
tricity of  the  commutator  as  a  whole,  but  owing  to  the  inertia  of 
the  brushes  and  brush-boxes  their  tension  springs  cannot  take 
into  account  with  sufficient  rapidity  any  unevenness  m  adjacent 
sectors  ;  the  brush-box  or  brush  is  alternately  jerked  off  and  drawn 
on  again  to  the  surface — an  operation  accompanied  by  a  chattering 
noise  and  excessive  sparking  In  order  to  prevent  any  shifting  of  the 
sectors  relatively  to  one  another,  various  constructions  and  various 
angles  of  taper  have  been  tried,  and  experience  seems  to  show 
that  a  double  taper  such  as  is  shown  in  Figs.  184  and  185  is  better 
than  a  single  taper  and  a  flat  band.  The  two  angles  are,  however, 
usually  unequal,  a  general  proportion  being  a  total  angle  of  38° 


FIG   187 — Finished  commutator 

divided  into  30°  below  the  horizontal  and  8°  above.  By  means  of 
the  double  taper  the  sectors  are  held  endways  and  centred  round  «i 
circle  corresponding  to  the  diameter  of  the  apex  of  the  cone,  and 
as  the  retaining  rings  expand  and  contract  during  heating  and 
cooling  all  the  sectors  are  maintained  concentrically  on  this  circle. 
Owing,  however,  to  the  greater  angle  below  the  horizontal,  more 
force  is  exerted  inwards  than  outwards  as  the  metal  cones  are  driven 
home  in  the  initial  process  of  construction,  so  that  the  sectors  are 
at  that  time  not  only  pinched  together  axially  but  jammed  tight 
against  each  other  sideways.  The  apex  of  the  cones  is  rounded  off 
so  as  not  to  press  on  the  internal  angle  of  the  insulation.  If  the 
sectors  are  supported  entirely  by  the  V-rings  with  an  internal 
air-space,  the  commutator  is  "  arch-bound/'  while  if  the  sectors 
are  also  compressed  on  to  an  insulated  cylindrical  seating,  they 
may  be  styled  "  bed-bound."  As  to  the  relative  advantages  of 
the  two  methods  of  construction,  it  is  not  easy  to  decide.  The 
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longer  seating  on  the  sleeve  when  the  sectors  are  bedded  thereon  «^ 
compared  with  that  on  the  upper  cone  perhaps  affords  greater 
security  in  the  case  of  sectors  having  a  very  small  taper  ;  on  the 
other  hand,  there  is  greater  manufacturing  difficulty  in  enstiring 
that  the  sectors  do  not  lose  some  of  their  pressure  sideways  in  vii  Im* 
of  their  bedding  on  the  sleeve  before  the  arch  is  tightly  closed, 
although  with  care  this  objection  may  to  some  extent 
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FIG    188 — Finished  commutator. 

by  inclining  the  sectors  very  slightly  to  a  radial  hue  by  some  angle 
not  exceeding  5°,  so  that  when  further  compressed  inwards  they 
tend  to  become  more  truly  radial.1 

It  will  be  seen  that  for  a  given  length  of  brush  working  surface 
commutators  of  the  first  type  are  slightly  longer  than  those  of  the 
second  type  ;  on  the  other  hand,  the  latter  cannot  be  worn  down 
below  the  level  of  the  end  rings,  and  therefore  for  a  given  diameter 
their  radial  depth  of  wear  is  less  than  m  the  first  type.  They 
present,  however,  a  greater  cooling  surface,  and  if  of  considerable 

1  See  Miles  Walker,  The  Diagnosing  oj  Troubles  vn  Electrical  Machines 
pp.  296-302. 
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diameter  air  ways  can  be  arranged  so  as  to  allow  air  to  circulate 
through  the  inside  of  the  central  hub  The  usual  radial  depth  foi 
turning  down  rises  from  %"  in  small  to  1"  or  1J*  in  large  machines. 

No  openings  to  the  inner  surface  of  the  copper  are  permissible, 
for  fear  of  dust  or  moisture  finding  an  entrance  and  causing  a  break- 
down of  the  insulation  In  both  types  of  commutator,  in  order  to 
prevent  the  sleeve  twisting  round  out  of  its  propei  position,  it  is 
secured  either  by  a  small  sunk  key  under  its  head,  as  in  Fig.  184, 
or  by  the  fastening  studs  of  Fig  185.  The  small  screw  in  Fig.  185 
serves  as  a  register  when  the  commutator  is  being  fitted  in  place. 

The  connections  from  the  individual  sectors  to  the  sections  of 
the  armature  winding  are  most  commonly  made  by  thin  strips  of 
copper.  A  saw-cut  is  made  in  each  sector,  as  shown  at  m  (Fig.  184), 
and  into  this  one  end  of  the  strip  (from  $"  to  1  \"  wide  according  to 
the  current)  is  soldered  ;  the  other  end  is  earned  up  to  the  level  of 
the  ends  of  the  sections  and  there  embraces  and  is  soldered  to  the 
armature  wire.  The  strips  must  be  bent  over  the  tops  of  the  arma- 
ture bars,  and  may  each  be  composed  of  a  pair  of  thinner  strips,  in 
parallel,  as  in  Fig  185.  Since  the  current  only  flows  through  the 
commutator  lugs  for  very  short  intervals  of  time,  the  cuiTent- 
density  within  them  may  be  high,  but  should  not  exceed  5,000 
amperes  per  square  inch  of  section.  When  in  small  machines  cast 
sectors  of  phosphor  bronze  alloyed  with  copper  01  gun-metal  aie 
used,  a  projecting  lug  is  directly  cast  on  each  sector,  as  in  Fig.  183  ; 
the  wires  are  then  soldered  into  a  groove  at  the  top  of  each  lug 
The  same  construction  may  be  employed  with  hard-drawn  copper 
sectors  in  small  machines  and  in  other  cases  where  it  is  advisable, 
the  wires  being  led  down  to  upstanding  lugs  turned  out  of  the  solid 
copper.  In  such  cases  the  mica  is  extended  up  to  the  full  height 
of  the  lug,  and  an  additional  advantage  claimed  for  the  construction 
is  that  copper  dust  worn  off  the  commutator  by  the  brushes  cannot 
be  blown  through  the  solid  wall  formed  by  the  close-fitting  lugs. 
On  the  other  hand,  a  considerable  amount  of  ventilating  effect  is  lost, 
which  on  the  first  method  is  secured  by  the  moving  blades  of  copper. 
Drop-forged  sectors  have  also  been  employed,  and  in  these  the  lug 
can  be  forged  in  the  mould  in  one  piece  with  the  sector.  Nothing, 
however,  is  so  suitable  for  commutators  as  bars  of  hard-drawn 
copper  sawn  up  to  the  required  lengths  ;  homogeneity  and  perfect 
uniformity  of  the  sectors  in  hardness  is  essential  to  good  working, 
and  in  these  qualities  hard-drawn  copper  notably  surpasses  either 
drop-forgmgs  or  castings. 

When  mounted  immediately  upon  the  shaft,  if  there  be  any 
flexure  of  the  shaft  between  the  armature  hub  and  the  commutator 
sleeve,  the  connecting  lugs  are  alternately  extended  and  compressed 
every  revolution  This  stress  in  time  hardens  the  copper,  and 
causes  it  to  break  either  at  the  junction  with  the  armature  bar  or 
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at  the  root  wheie  it  enters  the  commutator.  This  evil  may  be 
avoided  by  the  employment  of  flexible  stranded  ribbon  or  cable  for 
the  connections.  It  is,  however,  in  every  way  better  in  large 
machines  subjected  to  heavy  strains  to  fasten  the  commutator 
directly  to  the  armature  cast-iron  hub  either  on  a  projecting  sleeve 
(Figs.  185  and  199)  or  by  bolting  it  up  to  its  end,  so  that  it  is  entirely 
free  from  the  shaft.  With  this  construction  even  though  the  shaft 
may  bend  in  a  minute  degree,  no  relative  displacement  of  the 
armature  and  commutator  can  take  place. 

§  26.  Mechanical  design  of  V-type  commutators. — With  large 
commutators  running  at  high  peripheral  speeds,  great  care  must 
be  exercised  in  the  design  to  ensure  amply  sufficient  mechanical 
strength  in  the  rings,  bolts  or  screws,  and  in  the  copper  sectors,  so 
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FIG    189. 


that  there  may  be  no  fear  of  the  commutator  bursting  under  the 
stress  of  centrifugal  force  If  ^  and  tt  =  the  thickness  of  a  copper 
sector  at  the  top  and  bottom  respectively,  and  h  =  its  depth,  its 
mass-centre  falls  on  the  line  bisecting  its  thickness  at  a  distance 


from  the  bottom.    The  radius  to  its  centre  of  gravity  is  therefore 

_  r0  +  rt      *0-rt   ^  -  tz 
r"~      2      "*"     6     '  *!  -Ma 

and  from  the  dimensions  which  the  copper  bars  assume  in  practice 
this  may  in  all  except  very  small  commutators  be  simply  identified 

with  the  mean  radius    °  _    *. 

If  t  =  the  mean  thickness,  and  A  be  identified  with  r0-rit  as  has 
been  assumed  above,  the  weight  for  a  length  of  I  inches  is 
0-322  I(r0-rt)tl}}.  The  centrifugal  force  per  sector  of  the  given 
length,  all  dimensions  being  in  inches,  at  N  revs,  per  mm.,  is  therefore 

80  =45-5l(r0*-rt*)tN*  X  10'7  Ib.  .         .         .     (85) 

or  per  cubic  inch  =  45-5 (r0  +  rJN*  X  lO'7. 
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In  the  first  place,  taking  the  bending  moment  due  to  this  force 
distributed  along  the  length  l^  between  the  supports  of  the  com- 
mutator V's,  the  length  ^  being  treated  as  a  beam  supported  at 

both  ends,  the  maximum  stress  on  the  copper  is    8°     \ 

oZ 

The  modulus  Z  of  the  tapenng  section  in  relation  to  tension  along 
the  outer  edge  is  r^r  (  *  *  2  ),  and  the  tensile  stress  upon 

1Z  \  tj^-f-  Zty.  / 

the  copper  is 

N*  LxlO-'lb  persq.m....  (86) 


The  support  of  the  commutator  bars  is  not  such  that  they  can 
be  relied  upon  to  reproduce  the  case  of  a  beam  built  in  at  both 

f     h 
ends,  in  which  case  the  stress  would  be  reduced  to   "'3. 

In  addition  to  the  tensile  stress  of  eq  (86)  there  is  also  the  stress 
due  to  the  axial  pressure  from  the  retaining  end-rings  Let  P  =  the 
total  resultant  axial  load  on  the  bolts  from  all  causes  ;  then  the 
share  taken  by  each  sector  is  PjC.  This  force  acting  from  each  end 
of  the  bar  causes  an  axial  compression  along  lv  and  a  bending 
p  __ 

moment  —  (x-c)  where  x  is  the  distance  of  the  mass-centre  foi 
u 

the  cross-section  from  the  base  of  the  copper,  and  c  is  the  distance 
of  the  line  l±  fiom  the  base  (Fig.  191).  Above  the  neutral  line, 
i.e.  above  the  height  ~x,  the  stress  changes  to  tension,  which  reaches 

r>  /h—"x\ 

its  maximum  value  at  the  outer  edge,  namely,  -pr  (#  -  c)  (  —  =—  Jf 
where  7fl  is  the  moment  of  inertia  of  the  tapering  section  about  the 

/j3//S_J_42       f    _L  £  S\ 

neutral  axis,  and  is  =  ^  (  1         1^a-  —  -  ).  The  above-described 


stress  from  the  axial  pressure  P  is  then  additional  to  tho  tensile 
stress  Sj  from  centrifugal  force. 

The  total  tensile  stress  should  not  exceed  7,000  to  8,000  Ib.  per 
square  inch  for  hard-drawn  copper. 

In  very  long  commutators  the  deflection  of  the  bar  between  the 
end-clamps  may  be  appreciable  and  require  calculation.  Part  of 
this  deflection  is  due  to  the  centrifugal  force,  and  may  be  calculated 
as  in  §  9  for  a  beam  of  length  ^  under  a  distributed  load,  namely, 

/     ^i3 
=  76-gfl  -  £  j  ,  where  E0  is  the  modulus  of  elasticity  for  copper  = 

16,000,000  Ib.  per  square  inch.  But  there  is  also  a  part  due  to  the 
bending  moment  from  the  axial  component  of  R  opposing  P, 
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which  has  a  uniform  value  all  along  the  line  between  the  supports  ; 
the  additional  deflection  due  thereto  is 


Shaft 


Scale  of   One  Foot 
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FIG    190  —  Construction  for  very  long  commutator 


The  above  calculations  must  be  worked  out  for  the  dimensions 
which  the  bar  will  assume  when  worn  and  turned  down  to  the 
lowest  permissible  depth,  since  it  is  then  that  the  stress  reaches  its 
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FIG.  191. 


maximum  value.  If  the  deflection  exceeds  a  few  mils,  as  may 
happen  with  commutators  for  large  currents  at  low  voltages  and 
high  speeds,  some  central  support  becomes  necessary,  and  this  may 
be  obtained  either  as  in  Fig.  190  or  by  a  sleeve  having  a  fixed  cone 

13-(5065) 
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near  the  centre  and  two  loose  cones,  one  at  each  end,  drawn  together 
by  tension  bolts. 

In  a  similar  manner  to  the  above  may  be  calculated  the  bending 
stress  upon  the  overhanging  portion  of  the  copper  bar  which  projects 
beyond  the  nose  of  the  V,  the  length  /a  (Fig  189)  being  taken  as  a 
beam  fixed  at  one  end  only  If  the  decrease  of  the  centrifugal  force 
due  to  the  wearing  down  of  the  copper  be  neglected,  i.B.  assuming 
the  centrifugal  force  per  cubic  inch  of  copper  to  remain  constant, 
the  following  approximations  are  obtained  for  the  stress  and  deflec- 
tion of  a  plain  overhanging  portion1  of  depth  x  (Fig  189),  namely, 


o  -»2     "2         

~~  2E0(x  4-  ^  tan  0  j 

These  values,  again,  are  usually  a  maximum  when  the  commutatoi 
is  worn  down  and  x  has  its  minimum  working  value.  It  is,  in  fact, 
important,  especially  with  high  speeds,  that  the  amount  by  which 
the  commutator  may  safely  be  turned  down  should  be  clearly 
marked  upon  its  end-face. 

In  the  process  of  manufacture,  while  tho  whole  commutator  is  heated 
up  to  a  high  temperature,  the  V-rings  are  squeezed  tightly  homo  by  means 
of  hydraulic  power  or  external  screws  which  enable  a  much  higher  pressure 
to  be  brought  to  bear  than  could  be  safely  apphed  through  the  commutator 
retaining  bolts  only  Let  the  total  axial  pressure  which  is  applied  in  this 
stage,  and  which  is  chiefly  due  to  external  means,  reinforced  it  may  bo  by 
some  pressure  from  the  retaining  bolts,  be  Pa  4-  PB  =  P0 ;  this  pressure 
calls  forth  a  reaction  R0  directed  outwards  and  at  right  angles  to  the  inclined 
surface  of  the  copper  sectors  (Fig  191).  Taking  the  axis  of  tho  sluift  as 
horizontal,  then  as  the  end-nngs  are  forced  up  the  inclined  surfaces  tho 
horizontal  components  of  R0  and  of  the  factional  resistance  [iR0  by  tho 
principles  of  the  inclined  plane  together  balance  Pg,  *  e.  P0  =»  R0ain.  $ 
4-  /tR0cos  ^  The  vertical  component  of  Rf  is  balanced  by  tho  combined 
effect  of  the  vertical  component  of  pR0  and  the  vertical  pressure  Q0  exerted 
inwards  by  the  end-ring,  t  e  R0  cos  $  =  Q0  +  pR0  sin  ^.  When  expressed 
in  terms  of  P0, 

_.        _      cos  A  —  u  sin  w       _  1  •—  u  tan  0 

sin  (f)  4"  /*  GQS  v        °  V1  4"  t&n  0 
p 

and  R0  =  °  The  value  of  Q0  at  this   stage  represents 

°       srn  <f>  +  ft  cos  $  or 

the  total  amount  of  the  inward  radial  force  acting  uniformly  all  round  tho 
periphery  of  the  ring  of  copper  at  each  end.  The  case  is  analogous  to  that 
of  §  5  for  centrifugal  force  acting  on  a  ring,  but  instead  of  a  uniformly  dis- 
tributed outward  radial  pull  we  have  a  uniform  inward  radial  push,  and 
instead  of  a  hoop  tension  we  have  a  compressiva  stress  produced  on  the  flat 
sides  of  the  copper  and  mica  stnps ;  the  intensity  of  this  compress! ve  stress  sg 
is  therefore  given  by  the  same  expression  as  in  §  5,  namely,  as  equal  to  the 
total  radial  force  divided  by  2rc  ab  where  ab  is  the  area  on.  which  it  acts. 
Asstumng  the  outer  surface  of  the  V  to  be  nearly  horizontal,  so  that  there  is 
little  or  no  expanding  action  due  to  it  on  the  overhanging  wedges  of  copper, 

1  R,  Livingstone,  The  Mechanical  Design  and  Construction  of  Commutators, 
p  8.  where  much  practical  and  theoietical  information  on  the  subject  is  to 
be  found, 
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the  radial  force  at  each  end  may  be  considered  as  producing  a  pressure  dis- 
tnbuted  uniformly  over  the  entire  area  of  one  half  side  of  a  copper  bai  or 
mica  stnp  ,  i  e  the  area  ab  now  in  question  is  half  the  entire  surface  A  of  emu 
side  of  a  sector  or  mica  strip.  The  intensity  of  the  pciiphoial  stress  between 
opposite  faces  of  a  longitudinal  section  through  tho  commutator  parallel  to 
a  mica  stnp  is  therefore,  up  to  the  present,  when  tho  commutator  is  at  icst, 

/ 1  —  u  tau  0  N 

During  the  stage  of  construction,  Q0  =  P0  (  ,    ),  nnu  /*   has 

\  /*  ~p  tan  (p  / 

PO  (l  ~  AW  tau  ^)  .  _L 


its  maximum  positive  value,  90  that  s0  =  j 

r  °  tan  0       j},iaa» 

If  the  same  initial  value  is  given  to  the  intensity  of  thib  compit-sslon,  on 
the  mica  of  different  machines,  it  results  that  the  axial  pressure  P0  that 
must  be  applied  in  building  up  becomes  simply  proportional  to  thu 
area  of  a  bar  for  a  given  angle  of  inclination  and  value  of  /: ,  t  <• 

Pn  =  s.  nA   JLJT-fa11  9       The   coefficient  of  faction   /t   has   great  nu- 

00  1  -  ft  tan  0 

portance  and  can  reach  a  high  value,  say,  0  4,  whence  with  <j>  <  -  30  , 
P0  =  4sa  A 

Identifying  P0  with  the  pressure  Pf  produced  by  extern.il  mc.iiv»  only, 
since  the  nuts  of  the  retaining  bolts  should  not  in  the  picscnt  stage  be  tightly 
screwed  up  so  as  to  add  any  great  amount  to  the  total,  a  useful  piactical  aulu 
gives  P0  as  4,800  A  Ib  ,  so  that  s0  is  virtually  1,200  Ib  per  squaro  inch  of  thu 
mica  surface, *  and  this  should  be  maintained  until  the  commutator  is  cool 
The  nuts  of  the  retaining  bolts  are  now  tightened  up,  and  the  pressure  l'f 
removed,  leaving  only  the  pressure  P^  from  the  bolts  In  determining  llu- 
new  state  which  results  from  this  removal  of  the  external  pressure,  the  guiding 
principle  must  be  the  consideration  that  should  the  copper  expand  or  tin- 
end-rings  contract  even  in  the  slightest  degree,  sliding  takes  place  butwocm  the 
mica  end-nngs  and  the  inclined  metal  surfaces,  and  tins  implies  not  only  that 
the  fnctional  resistance  has  changed  its  direction  or  sign,  but  also  that  ft 
has  again  reached  its  maximum  value  in  the  opposite  or  negative  direction 
The  radial  pressure  on  the  end-nngs,  therefore,  as  soon  as  ri'Utivo  movement 

takes  place,  is  Q  =  P  .          **.  ***•&  and  the  axial  pressure  on  tllo  oncl-nngs 

tan  0  -  p  '  i 

tending    to    force    them    apart   becomes    P    =  R  MII  <b  -  [iR  cos  <p,   «>r 

D 

R  = .— — ,      For  the  same  value  of  0  or  R  a  viiluo  of  P  mudi 

sin  <p  -  fA  cos  <p 

smaller  than  P0  evidently  suffices  to  retain  the  same  total  strain  on  copper  and 
end-nngs 

In  order,  then,  to  determine  what  happens  whon  the  external  presume 
is  removed,  the  amount  by  which  the  copper  has  boon  contracted  ami  thn 
end-nngs  expanded  under  the  pressure  P0  must  m  the  first  places  ba  raleulatod 
so  as  to  judge  whether  it  will  alter,  and  this  can  bo  done  as  follows. 

The  strain  of  any  component  part  of  the  structure  is  equal  to  ita  length 
multiplied  by  the  ratio  of  its  stress  per  unit  area  to  its  modulus  of  elasticity. 
The  penpheral  compression  of  the  copper  and  mica  Is  of  chief  importance, 
and  the  amount  of  the  contraction  of  the  circle  through  tho  middle  of  thu 

,  ,          .       , .  ,         ,  .  tC ,  SH       ,       MtC .  Sn 

sectors  due  to  the  peripheral  coraprossive  stress  sa  is       ,,  °    -1-       _     , 

where  Ea  is  the  modulus  of  elasticity  of  copper  •=>  16  x  10"  Ib.  per  square 
inch  as  before,  and  Em  is  the  modulus  of  elasticity  of  the  mica.  Tho  latter 
for  built-up  strips  is  very  variable,  and  increases  with  increasing  preaaures  ; 
it  can  hardly,  therefore,  be  regarded  as  constant,  but  from  aotual  experimants 
analogous  to  the  case  of  a  commutator  it  may  ba  taken  as  0-5  x  10"  to  0-75 

1  If  it  be  argued  that  the  intensity  of  the  pressure  on  the  mica  should  increase 
as  the  number  of  sectors  IB  increased,  and  their  taper  decreased,  such  an 
assumption  would  lead  to  sc  being  made  roughly  proportional  to  the  diameter 
of  the  commutator. 
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X  10Mb.  per  square  inch  *  But  this  peripheral  contraction  virtually 
amounts  to  a  shortening  of  the  axial  length  along  the  lino  lit  and  it  may  also 
be  expressed  in  terms  of  its  axial  equivalent  by  the  following  considerations 
A  radial  contraction  inwards  of  the  inclined  surface  of  the  copper  by  an 
amount  x  has  exactly  the  same  effect  as  if  the  length  of  the  copper  was  short- 
ened by  the  amount  xjtan  0  The  radial  contraction  of  both  ends  amounts, 
therefore,  virtually  to  a  contraction  of  the  length  by  2#/tan  0,  or  since  2n\, 
would  be  the  contraction  of  the  periphery  the  virtual  axial  shortening a  from 
wth  ends  is  equal  to  ^n^heial  contraction  at_eith_er_end 

TT  tan  <> 


TT  tan  $  '  nA  \E0  T  EmJ  '  tan  ~<f>  ±  ft 

The  copper  is  also  directly  compressed  axially,  but  for  any  value  of  P, 
the  total  axial  compressive  stress  sa  is  not  simply  equal  to  P  divided  by  the 
area  of  the  copper  annulus  ,  this  direct  stress  is  augmented  by  the  fact  that 
P  does  not  act  through  the  mass  centre  of  the  section,  which  gives  the  addi- 
tional stress  P  (x  -  c)  "•  and  further  by  the  fact  that  the  com- 
pression is  applied  only  at  the  supports  while  the  radial  resisting  forces  nro 
distributed  evenly  between  the  supports  The  average  bending  moment 

due  to  this  latter  fact  is  -^-  R  cos  <£   ^  yielding  an  additional  compressive 

stress  —  flcos$  x  Ij,  x     *  ~  °c      The  total  axial  compressive  stress  is 
therefore  ° 

sa  =  P.  I  1  4.  (* "  c)'   i  /n  ("7  -  e) 

I  area  of  copper  annulus  T  C  x  I0  "*"  3(C  x  J0)  (tan  0  ± 

and  the  compression  =  ^  .  -|s 
Eo 

The  two  additional  terms  within  the  bracket  m  general  far  outweigh  the 
first,  so  that  the  axial  compression  of  the  copper  is  much  more  than  might 
at  first  be  expected.  In  order  to  shorten  calculation  as  much  as  possible 
by  expressing  each  quantity  m  the  form  in  which  it  is  finally  required,  and  in 
terms  of  the  data  of  construction,  let 

Eg  '   (area  of  copper  annulus       C  x  /, )   ^ 


The  total  compression  of  the  copper  and  mica,  when  reduced  to  the  common 
oasis  of  axial  length,  is  thus  in  the  construction  stage  when  p  has  its  maximum 

*       H  t1 


Analogously  to  the  case  of  the  direct  axial  compressive  stress  on  the  copper. 
toe  peripheral  or  hoop  tensile  stress  on  the  steel  or  iron  end-ring  is  not  simply 
?2S;iJ0^radl?  Pressu™  Q  divided  by  27T  .  db,  where  ab  is  the  area  of  the 
SwSJr  S?  ^  ^g  Thls  w  a«g»«ated  by  the  displacement  of  the  line 
enaction  of  Q  from  the  neutral  axis,  by  the  direct  action  of  the  axial  pressure 

x  The  latter  figure  being  that  adopted  by  Mr  Livingstone,  The  Mechanical 
an5C,iS?  ContrrtiMof  Commutators,  where  the  theory  of  commutator 
SS?T  ^treatol  at  length,  but  in  the  case  oi  the  V-nng  type 
without  allowance  for  the  effect  of  the  friction. 

a  Livingstone,  loc  at  p  17  ff. 
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P,  and  also  by  the  centnfugal  force  of  the  end-ring  itself  The  last-mentioned 
force  may  be  neglected,  and  calculation  from  a  specimen  end-nng  as  typical 
of  the  class  then  shows  that  in  relation  to  both  Q  and  P  the  equivalent  section 
A0  is  about  one-quarter  of  the  total  section,  so  that  for  Aa  should  be  takon 

^  th  of  the  area  shown  shaded  in  Fig  191  without  deduction  for  the  bolt  holes. 
The  tensile  stress  tending  to  expand  the  end-ring  peripherally  is  thus 


But  Q  =  P  .  I+  ".  *»  *  ,  therefore  s,  _  P  fl^^t  +  A      ' 

tan  0  ±  (i  6          \ian.(}>  ±  p  ^    J  '2.nAe 

and  if  Dj  is  the  mean  diameter  of  the  end-nng  at  the  assumed  line  of  contact 
between  copper  and  ring,  the  peripheral  elongation  is  itD^  se/Ee,  where  Ee 
is  its  modulus  of  elasticity  =  30  x  106,  if  of  steel  or  wrought  iron  A  radial 
expansion  outwards  of  the  inclined  surface  of  an  end-nng  by  an  amount  x 
has  exactly  the  same  effect  as  if  it  were  slid  back  along  the  bolts  through  a 
distance  #/tan  (ft  The  virtual  increase  in  the  axial  length  due  to  the  penphe- 

rnl  expansion  at  both  ends  is  therefore  equal  to  P-cnPhc^  ^nsion  of  °™  «* 

Tctan  A 

Let  -    !         .-2L.-E 

TV  tan  0     2^e£tf 

Then  if  P  is  given  its  value  P0,  and  fjt  has  its  maximum  positive  value,  the 
equivalent  increase  in  the  axial  length  from  the  elongation  of  the  end-ringa  is 

n    -  E  (1  -  tan 

1*0 


The  sum  of  the  contraction  of  the  copper,  axially  and  penpherally,  and  of 
the  peripheral  expansion  of  the  end-rings,  all  reduced  to  their  axial  equivalents, 
is  therefore 

*  -  *.  +  *.  -  f  G 


Given  this  preliminary  value  for  the  compression  of  the  copper  and  expansion 
of  the  end-nngs,  the  question  of  what  happens  when  the  external  pleasure 
is  removed  entirely  turns  upon  the  minimum  axial  pressure  P.  that  will 
suffice  to  retain  the  same  value  r>0.  When  the  copper  is  on  the  point  of 
expanding  and  the  end-nng  is  on  the  point  of  contracting,  p  has  changed  its 
sign  and  reached  its  maximum  negative  value,  so  that  the  required  condition  is 

r,0  -  P.  .  \D  +  E  +  ^±1E  +  *>  (l+ftM.taafl) 
f  tan  <fr  —  «„„„.  \ 

or  the  minimum  retaining  pressure  is 

D  +  E  +  -G  +  (E+JV  (I  -  £  tan  *) 
pap-  tan^  +  ^w 

"'  D  +  E+  G±-(E-+J®  (1+fl  tan  0) 

^      ^  tan  0  -/*""     " 

It  is  evident  that  unless  pnwa  is  negUgibly  small,  Pf  may  be  much  less  than 
f>0,  and  if  ftmm  =  0-4,  Pr  usuaUy  works  out  only  about  ~th  of  P0,  or  say, 

960  A  Ib.  In  the  supposed  extreme  case  of  [Anfla  »  tan  <£  ,  the  commutator 
would  be  self-holding  without  any  tension  at  all  on  the  retaining  bolts. 

The  effect  of  removing  the  external  pressure  can  now  be  determined. 
,  %.  exceed3  pr  although  ex  hypothesi  less  than  P0,  no  alteration  of  the 
Length  of  the  copper  ensues.  There  is  no  further  stretching  of  the  bolts, 

and  they  remain  subjected  to  a  stress  =a  —-&-,-„  where  «  is  their  number 

TTfl* 

*'T 

and  d  is  their  diameter  at  the  bottom  of  the  thread.  The  value  of  u  simply 
adjusts  itself  to  take  up  the  difference  between  P6  and  P_,  and  to  the  extent 
Df  this  difference  there  is  already  a  margin  to  meet  the  effect  of  heating  or  of 
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centrifugal  force  or  of  both,  combined  before  any  further  stress  will  fall  upon 
the  bolts  If  P6  should  happen  to  be  exactly  equal  to  Pr,  any  further  stress 
from  heating  or  centrifugal  force  -will  allow  the  copper  to  expand  and  slide 
on  the  V-nngs,  pushing  them  apart,  and  the  bolts  will  bo  farther  stretched 
If  Pjj  were  less  than  Pr,  the  initial  compression  of  the  copper  and  elongation 
of  the  end-rings  will  not  be  maintained  on  the  removal  of  Pe,  and  a  smaller 
contraction  of  the  copper  and  expansion  of  the  end-nngs  must  ba  taken  with 
a  corresponding  greater  extension  of  the  bolts,  until  the  two  values  of  P 
so  obtained  are  one  and  the  same,  and  the  farther  extension  of  the  bolts  is 
equal  to  the  expansion  of  the  copper  and  contraction  of  the  end-rings  when 
both,  are  referred  to  the  same  dividing  line.  The  pressure  from  the  bolts 
has  then  failed  to  maintain  the  full  value  of  the  initial  squeezing. 

It  is  obvious  that  it  is  useless  to  give  such  a  high,  value  to  P0  that  the 
stress  on  the  bolts  from  P.  approaches  their  elastic  limit  But  with  good 
design  there  is  no  danger  of  this,  and  the  stress  from  P&,  although  exceeding 
Pr,  always  falls  well  below  the  elastic  limit  of  the  material  of  tho  bolts  The 
nuts  can  then  at  this  stage  be  tightened  up  until  tho  tensile  stress  on  the 
bolts  at  the  bottom  of  the  thread  has  such  a  safe  value  as,  say,  10,000  Ib 
per  square  inch,  and  from  this  may  be  reckoned  the  initial  axial  pressure 

Pi  =  10,000  x    —  .  —  which  the  finished  commutator  has  when  at  rest 
4 

If  the  preliminary  Pb  was  less  than  Pt,  the  only  effect  of  this  will  have  been 
to  again  raise  u  to  a  lesser  negative  or  a  positive  value  without  unduly  stressing 
the  bolts  The  added  effects  of  heating  and  centrifugal  force  may  now  be 
considered. 

After  prolonged  running  at  full  load,  since  the  steel  bolts  and  the  copper 
reach  different  temperatures,  and  have  different  co-efficients  of  expansion, 
there  would  arise,  if  both  were  free  to  expand  naturally,  a  certain  difference 
of  their  lengths  due  to  heating  There  is,  however,  actually  no  resulting 
difference  of  length  on  the  boundary  surface  between  tho  copper  and  the 
iron,  t  e.  at  the  bearing  lines  along  the  inclined  surfaces  of  the  V-nngs,  the 
explanation  being  that  the  difference  that  would  naturally  arise  is  taken  up 
by  compression  of  the  copper  and  mica  and  expansion  of  tho  end-rings,  or 
by  elongation  of  the  bolts,  or  partly  by  one  and  partly  by  the  other.  The 
linear  co-efficient  of  expansion  of  copper  being  0  0000173  per  degree  Cent , 
and  of  iron  0  000012,  the  natural  expansion  under  heat  of  the  copper  with 
peripheral  expansion  reduced  to  its  axial  equivalent  is  00000173  x  T° 

(1C      \ 
ft  +  -  ,„„    ,  ),  and  of  the  bolts  and  V-nngs  (assumed  to  have  the  same 
««n  0/  /  _n     \ 

temperature)  is  0-000012 1°  (  ^  +          *    J  where  T°  and  t°  are  the  respective 

rises  of  temperature  of  copper  and  iron  Although  the  bolts  are  of  length  lb 
greater  than  Jlt  yet  the  end-tings  of  iron  expanding  axially  in  the  contrary 
direction  counterbalance  part  of  the  length  of  the  bolts,  so  that  in  each  case 
the  effective  axial  difference  arises  on  the  length  lt  If  a  rise  of  34°-5  C  is 
assumed  for  the  copper,  and  of  14°  5  C  for  the  iron  retaining  structure,  the 

increases   of  length  are  respectively  0  0006  ( L  4-       tC    . }  and  0-000175 

/,  TtjD,     \  \  *      TC  tan  0/ 

(  *i  +  n  tan  ,).     The  natural  difference  of  length  would  therefore  under  the 

action  of  heat  be 

ft  =  0-000425  t,  +  °-0006  tC  ~  °<0°°175  **>! 
TC  tan  0 

The  whole  of  this  could  be  taken  up  by  compressing  the  copper  and  mica  and 
expanding  the  end-nngs  The  axial  force  Pft  required  to  do  this  when  the 
copper  is  ]ust  about  to  expand,  and  ft  has  its  maximum  negative  value,  would, 
analogously  to  the  case  of  Pr,  be 

P*~  fl* 

D  +  E  +  G  +  (B  +  **>  &  +  *««  tan  * 
or  tan  0  -  pmaa 
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Lastly,  the  effect  from  the  centrifugal  force  of  the  various  parts  when 
the  machine  is  running  at  its  full  speed  must  be  taken  into  account  Iden- 
tifying the  total  radial  centrifugal  force  of  copper  and  mica  with  that  of  the 
copper  sectors,  this  force1  Fao  =  C  fao  acting  radially  against  the  inclined 
surfaces  of  the  end-nngs  may  be  regarded  as  equally  divided  between  the  two 
ends,  so  that  at  each  end  there  results  an  outward  radial  pressure  q  =  J  Fso. 
The  additional  tensile  stress  thereby  thrown  upon  the  end-nngs  owing  to  the 
centrifugal  force  of  the  sectors  tends  to  elongate  them,  but  if  they  expand 
with  increasing  speed  the  peripheral  compression  on  the  copper  and  mica  is 
automatically  removed  in  a  corresponding  proportion  The  actual  propor- 
tions of  the  two  changes  will  depend  upon  all  the  conditions  as  to  the  relative 
strengths  of  the  copper  and  iron  and  the  other  forces  present,  but  it  will 
suffice  here  to  observe  that  the  total  contraction  of  copper  and  elongation 
of  rings  for  a  given  speed  may  or  may  not  remain  tho  same  as  when  at  rest 
The  hoop  tension  due  to  the  centrifugal  force  from  the  end-nngs  themselves 
has  the  same  effect,  but  may  by  companson  be  neglected  in  the  V-nng  type 
of  commutator 

As  soon,  therefore,  as  the  commutator  is  rotated,  from  Q,  the  radial 

p 
pressure  of  the  retaining  end-rings,  there  must  be  deducted  -  B0,  in  order 

£1 

to  find  the  resultant  radial  pressure  which  is  really  effective  in  compressing 
the  copper  and  mica  penpherally  Hence  sa  in  its  complete  form  is 

1    /P  (1  T  u    tan  <4)      F..\        ,  ,         ±  i.     fJ_, 

—  -r  (      v,       V   .  —  —),  and  in  the  working  state  of  the  commutator, 

•nA  \      tan  tf>  ±  fi  2  J  & 

when  it  is  heated  and  also  rotating  at  full  speed,  the  minimum  axial  pressure 
Pj/  that  will  retain  the  onginal  relative  lengths  of  commutator  and  end-nngs 
will  be  given  by  the  equation 


whence 

1*  +  1h~+B'- 

"       '         '     (87) 


tan  0  - 

It  is  evident  that  Pr'  is  greater  than  Pr,  not  only  owing  to  the  action  of  heat 
but  also  owing  to  the  action  of  centrifugal  force  which  weakens  the  peripheral 
compression  on  the  mica  and  copper. 

If,  then,  P{  exceeds  P/,  the  copper  and  end-nngs  together  still  remain 
of  the  same  length  relatively  to  the  bolts,  although  both  have  increased  by 
the  amount  of  expansion  of  the  length  of  the  bolts,  and  no  further  stress  has 

n 

been  thrown  upon  the  bolts,  wherein  at  the  threads  we  still  have  $t  =  -  *•=  . 

»-TT 

Such  must  be  the  aim  of  the  designer,  and  it  will  bo  seen  that  /u  then  acts  as 
it  were  automatically  to  take  up  the  additional  stresses  that  would  otherwise 
result  to  the  bolts  from  heating  and  centrifugal  force.  The  coefficient  of 
faction  assumes  such  a  value  fa,  intermediate  between  its  positive  and  negative 
maxima,  that 


In  making  the  calculations  to  determine  what  margin,  is  actually  assured  in 
Pj,  it  is  advisable  to  err  on  the  safe  side  by  taking  p  at  a  fairly  low  value  of, 
say,  0-3. 

1  As   an    approximation,    allowing   about    10   per    cent    of   the   mean 
circumference  for  the  mica  strips,  Fgo  =175  W  (r^8  -  ^s)  x  10'7  Ib, 
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Although  P/  should  not  exceed  Pv,  it  is  of  interest  to  determine  what 
additional  stress  is  thrown  on  the  bolts  when  this  occurs.  Assuming  that 
P,  is  at  least  >  Pf  +  P^,  let 


tan  0  -  fim<ua 

P 

j  6t  _a»  .  y  !s  a  certain  proportion  of  the  centrifugal  force,  or  the  centrifugal 

A 

force  for  some  speed  lower  than  the  full  speed,  for  which  with  tho  heat  effect 
the  minimum  retaining  pressure  is  exactly  P^.  As  soon  as  the  speed  is  increased 
above  this  value  the  bolts  are  more  stressed,  and  the  end-rings  are  expanded  , 
the  copper  is  more  compressed  axially,  but  on  the  other  hand  is  less  compressed 

peripherally.    If  B  =  *  where  JE6  is  the  modulus  of  elasticity 

n     ^     S. 

of  the  steel  bolts  =  30  x  108  Ib  per  square  inch,  the  additional  elongation 
of  the  bolts  is  (P  -  P^B,  and  this  together  with  the  increased  elongation 
of  the  end-nngs  and  increased  contraction  of  the  copper  end-wise  must  be 
equal  to  the  amount  by  which  the  peripheral  compression  of  the  copper  has 
been  decreased  The  latter  at  the  commencement  of  the  process  was 
H  ?t  (1  +  AWB  tan  $  _  F  }  ^  ^  ^ 
2 


„  -moa  tan 

M          tan       - 


FaJ 
2-f 


Therefore 


and  finally, 

H      a    i  _ 


tan  0  ~  /"mow 
where  P  is  the  final  axial  load  resulting  from  all  causes. 

In  order  to  calculate  the  tensile  stress  across  the  base  of  the  copper  V, 
if  the  total  reaction  R  be  considered  which  acts  normally  to  the  inclined 
surface,  the  section  across  which  the  stress  reaches  its  maximum  value  may 
approximately  be  taken  as  coinciding  with  the  line  AB  drawn  at  right  angles 
to  the  inclined  surface  (Fig  191).  The  bending  moment  on  each  sector 

jR  /        BC  \  P 

is   then    -=•  (y  +  -=-  tan  <A  ),  and  R=  ,  ,.       When     the 

C  V        2          Y  )'  sin  (f>  -  ft  cos  (ft 

appropriate  values  are  given  to  ^  and  tt  in  the  modulus  Z  of  the  tapenng 
section,  the  quotient  of  the  bending  moment  divided  by  the  modulus  gives 
the  stress  across  AB.  Although  comparative  values  for  different  commutators 
may  thus  be  obtained,  the  question  is  in  reality  complicated  by  the  degree  to 
which  the  peripheral  compressive  stress  upon  the  copper  lends  support  by  its 
sideways  pressure  to  the  nose  of  the  V. 

§  27.  Mechanical  design  of  commutators  with  shiink-rings.— 

In  the  case  of  high-speed  dynamos  driven  by  steam-turbines, 
where  the  peripheral  velocity  of  the  commutator  may  be  as  high  as 
7,000  to  8,000  feet  per  minute,  it  becomes  necessary  to  employ 


CONTINUOUS-CURRENT  ARMATURES 


369 


nickel-steel  rings  shrunk  on  to  the  commutator  at  both  ends  or  at 
intervals  along  its  length,  a  thin  insulating  band  of  "mica  intervening 
between  the  steel  and  the  copper  (Fig.  192) x.  Three  per  cent, 
nickel  steel  has  a  breaking  strength  of  40  to  45  tons  per  square  inch, 
and  an  elastic  limit  of  about  25  tons  per  square  inch,  with  an  elonga- 
tion of  20/25  per  cent,  in  a  length  of  2  niches.  The  rings  have  a 
section  of  about  3  ins.  X  2  ins.,  and  the  mica,  built  up  in  layers  of 
segmental  strips  20  or  30  mils  thick,  is  held  hi  place  during  the  process 
of  passing  the  rings  over  it  by  fine  string  which  the  ring  heated  to 


L._ 


FIG.  192. — Commutator  construction  with  shrink-rings 
for  high  speeds. 


a  cherry-red  can  burn  off,  or  preferably  by  a  band  of  fine  steel  wire 
upon  which  the  ring  beds  when  it  cools. a  To  increase  the  leakage 
surface  and  still  keep  a  firm  face  of  mica  which  shall  not  spring  away 
from  the  copper  beyond  the  rings,  it  is  best  to  make  the  shrink 
rings  wider  than  will  finally  be  required  and  to  turn  off  some  metal 
on  their  outer  edges .  No  sticking  varnish  should  be  employed  under 
the  rings.  Longitudinal  grooves  are  sometimes  scored  along  the 
commutator  sectors  to  indicate  the  safe  depth  to  which  they  may 
be  worn  down.  The  inner  cone,  shown  separate  in  Fig.  192,  may 
also  be  formed  directly  on  the  shaft.  With  high  speeds  above 
3,000  feet  per  minute  a  perfect  balance  is  essential,  and  the  com- 
mutator is  in  some  cases  "  seasoned  "  by  running  it  at  a  temperature 
of  100°  C.  and  at  20  per  cent,  excess  speed  to  give  it  a  permanent 
set. 

1  Cp.  A  G.  Elhs,  "  Steam  Turbine  Dynamos,"  Journ.  I.E.E.,  Vol.  37, 
pp.  322-24,  where  other  constructions  are  also  illustrated,  and  for  radial 
commutators  see  Miles  Walker,  Specification  and  Design  of  Dynamo-eltctric 
Machtnery,  Chap.  XVHI,  pp  616,  535-6. 

'  Cp.  R  J.  Roberts,  "  The  Mechanical  Design  of  Direct-current  Turbo- 
generators," Journ.  I.E  E.,  Vol.  48,  p.  138,  and  "  Turbo-commutators," 
Electr.,  Vol  63,  p.  121. 
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The  theory  of  the  shnnk-nng  commutator  is  simpler  than  that  of  the 
V-nng  type,  since  the  peripheral  stresses  and  strains  which  alono  come  into 
question  do  not  require  to  be  brought  to  a  common  footing  with  any  axial 
stresses  and  strains,  and  faction  does  not  enter  into  the  problem  Under  the 
initial  tension  with  which  the  rings  are  shrunk  on,  when  the  rings  are  cold 
and  the  commutator  is  at  rest,  since  the  respective  circumferential  lengths 
must  be  equal  on  any  given  boundary  surface 

(Natural  length  +  forcible  elongation)  of  the  steel 

=  (natural  length  -  compression)  of  the  copper  and  mica 

Or  if  X  and  Y  are  the  natural  lengths  of  the  copper  and  rings  respectively, 
the  sum  of  elongation  of  rings  +  compression  of  copper  and  mica  =>  X  —  Y 

Since  for  the  present  purpose  it  is  only  the  difference  which  is  required, 
it  is  immaterial  that  X  and  Y  should  really  be  corrected  to  some  actual 
dividing  surface  so  long  as  the  same  respective  diameters  are  retained  for  the 
copper  and  the  steel  throughout  the  following  calculations.  The  consideration 
of  the  stresses  in  shnnk-nng  commutators  must  be  based  on  the  two  laws  which 
hold  for  the  case  of  a  thick  cylinder  subjected  to  a  uniform  external  or  internal 
pressure  If  pt  and  $t  are  the  intensities  of  the  radial  pressure  per  unit  area 
on  the  inside  and  outside  respectively  of  a  thick  cylinder  of  inner  radius  r} 
and  outer  radius  fj,  then  the  intensity  of  the  radial  pressure  pr  at  any  radius  r 
within  those  limits  is 

A    _  (fc-#t)  *ia  '•"    ,    P*  »V  ~  Pi  'i* 

Pr  ~    vt  (r*  _  fit)     f        ,t«  _  rjZ 

At  the  same  time  the  circumferential  or  hoop  stress  sr  called  out  at  the  same 
radius  r  is 

-  _   (ft  -  #>)  I"  '•'     ,     #2    '••   ~  Pi    '1° 

r  ™        r*  (f2a  -  f^)     "*"        raa  -  r? 

and  is  a  tensile  stress  if  it  is  negative 

If  R0  and  Rf  are  the  outer  and  inner  radii  of  the  steel  rings,  ra  and  rt  those 
of  the  commutator,  letP^  and  p9  be  the  intensities  of  the  radial  force  per  square 
inch  of  surface,  producing  tension  on  the  inside  of  the  steel  ring  and  com- 
pression on  the  outside  of  the  commutator,  in  both  cases  as  due  to  the  initial 
conditions  after  shrinking  on  The  external  radial  pressure  on  the  shnnk- 
nng  being  zero,  the  penpheral  tensile  stress  on  the  inside  of  the  ring  is 

p  j     i      n  2 

3^  =  Pf  .     °          *  and  if  1/ff  =  Poisson's  ratio  =  0-25,  the  elongation  of  the 

•     ~"  •* 


i       j        ^       •  2wflv/          ,1         n\         2TTJ?f  /,      .      1         R0*   - 

inside  of  the  nngis-g-i^ri  +  -  .  Pt)  =  -^  .  S<ti  (l  +  -     ^  + 

The  internal  radial  pressure  on  the  commutator  being  assumed  to  be  zero, 
the  peripheral  compressive  stress  on  the  outside  of  the  commutator  in  this 

f  9  _]_  Y  .* 

initial  stage  is  s^  =>  j>0  .    °a       *y  and  the  compression  of  the  copper  and 

ro   ~  rt 
mica  is 


If  the  insulating  mica  of  thickness  m'  under  the  rings  be  assumed  to  be  incom- 

_7?  7?  t        7?  ^         7? 

pressible,  pa  =  Pf  .  —  *  =  sri  p°8  7  p  »  X  —  .    The  sum  of  the  elongation  of 

*0  K0     T  -"i  ?o 

the  rings  and  compression  of  the  commutator  expressed  in  terms  of  SOT-  is  then 


#0*  +  Ri* 

-  Y  =  77, 
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The  elongation  and  compression,  although  reckoned  on  different  diameters, 
suffice  to  give  the  difference  which  we  at  present  require  An  estimate  of 
the  amount  by  which  the  ring  when  cold  before  shrinking  on  must  be  smaller 
than  the  mica  backing  upon  which  it  is  shrunk  when  the  commutator  is  .not 
truly  compressed  can,  however,  be  obtained  from  the  relation 


or  the  difference  of  the  two  diameters  The  calculated  amount,  although 
useful  as  a  guide,  must  however  be  checked  by  the  results  of  experience 
in  view  of  the  want  of  uniformity  m  the  thickness  of  the  mica,  and  other  prac- 
tical irregularities  Preferably,  in  order  to  pass  the  rings  easily  over  it,  the 
commutator  is  compressed  to  the  full  extent  required  by  a  clamp  in  the  centre 
with  2  or  4  rings,  and  temporary  steel  wire  bands  over  which  the  rings  will 
pass  The  difference  of  the  diameters  must  then  be  reduced  to  the  amount 
corresponding  to  the  elongation  of  the  steel  ring  only,  and  before  the  ring 
is  cold  the  commutator  should  be  released  from  the  external  pressure  in  order 
not  to  throw  an  undue  stress  upon  the  rings  and  cause  an  initial  elongation 
above  that  which  calculation  shows  to  be  safe  To  avoid  overheating  of  the 
rings  they  should  not  be  raised  above,  say,  320°  C 

By  giving  any  required  value  to  sei,  say,  12,000  Ib  per  square  inch,  77,  is 
found,  and  assuming  the  same  rises  of  temperature  in  the  copper  and  steel 
as  before, 

rjh  =  0  0006^C  -  0  OOOnSTt-Df 
whence 


If  FSO  =  tk®  total  radial  force  from  the  commutator  sectors,  the  intensity 
of  the  pressure  due  thereto  against  the  inner  diameter  of  the  rings  is  P 

=  2-nRl'  where  1  1S  the  J°mt  axial  length  of  the  rings,  and  the  tensile  stress 
Dii  the  inner  layer  is 


The  stress  on  the  inner  layer  due  to  the  centrifugal  force  of  the  rings  them- 
.elves    is    as  m  §15,  Sy  =  2L«  .  °£  j(s  +  I)  J?0«  +  (l  -  i.)  ^.  j      The 

total  tensile-  stress  duo  to  centrifugal  force  regarded  as  acting  independently 
would  therefore  be 


0          < 

But  this  cannot  be  combined  with  the  stresses  from  initial  tension  and  heating 
by  simple  addition  ,  the  tension  and  heating  stresses  are  themselves  affected 
by  st.,  and  the  latter  can  only  be  added  to  the  former  so  far  as  they  are 
simultaneously  present  Let  tho  speed  be  supposed  to  be  raised  until  the 


elongation  of  the  rings  from  centrifugal  force  is  equal  not  only  to 
tho  initial  compressions  of  the  copper  and  mica,  but  also  to  tho  amount 
by  which  they  were  compressed  by  the  heating  ,  the  copper  and  mica  can 
Lhen,  in  the  first  place,  resume  their  normal  dimensions,  and  in  tho  second 
place  the  copper  becomes  free  to  expand  by  the  natural  amount  corresponding 
to  its  temperature  The  compression  of  the  copper  and  mica  has  thus  at  this 
particular  speed  entirely  vanished.  At  the  commencement  of  the  supposed 
process  of  gradually  increasing  the  speed  when  the  commutator  was  at  its 
full-load  temperature,  the  rings  were  already  elongated  to  the  extent  called 
for  by  the  initial  tension  and  heating  ;  to  this  has  now  been  added  an  amount 
iqual  to  the  compressions  of  the  copper  and  mica,  so  that  original  elongation 
Df  rings  from  initial  tension  and  heating  +  added  elongation  from  centrifugal 
force  =»  original  elongation  of  rings  +  original  compressions  of  copper  and  mica 
3r  the  final  elongation  of  the  rings  is  yef  =  ^  +  t]h  as  above  calculated  The 
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elongation  of  the  rings  from  centrifugal  force  alone  is  ~~*  (  SOT  +  —  Pec  j  =  r}eo. 

Hence,  as  r]ea  nses  from  zero  to  rjef  with  increasing  speed,  it  is  evident 
that  Stf  +  sg7l  is  progressively  decreased  by  the  fraction  i?.0/?7fl/,  or  the  actual 
proportion  of  the  initial  5ri  +  sflft  which  is  simultaneously  present  with  seo 

is  equal  to  (1  --  ^—  )     When  the  commutator  is  at  rest,  set  +  *th  1S 
V        t\i  +  iln/ 

present  to  its  full  extent,  and  when  the  speed  is  so  high  that  VJM  =  7jf  +  'ty 
it  has  vanished,  and  only  seo  remains  The  resultant  stress  at  any  speed 
is  therefore 

*.=<*„+*.»)  0  -„,  ij- 

This  may  also  be  written  m  the  form 


and  this  must  fall  below  the  elastic  limit  of  the  material,  with  allowance 
for  a  working  factor  of  safety,  or  say  below  18,000  Ib  per  square  inch  for 
nickel  steel  Or  inversely,  from  the  above  equation  if  18,000  be  inserted 
for  se,  the  initial  tension  sei  which  the  ring  should  have  when  it  is  shrunk 
on  and  is  cold  can  be  determined 

In  order  to  give  an  equal  stress  in  each  of  the  rings  and  as  far  as  possible 
to  keep  the  face  of  the  commutator  parallel  to  the  axis  of  the  shaft  undei 
every  condition,  the  rings  must  be  given  different  sections  according  to  their 
number  and  situation.  Uniformly  distributed  forces  from  the  copper  have 
to  be  balanced  by  forces  concentrated  at  certain  points,  and  m  order  to  do 
this,  if  there  are  three  rings,  one  at  the  centre  and  one  at  either  end,  the  former 

5  3 

must  have  assigned  to  it  ^-ths  of  the  total  area,  and  each  of  the  latter  T^ths 

o  Ib 

of  the  total  area.   If  there  are  four  rings,  one  at  either  end  and  two  at  equal 

distances  apart,  the  latter  must  each  have  s^ths,  and  the  end  rings  each 

oU 
4 
s^tha  of  the  total  area.  l 

60 

The  same  value  for  the  resultant  tensile  stress  s6  on  the  inner  diameter 
of  the  nng  can  also  be  immediately  reached  by  considering  the  actual  resultant 
intensities  of  radial  pressure,  P.  and  pe,  on  the  inside  of  the  steel  rings 
and  outside  of  the  commutator  respectively.  The  resultant  stress  is 

s0  =  Pe  .      °          *,  4-  sv,  and  the  resultant  elongation  of  the  steel  is 


The  resultant  compression  of  the  copper  is  (  -^-  +  ^r-  )  p.  (  *-*-•  •-*.  --  ) 

V-ktf       ^m/        \V  -  V       °V 

and  pa  =»  (pt  -  >ie    P»>  to  wllich  corresponds    the    resultant 


comprassive  stress  upon  the  copper,  is  equal  to  P,  less  the  outward  radial 
pressure  from  the  centrifugal  force  of  the  sectors,  both  increased  in  the  ratio 
of  Rt  to  vv  since  $g  and  Pt  act  at  different  diameters.  Hence  the  resultant 
compression  on  the  copper  and  mica  by  substitution  becomes 


R.  Livingstone,  The  Mechanical  Design  and  Construction  of  Commutators, 

5 
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In  terms  of  the  original  data,  calculation  is  economised  by  writing 


<  _  r        o~  T 

*.  R0*  +  R<*~J 

ie  sum  of  the  above  resultant  elongation  and  compression  must  be  equal 
*?i  +  % 
lerefore  se  (G  +  GJ   I)  -  Sj/  G/    I  +  sfl   /#  -  sflfl   /#  =  77,  +  % 

»  +  ««i  /#  +  *„    G/  5 
„   G/    I 


1 

7  +  ff» 


G  +  G/       +  /fl 
ie  analogy  to  eq   (87a)  is  evident 

§  28.  Example  of  shrink-nng  commutator  calculation.  —  As  an  example 
the  calculation  of  sa,  take  the  case  of  a  commutator  18  in   diameter  by 

in  long,  running  at  1,500  revs,  per  nun  -with  150  sectors  3  in  deep,  and 
ca  strips  0  040  in  thick  Three  nickel-steel  rings,  each  2f-  in  deep,  the 
tal  width  of  the  three  being  6  in  ,  are  shrunk  on  wire  and  mica  bands  $•  in 
ick  with  an  initial  tensile  stress  on  their  inner  circumference  se{  =>  10,000 

per  sq  inch     The  moduli  of  elasticity  of  nickel-steel,  copper  and  mica, 
11  be  taken  as  29-7  x  10°,  16  x  108,  and  0-75  x  10"  respectively 
Assuming  the  copper  to  nse  during  working  34  5°  C.  and  the  steel  rings  to 
e  145°C, 

r)h  =  0-0006  X  0  337  x    150  -  0  000175  x  2it  X  9} 
=  0-02  in 

ie  total  radial  centrifugal  force  from  the  commutator  sectors  per  inch  length 
when  the  commutator  13  now, 

Faa  =»  175  X  1500"  (9«  -  3")  22  X  10''  Ib. 
=  445,000  Ib. 


le  stress  on  the  inner  layer  of  the  stool  ring  duo  to  its  own  centrifugal  force  is 
sv  =  0  00029N8  (3-25  +  0-75  X  0-76»)  =  2,400  Ib  per  sq.  inch 

/0-337X  ISO      004x  1SO\  9fr  /9»  +  6«       1\       2fiflvin.B 
"  =  \~16  X  10«    +  0-75  X  10VTV99  -  6»  "  V         69  X  10 

192         TQ1AB 

1^,  -         10*J  „     nnnr.  JJg      ^      J      Jg        ^         JQ., 


G  =  22Q ..*  ^  -  1  93  x  10-«        GJ  1  -  0'13  X  10-« 

'H  -1-  G/  -  -  7-28  X  10-« 

+  (1290  X  26-6  +  2400  X  7-28)  X   10'° 


s,  =*  10,000 

»- 
•B  17,800  Ib.  per  sq.  inch.  ,        t  , 

i  .  !  i^  *  '  t  i* 
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§  29.  Compression  on  mica  strips  in  high-speed  commutators. — It  is  a 

matter  of  importance  to  retain  sufficient  circumferential  compressive  stress 
on  the  mica  strips  between  the  sectors  to  prevent  any  likelihood  of  flakes 
flying  out  when  the  machine  is  running  at  full  speed,  and  this  must  be  the 
case  when  the  commutator  is  -worn  down  to  its  lowest  permissible  radius 
A  method  by  which  the  calculation  of  the  circumferential  compressive  stress 
could  be  approached  was  suggested  by  Mr  R  J  Roberts  m  his  paper1  on 
"  The  Mechanical  Design  of  Direct-current  Generators,"  and  following  on 
his  suggestion  the  writer  has  put  forward  a  an  approximate  practical  formula 
which,  if  not  a  completely  accurate  solution  of  a  very  complex  problem, 
enables  comparative  figures  to  be  obtained  for  the  purpose  of  checking  new 
designs 

In  the  following  let  v  be  given  the  value  of  the  radius  of  the  commutator 
when  worn  down  as  low  as  is  safe.  Then  by  the  laws  governing  stress  and 
pressure  in  thick  cylinders,  as  given  in  §  27,  if  pe  =  the  resultant  intensity 
of  the  radial  pressure  on  the  outside  of  the  commutator  underneath  a  steel 


z»tr^  ,~f 
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FIG    193  — Portion  of  commutator  between  two  shnnk-nngfa. 

shnnk-nng — t  e  at  radius  r0,  after  all  initial  heating  and  centnfugal  stresses 
have  been  taken  into  account,  the  intensity  of  the  radial  pressure  under  a 
ahnnk-nng  and  within  the  sectors  at  the  radius  r — t  e  level  with  the  smallest 
working  radius  of  the  commutator — is 

$r  =  Pe     'a^r^C        ....      (88) 
and  this  calls  out  at  the  same  depth  a  circumferential  compressive  stress 


Now,  between  a  pair  of  shruik-nngs,  although  the  outward  pull  from 
centrifugal  force  per  unit  length  along  the  sectors  is  always  uniformly  distn- 
buted  throughout  the  span,  yet  so  long  as  there  is  any  circumferential  com- 
pressive stress  sr  under  the  rings,  this  stress  and  the  radial  pressure  corre- 
sponding thereto  must  gradually  decrease  as  the  centre  of  the  span  is 
approached  For,  the  sectors  being  bowed  outwards  between  the  nngs,  the 
circumferential  compressive  stress  becomes  relieved  to  a  greater  or  less  degree 
depending  on  the  span  l^  and  correspondingly  the  portion  of  the  radial  force 
on  each  sector  which  is  due  to  the  compressive  stress  becomes  reduced  per 
unit  length  of  the  span  as  we  approach  the  centre.  Each  sector  between 
the  two  shnnk-nngs,  therefore,  resembles  a  beam  subjected  to  a  load  which 
has  its  minimum  value  per  unit  of  length  at  the  centre  where  the  deflection 

1  Journ  IEE  ,  Vol.  48,  p  140. 

a  "Note  on  High-speed  Commutator  Construction,"  by  C  C.  Hawkins 
Electr.,  26  March,  1915,  from  which  the  following  is  quoted, 
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is  greatest,  and  its  maximum  value  per  unit  of  length  at  the  ends,  the  decrease 
of  load  being  proportional  to  the  deflection. 

If  the  load  per  unit  length  of  the  beam  was  reduced  to  zero  at  the  centre, 
the  line  of  deflection  would  be  a  parabolic  curve  But  when  the  machine 
is  at  work,  although  the  circumferential  compressive  stress  at  the  centre 
of  the  span  may  become  zero,  the  outward  radial  force  can  never  become 
zero,  since  there  always  remains  the  radial  pull  from  centrifugal  force  per  unit 
length  of  a  sector  It  may,  however,  as  an  approximation  be  assumed  that 
the  same  parabolic  law  holds  even  when  the  radial  force  at  the  centre  retains 
some  value  ,  the  load  per  unit  length  is  then  given  by  the  law, 

»  -  "ton  +  Kx* 

where  wmtn  is  the  minimum  load  per  unit  length,  x  is  distance  reckoned  from 
the  centre  of  the  beam,  and  K  is  a  constant     This  reaches  its  maximum 

I 
at  the  ends  where  x  =  •- ,  i.e. 


Jj  being  throughout  reckoned  as  the  span  between  the  edges  of  a  pair  of 
adjoining  rings 

The  maximum  deflection 1  of  the  beam  is  then 

5  .        56         *..M    i  j  4 


El  \384    mtn   '   23,040  ' 

On  unit  length  under  a  shrink-ring  the  total  radial  pressure  at  the  radius  r 
is  2m  times  the  intensity  at  that  radius,  and  the  proportion  of  this  falling 
qn  a  single  sector  is  ifim,  where  t  is  the  thickness  of  the  sector  at  the  radius  r 
The  maximum  load  per  unit  length  at  the  ends  of  the  sector  regarded 
as  a  beam  is,  therefore, 

Similarly,  if  pa  is  the  intensity  per  square  inch  of  the  final  radial  force  at  the 
centre  of  the  span 

"ton  =  *Po 

Thence,  -^-  =  wmax  -  wmin  -=  t(pr  -  P0), 

and  the  maximum  deflection1  is 

Q^-L^p    ,       5Q  -p\\H 

r  4 

'1 

The  moment  of  inertia  of  the  tapenng  section  of  a  commutator  bar  is 


_  t(pr  4 

~~  "   •    *1 


it  being  the  minimum  thickness  on  the  inside  Tins  moment  decreases  so 
rapidly  with  a  reduction  of  radial  depth  that  it  13  essential  to  consider  the 
condition  when  the  wear  is  greatest.  The  deflection  is,  therefore, 


1  The  solution  is  given  by  Mr.  R.  J.  Roberts,  loc  cit  p.  153  (where,  however, 
a  bracket  has  become  misplaced  in  the  final  result),  and  it  need  not  here  be 
repeated. 

'  By  giving  different  values  to  pqlpr  from  0  to  1,  the  factor  411/(1  +  4-36 
paipr)  assumes  values  from  411  to  76-8,  aa  given  hi  curve  I  of  Mr.  Roberta' 
paper.  The  latter  value  is  that  which  would  hold  in  the  imaginary  case  of 
the  bars  remaining  perfectly  straight  between  the  rings  and  suffering  no 
deformation  whatever. 
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As  already  indicated,  part  of  the  outward  radial  force  p0  when  the  machine 
is  at  work  is  due  to  the  uniformly  distributed  centrifugal  force  ,  this  portion 
of  A,  is 

pf  =  45  5  (H  -  ffl  N*  X  *-^  X  ID'7  Ib. 

where  N  =  revs  per  nun  The  remainder  is  the  outward  push  of  the  sectors 
due  to  the  circumferential  compressive  stress  sa  at  the  centre  of  the  span, 
and  is 

r*  -  r* 

J\      —    c  _ 

Pa       se  ' 

In  inch  and  Ib.  units,  therefore, 
Pe-Pf+P* 
=  45-5  #       - 


So  long  as  there  is  any  compressive  stress  sc  at  the  centre,  the  circle  must 
have  there  contracted  by  the  amount 


where  E0  and  £_  are  the  moduli  of  elasticity  of  the  copper  and  mica  re- 
spectively, and  1/tf  is  Poisson's  ratio.  The  inaccuracy  in  the  assumption 
that  the  latter  ratio  is  the  same  for  mica  as  for  a  metal  may  be  here  ignored. 
The  contraction  of  the  circumference  implies  a  reduction  in  the  radius  to  the 
amount  l/2n  of  the  contraction,  and  this  is  equivalent  to  a  deflection  of  the 
sector  <3a  as  compared  with  its  straight  and  unstressed  condition  when  copper 
and  mica  are  in  close  contact,  but  without  any  compression 

Now,  the  basis  of  the  previous  argument  is  that  s0  stall  retains  some  value, 
and  the  reduction  in  the  radius  of  the  commutator  at  the  centre  of  the  span 
is  thus 


1  ftC   .  mC\    /         1      .   N 
feU  +  fJ  (V  a    *•) 


•    •« 

If  the  commutator  sectors  were  bowed  outwards  by  this  amount,  at  the  centre 
they  would  reach  the  original  state  of  close  contact  without  compression 
The  sum  d  +  dt  must  therefore  be  equal  to  the  reduction  in  radius  beneath 
the  shnnk-nngs  as  effected  by  the  actual  conditions  of  stress  under  all  the 
forces  at  that  spot  as  compared  with  the  initial  unstressed  condition  That  is 

8  +  dt  =  d» 

or  6  =  di  -  d9. 

The  reduction  in  radius  under  the  shnnk-nngs  is 


Hence,  finally, 
36*(#>r  + 
4llE0(r  -  r<)» 
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By  inserting  the  values  of  pr,  pf  and  of  the  known,  dimensions  of  the 

«?8      I      f  2 

commutator,  the  value  of  pa  is  found,  and  thence  the  value  of  se  =  ptt  a  _    *a 

Or,  by  assuming  sa  =  say,  1,000  Ib.  per  square  inch,  the  permissible  length 
of  span  Zx  can  bo  found,  and  the  number  of  rings  can  be  determined  for  the 
given  total  length  of  commutator  and  joint  width  of  the  rings.  The  radial 
depth  of  the  commutator  must  be  known  or  assumed  in  either  case,  since  upon 
this  will  also  depend  the  value  of  the  centrifugal  force  per  unit  length  of  the 
sector 

It  will  be  seen  that  when  the  machine  is  at  rest  the  radial  force  per  square 
inch  of  surface  at  the  centre  can  never  with  a  finite  length  of  span  rise  to  equal- 
ity with  p.,  and  that  the  sectors  must  be  bowed  outwards  If  the  speed 
rises  to  such  an  amount  that  the  sectors  at  the  centre  of  the  span  reach  their 
initial  radius  when  unstressed  —  t  «  if  <3  =  <5X  —  there  is  no  compressive  stress 
left  at  the  centre,  and  <52  is  zero  An  increase  of  speed  above  this  would  lead 
to  the  sectors  opening  out  side-ways,  and  the  compressive  stress  under  the 
shnnk-rings  would  rapidly  disappear  towards  the  centre  ,  the  sector  would 
then  have  a  uniformly  distributed  load  on  it  over  a  certain  portion  of  its 
length  at  the  centre  of  the  span,  and  to  this  condition  the  parabolic  equation 
no  longer  applies. 

The  bending  moment  on  the  sector  as  a  beam  of  span  ^  between  the  rings  is 

*a  ,    v*  'i1      r,  l\ 

«W«  •  y  +  K  12  -  w«*»i  "  K  192 

This  is  a  maximum  at  the  centre,  where  x  =  •£-,  and  is  there 


- 

Taking  the  modulus  Z  as  (r  -  fJ'J/G,  the  bending  stress  on  the  outer  edge 
of  the  copper  is 

Wr  +  «W 

8  ly  ->,)• 

When  the  commutator  of  §  28  has  been  worn  down   1   in  in  depth  over 
a  length  of  16  in.,  the  total  centrifugal  force  is 

F,e  _  175  x  1500*  [6  X  (9»  -  6»)  +  16  X  (8"  -  6»)]  X  10'» 

=  307,  700  Ib., 
and 


In  these  circumstances 


in  nnn  .   0  02  +  (890  x  266+2.400  X  7  28)  X  10~« 

sfl  <-  10,000  +  _____  j  ^  1Q_8 

=  16,570  Ib.  per  sq.  inch. 
_  Thence 

•P.  -  (*.  -  «»)  sV^-^!  -  (16'57°  -  2'40°)  x  °  2685 

«=  3,800  Ib.  per  sq.  in  , 
and 

At  the  radius  of  8  in  ,  by  equation 
Pr  -  2.9508'  ^r.9' 

_  pf  -  45  5  X  1,500«(8»  -  6«)  X  0'2|5x.29        x  10"7  "  246  lb' 


.  =  (P.  ~  2^)  ~*  -  (3800  -  890)  i^5  «  2,950  Ib   per  sq  in 


Pr  -  2.9508'         r.  -  2'32S  lb' 
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By  equation  (91) 

2,325  +  4  3Bpu  +  1,072  1 

(8  -  6)a  0  75  *  ° 


whence  £„  =  908. 

Finally,  therefore, 

*c  =  Pm  '  £  *  ?!  -  908  X  1?  =  3'240  lb    Per  S<1    m' 

which  is  on  the  safe  side 

It  is  of  interest  to  see  -what  are  then  the  actual  deflections     By  equation  (90) 

dj,  =  0  0133  in 
and  by  equation  (89) 

Qa  =  d1  X  &  =  0  0133  x  ^  =  0  0052  in. 

so  that  d  =  8j_  -  dt  =  0  0081  in.  If  the  span  is  increased  to  11  in  there  is 
no  compressive  stress  left  at  the  centre,  so  that  two  steel-rings  of  the  same 
total  width  would  be  entirely  impracticable 

§  30.  Insulation  of  commutator  sectors,  etc.  —  For  the  insulation 
between  the  separate  sectors  of  the  commutator  up  to  8  niches 
long  mica  is  now  almost  universally  used  in  plates  about  ^jj-th  to 
^th  of  an  inch  thick  (0-025'  to  0-040"  ,  1  cubic  inch  weighs  -^th 
of  a  pound),  and  these  plates  should  project  through  at  the  inner 
end  and  between  the  lugs  by  some  -fa".  The  difference  of  potential 
between  neighbouring  sectors  may  be  small,  inasmuch  as  it  is  only 
the  potential  generated  within  the  limits  of  one  section  of  the  winding. 
When,  however,  the  sectors  pass  under  the  brushes,  sparking  is  liable 
to  occur,  and  a  small  arc  is  formed  which  bridges  the  insulation 
Under  this  action  almost  every  insulating  substance,  except  mica, 
is  apt  to  char  and  become  conductive,  and  even  with  mica,  if  the 
thickness  be  less  than  -^th  of  an  inch,  small  particles  of  copper 
may  occasionally  bridge  across  adjoining  sectors.  In  machines 
giving  over  1,000  volts  the  thickness  may  be  increased  to  -gVth  of 
an  inch  (0-050*).  Mica  can  be  easily  split  into  flat  plates  of  very 
uniform  thickness,  and  in  commutators  green  or  black-spotted 
mica  is  largely  employed.  It  is  extremely  important,  especially 
with  carbon  brushes,  that  the  rate  of  wear  of  the  mica  should  be  the 
same  as  that  of  the  copper  sectors  ;  it  should  therefore  be  specially 
soft,  as  in  the  amber  and  soft  green  kinds,  even  Indian  mica  being 
almost  too  hard.  To  avoid  "  high  micas  "  due  to  greater  wear  of 
the  copper  and  consequent  sparking,  the  mica  is  often  gouged  out 
or  milled  down  -fa"  or  tV  below  the  level  of  the  sectors  —  an  operation 
that  requires  to  be  repeated  at  intervals.  *  Plates  more  than  8  to 
10  inches  long  occur  in  nature  with  such  comparative  rarity  that 

i  For  hints  on  recessing  commutators,  see  F    Murgatroyd,  "  Mica  and 
Commutation  Troubles,"  Electr  ,  Vol  79,  p  545. 
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their  price  is  prohibitive,  and  it  becomes  an  economical  necessity 
to  employ  either  built-up  plates  or  the  artificial  forms,  micanite 
and  megomit.  When  the  latter  are  used  for  commutators,  soft 
mica  must  be  chosen  for  the  component  material,  and  there  must 
be  no  tendency  for  the  cement  to  ooze  out  when  the  matenal 
becomes  heated ;  hence  powerful  pressure  is  employed  in  order 
to  remove  all  excess  of  cement  during  the  process  of  manufacture 
The  latter  condition  applies  with  equal  force  to  end-rings  and 
sleeves  made  of  micanite  or  megomit,  and  when  they  are  used  it  is 
advisable,  after  the  commutator  has  been  assembled,  to  heat  it 
to  a  temperature  of  about  150°  to  200°  C.  in  a  stove  or  by  means  of 
gas  jets,  and  when  at  this  high  temperature  to  compress  the  whole 
structure  by  tightening  up  the  fastening  screws  or  bolts,  at  the  same 
time  carefully  hammering  the  sectors  so  as  to  bed  them  well  into 
the  micanite  until  a  compact  and  solid  mass  results.  The  taper 
end-rings  are  preferably  not  formed  of  two  cones  or  of  a  coned  nng 
and  flat  band  cemented  together,  but  are  made  m  one  piece  by  bend- 
ing small  strips  of  mica  round  at  a  sharp  angle  or  by  squeezing  a 
sheet  when  hot  m  a  mould.  Thorough  union  between  the  insulating 
end-rings  and  the  cylindrical  sleeve  must  be  ensured  by  allowing 
the  latter  to  project  slightly  so  that  the  one  edge  is  crushed  into 
the  other  In  machines  for  250  volts  and  upwards  the  end-rings 
should  pro]ect  outwards  beyond  the  edges  of  the  sectors  to  prevent 
sparking  to  the  metal  case,  and  on  the  ledge  of  some  £*  to  f *  width 
may  be  wound  a  layer  of  string  to  prevent  flaking  away  of  the 
mica  (Figs.  184  and  185).  The  thickness  of  the  insulation  of  the 
end-rings  and  on  the  body  of  the  sleeve  should  rise  from  0-06*  for 
100  volts  and  0-1*  for  250  volts  up  to  0-125*  for  500  and  0-15*  for 
1,000  volts.  In  closed-circuit  armatures  the  maximum  volts  per 
commutator  sector,  must  not  exceed,  say,  40  to  45 ;  otherwise 
an  arc  may  be  established  between  two  adjacent  sectors  and  short- 
circuit  the  winding  between  them.  Except,  however,  in  high- 
voltage  machines  or  high-speed  turbo-dynamos,  the  average  volts 
per  sector  or  2p .  F6/C  seldom  exceed  20  volts,  since  for  other 
reasons  the  number  of  turns  per  sector  must  be  limited.  A  large 
number  of  sectors  implies  a  large  diameter  of  commutator  unless 
theu:  width  be  very  small,  and  mechanical  considerations  require 
that  their  width  should  not  be  less  than  -fa"  at  the  top,  tapering 
downwards  say  to  3y  at  the  bottom.  Even  then  the  top  of  the 
sector  cannot  be  sawn  to  receive  the  lug,  so  that  the  latter  must 
be  nveted  on  to  a  flat  recess  milled  against  the  side  of  each  sector, 
or  it  becomes  necessary  to  increase  the  depth  of  the  sector  until  it 
measures  0-190*  at  the  top,  and  perhaps  to  turn  it  down  along  the 
brush  working  surface.  In  any  case  the  top  of  the  commutator 
lugs  should  fall  slightly  below  the  level  of 'the  armature  surface. 
After  it  has  been  built  up  the  msulation  of  the  commutator  is 
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tested  with  a  high  alternating  difference  of  potential,  all  the  sectors 
being  temporarily  thrown  into  contact  by  binding  a  wire  round  their 
extenor.  It  is  then  pressed  on  to  its  seating  on  the  shaft  either 
before  the  armature  bars  are  inserted  into  the  slots  in  a  bar-wound 
armature  or  after  the  coils  are  in  place,  and  in  order  to  complete  the 
armature  winding  it  only  remains  to  connect  up  each  of  the  sectors 
by  soldering  to  the  loops  or  coils,  junctions  being  made  between  the 
end  of  one  section  and  the  beginning  of  the  next  in  succession.  If 
the  armature  wires  are  brought  down  immediately  into  the  com- 
mutator sectors,  the  soldering  may  be  effected  in  one  process  by 
dipping  the  armature  vertically  into  an  annular  vessel  containing 
solder,  and  allowing  the  solder,  melted  by  a  gas  jet,  to  soak  into  the 
junctions  ;  but  such  a  process  is  only  possible  with  small  armatures, 
and  detracts  from  the  neat  appearance  of  the  wires  near  to  the 
commutator  unless  these  are  subsequently  bound  over  with  a 
string  or  other  band 

The  surface  of  the  commutator  is  turned  true  after  it  is  in  place  on 
the  armature  shaft.  With  carbon  brushes,  in  order  to  secure  the 
perfect  smoothness  so  essential  to  their  successful  use,  the  commu- 
tator should  be  ground  while  slowly  revolving  by  a  small  rapidly 
driven  emery  wheel 

It  is  evident  that  the  commutator,  speaking  generally,  introduces 
many  difficulties,  mechanical  and  electrical,  and  on  this  account  it 
becomes  practically  impossible  to  build  closed-circuit  armatures  to 
give  more  than  4,000  or  at  the  outside  5,000  volts  A  limitation  is 
thereby  set  to  their  employment  for  the  transmission  of  energy  over 
very  great  distances  (unless  a  number  are  placed  in  series,  Chapter 
XXIII,  §  2 ),  and  for  this  purpose  especially  the  continuous-current 
dynamo  must  yield  place  to  the  alternator. 

§  31.  Binding  keys  and  binding  wire.— When  the  winding  of 
the  armature  is  completed  the  next  step  is  to  secure  the  active 
conductors  and  their  end-connectors  in  place  ;  in  order  to  counteract 
the  tendency  for  the  active  wires  to  be  thrown  outwards  from  the 
core  by  centrifugal  force,  they  are  firmly  held  either  by  wooden 
keys  or  wedges  (beechwood  or  hornbeam,  boiled  in  paraffin  wax  or 
linseed  oil)  driven  into  sloping  grooves  at  the  tops  of  the 
slots  (Figs.  150  and  151)  or  by  bands  of  binding  wvr&  wound 
circumf erentially  round  the  armature 

The  former  are  the  more  commonly  used,  especially  on  large 
armatures  4  ft.  or  more  in  diameter,  where  even  with  steel  wire 
it  becomes  difficult  to  secure  sufficient  strength  and  also  gnp  upon 
the  armature.  The  keys  have  the  disadvantage  of  increasing  the 
inductance  of  the  armature  coils  and  of  partially  obstructing  the 
radiation  of  heat  from  the  conductors  ;  but  on  the  other  hand,  their 
use  lessens  the  eddy-currents  in  solid  massive  bars,  since  the  latter 
are  buried  deeper  within  the  slots  where  there  is  less  variation  of 
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the  flux-density.  A  hornbeam  wedge  J*  thick  with  sides  making 
an  angle  of  70°  with  its  base  and  O^TO"  wide  at  the  top  has  a  breaking 
strength  of  about  550  Ib.  per  inch  of  length  ;  above  this  the  edges 
are  split  off,  and  the  remainder  forced  out.  But  if  the  grain  runs 
transversely  across  the  slot,  its  limiting  strength  is  raised  to  1,200 
Ib.  per  inch  length,  above  which  it  yields  by  bending  of  the  fibres 
into  curved  bows  across  the  slot.  If  •&"  thick  with  slot  0-460  wide, 
and  an  angle  of  60°,  the  figures  become  500  and  1,000  respectively 
A  hard  black  fibre  wedge  of  the  same  size  has  its  edges  sheared 
off  at  3,600  Ib.  per  inch  length,  and  is  therefore  considerably 
stronger.  The  air-duct  spaces  should  not  be  closed  by  the  keys 
more  than  is  necessary.  With  very  high  peripheral  speeds,  as  in 
field-magnet  rotors  driven  by  steam-turbines,  metal  keys  are  also 
used  of  bronze,  in  order  to  obtain  the  necessaiy  strength. 

Considering,  first,  the  centrifugal  force  within  the  limits  of  the 
armature  core,  let  a  =  the  cross-sectional  area  of  an  active  con- 
ductor at  right  angles  to  its  length  in  square  inches,  and  let  z  —  the 
number  of  conductors  per  slot ;  the  total  area  of  copper  in  the 
conductors  m  a  slot  in  a  plane  perpendicular  to  the  axis  of  rotation 
is  thus  zat  and  taking  any  distance  I  inches  along  the  armature  core, 
the  cubic  inches  of  copper  per  slot  in  the  considered  length  is  zal 
The  corresponding  weight  in  Ib.,  allowing  a  little  for  the  weight  of 
the  insulation  surrounding  the  net  cross-section  of  copper,  is  0-33 
zal,  and  by  §  5  the  centrifugal  force  per  slot  along  the  length  I  is 
W  mn  Q-33ga.lftorN\*n  „ 
—  .o>2£m=  32.2~(-QQ~)Rm  lb-»  where  R™  1S  the  mean 

radius  to  the  centre  of  the  slot  in  feet ;  or  if  d  =  the  corresponding 
diameter  in  inches  =  2  Rm  x  12,  it  is 

=  15  na  .  I .  TnZN8  X  10-?  Ib.  per  slot     .        .     (92) 

The  materials  used  for  binding  wire  are  phosphor  bronze  or  silicium 
bronze,  hard  brass,  Eureka  wire,  and  steel,  the  requirements  being 
great  tensile  strength  with  but  little  expansion  under  the  heat  of 
the  soldering  iron.  On  the  armature  core  the  wire  should  be  non- 
magnetic ;  and  lastly,  in  the  case  of  toothed  armatures  it  is  of  great 
importance  in  order  to  avoid  eddy-currents  due  to  the  variation  of 
the  flux-density  opposite  to  teeth  and  slots  respectively  that  it 
should  possess  high  electrical  resistivity.  The  ultimate  breaking 
strengths  of  brass  and  phosphor  bronze  wires  are  about  70,000 
and  90,000  Ib.  per  square  inch  respectively,  but  they  are  good 
conductors,  and  are  therefore  not  so  suitable  for  toothed  armatures 
as  Eureka  and  steel  wires.  The  breaking  strength  of  Eureka  wire 
is  about  75,000  Ib.  per  square  inch,  and  its  resistance  per  1,000 
feet  and  per  square  inch  of  area  is  0-237  ohm,  or  29  times  that  of 
copper.  It  is  therefore  suitable  for  small  machines,  but  for  krger 
armatures  and  in  all  <&a$s6s?  $  'high  stress  preference  must  be  given 
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to  steel,  of  which  the  ultimate  breaking  strength  is  200,000,  and 
may  even  reach  to  300,000  Ib.  per  square  inch.  On  the  core, 
instead  of  ordinary  pianoforte  wire  must  be  substituted  special 
non-magnetic  steel  alloys,  which  can  be  obtained  with  a  breaking 
strength  of  200,000  Ib.  per  square  inch,  and  with  a  high  resistance 
of  0-386  ohm  per  1,000  feet  and  per  square  inch  of  area,  or  40  times 
that  of  copper.  In  order  to  render  it  easy  to  solder  and  to  prevent 
rusting,  the  steel  wire  should  be  nickel-plated.  In  all  cases  the 
stretching  must  be  inappreciable  if  the  wires  are  not  to  work  loose, 
so  that  a  large  factor  of  safety  of  at  least  8  is  necessary  in  calculating 
the  permissible  tensile  stress,  especially  seeing  that  the  initial 
tension  under  which  the  wire  is  put  on  adds  an  indeleiminate 
amount  to  the  stress. 

The  diameter  of  the  wire  varies  from 

-.£=?~~~*^W  0-020*  (No.  25  S  W.G  )  for  small  arma- 
Cnpe.cxw  (M,oaoiB"  tures,  to  0-056*  (No  17  S  W.G.)  in 

large  armatures.  A  band  of  thin  tape 
covered  with  strips  of  thin  mica  slightly 
wider  than  the  wires  is  fastened  round 
the  armature,  and  on  this  the  wire  is 
wound  under  considerable  tension  to 
form  a  belt  about  £"  to  iy  wide.  If 
wider,  eddy-currents  are  liable  to 
cause  heating  of  the  bands.  At 
intervals  of  about  8  to  10  inches  along 
the  circumferential  length  of  the  band 
are  placed  small  strips  of  sheet  copper 
about  f*  wide ;  after  the  band  has 
FIG.  194  —Clip  for  binding-  been  wound  on  over  these,  the  ends  of 
wre  band  ^  stnps  ^  turned  over  to  form  clips 

round   the   wire,    and   the    whole    is 

soldered  together  (Fig  194).  Such  bands  will  be  placed  at  intervals 
of  about  3"  along  the  entire  length  of  the  armature  (cp.  Fig  198). 

If  we  take  No  19  S  W.G  (  =  0-042")  and  allow  0-026*  for  the 
mica  on  its  tape  backing,  and  2  X  0-006*  —  0-012*  for  the  folded 
copper  strip,  a  total  addition  of  0-08*  is  made  to  the  radius  of  the 
armature  by  the  binding  wire,  and  the  mechanical  clearance  must 
be  reckoned  from  this  over-all  radius.  In  some  cases,  when  the 
core  of  a  toothed  armature  is  being  built  up,  batches  of  discs  of 
slightly  smaller  diameter  are  interposed  at  intervals  along  the 
length ;  by  this  means  shallow  grooves  are  formed  round  the 
periphery  just  deep  enough  to  receive  the  binding  wire,  so  that  the 
finished  surface  becomes  practically  ^ush. 

The  total  centrifugal  force  of  the  conductors  summed  up  all  round 
the  core  for  S  slots  is 

10-7lb. 
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and  per  unit  angle  in  circular  measure  is 

p 
f0  =  -^=7'5Z.a.l   d   N*X  10-7lb    .         .     (93) 

which  is  by  §  5  equal  to  the  tension  acting  across  the  single  section  of 
the  binding  wires  in  the  length  1.  If  the  cross-section  of  the  bmdmg- 

7n52 
wires  in  the  length  I  be  ab  =  —  .  #,  where  » is  the  number  of  wires 

4  f 

each  of  diametei  d,  the  stress  on  the  material  is  ^,  and  this  must 

ab 

be  <ft  where  ft  is  the  safe  permissible  limit  of  tensile  stress  with 
the  particular  material  employed.  Thence  x  can  be  determined, 
and  the  requisite  wires  must  be  distributed  among  a  suitable  number 
of  bands  approximately  equally  spaced. 

At  the  ends  of  the  barrel-wound  armature  the  slanting  direction 
of  the  end-connectors  implies  that  the  mass  of  copper  per  unit  of 
axial  length  is  greater  than  along  the  core ;  a  transverse  section 
across  the  end-connectors  in  a  plane  at  right  angles  to  the  axis  cuts 


through  Z  .  a  .  — -i- square  inches  of  copper,  where  m±  =  the 

half-pitch  at  the  mean  circumference  in  the  centre  of  a  slot,  and 
I  is  the  axial  length  of  the  sloping  portion  of  the  end-connections, 
as  in  §  22.  It  is  therefore  only  necessary  in  the  above  equation 

for  the  centrifugal  force  to  substitute  a  .        *  "*"     for  a. 

t 

In  toothed  armatures  of  low  peripheral  speed  and  short  length, 
the  bars  being  tightly  wedged  in  the  slots  and  largely  held  by  faction, 
bands  and  keys  on  the  core  may  often  be  omitted,  only  the  end- 
connectors  requiring  to  be  held  by  bands.  At  the  ends  of  barrel 
armatures  iron  supporting  rings  can  be  cast  on  the  hub  upon  which 
the  end  bands  may  firmly  compress  the  bars  (cp  Figs.  123  and  131), 
and  in  general,  so  far  as  safety  permits,  the  bands  should  be  wound 
outside  the  limits  of  the  pole-pieces,  so  as  to  reduce  the  eddy- 
currents  in  them.  Beyond  the  pole-faces  thin  bands  of  solid  steel 
about  1£  inches  wide  may  alternatively  be  employed ;  these  are 
fastened  by  a  junction  drawn  together  by  a  right-  and  left-handed 
screw  (Fig.  181),  or  by  a  cotter,  so  that  they  can  be  easily  removed 
and  replaced  in  the  case  of  repairs  being  necessary  to  the  winding 
The  junction  pieces  must  be  arranged  so  as  to  balance  one  another 
on  the  armature.  Or  wire  bands  made  up  in  segments  fastened 
together  by  coned  pins  may  be  used,  which  can  be  taken  off  and 
replaced  when  occasion  requires. 

With  very  high  peripheral  speeds,  as  in  machines  driven  by 
steam  turbines,  the  retwstion  cA  .thfc  niafis  of  the  end-^windlings  in 
place  is  in  practice  at  s,elripis  f>fof>|em  afld  6atts  f<?r  SpeeiaT  means. 
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Involute  end-connectors  have  been  employed1,  and  end  bells  of 
rolled  phosphor-bronze,  manganese  bronze  or  nickel-steel a,  firmly 
clamping  down  the  end-windings  and  reducing  the  nsk  of  their 
shifting  with  consequent  loss  of  balance.  The  mechanical  strength 
of  the  end  cylinders  then  fixes  the  maximum  permissible  speed  of 
continuous-current  dynamos.8  If  F±  and  Fz  are  the  total  centrifugal 
forces  of  the  retaining  cylinder  and  of  the  copper  end-winding, 

7j>         i       Tf 

the  stress  in  the  cylinder  is    1  -      ?,  where  ab  is  the  cross-section 

TT  x  2ao 

of  one  side.  Taking  23,000  Ib.  per  square  inch  as  the  ultimate 
tensile  strength  of  good  gun-metal  or  bronze,  and  3,850  Ib.  as  the 
safe  working  stress,  the  cylinder  of  gun-metal  cannot  itself  be  safely 
run  at  a  higher  peripheral  speed  than  about  10,850  feet  per  minute, 
and  when  the  additional  load  of  the  end-connections  is  also  thrown 
on  this  must  be  largely  reduced  to  7,000  or  8,000  feet  per  minute, 
according  to  the  depth  of  copper.  With  phosphor  and  manganese 
bronze  of  ultimate  strength  of  50,000  to  60,000  Ib  per  square  inch, 
and  elastic  limit  30,000  Ib.,  if  9,000  Ib.  per  square  inch  be  allowed 
as  the  safe  working  stress,  the  maximum  safe  speed  of  the  cylinder 
alone  is  not  more  than  about  16,500  feet  per  minute,  and  for  higher 
speeds,  nickel  steel  of  50,000  Ib  per  square  inch  elastic  limit  must 
be  employed.  The  maximum  peripheral  speed  of  the  continuous- 
current  turbo-dynamo,  with  its  projecting  end-windings,  cannot 
therefore  be  set  much  higher  than  about  16,750  feet  per  minute 
as  given  by,  e.g.,  an  armature  of  32ff  diameter  revolving  at  2,000  revs, 
per  minute. 

§  32.  Insolation  resistance  of  armature.— After  the  coils  have 
been  pressed  into  their  final  positions,  but  before  they  are  soldered 
to  the  commutator4,  their  insulation  to  "  earth,"  i.e.  to  the  iron  core, 
is  tested  with  a  high  pressure,  and  again  after  the  completion  and 
drying  of  the  winding,  the  finished  armature  is  subjected  to  a  final 
test  for  insulation  resistance  between  the  winding  and  commutator 
as  a  whole  and  the  iron  core.  A  high  insulation  resistance  of  many 
megohms  is  not  required,  but  a  capability  to  withstand  a  high 
voltage  without  the  insulation  being  punctured.  In  all  cases  when 
any  fibrous  material  is  employed  m  the  insulation  of  any  part  of 
the  electrical  circuit  of  a  dynamo,  absorbed  moisture  will  lower  its 
insulation  resistance,  which  may  then  be  much  improved  by  baking 
in  a  drying  stove ;  the  resistance  will,  however,  once  again  fall 
when  the  dynamo  is  exposed  to  a  damp  atmosphere.  The  surface 
leakage  is  in  especial  entirely  dependent  upon  the  state  of  the 

1  See  Miles  Walker,  Specification  and  Design  of  Dynamo-electric  Machinery, 
pp  532-7. 

8  A..  G.  Ellis,  "  Steam  Turbine  Dynamos,"  Jown  IEE ,  Vol.  37,  p.  321. 

8  Dr.  R.  Pohl,  Journ  I.EJE.,  Vol  40,  p.  240 

•  For  a  method  of  testing  the  connections  when  the  coils  are  coupled  to 
the  commutator,  cp  O  Steels,  Rev  Gen.  d'Electr ,  vol  9,  p  875 
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armature,  brush  gear,  and  of  the  exposed  ends  of  the  commutator. 
Prolonged  baking  at  high  temperatures  only  ages  the  insulating 
material  prematurely,  and  a  very  high  resistance  of  many  megohms 
thus  obtained  may  be  easily  broken  down  by  a  high  voltage,  while 
a  comparatively  low  resistance  may  be  perfectly  sound  to  resist 
puncture.  Surface  moisture  deposited  by  condensation  from  the 
air,  as  at  night  when  the  machinery  is  standing  and  a  rapid  fall  of 
temperature  occurs,  is  usually  quite  harmless,  although  when  new 
machinery  is  started  up  for  the  first  time  after  erection  it  may 
require  a  moderate  amount  of  drying  out  if  the  voltage  is  high. 
It  is  evident,  then,  that  a  high-voltage  puncturing  test  is  far  more 
valuable  than  any  measurement  of  the  actual  insulation  resistance 
Under  a  difference  of  potential  proportioned  to  its  working  pressure 
the  insulation  must  not  give  way,  even  when  warm.  Thus  if  the 
armature  is  to  give  100  volts,  it  should  be  tested  when  warm  by 
the  application  of  an  alternating  difference  of  potential  of  1,200 
RMS.  volts  between  winding  and  shaft ;  or  if  its  working  pressure 
is  500  volts,  by  the  application  of  2,000  R.M  S.  volts  for  one  minute 
It  must  be  borne  in  mind  that  not  only  does  the  alternating  difference 
of  potential  heat  the  dielectric  more  than  an  equivalent  continuous 
potential,  but  from  the  shape  of  the  alternating  E  M  F.  curve  its 
maximum  is  about  1 J  times  its  virtual  value  ;  hence  such  a  test 
must  not  be  pushed  to  such  an  extreme  as  to  weaken  permanently 
the  insulation  at  some  internal  spot  The  time  of  application  should 
not  exceed  one  minute,  to  avoid  local  heating  of  the  dielectric  and 
breakdown  at  the  overheated  spot.  In  all  cases  the  pressure  must 
be  gradually  raised  to  the  required  value  to  avoid  abrupt  discharge 
between  contiguous  parts  of  the  electric  circuit.1  The  factor  of 
safety  as  compared  with  the  test  pressure  and  as  compared  with  the 
working  pressure  should  be  particularly  distinguished.  Thus  while 
a  machine  for  500  volts  would  be  tested  with  2,000  R.M.S.  volts,  or 
4  tunes  its  working  voltage,  the  pressure  applied  to  a  machine  for 
very  high  voltages  will  not  greatly  exceed  twice  its  working  voltage, 
and  its  resultant  factor  of  safety  is  therefore  less. 

When  a  machine  is  first  run  and  heated  up,  its  insulation  resistance 
falls  much  below  its  value  when  cold,  and  tins  phenomenon  is  no 
doubt  due  to  the  initial  action  of  the  heat  geneiated  hi  all  the  interior 
parts  of  the  winding,  by  which  the  moisture  present  in  the  cotton 
covering  is  driven  out  of  the  fine  capillaries  to  form  conducting 
passages  for  a  leakage  current.  After  a  few  runs  the  resistance 
steadily  improves,  and  in  a  dynamo  m  regular  work  reaches  a  very 
high  final  value.  When  the  high  pressure  test  is  applied,  the  British 

1  See  especially  British  Standardisation  Rules  tor  Electrical  Machinery, 
No.  72,  Report  of  British  Engineering  Standards  Committee  (Crosby  Lock- 
wood  &  Son),  where  a  standard  test  pressure  of  1,000  volts  plus  twice  the 
rated  pressure  of  the  machine  is  specified,  and  Miles  Walker,  Specification  and 
Design  of  Dynamo-electric  Machinery,  pp  187-190. 
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Standardisation  Rules  call  for  an  insulation  resistance  in  megohms 

rated  pressure  in  volts 
not  less  than  Ij000  +  rated  output  in  KVA 

Even  in  large  dynamos  and  when  new,  the  insulation  resistance 
of  the  entire  machine  should  never  be  less  than  one  megohm. 

§  33.  General. — Equalizing  connections  in  multipolar  machines 
aie  conveniently  attached  at  the  back  end  of  the  armature  where 
they  are  easily  accessible,  as  in  Figs.  195  and  196  Thin  strips  of 


FIG    195  — Equalizing  connections  at  end  of  drum  armature 


copper  are  soldered  to  the  ends  of  the  bars  and  to  one  of  a  number 
of  insulated  rings  held  in  clamps  of  wood  or  ebonite.  The  section 
of  each  equalizing  connection  should  be  such  that  its  resistance  is 
less  than  the  contact  resistance  of  two  sets  of  brushes,  so  that  it 
may  effectually  abstract  any  equalizing  current  from  the  path 
through  the  brushes.  Equalizing  connections  are  also  often  arranged 
at  the  front  end  of  the  armature,  being  attached  either  to  the  bars 
close  to  the  commutator  or  to  the  commutator  sectors  themselves, 
in  which  case  they  can  be  carried  on  an  extension  from  the  com- 
mutator at  the  back,  and  are  built  up  thereon  so  as  to  be  removable 
with  the  commutator. 

In  conclusion,  there  is  added  in  Fig.  i87  a  view  of  an  armature 
winding  shop  with  its  winding  stands  canning'  a  number  of  toothed 
armatures  in  various  stages  of  Constructioii,  and  ftoaHy  4n  Figs. 
198-201  are  given  sectional  drawings  iluste&ag  tdsifererit  kinds 
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Df  armatures.  The  first  of  these  is  a  coil-wound  armature  with 
:ore  18*  diameter  x  9*  long  for  a  4-pole  field,  and  the  second  a 
Darrel-wound  bar  armature  21 "  diameter  X  11"  long,  4  layeis  per 


FIG.  196. — Rear  view  of  armature,  showing  equalizer  rings  (General 
Electric  Company,  U.S. A ). 

-.lot  with  commutator  in  place ;  the  latter  has  a  cast-iron  hub 
while  in  Fig.  200,  which  shows  a  complete  4-pole  machine  in  section, 
the  discs  are  again  keyed  directly  to  the  shaft.  Fig.  201  shows  a 
toothed  armature  25  J*  diameter  x  10*  core-length  for  a  6-pole 
fteld  with  involute  end-connectors  formed  of  bent  copper  strip, 
and  with  wooden  fixing  wedges. 
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§  34.  Magnetic  humming  of  toothed  armature. — If  the  width 
of  opening  of  the  slots  of  a  toothed  armature  is  great  as  compared 


r  u 


with  the  length  of  air-gap  and  the  air-gap  density  is  strong,  the, 
rapid  change  in  the  density  of  the  lines  between  the  trailing 'edge  of 
one  tooth  and  the  leading  edge  of  the  next  as  each  slot -emerged  lro:& 
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under  the  pole  face  causes  a  rhythmic  fluctuation  h*  *  *j 
mechanical  stress  which  draws  together  the  tooth  ami  t  *  * '  J 
This  sets  up  an  alternate  drawing  together  and  spi » *  *  5  *' 


the  tooth  and  pole-edge,  which  in  turn  imparts  mecha  n  i*  i*  1 
to  the  air,  whence  a  musical  humming  noise  results  «»f  , 
proportional  to  the  number  of  slots  and  the  revolution  *•  »  H 
That  the  sound  is  to  be  attributed  equally  to  the  vil»t  ^t  j 
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teeth  and  to  the  vibration  of  the  pole-edge  is  probable  from  the 
observed  fact  that  it  is  more  prominent  when  the  teeth  are  narrow 
at  the  root  and  comparatively  weak,  and  also  more  marked  with 
laminated  than  with  solid  pole-shoes 
In  order  to  obtain  the  most  economical  design  of  machine  it  is 


desuablu  to  employ  as  strong  it  field  as  possible,  so  that  in  cases 
where  the  musical  1mm  of  the  toothed  machine  may  be  objectionable 
special  caro  must  be  taken  in  its  design  to  prevent  or  reduce  it  by 
eliminating  the  causes  to  which  it  is  due.  Particular  relations  of 
the  polar  arc  to  the  toothed  pitch  have  been  suggested  for  this 
purpose, *  but  have  not  in  the  experience  of  the  writer  proved  their 

1  As  by  Fischer-Hinnen ;   see  G.  W.  Worrall,  "  Magnetic  Oscillations  in 
Alternators,"  Journ.  I  E.E.,  Vol.  40,  p  414. 
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usefulness.  The  difficulty  is  that  there  is  in  reality  no  definite 
boundary  or  line  of  demarcation  of  the  field,  so  that  in  practice  no 
hard-and-fast  relation  of  polar  arc  to  tooth-pitch  secures  the  desired 
end  of  noiselessness  even  when  the  pole-tips  have  rounded  corners 
All  that  can  be  done  is  to  secure  that  there  is  no  abrupt  change  of 
the  conditions  as  the  teeth  leave  the  pole-edge  by  shading  off  the 
field  to  zero  in  as  nearly  a  continuous  manner  as  possible  The  bore 
of  the  pole-faces  should  therefore  be  chamfered  off  until  the  air-gap 
is  very  small  at  the  centre  and  gradually  opens  out  to  the  edges, 
so  that  the  fringe  of  lines  diminishes  as  nearly  as  may  be  at  a  uniform 
rate  The  best  result  is  obtained  by  boring  the  poles  to  a  larger 
ladius  and  afterwards  bringing  them  inwards,  but  a  practical 
compromise  is  given  by  a  careful  shaping  of  the  edges  in  the  milling 
machine,  so  that  the  curved  surface  passes  gently  into  a  straight 
line,  and  the  requisite  clearance  is  obtained  at  the  tips. 

The  width  of  the  slot  also  plays  an  important  part,  so  that  in 
general  the  width  of  the  opening  should  not  exceed  |".  When  it 
is  necessary  to  eliminate  entirely  this  objectionable  feature  of  the 
toothed  machine  it  is  best  to  employ  half-closed  slots,  although  care 
must  be  taken  that  the  inductance  of  the  short-circuited  coils  is  not 
thereby  increased  too  much.  Another  method  of  treating  the  same 
difficulty  consists  in  making  the  pole-edges  slant  across  the  armature 
core,  so  that  they  are  no  longer  parallel  to  the  axis  of  the  slots  ; 
but,  in  the  case  of  laminated  pole-shoes,  this  necessitates  the  building 
up  of  the  laminations  in  small  packets  about  an  inch  thick  which 
are  gradually  stepped  in  relation  to  one  another,  and  this  again 
leaves  the  tips  somewhat  weakly  supported,  since  the  rivets  cannot 
pass  through  the  whole  shoe  near  to  the  edges.  R.  Goldschmidt  has 
obtained  satisfactory  results  by  laying  a  thin  strip  of  sheet-iron 
0-5  to  1  mm.  thick,  with  a  thin  sheet  of  paper  under  it  and  bent  over 
its  sides,  along  the  mouth  of  the  slot  x 

§  35.  Electrical  resistance  of  armature.—  The  calculation  of  the 
electrical  resistance  of  an  armature  from  brush  to  brush  is  made  as 
follows  From  the  dimensions  of  the  core,  the  length  of  one  active 
conductor  and  of  one  connector  by  which  it  is  ]omed  to  the  next 
conductor  in  series  can  be  estimated  (see  §  22).  Let  I  be  this  length 
m  some  unit,  and  let  co  =  the  resistance  of  unit  length  of  copper 
wire  of  the  given  sectional  area  ;  then  the  entire  length  of  conductor 
with  which  the  armature  is  wound  is  Z  X  I,  where  Z  is  the  total 
number  of  active  conductors,  and  its  resistance  if  extended  out  in 
series  is  Z  X  I  X  co.  Since  the  armature  is  divided  into  q  parallel 
circuits,  the  resistance  of  each  circuit  is  Zlo)/q,  and  the  resistance 
of  q  such  circuits  in  parallel  is 


•a—  a          '  •  '  • 

*  ETZ,  Vol.  28,  p    1166.     Electrician,  Vol    60,  p   634.    Cp.  also  MHes 
Walker,  The  Diagnosing  of  Troubles  in  Electrical  Machines,  pp.  151-4, 

J  4—  (5066) 
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Thus  in  the  simple  bipolar  or  simplex  wave-wound  multipolar 
machine  the  resistance  of  the  armature  is  one-fourth  of  the  resistance 
of  the  total  length  of  wire  if  in  series  ;  and  in  the  multipolar  lap- 
armature,  unless  multiplex  wound,  q  =  P,  the  number  of  poles, 
Z  X  /  X  oo 


§  36.  Peripheral  speed  of  armature.  —  A  high  peripheral  speed  is 
to  some  extent  desirable,  as  reducing  the  size  and  weight  of  a 
machine  for  a  given  output,  but  it  must  be  limited  by  considerations 
of  mechanical  strength  and  durability,  and  therefore  its  permissible 
value  depends  largely  on  the  method  on  which  the  armature  is  built 
up.  But  apart  from  the  question  of  the  mechanical  strength  of  the 
rotating  portion,  its  perfect  balancing  is  of  almost  equal  importance  ; 
with  high  speeds,  even  a  comparatively  light  armature,  unless 
accurately  balanced,  will  set  up  such  excessive  vibration  throughout 
the  whole  machine  as  will  in  the  end  considerably  shorten  its  life. 
Moderately  high-speed  armatures  are  usually  balanced  on  knife 
edges  before  leaving  the  workshop,  and  a  little  material  is  added  as 
by  solder  or  by  a  lead  plug  to  whichever  side  is  lighter.  But  even 
this  only  secures  a  statical  balance  when  at  rest,  and  does  not 
necessarily  imply  balance  under  rotation  unless  the  addition  is 
made  in  the  correct  plane  at  right  angles  to  the  axis  of  rotation 
exactly  opposite  to  the  point  of  excess  weight.  To  attain  a  running 
balance,  each  component  of  a  high-speed  machine,  i>  e.  hub,  discs, 
core  with  and  without  coils,  commutator,  should  be  balanced 
separately,  and  finally  the  complete  rotor  should  be  spun  either 
vertically  or  horizontally  in  suspended  bearings  free  to  move 
laterally.  * 

With  the  ordinary  slotted  drum  armature  dnven  by  belt  a 
peripheral  speed  of  about  3,000  feet  per  minute  is  common.  In 
large  continuous-current  machines  coupled  directly  to  steam  engines 
the  peripheral  speed  reaches  5,250  feet  per  minute  When  coupled 
to  a  large  water  turbine,  a  speed  of  7,500  feet  per  minute  has  been 
reached  in  a  continuous-current  generator,  and  in  turbo-dynamos 
coupled  directly  to  steam  turbines  peripheral  speeds  as  high  as 
10,000  feet  per  minute  are  found,  but  in  all  such  cases  only  when 
the  best  materials  and  most  careful  construction  are  employed 
A  limit  is  set  to  the  advantage  of  high  speeds  by  the  great  increase 
in  the  eddy-current  loss  thence  resulting,  by  the  difficulty  of  securing 
sparkless  commutation,  and  by  the  increased  cost  to  manufacture. 

§  37.  Ratio  of  lengtiji  to  diameter  ol  armature.  —  The  relative 
proportion  of  the  length  L  to  the  diameter  D  of  armature  cores 

1  See  Electrical  Engineer,  Vol,  38,  pp.  866  A  and  899  A,  and  also  W  Hoult, 
"  Direct-Current  Turbo-Generators,"  Journ  J.E.E.,  Vol  40,  p  635  ;  "  Steam 
Turbines  and  Turbo-Generators"  (W  J  A.  London),  Journ  I  E  E.,  Vol  35, 
p.  193  ,  H  Holzwarfh,  Power,  Vol  28,  p  219  ,  and  §  10  of  the  present  chapter 


m  the  core  is  B0  =  ^-%- .    It  will  be  understood  that  this  is  the 
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depends  on  the  type  of  magnet  and  on  the  number  of  poles,  and 
in  each  type  considerable  variations  are  permissible  without 
transgressing  the  limits  fixed  by  mechanical  or  economical 
considerations. 

In  bipolar  drums  the  length  is  usually  considerably  more  than  the 
diameter,  but  m  multipolar  machines  the  economical  ratio  of  polar 
arc  to  length  of  core  remains  nearly  a  constant,  with  values  from 
1  to  1-4,  so  that  the  ratio  of  length  to  diameter  rapidly  decreases 
as  the  number  of  poles  is  increased.  See  Chapter  XV,  §  17. 

§  38.  Radial  depth  of  armature  core. — Since  the  total  flux  wluch 
enters  the  armature  from  any  one  pole,  or  <D0,  divides  within  the 
core,  half  of  the  lines  passing  in  either  direction  onwards  to  an 
adjacent  pole  of  opposite  sign,  the  area  of  the  iron  through  which 
the  Ofl  lines  flow  is  twice  the  cross-sectional  area  at  any  one  part 
of  the  core  if  it  be  cut  through  from  the  outside  to  the  shaft.  Hence 
if  k0  =  the  radial  depth  in  centimetres  of  the  discs  below  the  level 
of  the  teeth,  and  Lt  =  the  net  length  in  centimetres  of  iron  parallel 
to  the  shaft  (after  allowance  has  been  made  for  the  insulating 
varnish  or  paper  between  the  discs  and  for  any  ventilating  air- 
spaces that  there  may  be  m  the  core),  the  maximum  flux-density 

$•_ 

2heLi' 

maximum  value  which  the  induction  reaches  when  averaged  over 
a  cross-section  through  the  core  in  an  interpolar  gap ;  as  Figs. 
219  and  221  show,  in  this  cross-section  the  induction  is  not  actually 
uniform.  With  allowance  for  air-ducts,  Lt  vanes  from  0-75  to  0-85 
of  the  gross  length  of  the  core  L.  The  iron  of  which  armature  cores 
are  composed  being  soft  and  permeable,  a  fairly  high  flux-density 
is  permissible  in  the  armature  without  impairing  the  efficiency  or 
economy  of  excitation.  In  drum  armatures  the  density  B0  may  be 
as  high  as  16,000  to  17,000,  but  is  usually  made  to  decrease  some- 
what as  the  frequency  is  increased  ;  since  the  latter  is  partly  depen- 
dent on  the  number  of  poles,  average  values  of  B0  are  16,000  to 
15,000  in  4-pole,  and  15,000  to  14,000  in  6-pole  machines. 

The  nature  and  magnitude  of  the  hysteresis  loss  in  armatures  will 
be  treated  in  the  next  Chapter,  but  it  will  here  be  added  that  if  the 
assumption  be  made  that  the  hysteresis  loss  is  proportional  to 

JB0lifl,  then  since  B0  •=  57-7-  and  V0,  the  volume  of  iron  in  the  core 

=  hJLt .  2/nr  where  r  is  the  mean  radius  of  the  core,  it  follows  from 

/  Y  \ie 
equation  (96)  that  with  a  given  O.the  hysteresis  loss  is  oc  V0  f  -=r  1 

which  is  oc  yrtt'  Taking  the  external  diameter  and  length  as 
fixed  by  other  considerations,  it  results  that  an  increase  in  the  radial 
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depth  reduces  the  hysteresis  loss  more  than  in  proportion  to  the 
increased  volume  and  cost  of  the  iron  On  this  score  it  might  be 
thought  that  a  low  average  density  would  be  advisable  ;  yet  any 
such  conclusion,  if  pressed  too  far,  would  in  practice  be  erroneous 
for  several  reasons.  In  the  first  place,  if  the  density  is  confined 
within  the  upper  limits  named  above  and  is  made  to  decrease 
slightly  with  an  increase  m  the  frequency,  the  absolute  value  of 
the  hysteresis  loss  is  so  small  that  the  slight  gain  in  efficiency  with 
a  much  lower  density  does  not  warrant  the  increased  cost  of  the 
iron.  In  the  second  place,  as  will  be  shown  in  Chapter  XIV,  §  12, 
with  a  rotating  field  the  loss  does  not  with  high  densities  increase 
m  proportion  to  the  l-6th  power  of  the  induction,  and  even  shows 
a  decrease  with  values  above  16,000  But  more  important  than 
all,  the  actual  flux- density  over  any  cross-section  of  the  core  is  not 
uniform,  and  if  the  curves  of  Figs  219  and  221  are  imagined  to  be 
prolonged  it  will  be  seen  that  the  inner  layers  of  iron  carry  less  and 
less  of  their  due  proportion  of  lines ;  the  maximum  density  in 
the  outer  layers  is  not,  therefore,  much  reduced  even  if  the  radial 
depth  is  considerably  increased,  while  the  added  inner  layers  of 
iron  are  not  only  inefficient  from  a  magnetic  point  of  view,  but  also 
are  objectionable  as  shielding  the  layers  which  are  most  heated 
by  hysteresis  from  the  cooling  effect  of  air-circulation  through 
the  core. l  It  is  not,  therefore,  economical  to  reduce  the  density 
below  16,000  for  frequencies  from  5  to  15,  below  14,000  for 
frequencies  from  15  to  20,  or  below  12,000  for  frequencies  from 
20  to  30 

On  the  other  hand,  considerations  of  the  total  loss  limit  the 
permissible  values  to  which  the  flux-density  in  the  core  may  be 
raised.  Although  with  a  true  rotating  field  the  hysteresis  loss 
alone  might  be  reduced  per  cycle  with  an  increased  average  density 
above  16,000,  it  must  be  remembered  that  the  loss  by  eddy-currents 
m  the  discs,  which  is  proportional  to  the  square  of  the  frequency 
and  of  the  density  (Chapter  XXI,  §  17),  and  also  the  necessary 
excitation  are  increased.  Further,  when  segmental  core-discs  have 
to  be  employed  on  large  armatures,  the  breaks  in  the  continuity  of 
the  discs  at  the  joints' may  give  rise  to  dissymmetry  in  the  flux 
distribution  and  to  eddy-currents  in  the  shaft  if  the  average  flux- 
density  is  high  and  especially  if  the  small  air-gap  at  the  breaks  is 
not  uniform  over  the  whole  width  of  the  core  a 

If  the  ratio  of  the  polar  arc  to  the  pole-pitch  be  ft  =  0-7,  the  con- 
stant k  which  reduces  the  rrnaxunurn  air-gap  density  Bg  mato  to  an 
average  value  for  the  whole  of  the  pole-pitch,  may  roughly  be 

1  Dr.  W.  M.  Thornton,  "The  Distribution  of  Magnetic  Induction  in 
Multipolar  Armatures,"  Electrician,  26th  August,  1904 

•  See  especially  Miles  Walker,  Specification  and  Design  of  Dynamo-electnc 
Machinery,  pp.  83,  84,  and  The  Diagnosing  of  Troubles  vn  Electrical  Machines, 
pp  134  and  140. 
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identified  with  /!?,  so  that  ®a  =  @  -^T-  Bg  na3l  *.    The  net  length  of 

iron  in  the  core,  after  making  allowance  for  the  insulation  between 
the  discs  and  for  the  ventilating  ducts  is  Lt  =  0-9x0-91,,  say,  0  8L, 
and  the  single  section  of  the  iron  =  0  8hjL.  The  average  density 
over  a  section  of  the  core  below  the  teeth  midway  between  a  pair 
of  poles  is  thus 


B'=^r 

or  TJ 

h0  =  0  44  x  pole-pitch  X  -^ 

0 

Taking  a  normal  value  for  Bg  maas  as  7,500,  and  fixing  the  maximum 
limit  of  B0  as  16,800  for  low  frequencies  and  13,000  for  higher 
frequencies,  h0  is  approximately  20  to  25  per  cent  of  the  pole-pitch, 

h0  TT 

and  -=j  =  say,   0  212  —  =  0  66  —  number  of  poles.    Thus  the 

radial  depth  of  core  is  to  be  regarded  as  related  to  the  pole-pitch, 
and  bears  a  ratio  to  the  diameter  which  is  entirely  dependent 
upon  2p  The  larger  the  number  of  poles,  the  shallower  become  the 
discs 

§  39.  The  effect  of  taper  in  the  iron  teeth. — The  marked  Influence 
of  the  tapenng  tooth-width  due  to  slots  having  parallel  sides  by 
way  of  increasing  the  saturation  at  the  roots  of  the  teeth,  has 
already  been  mentioned  in  §  18.  Its  influence  on  the  maximum 
density  in  the  air-gap  must  also  here  be  noted. 

With  slots  having  parallel  sides  the  fraction  of  the  width  of  the 
tooth  at  the  top  wluch  is  lost  at  the  bottom  owing  to  the  tapering 

It  (1  ~f~  w./Wtj) 
inwards  of  the  sides  is  very  closely  — - —  „          ,  where  R  is  the 

radius  of  the  armature  and  lt  is  the  depth  of  the  slot.  The  fraction 
which  the  area  at  the  root  is  of  the  area  of  the  tooth  at  the  top  is 


lt  (1  -f- 
therefore  1  ---  -    —~-  —  -  ,  and  it  is  evident  that  for  any  constant 

values  of  w^w^  and  of  lt  the  effect  of  the  taper  becomes  more  marked 
the  smaller  the  diameter  of  the  armature  But  the  depth  of  slot 
which  is  employed  in  small  armatures  itself  decreases,  which  makes 
the  variation  of  the  ratio  of  the  two  areas  less  as  between  large  and 
small  armatures.  The  depth  of  the  slot  "being  assumed  to  have  such 

1  The  additional  flux  of  the  interpolar  fringes  is  in  the  above  approximation 
taken  as  making  up  for  the  reduction  of  the  flux  under  the  pole-face  owing  to 
the  presence  of  the  ventilating  ducts  in  the  armature  core  and  also  fdr  the 
fact  that  the  axial  length  of  the  pole-face  is  usually  somewhat  I,e53  tfcam  the 
over-all  length  L  of  the  armature  core  between  the  end-flanges,  Qp*  C 
XVI,  §  7.  ,  '  '  \ 
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normal  values  as  those  given  at  the  end  of  §  18  of  the  present 
Chapter,  and  as  shown  in  Fig.  202  for  different  diameters  of  armature, 
this  Figure  shows  the  fraction  wttjwti  for  limiting  ratios  wajwtl  = 
0  5  and  1.  The  latter  of  these  broadly  speaking  applies  to  small 
armatures  and  the  former  to  large  armatures,  the  passage  being 
made  gradually  from  one  to  the  other  curve  with  increasing  diameter 
of  the  armature,  as  shown  by  the  dotted  line  Assuming  no  flux 
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FIG.  202. — Ratios  of  areas  at  bottom  and  top  of  teeth 

to  leak  into  the  slots  or  ducts,  if  Btz  max  be  the  apparent  flux-density 
at  the  root  of  the  tooth  before  correction  for  such  leakage 

Bg  mau  X  (wtl  +  w.)  x  L  =  BU  moo,  X  wn  X  Lt 
whence 

B.m~  =  WlBnmi.x-**-         .        .        .     (95) 

From  the  point  of  view  of  sparkless  commutation  it  is  advan- 
tageous to  saturate  the  teeth  strongly  up  to  about  Bt2  mcm  =  21,000 
(uncorrected)  at  the  root,  but  if  this  value  is  much  exceeded,  the 
forcing  of  the  flux  outwards  into  the  slots  as  shown  in  Chapters  XVT 
§  8,  and  XXI  §  19,  causes  greater  eddy-currents  in  the  solid  conductors, 
and  the  increasing  reluctivity  of  the  iron  demands  a  rapidly  increas- 
ing number  of  ampere-turns  to  overcome  it.  Adopting  then  the 
normal  value  of  21,000  for  Bnmaa  and  inserting  it  in  the  above 
equation,  it  follows  from  Fig  202  that  the  value  of  Bg  mav  in  small 
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machines  cannot  be  nearly  so  high  as  in  large  machines,  and  that 
it  must  rise  from,  say,  Bg  max  =  5,000  in  an  armature  of  5  in. 
diameter  to  10,000  in  a  70  in  armature,  approximately  as  shown 
in  Fig.  203.  Further  reasons  that  forbid  the  use  of  such  high 
air-gap  densities  in  very  small  as  in  large  armatures  are  the 
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FIG  203  — Relation  of  Bg  mata  to  diameter  of  armature 

difficulty  of  bestowing  the  exciting  ampere-turns  on  the  poles  and 
the  liability  of  their  shafts  to  bend  under  the  unbalanced  magnetic 
pull  if  the  air-gaps  are  of  slightly  unequal  lengths 

Since  the  large  machines  usually  have  the  higher  frequencies,  it 
thus  finally  results  when  the  considerations  of  the  present  section 
are  applied  to  §  38  that  the  radial  depth  of  core,  although  decreasing 
with  an  increased  number  of  poles,  bears  a  greater  ratio  to  the 
pole-pitch  in  large  machines, 


CHAPTER  XIV 

THE  MAGNETIC  PROPl-RTIhh  <>!•    1KOS 

§  1.  The  conditions  affecting  the  permeability  of  iron.  I'ln-  ju-i 
meabihly,  p,  of  any  material  depends,  not  nieielv  upmi  \\lu'lhn 
it  is  magnetic  or  non-magnetic,  but,  if  it  be  the,  funnel,  i»l»«»»  thirr 
conditions.  These  may  be  summed  up  as  follows  :  (1)  Its /»//vs*«tf 
am?  chemical  slate,  eg,  whether  it  bo  wrought  iioii  «»r  cast  imu, 
annealed  or  hardened ;  or  whether  it  be  alloyed  with  othei  sub 
stances,  and  what  LS  the  percentage  in  which  these  an*  pit-sent, 
eg  steel  alloyed  with  12  per  cent,  of  manganese  brawns  almost 
non-magnetic  So  fai ,  the  permciibility  is  analogous  to  tin*  elet  ti  ir 
conductivity  of  metals  which  is  similarly  affected  by  their  pliysii al 
state  or  by  their  purity.  But  the  permeability  even  nf  a  del'mite 
chemical  substance  in  a  definite  physical  state  is  not  :i  constant 
quality ;  it  also  depends  on  (2)  the  value  nftheflux-dentity,  Kcfriirli'd 
from  this  point  of  view,  the  permeability  is  a  funrfiun  i»f  /^, 
the  flux-density  of  the  hues  per  square  cuiilimt'lri?,  or  /*  -  /(/')• 
Herein  it  differs  decisively  from  the  analogous  pmjHTty  "f  t'lt-i  tiUal 
conductivity,  for  ui  the  case  of  the  elect iio  I'hniit  the  irsistivilv 
of  the  material  composing  it  is  not  a  fund  ion  of  the  cm  rout,  but 
is  independent  of  the  amount  of  current  flowing  through  it,  save 
m  so  far  as  this  indirectly  affects  the  temperature  of  the  condtti  toi . 
Although,  therefore,  in  the  case  of  air  and  non-magnetic  bodies, 
the  analogy  of  magnetic  permeability  to  electric  conductivity 
is  perfect,  it  is  far  from  holding  in  the  case  of  iron.  While 
the  permeability  of  iron  may  be  2,000,  or  even  more,  with  ,111 
induction  B  =  5,000,  yet  when  the  flux-density  has  been  rained  by 
special  methods  to  the  extremely  high  value  of  45,350,  the  vnlue 
of  ^  is  reduced  to  less  than  2.1  From  this  it  will  be  seen  that 
though  air,  gun-metal,  zinc,  etc.,  may  be  regarded  as  magnetic  insu- 
lators relatively  to  iron  when  the  latter  is  weakly  magnetised,  yet 
when  the  iron  is  "  saturated  "  the  difference  in  their  permeabilities 
becomes  greatly  reduced  ;  for  values  of  B  in  wrought  and  cast  iron, 
such  as  are  ordinarily  reached  in  practice,  their  permeabilities  may 
be  said  to  stand  to  that  of  air  in  the  ratio  of  about  200  or  100  to  1, 
but  for  higher  values  it  continually  decreases,  until  for  Intense 
saturation  they  may  be  only  about  double  that  of  air.  Next, 
the  permeability  depends  upon  (3)  the  previous  magnetic  history 
of  the  meta1,  i.e.  upon  whether  it  has  been  previously  subjected  to  a 

1  Actually  1-85  (Ewmg,  Magnetic  Induction  in  Iron  and  other  MtttUi, 
3rd  edit.;  Chap.  VII,  §94). 
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larger  or  a  smaller  induction.  The  iron  is  affected,  as  it  were,  by 
its  history,  so  that  the  number  of  lines  passing  through  it  diffei  s 
in  the  two  cases  of  an  ascending  or  a  descending  induction.  Lastly, 
the  permeability  of  iron  is  affected  by  temperature,  but  as  this 
effect  is  hardly  noticeable  within  the  range  of  temperature  that  is 
met  with  in  the  ordinary  working  of  dynamos,  it  may  for  our  present 
purpose  be  dismissed  as  negligible  Such  being  the  complex  nature 
of  the  permeability  /A  =  B/H,  it  is  most  convenient  to  represent  the 
process  of  the  magnetization  of  iron  graphically  by  curves  of  induc- 
tion or  flux-density,  connecting  together  corresponding  values  of 
B  and  H.  It  may  here  be  recalled  that  the  quantity  H  in  C  G  S. 
units — in  other  words,  the  magnetizing  intensity  of  the  field  in  which 
the  iron  is  placed,  or,  as  it  is  sometimes  called  in  the  present  con- 
nection the  "  magnetizing  force,"  to  which  the  iron  is  subjected — 
is  also  the  fall  of  magnetic  potential  which  takes  place  over  a  cen- 
timetre length  of  the  substance  forming,  e  g.  the  core  of  a  ring  such 
as  that  of  Fig.  4  when  B  lines  flow  through  each  square  centimetre 
of  its  cross-section.  A  number  of  corresponding  values  of  H  and 
B  are  obtained,  and  these  when  plotted  as  abscissae  and  ordmates 
respectively  are  joined  to  form  a  curve  of  flux  density 

§  2.  Ascending  and  descending  curves  of  B  and  H. — Starting 
with  a  soft  annealed  wrought-iron  ring  previously  unmagnetized, 
and  therefore  in  an  entirely  neutral  state,  or  else  carefully  demag- 
netized by  means  of  a  gradually  decreasing  alternate  current  passed 
through  the  magnetizing  helix,  let  its  ascending  curve  be  determined, 
the  current  being  increased  in  strength  step  by  step,  and  the  flux- 
density  being  separately  measured  for  each  step.  At  the  outset, 
for  very  small  magnetizing  intensities,  the  value  of  B  rises  at  a 
certain  slow  rate  almost  proportionately  to  the  increase  of  the 
intensity  ,  when,  however,  the  intensity  has  reached  a  value  of 
about  1  or  2  C.G  S.  units,  the  rate  of  rise  of  the  induction  changes 
very  rapidly  to  a  much  increased  value  ;  at  this  new  rate  the  induc- 
tion again  continues  to  rise  almost  proportionately  to  the  increase 
of  the  magnetizing  intensity,  but  when  the  latter  is  raised  to  a 
value  of  from  5  to  10,  although  the  induction  B  continues  to  increase, 
its  rate  of  rise  falls  off,  and  becomes  gradually  less  and  less  rapid. 
The  curve  thus  obtained  for  B  and  H  is  that  marked  OE  in  Fig. 
204  ;  since  the  iron  was  at  the  outset  unmagnetized,  it  starts  from 
the  origin,  and  rises  with  the  increasing  magnetic  intensity,  as 
shown  by  the  ascending  arrow.  It  is  divisible  approximately  into 
three  different  portions,  marked  a,  b,  c,  corresponding  to  the  three 
stages  just  mentioned4. 

After  having  reached  the  point  E  on  the  ascending  curv$  of 
flux-density,  let  the  magnetizing  current  be  gradually  reduced 
and  the  curve  of  descending  induction  be  traced.  This,  as  has  been 
already  stated,  is  by  no  means  identical  with  the  ascendinlg 
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It  is  marked  II.  with  a  downward  arrow  in  Fig.  204,  and  is  con- 
siderably higher  than  the  ascending  curve,  so  that  when  the  magnet- 
izing intensity  is  zero  it  cuts  the  vertical  axis  at  some  point  R, 
considerably  above  the  horizontal  axis.  The  height  OR,  t  e.  the 
number  of  lines  still  passing  per  square  centimetre  of  the  iron  when 


the  magnetizing  intensity  has  been  gradually  reduced  to  zero,  is 
the  residual  induction  or  remanence  of  the  iron ;  its  exact  amount 
depends  upon  the  value  to  which  the  induction  in  the  iron  has  been 
previously  raised,  and  from  which,  as  a  starting-point,  the  reduction 
began,  while  the  proportion  which  it  bears  to  the  maximum  induc- 
tion reached  is  the  retentivity  of  the  iron.  After  reaching  point  R 
on  the  downward  curve,  a  negative  magnetic  intensity  is  required, 
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and  the  direction  of  the  magnetizing  current  must  be  actually 
reversed  by  reversing  the  magnetizing  current  in  order  to  reduce  B 
to  zero.  The  amount  of  the  negative  intensity,  which  has  to  be 
applied  in  order  to  reduce  B  exactly  to  zero  after  it  has  been 
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previously  raised  to  a  high  value,  is  called  the  coercive  intensity  of 
the  iron ;  it  is  measured  by  the  length  of  the  line  OC  in  Fig.  204. 

§  3.  Saturation  a  relative  term.— If,  after  reaching  the  point 
E  on  the  ascending  curve,  the  magnetizing  intensity,  inst^adl  of. 
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being  reduced,  had  been  still  further  increased,  the  curve  would 
become  flatter  and  flatter,  but  it  never  becomes  truly  horizontal , 
although  the  iron  may  now  be  said  to  be  "  saturated,"  the  induction 
B  never  ceases  to  increase  when  the  magnetizing  intensity  is  in- 
creased, so  that  there  is  no  definite  limiting  value  of  B  beyond  which 
it  cannot  be  raised ,  the  permeability  of  the  iron  is  enormously 
reduced,  but  even  when  the  peculiar  action  of  the  iron  in  increasing 
the  magnetic  flux  is  almost  imperceptible,  more  flux  can  always  be 
passed  through  the  helix,  just  as  if  it  were  a  simple  solenoid  en- 
closing merely  air  and  without  any  core  of  iron  The  iron  is 
commonly  said  to  be  "  saturated"  when  the  curve  of  flux-density 
has  begun  to  bend  over  at  the  rounded  knee  between  b  and  c,  but 
the  exact  appearance  of  the  curve  and  position  of  the  bend  largely 
depend  on  the  respective  scales  to  which  B  and  H  are  plotted  Fig. 
205  shows  the  curves  of  flux-density  of  three  different  kinds  of 
iron,  the  ascending  curve  being  shown  full  and  the  descending  curve 
dotted ,  in  these  the  induction  and  magnetizing  intensity  (the 
latter  shown  in  the  upper  of  the  two  scales  along  the  horizontal 
axis)  have  been  earned  to  much  higher  values  than  in  Fig  204 
The  scale  of  H  has  been  altered  to  obtain  a  convenient  size  of 
diagram,  and  it  will  be  seen  that  now  the  bend  of  the  curve  for 
annealed  wrought  iron  appears  to  be  at  B  =  14,000  instead  of  at 
B  =  11,000,  as  in  Fig  204.  Saturation  is  in  fact,  so  far  as  lines  of 
induction  are  concerned,  a  relative  term,  with  no  particular 
numerical  significance. 

But  so  far  as  "  intensity  of  magnetization,"  /,  as  defined  by  the 
equation  B  =  H  +  4n7,  is  concerned,  saturation  has  a  more  definite 
meaning.  When  H  is  raised  above  a  value  ranging  from  about 
1,500  to  2,000  C.G  S.  units,  the  value  of  B  exceeds  that  of  H  by  an 
amount  which  is  practically  constant  for  any  given  material. 
Thus  with  high  grades  of  armature  iron,  for  values  of  H  above 
2,000,  experiment  shows,  say, 

B  =  H  -f-  21,400 

whence  the  constant  value  of  /  =  1,700  This  saturation  intensity 
fs  or  the  "  specific  magnetism "  may  then  be  regarded  as  a  true 
physical  constant  of  the  material  1  The  highest  value  of  J8  so  far 
recorded  is  1 ,796  (in  annealed  Norwegian  iron) 2,  and  an  exceptionally 
good  specimen  of  armature  iron  tested  by  Dr.  Beattie  and  H. 
Gerrard  gave  a  saturation  intensity  of  1,740  with  a  magnetizing 

1  See  Sir  R  A  Hadfield  and  Prof  B  Hopkmson,  "  The  Magnetic  Properties 
of  Iron  and  its  Alloys  m.  intense  fields,"  Journ  I E  E  ,  Vol  46,  p  235  ,  Dr.  R 
Beattie  and  H  Gerrard,  Electr ,  Vol  64,  p  750,  Feb.  18th,  1910,  F.  Shaw, 
Ebctr,  Vol  80,  p  790,  and  A  Campbell  and  D  W  Dye,  Joum  IEE, 
Vol  54,  p  41 

•  By  B  O  Peirce,  see  Elfctrtcian,  20th  Oct ,  1909,  p   107. 
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intensity  H8  as  low  as  1,500    The  results  of  the  latter  observers  are 
given  in  the  two  upper  and  the  lowest  curves  of  Fig   210  ;   the 
saturation  points  are  marked  with  a  cross,  after  which  the  induction 
rises  as  an  inclined  straight  line,  the  dotted  parts  being  continuations 
beyond  the  experimentally  observed  portions. 
/  §  4.  Physical  and  chemical  conditions  as  bearing  on  magnetic 
properties  of  iron. — The  permeability  of  iron  is  largely  affected  by 
the  presence  of  impurities,  intermixed  or  in  combination  with  it, 
such  as  phosphorus,  sulphur,  tungsten,  or  manganese,  and  also 
by  the  closely  connected  physical  quality  of  "  hardness  "    The 
exact  influence  of  any  one  ingredient  it  is  most  difficult  to  determine, 
since  its  absence  or  presence  may  affect  not  only  the  chemical  com- 
position but  also  the  melting-point,  the  process  by  which  the  metal 
must  be  treated  during  manufacture,  and  the  interaction  of  the 
other  impurities     It  may,  however,  be  said  that  the  most  important 
ingredient  on  all  these  scores  is  carbon ,  its  presence  ui  a  combined 
state  being  detrimental  to  the^permeability. 1   ^Mild  steel,  when 
rolled  into  thin  sheets,  may  usually  be  relied  upon  as  being  soft, 
owing  to  the  processes  of  manufacture  through  which  it  has  to 
be  earned,  and,  further,  in  this  form  it  admits  of 'a  very  thorough 
annealing     When,  however,  such  sheets  are  stamped  or  punched 
out  into  the  shapes  suitable  for  dynamo  purposes,    it  is  usual 
to  subject  the  stampings  to  a  further  reanneahng,  since  by  the 
process  of  stamping  they  become,  to  a  certain  extent,  hardened 
The  annealing  process  should  be  carried  out  in  air-tight  closed 
boxes  or  chambeis,  since  mere  annealing  in  a  fire  open  to  the  air 
reduces  the  permeability.    In  cast  iron  the  effects  of  impurities 
and  of  hardness  are  again  very  marked   (The  iron  used  for  castings 
should  be  specially  soft  and  pure,  and  all  hardening  or  chilling  of 
it  after  casting  should  be  avoided.    The  total  amount  of  carbon 
present  in  a  combined  form  or  as  graphite  may  vary  from  3  to  4£ 
per  cent.,  but  should  be  low  in  order  to  reduce  the  percentage  of 
combined  carbon,  if  possible  to  less  than  0  5  per  cent.    Approxi- 
mately, it  may  be  said  that,  for  ordinary  values  of  H  between 
40  and  80,  the  permeability  of  cast  iron  is  less  than  half  that  of 
forged  iron  or  cast  steel ;  but  different  samples  of  cast  iron  show 
much  more  divergence  among  themselves  in  permeability  than 
would  be  found  in  as  many  samples  of  wrought  iron.    In  steel 
castings  combined  carbon  is  again  objectionable,  and  should  not  be 
present  to  a  greater  extent  than  0-2  per  cent.,  the  temperature  at 
which  it  is  cast  being  correspondingly  high.    <^n  alloy  of  steel  with 
5  per  cent,  of  nickel  has  been  used  with  success  to  combine  a 

i  See  especially  Barrett,  Brown  and  Hadfield,  "  Researches  on  Different 
Alloys  of  Iron,"  /own.  I.E.E.,  Vol.  31,  p.  695  ff ,  and  H.  F.  Parshall, 
"  Magnetic  Data  of  Iron  and  Steel,"  Proc.  C.  E ,  1896,  Vol>  126.'  Thfe  effect 
of  alloying  sheet  steel  with  silicon  is  dealt  with  later.'  •  •  t  i  ,  ' 


*  * 


406  CHAPTER  XIV 

permeability  as  high  as  that  of  good  cast  steel  with  great  mechanical 
strength  after  forging.1 

The  "  retentivity "  and  "  coercive  intensity "  hkewise  vary 
greatly  in  different  qualities  of  iron,  and  are  affected  by  their  punty 
and  hardness.  It  will  be  seen  from  Figs.  205  and  208  that  when 
a  high  magnetizing  intensity  is  gradually  reduced  to  zero,  the 
residual  magnetic  induction  which  persists  in  annealed  wrought 
iron  is  about  7,000  or  8,000,  while  for  cast  iron  it  is  about  3,000  to 
4,000.  The  retentivity  of  soft  annealed  wrought  iron  is  greater 
than  that  of  any  other  material,  since  as  much  as  80  or  90  per  cent 
of  the  induction  may  be  retained,  but  this  amount  is  much  reduced 
if  the  iron  circuit  be  incomplete.  Its  coercive  intensity  is,  however, 
very  small,  and  the  residual  flux  is  quickly  reduced  by  a  feeble 
demagnetising  intensity,  or  by  mechanical  vibration,  jarring  or 
tapping  [Hard  iron  and  steel,  although  retaining  less  magnetic 
induction  than  soft  iron,  keep  it  much  more  strongly,  and  therefore 
permanent  magnets,  which  are  required  to  maintain  their  magnetic 
properties  in  spite  of  mechanical  shocks  or  demagnetizing  influences, 
are  made  of  steel,  the  most  suitable  alloy  being  tungsten  steel,  of 
which  the  coercive  intensity  is  as  much  as  70  C  G.S.  units. a  Were 
it  not  for  the  fact  that  a  high  flux-density  cannot  be  obtained  with 
hard  steel  owing  to  its  low  permeability,  the  field-magnets  of  dyna- 
mos would  be  made  of  steel  permanently  magnetized,  and  requiring 
no  exciting  current.  In  default  of  a  material  which  is  at  once 
permeable  and  retentive,  and  possessing  considerable  coercive 
intensity,  we  are  compelled  to  employ  soft  iron  or  mild  steel  magnets ; 
these  are  permeable,  but  require  the  exciting  current  to  be  contin- 
uously maintained  round  them  in  order  that  they  may  not  lose  their 
magnetism  entirely  under  the  mechanical  vibration  to  which  the 
dynamo  is  subject  when  running,  or  through  demagnetization  by 
the  current-turns  of  the  armature  ") 

§  5.  B-H  curves  ol  iron  and  steel.— While  the  curves  of  Fig.  205 
serve  for  a  general  comparison  of  the  permeabilities  of  various 
materials, 3  they  need  to  be  supplemented  by  further  curves  showing 
more  in  detail  the  relative  merits  of  such  materials  as  are  in  everyday 
use  in  the  commercial  manufacture  of  dynamos.  These  may  be] 
divided  into  the  four  main  groups  of  iron  or  steel  forgings,  steel  I 
castings,  cast-iron,  and  sheet  steel  stampings,  the  first  three  being) 

1  A  "  B-H  "  curve  for  a  nickel-steel  forging,  containing  3  5  per  cent  nickel, 
with  an  elastic  limit  of  50,000  Ib  per  square  inch,  and  an  ultimate  strength  of 
80,000  Ib  per  sq.  in  is  given  by  B  A.  Behrend,  Trans  Atner  I  E.E ,  July, 
1908,  Vol  27,  p  1061. 

a  Cp.  S.  P  Thompson,  "  The  Magnetism  of  Permanent  Magnets,"  Journ. 
I EE ,  Vol  50,  p.  80,  and  S  Evershed,  "  Permanent  Magnets  in  Theory  and 
Practice,"  Journ  I  EE ,  Vol.  58,  p  818 

*  B-H  curves  for  various  materials  are  shown  rn  Fig  12  of  the  paper  by 
A.  Campbell  and  D.  W.  Dye,  Jovm.  I EJE  ,  Vol.  54,  p  41. 
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used  in  field  magnets,  and  the  last  in  armature  cores,  pole-shoes, 
and  in  the  rotors  of  some  turbo-alternators 

For  dynamo  magnets,  both  wrought  and  forged-ingot  iron,  which 
were  for  long  the  favourite  materials,  have  been  almost  entirely 
superseded  by  steel  or  iron  castings.  The  yoke-rings  of  modern 
multipolar  machines  are  better  suited  to  castings,  and  cast  steel  for 
moderately  high  inductions  above  B  =  12,000,  such  as  are  in  practice 
required,  is  supenor  to  even  the  best  wrought  iron,  such  as  annealed 
Lowmoor  or  Swedish.  The  magnet-cores  of  poles,  when  circular 
in  cross  section,  are,  however,  conveniently  made  from  rolled  bars 
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of  ingot  iron.  The  three  materials  of  Fig.  206  have  this  in  common 
with  wrought  iron,  that  they  are  all  either  forged  under  the  hammer 
or  press,  or  are  rolled  into  bars.  But  while  wrought  iron  consists 
of  puddled  balls  or  scrap-iron  pieces  welded  together  by  hammering, 
its  fibrous  structure  still  bearing  witness  to  its  method  of  manufac- 
ture, the  forged  ingot  irons  are  homogeneous  m  their  nature,  having 
been  at  the  outset  thoroughly  fused  together  in  the  furnace.  While 
chemically  they  may  be  ranked  as  mild  steels  with  a  small  percentage 
of  carbon,  the  term  "  ingot  iron  "  and  its  more  expressive  German 
equivalent  "  Flusseisen,"  indicate  that  they  have  been  melted 
before  they  reach  the  hammer  or  the  rolls.  Fig.  207  gives  the 
B-H  curves  of  four  favourable  specimens  of  the  second  group, 
namely,  steel  castings  ;  it  also  illustrates  the  fact  that  a  low  initial 
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permeability  does  not  necessarily  imply  any  inferiority  at  high 
inductions.  The  curves  cross  one  another,  and  they  are  further 
remarkable  from  the  facts  that  the  crossing-point  in  each  case  is 
practically  coincident  with  B  =  15,000,  and  that  the  relative 
position  of  the  curves  becomes  exactly  reversed.  On  the  whole 
there  is  little  to  choose  between  the  permeabilities  of  the  two  groups, 
the  forgings  being  slightly  more  permeable  between  B  =  13,000 
and  B  =  16,000,  and  the  castings  more  permeable  at  still  higher 
inductions  There  is  indeed  but  little  difference  in  the  chemical 
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composition  of  the  two  groups ;  both  are  as  nearly  as  possible  pure 
iron  with  only  such  admixture  of  carbon  or  other  substances  (silicon, 
phosphorus,  and  manganese)  as  may  enable  them  to  be  conveniently 
worked  during  the  process  of  manufacture  An  average  analysis 
for  magnetic  cast  steel  would  give,  e.g.,  carbon  008  to  0-15  per 
cent ,  silicon  0-2  to  2  per  cent.,  manganese  a  trace,  and  phosphorus 
and  sulphur  as  low  as  possible.  In  fact,  the  total  impurities  present, 
including  carbon,  may  not  exceed  03  per  cent.,  the  remaining 
99-7  per  cent,  being  pure  iron.  The  material  of  curve  1  in  Fig.  206 
may  be  credited  with  the  highest  permeability  over  an  extended 
range  ;  at  low  inductions  it  is  slightly  superior  to  wrought  iron,  and 
it  is  only  surpassed  by  an  exceptionally  good,  cast  steel,  when  the 
induction  is  pressed  beyond  B  =  18,000.  Its  curve  is  nearly 
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identical  with  that  of  an  almost  perfectly  pure  specimen  of  iron 
prepared  specially  for  laboratory  purposes. 

The  curve  for  a  cast  iron  of  specially  good  magnetic  quality  is 
given  in  Fig  208  ;  its  composition  was  approximately  70  per  cent, 
of  machinery  scrap  and  30  per  cent  of  a  soft  hematite  pig-iron 


For  the  core  plates  of  armatures  the  material  in  general  use  is  a 
mild  steel  of  very  nearly  the  same  composition  as  that  of  the  larger 
masses  of  ingot  iron  or  steel  f orgings.  From  the  similarity  of  their 
chemical  analysis  armature  stampings  (Fig.  209)  may  be  expected  to 
have  a  permeability  similar  to  tfcat  of  the  same  iron,  or*  sieej  when 
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tested  in  bulk,  and  such  is  in  fact  the  case  The  only  differences  are 
that  owing  to  its  repeated  mechanical  treatment  in  the  rolling-mill, 
and  its  subsequent  annealing,  the  sheet-metal  has  a  permeability 
at  low  inductions  rather  higher  than  that  of  group  II,  but  falling 
off  at  higher  inductions,  and  that,  as  mentioned  later,  the  sheet-metal 
is  now  often  definitely  alloyed  with  silicon.  Four  qualities  of  elec- 
trical sheet  steel  are  supplied  by  Messrs.  Joseph  Sankey  &  Sons,  Ltd , 
of  Bilston  and  Messrs.  John  Lysaght,  Ltd.,  of  Newport,  Mon 
x  (bf  these  "  Lohys  "  is  the  quality  most  commonly  used  for  armature 
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stampings  ;  thence  rising  in  silicon  content,  "  Special  Lohys  "  of 
which  the  permeability  is  shghtly  inferior  but  the  total  loss  from 
hysteresis  and  eddy-currents  less,  "  Medium  Resistance,"  again  with 
a  lower  permeability  but  less  loss,  and  lastly  "  Stalloy  "  with  about 
3  per  cent,  of  silicon  which  is  largely  used  in  transformer  work  but 
is  not  suitable  for  armature  stampings  owing  to  its  brittleness  and 
the  difficulty  of  notching  it)  Curves  1  and  2  of  Fig.  209  may  be 
taken  as  roughly  representative  of  "  Lohys  "  and  3  as  representing 
"  Medium  Resistance."  For  B  =  15,000,  H  should  in  no  case 
exceed  30,  the  percentage  of  silicon  in  the  alloyed  sheet-steel  of 
the  lowest  curve  of  Fig.  209  being  higher  than  is  necessary  or 
advisable  for  armature  stampings.  In  the  teeth  of  slotted  armature 
cores  the  induction  may  often  reach  the  high  figure  of  B  =  20,000, 
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and  in  order  to  embrace  even  higher  values,  Fig.  210  is  added, 1  in 
which  the  lowest  curve  may  be  taken  as  slightly  inferior  to  "  Medium 
Resistance  "  quality  at  high  inductions  above  21,000  For  use 
over  the  whole  range  of  practice  is  given  Fig  2 II.2  Lastly  in  the 


m 


two  lower  curves  of  Fig.  212  are  given  permeability  curves,  which 
may  be  taken  as  representative  of  average  steel,  such  as  is  commonly 

1  For  the  influence  of  scale  on  steel  sheets,  see  F  Shaw,  "  The  Measurement 
of  the  Permeability  of  Iron  Stampings  by  Swing's  Double  Bar  and  Yoke 
Method,"  Electr ,  Vol  80,  p.  787 

1  Based  on  the  curves  of  Fig.  23  in  Miles  Walker,  Specification  and  Destgn 
of  Dynamo-electric  Machinery,  so  far  as  the  two  lower  curves  are  concerned. 
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used  in  dynamo  work ;   they  show  how  great  is  the  variation  of 
li  for  different  values  of  B. 1 

It  will  now  be  fully  evident  that  the  relation  between  B  and  H, 
or  the  permeability  of  a  given  sample  of  iron,  even  with  a  definite 
magnetizing  intensity,  cannot  be  absolutely  specified,  and  may 
take  any  one  of  a  certain  range  of  values  according  to  the  previous 
treatment  to  which  it  has  been  subjected.  Since,  however,  the 
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B 
FIG  212 — Permeability  curves. 

effect  of  hysteresis  is  very  slight  when  the  iron  is  strongly  magnetized 
or  "  saturated,"  and  since  in  dynamo  field-magnets  the  iron  is 
usually  magnetized  to  a  fairly  high  induction  of  over  14,000  in 
wrought  iron  and  steel  or  6,500  in  cast  iron,  the  value  of  B  for  a 
given  magnetizing  intensity  will  differ  little,  however  the  latter 
has  been  arrived  at — that  is,  whether  the  magnetizing  intensity 

1  For  various  methods  of  comparing  or  measuring  permeabilities,  some  of 
them  suitable  for  practical  use  m  the  workshop,  see  the  paper  emoted  in  the 
last  note  but  one,  and  Du  Bois,  The  Magnetic  Cvrcwt,  Chap.  XI ;  Prof  E'wing, 
"  The  Magnetic  Testing  of  Iron  and  Steel,"  Magnetic  Induction  vn  Iron  and 
other  Metals,  3rd  ed  ,  Chap  XII ;  Lamb  and  Walker,  Joum  I.E  E,t  Vol.  30, 
p  930  ;  Drysdale,  Journ.  IEE,  Vol.  31,  p.  283  ;  W.  H.  F.  Murdoch, Journ. 
IEE,  Vol.  40,  p  137  ;  A  Campbell  and  £>.  W.  Dye,  "  The  Magnetic  Testing 
of  Bars  of  Straight  or  Curved  Form,"  Journ  I.E.E ,  Vol  54,  p.  35,  and  for 
a  comparison  of  results  obtained  by  different  methods,  Prof  J  T  Morns  and 
T.  H.  Langford,  Phys.  Soc  Proc,,  Vol,  23,  Pt.  JV,  p.  277,  1911. 
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has  been  decreased  down  to  or  increased  up  to  that  value  (see 
Chapter  XVI,  §  3) 

§  6.  Magnetic  hysteresis. — Reverting  to  the  downward  curve  of 
Fig  204,  it  is  seen  that  the  changes  in  the  magnetic  state  of  the  iron 
are  not  coincident  with  the  changes  in  the  strength  of  the  magnet- 
izing intensity,  but  lag  behind  them ;  this  is  most  forcibly  exemplified 
by  the  residual  magnetic  induction  which  persists  when  the  positive 
magnetizing  intensity  has  been  reduced  to  zero,  and  by  the  fact  that 
the  induction  only  becomes  zero  after  the  magnetizing  intensity 
has  reached  a  definite  negative  value.  The  physical  fact  here 
described  is  known  shortly  as  the  magnetic  hysteresis*  of  the  iron. 
It  should  be  noted  that  this  is  not  a  lagging  behind  in  point  of  time, 
since  the  actual  time  taken  for  the  changes  m  the  value  of  the 
magnetizing  intensity  (provided  they  be  not  extremely  rapid)  is 
immaterial.  The  magnetic  hysteresis  depends  merely  on  the 
order  of  succession  of  the  different  current  strengths,  and  even  long 
intervals  of  waiting,  during  which  the  magnetizing  intensity  is  kept 
constant,  do  not  obliterate  the  distinction  between  ascending  and 
descending  curves.  What  is  really  implied  by  the  term  "  magnetic 
hysteresis  "  is  that  if  the  magnetizing  intensity  is  reduced  from  a 
stronger  to  some  weaker  value,  the  rate  at  which  the  magnetic 
induction  becomes  reduced  with  reference  to  the  magnetizing  inten- 
sity, or  the  slope  of  the  downward  curve,  is  less  than  the  rate  at 
which  it  increased  when  the  magnetizing  intensity  was  raised  from 
the  weaker  up  to  the  stronger  value  ;  thus,  if  at  point  R  the  mag- 
netizing intensity  be  again  reapphed  in  a  positive  direction,  the  rate 
at  which  the  induction  is  recovered  is  again  less  than  the  rate  at 
which  it  was  lost  for  a  change  of  magnetizing  intensity  within  the 
same  limits. 

Let  us  now  continue  the  descending  curve  from  the  point  C 
onwards  by  increasing  the  negative  magnetizing  intensity,  and  so 
reversing  the  direction  of  the  mduction.  After  reaching  some 
point  E',  let  us  gradually  reduce  the  negative  magnetizing  intensity, 
reverse  it,  and  increase  its  strength  in  the  former  positive  direction 
A  new  ascending  curve  marked  III  is  thus  traced,  which  again 
shows  hysteresis  ;  it  differs  in  shape  from  the  previous  ascending 
curve,  which  started  with  the  iron  in  a  neutral  or  "  virgin  "  state, 
but  is  analogous  to  the  descending  curve  II.  By  carrying  the  new 
ascending  curve  up  far  enough  it  will  eventually  cut  curve  II,  say 
at  E,  and  we  thus  arrive  at  the  same  point  whence  we  started  to 
trace  the  descending  curve.  A  complete  loop  has  therefore  been 
described,  and  the  two  curves  Nos  II  and  III  enclose  a  certain 
area  depending  upon  "the  extent  to  which  they  diverge  from  one 
another  between  the  points  E  and  E'.  The  magnetizing  intensity 
has  been  taken  through  a  cycle  of  changes  in  direction  and  value, 

1  From  Greek  itrrtpfa,  to  lag  behind. 
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eventually  returning  to  the  same  point  as  that  from  which  the  cycle 
began,  and  the  iron  has  similarly  been  taken  from  a  positive  to  a 
negative  induction  and  back  again.  It  is  not,  however,  necessary 
that  the  magnetizing  intensity  should  be  actually  reversed  in  order 
that  the  curve  of  induction  may  describe  a  complete  loop ;  it  is 
sufficient  to  withdraw  partially  the  magnetizing  intensity  and  then 
reapply  it.  Thus,  at  any  point  on  the  ascending  curve  the  gradual 
increase  of  the  magnetizing  current  might  be  suspended,  and  it 
might  be  first  reduced  and  then  again  increased ;  a  small  loop 
would  then  be  traced  on  the  induction  curve  inside  the  last  one  1 

§  7.  Dissipation  of  energy  in  heat  fcy  magnetic  hysteresis. — 
Now  it  can  be  shown  that  the  area  of  any  complete  loop  formed  by 


U  6  10  16 

FIG   214. 

taking  iron  through  a  complete  cycle  of  magnetic  induction  repre- 
sents a  certain  amount  of  energy  which  must  be  spent  pet  unit  of 
volume  m  performing  this  cycle ;  i.e.  it  represents  on  the  C.G  S 
system  a  definite  number  of  ergs  of  work  done  in  taking  each  cubic 
centimetre  of  iron  through  the  cycle  of  induction  traced  by  the  loop. 
The  principle  from  which  this  follows  is  established  as  follows. 
Taking  the  ascending  B-H  curve  for  a  closed  nng  of  iron  magnetized 
by  an  exciting  coil  of  T  turns  carrying  A  amperes,  let  the  induction 
be  raised  from  B!  to  Bz  (Fig.  213)  in  time  t.  All  the  lines  are  linked 
with  all  the  turns  T,  and  the  increase  of  the  former  from  B^a  to  B& 
(where  a  is  the  cross-sectional  area  of  the  iron  m  square  centimetres) 
must  have  produced  in  the  exciting  coil  a  back  E.M.F.  of  average 

value  a  .    1       a .  T.    Or  if  the  points  fa  and  pt  are  taken  so  close 
t 

together  that  the  infinitely  small  increase  dB  in  the  infinitely  small 
time  dt  is  considered,  the  time-rate  of  increase  of  the  linkages  of 

dB  dB 

lines  is -r-,  and  the  back  E.M.F.  in  the  exciting  coil  is  -  a  .-rr   T. 
at  at 

1  Vide  Ewmg,  Magnetic  Induction  in  Iron  and  other  Metals,  3rd  ed., 
Chap.  V,  pp  94-96 
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The  source  of  the  magnetizing  current  must  accordingly  do  work  in 
overcoming  this  hack  E.M  F.  at  a  rate  equal  to  the  product  of  the 

JD  A 

current  and  the  back  E  M  F  ,  or  «   -57^7^  ergs  per  second,  where 
i  At        ID 

-rrr  is  the  value  of  the  magnetizing  current  in  C.G.S.  units  which  may 

be  regarded  as  constant  during  the  infinitely  short  time  At  Hence 
the  total  work  done  during  the  time  dt  by  the  current  in  producing 

the  change  of  induction  dB  is  a   -=-  T  -^:   dt  =  a  -rr-  .  dB  ergs. 

dt         1  U  1  u 

AT      SI 
But  TTT-  =  -T-,  so  that  the  work  done  or  energy  expended  on  the 

1U  47T 

TT 

magnetic  field  isal  —  tlB.    Further,  al  is  equal  to  the  total  volume 

of  iron  in  cubic  centimetres,  and  as  each  cubic  centimetre  may  be 
considered  as  having  a  proportionate  amount  of  work  done  on  it, 

the  work  expended  per  cubic  centimetre  is  -7-  HdB,  or  —  of  the 

small  area  faByBrfv  if  one  unit  of  length  along  the  horizontal 
represents  one  C  G.S  unit  of  magnetic  intensity,  and  along  the 
vertical  represents  one  C.G  S  unit  of  induction  If  we  extend  the 
same  process  and  raise  the  induction  from  any  value  B±  to  any  other 
value  j&g,  the  work  expended  per  cubic  centimetre  is  equal  to 

1    /*' 

—  /      H  .  dB  ;  thus,  for  example,  if  in  Fig   214,  which  repeats 


a  portion  of  Fig.  204,  the  induction  is  raised  from  zero  up  to  E, 
a  total  amount  of  work  is  expended  in  each  cubic  centimetre  of 

i  rE 

—  f  HdB,  which  is  equal  to  l/4rr  of  the  area  OEMO.  The 
Wo 

maintenance  of  the  magnetic  field  at  E  or  at  any  other  constant  value 
involves  no  expenditure  of  energy  ;  the  passage  of  the  exciting 
current  I  in  the  magnet  bobbins  of  resistance  R  does  indeed  involve 
a  continuous  expenditure  of  energy  at  the  rate  of  I*R  watts,  but 
as  this  is  dissipated  entirely  in  heatmg  the  copper  wires  of  the  coils, 
it  is  not  to  be  debited  directly  to  the  magnetic  field,  and  as  we  have 
said  is  only  necessary  owing  to  the  lack  of  retentiveness  in  soft 
iron  or  steel.  Next,  let  the  magnetizing  current  be  lowered  from 
the  value  corresponding  to  E  down  to  zero  ;  the  decrease  of  the  lines 
now  causes  a  forward  E.M  F.  ,assisting  the  current  in  the  exciting 
coil,  and  work  is  thereby  done  in  virtue  of  the  energy  stored  in  the 

field.    The  amount  so  recovered  is,  however,  only  equal  to    - 
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of  the  area  EMR,  since  the  descending  curve  does  not  follow  the 
same  course  as  the  ascending  curve  ;  hence  it  is  less  than  the  amount 
expended  by  l/4?r  of  the  shaded  area  ORE.  It  is  not,  however, 
proved  how  much  is  irrecoverable  until  a  complete  cycle  of  induction 
has  been  traced,  and  the  iron  has  been  brought  back  to  the  same 
state  as  at  starting.  Such  a  complete  cycle  is  given  in  Fig.  204, 
from  which  it  is  clear  that  the  total  amount  lost  per  cubic  centimetre 
of  iron  is  equal  to  l/4rr  of  the  area  of  the  closed  loop  terminated 
by  the  maxima  values  E  and  E'  of  the  induction.  The  energy  that 
is  irrecoverably  lost  in  any  such  cyclic  process  is  dissipated  through- 
out the  iron  in  heat  Thus  the  creation  of  a  magnetic  field  in  iron  as 
opposed  to  air  is  not  a  perfectly  reversible  process,  since  some 
portion  of  the  energy  expended  is  not  stored  but  entirely  lost  in 
heating  the  iron.  This  loss  is  to  be  sharply  distinguished  from  the 
loss  by  eddy-currents  which  must  to  a  small  extent  be  present 
even  m  finely  laminated  iron.  In  a  given  mass  the  latter  loss  is 
proportional  to  the  square  of  the  frequency  or  number  of  cycles  per 
second,  while  the  former  is  simply  proportional  thereto,  i  e  the  one 
vanes  as  the  square  of  the  speed,  the  other  as  the  speed,  and  by  this 
difference  the  two  losses  may  be  separated  out  (Chapter  XXI,  §  16) 
Eddy-currents  may  be  practically  eliminated  by  very  carefully  sub- 
dividing the  iron  (Chapter  XIII,  §  1),  or  by  causing  the  induction 
to  change  very  slowly.  But  no  subdivision  or  lamination  of  the 
iron  will  eliminate  the  loss  by  hysteresis  ,  nor^s  it  reduced,  however 
slowly  the  cycle  be  performed,  as  is  shown  by  the  expression 

oiB      A 
a  .  -=r  T  -^r  dt,  from  which  dt  disappears      Further,  the  loss  by 

hysteresis  does  not  react  magnetically  upon  the  field,  while  eddy- 
currents,  however  minute,  screen  the  iron  against  induction,  and 
by  reason  of  their  M.M.F.  affect  the  field-strength.  Indeed  the 
only  deviation  from  the  law,  that  the  hysteresis  loss  is  proportional 
to  the  frequency  or  speed,  is  due  to  the  screening  action  of  eddy- 
currents  which  may  still  be  present  if  the  thickness  of  the  iron 
laminations  be  appreciable. 

§  8.  Hysteresis  loss  in  alternating  field.— The  effect  of  hysteresis 
is  most  marked  on  the  second  or  steep  part  of  the  curve  (b,  Fig.  204), 
i.e.  if  the  limits  within  which  the  magnetizing  intensity  is  cyclically 
varied  fall  within  or  embrace  that  portion  of  the  curve ;  cyclic 
changes  of  a  strong  magnetizing  intensity  taking  place  entirely  on 
the  upper  flat  portion  of  the  curves  of  Fig.  205,  i.e.  when  the  iron  is 
"  saturated,"  show  so  little  hysteresis  that  its  effect  is  almost 
negligible,  and  no  difference  is  discernible  in  the  ascending  or 
descending  curves  (vide  Fig.  205) .  On  the  steep  portion  of  the  curve 
a  cycle  of  changes  in  the  strength  of  the  magnetizing  intensity  once 
performed  will  cause  the  induction  curve  to  describe  a  loop,  but  the 
crossing  of  the  descending  and  ascending  curves  may  not  coincide 
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with  the  starting-point  whence  the  descent  was  begun  ;  hence  a 
repetition  of  the  same  cycle  of  changes  will  not  cause  the  loop  to 
be  exactly  retraced  If,  however,  the  magnetizing-mtensity  cycle 
be  repeated  a  few  times,  the  iron  wiU  eventually  reach  such  a  state 
that  the  same  loop  will  be  continually  retraced,  and  the  change 
of  magnetic  induction  will  itseli  become  strictly  cyclic  and  coinci- 
dent with  the  magnetizing-intensity  cycle.  The  need  for  several 
repetitions  of  the  magnetizing  cycle  in  order  that  the  same  loop 
may  be  exactly  retraced  each  time  is  much  less  marked  when  the 
two  limiting  values  of  the  loop  are  high  up  on  the  positive  and 
negative  curves,  and  m  the  drawing  of  Fig  204  it  has  been  assumed 
that  the  maximum  negative  induction  at  E'  is  equal  to  the  positive 
induction  at  E,  and  is  reached  for  the  same  value  of  magnetizing 
intensity  as  corresponds  with  E  on  both  the  two  ascending  curves. 
Thus,  for  simplicity's  sake,  only  three  curves  are  shown,  and  the 
cycle  of  induction  of  curves  II  and  III  is  assumed  to  have  been 
reached  at  once,  and  to  be  immediately  capable  of  exact  repetition 
But  even  if  it  cannot  be  so  quickly  established,  yet  when  the  magnet- 
izing intensity  is  continuously  varied  between  two  fixed  values  in 
either  direction,  the  magnetic  effect  soon  also  becomes  cyclic,  and 
the  induction  likewise  vanes  between  two  values  in  each  cycle. 
If,  therefore,  the  loops  obtained  when  the  iron  is  earned  from  a 
strong  positive  induction  to  an  equally  strong  negative  induction, 
and  back  again  to  the  original  starting-point,  are  determined  for 
several  different  values  of  the  maximum  induction,  it  will  be  found 
that  the  area  of  the  loops,  and  therefore  the  energy  dissipated  in 
heat  in  each  complete  cycle,  depends  upon  the  nature  of  the  material 
and  also  upon  the  maximum  induction  up  to  which  the  iron  is 
earned.  The  area  of  a  loop  being  approximately  equal  to  a  rectangle 
having  a  base  equal  to  twice  the  coercive  intensity  and  a  height  equal 
to  twice  the  maximum  induction,  the  amount  of  the  "  loss  by  hys- 
teresis" in  ergs  for  any  cycle,  or  l/47r  of  this  area,  may  approximately 

be  said  to  be  equal  to  COerC1V6  mtenSlty  x  maximum  induction  . 

7T 

thus  in  soft  annealed  iron  it  is  very  small,  even  for  a  cycle  of  high 
induction,  but  in  certain  steels  it  becomes  very  considerable,  amount- 
ing to  as  much  as  200,000  ergs  per  cubic  centimetre  per  cycle  in 
tungsten  steel.  Taking,  however,  any  one  substance,  it  has  been 
found  that  the  loss  of  energy  by  hysteresis  in  an  alternating  field 
is  not  proportional  to  the  mgnrimnrp  induction,  but  increases  more 
rapidly  at  least  up  to  values  of  the  induction  below  16,000. 

In  Fig  215  x  is  given  a  curve  showing  for  different  values  of  the 
maximum  induction  of  the  cycle  the  hysteresis  loss  of  a  sample  of 

1  From  Phil  Trans  1 1896,  Vol.  187,  A.,  pp.  715-746 ;  "  The  Hysteresis  of 
Iron  and  Steel  in  a  Rotating  Magnetic  Held  " 
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soft  iron  tested  by  Prof.  F.  G.  Baily  in  an  alternating  field.  Stem- 
metz  has  shown  that  over  a  considerable  range,  say,  from  B  =  1000 
to  B  =  14,000,  the  loss  from  the  alternating  cycle  is  approximately 
proportional  to  the  l-6th  power  of  the  maximum  induction.  Hence 
the  specific  loss  in  ergs  per  cubic  centimetre  of  iron  and  per  cycle 
could  be  expressed  by  the  empirical  formula  yB1  9,  where  77  is  the 
hysteretic  constant  of  the  iron  in  question  Since  one  erg  =  10~7 
joule,  the  specific  loss  in  joules  is 

x  10-7 
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FIG   215  —  Dissipation  of  energy  in  iron  through  hysteresis   in 
alternating  and  rotating  fields. 

The  value  of  77  varies  with  different  kinds  of  iron  and  steel  between 
such  wide  limits  as  from  0-0015  to  0-08.    It  is  reduced  by  careful 
annealing,  but  the  exact  effects  of  various  (-processes  or  of  chemical 
impurities  cannot  be  said  to  be  settled.  QFor  average  samples  of 
annealed  sheet  iron  or  sheet  steel  such  as  are  used  in  the  construction 
of  armature  cores,  rj  may  be  taken  as  =  0-003,  while  for  exceptionally 
good  transformer  iron  it  is  as  low  as  0-0015.    In  Fig.  216  is  shown 
the  curve  connecting  the  joules  expended  in  a  cubic  centimetre  '" 
each  complete  cycle  with  the  maximum  inductic*"  * 
constant  of  t;  =  0-003,  and  a  comparison  with 
the  closeness  of  the  correspondence  of  the 
experimental  curves  up  to  B  «  14,000.    T 
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gives  the  corresponding  joules  per  Ib  of  metal  (1  Ib.  =  58  5  to  59  cm.3 
of  iron,  according  to  the  density  of  the  material,  so  that  1  ]oule 
per  c.  cm  =  approximately  60  joules  per  Ib  )  If  Va  =  the  volume 

4>N 
of  a  given  mass  in  cubic  centimetres,  and  /  =  -^r  is  the  number  of 

complete  cycles  per  second,  the  total  hysteresis  loss  per  second,  or 
the  rate  at  which  heat  is  generated  in  the  iron  is 


Hw  =  JifV0  =  wB1  B    10-'  ^r  .  V0  joules  per  second  or  watts  .     (96) 

tKJ 

and  the  value  of  qB1  610~7  or  h  may  be  read  off  the  left-hand  scale. 
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FIG   216—  Value  of  h  in  an  alternating  field  for  f\  =  0-003  and  0  00  J. 

The  exponent  of  B  is,  however,  not  really  constant  over  any  long 
range,  and  when  the  induction  is  raised  to  a  very  high  value,  the 
empirical  formula  of  Stemmetz  no  longer  holds  even  approximately 
true  ;  the  rate  at  which  the  curve  rises  falls  off  as  the  iron  approaches 
saturation,1  and  eventually  the  loss  reaches  a  nearly  constant 
value  (Fig.  215).  The  point  of  flexure  occurs  in  good  soft  iron 
at  about  B  =  15,000,  and  the  curve  becomes  fairly  flat  for  values 
of  B  above  23,000.  The  tendency  towards  a  constant  value  does 

»  Professor  BaHy,  Electr  ,  Vol  36,  p.  H6;  "  The  Hysteresis  of  Iron  in  an 
Alternating  Magnetic  Field."  See  also  especially.  Prof  W.  M.  Thornton 
1  The  Hysteresis  Loop  and  Index,"  Electr  ,  Vol  '  71,  p.  214. 
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not,  however,  appear  to  be  so  clearly  marked  in  all  kinds  of  iron 
as  in  the  case  of  steel 1 

The  loss  by  hysteresis  when  iron  is  taken  through  an  unsym- 
metncal  cycle  is  greater  than  when  it  is  taken  through  a  symmetrical 
cycle  for  the  same  total  difference  of  flux-density,2  and  increases 
with  the  maximum  flux-density  reached  during  the  cycle. 

§  9.  Comparison  of  different  grades  of  iron  and  steel— For  the 
practical  comparison  in  the  workshop  of  the  hysteresis  loss  in 
different  samples  of  sheet  steel,  the  hysteresis  tester  of  Professor 
Ewing  is  the  most  convenient  instrument.  The  specimen  is  rotated 
between  the  poles  of  a  magnet  free  to  rotate  about  the  same  centre, 
and  the  deflection  of  the  latter  is  compared  with  that  produced  by 
standards  with  a  known  hysteresis  loss. 3  A  number  of  specimens 
should  be  tested  in  order  to  obtain  an  average  result,  since  even 
samples  taken  from  the  same  sheet  show  considerable  variations 
among  themselves. 

According  to  the  experiments  of  Prof  E  Wilson,  V.  H  Winson, 
and  G  F  O'Dell4  a  sample  of  "  Lohys  "  as  then  supplied  by  Messrs. 
Joseph  Sankey  &  Sons,  Ltd ,  gave  between  B  =  3,780  and  7,970. 

h  =  0-00148  51 5D  X  10'7  joules  per  cycle  and  per  c   cm. 
or,  say,  approximately 
h  =  0  0015  51 6  x  10-7. 

Both  hysteresis  and  eddy-current  losses  are  reduced  by  alloying 
the  steel  with  silicon,5  the  latter  effect  being  due  to  the  greatly 
increased  electrical  resistivity  of  the  material,  of  which  more  will 
be  said  later  A  sample  of  "  Stalloy  "  supplied  at  the  same  time 
to  the  experimenters  above  quoted  gave 

h  =  0-000363  51 7l  x  10"7  between  B  =     629  -  6,050 
and     =  0-000321  51-72  x  10"7  between  B  =  6,050  -  11,500, 

which  may  also  be  approximately  represented  by 

h  =  0-00095  B1  °  x  10-7  joules  per  cycle  and  per  c.  cm  , 

or  more  accurately  with  i\  rising  from  0  000735  to  0-0011  between 
B  =  629  and  B  =  13,480.  For  values  of  B  from  17,500  to  19,500, 
Mr  J  S.  Nicholson6  found  h  =  0  00125  J51 «  x  10'7. 

1  Cp  Reattie  and  Clinker,  Electr ,  Vol  37,  p  727 

•  M  Rosenbaum,  Town.  LE  E.,  Vol  48,  p.  534  ,  F.  Holm,  E  T.Z.,  Vol   33, 
p.  928. 

3  Journ  I.E  E ,  Vol.  24,  p.  398,  and  Proa  C  E ,  Vol.  126,  May,  1896 
Cp  Prof  Fleming,  Electrical  Engineer,  Vol  20,  p  366  Although  a  rotary 
motion  is  employed,  the  process  of  reversal  resembles  that  of  the  alternating 
rather  than  of  the  rotating  field. 

•  Electr ,  Vol.  61,  p.  721  (1908,  21st  Aug.). 

6  See  Barrett,  Brown  and  Hadfield,  Town   I.E.E.,  Vol.  31,  p.  715  ff 

•  Journ  TEE,  Vol  53,  p  253. 
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Other  tests  of  high-resistivity  materials1  have  given 

h  =  0-00155  to  0  0009  J51 «  x  lO"7  joules, 

and  Dr.  Kolben2  has  given  for  low-carbon  iron  sheets  alloyed  with 
1-07,  2  28,  3  25  and  3  5  per  cent,  of  silicon  respectively  the  values 
of  v\  as  0  0014,  0-001,  0  0009  and  0  0009  The  above  figures  are 
cited  to  show  the  empirical  nature  of  the  exponent  of  B,  and  the 
great  variations  in  the  values  of  v\  which  follow  from  it.8 

If  in  an  alternating  field  77  =  0  001  and  the  1  6th  power  of  B 
be  assumed  as  correct  (Fig.  216),  a  convenient  formula  is 

/    B    V-6 
hf=  63 /(  YQQQ  )     X  10"7  watts  per  c.  cm. 


/    B   X1-6 
=  0-00037/  T-z-f-r       watts  per  Ib. 
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Fl&   217 — Total  loss  by  hysteresis  and  eddy  currents  in  an 
alternating  field  at  50  cycles  per  second 

whence  for  any  other  value  77'  it  is  only  necessary  to  multiply  the 
constant  or  the  lower  curve  of  Fig.  216  by  rf  X  103. 

But  more  usually  the  total  loss  from  both  hysteresis  and  eddy- 
currents  in  an  alternating  field  is  measured  by  a  wattmeter  with  an 
alternating  current,  *  and  the  results  are  therefore  partly  dependent 

1  A  Campbell,  Journ  lEE.Vol  43,  p.  560 

»  Abstracted  in  Engineering,  Vol  87,  p  732 

8  Cp.  F.  Stroude,  Phys.  Son  Proc ,  Vol.  24,  p  238,  abstracted  in  Ehctr , 
Vol  69,  p  606,  19th  July,  1912 

«  See  especially  Prof  J  Epstein,  "  The  Testing  of  Electrical  Machinery, 
and  of  the  Materials  for  its  Construction,"  Journ  I.E  E,,  Vol.  38,  p  33  ff  : 
A.  Campbell,  "  On  Magnetic  Testing  of  Iron  -with  Alternating  Current," 
Journ.  I E  E ,  Vol  43,  p  553;  and  L.  Wild,  "  The  Testing  of  Transformer 
Iron,"  Journ.  I.EE.,  VoL  46,  p  217  ;  Dr.  S.  Guggenheim,  E  u.  M ,  Vol  28, 
pp  336,  337,  abstracted  in  Electr.,  Vol  64,  p.  539,  and  other  papers,  cited  by 
J&of  Miles  Walker  m  Specification  and  Design  of  Dynamo-electric  Machinery, 
p  86. 
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upon  the  thickness  of  the  stampings.  For  purposes  of  comparison 
it  is  usual  to  take  as  the  standard  conditions  a  frequency  of  50 
cycles  per  second  and  maximum  B  =  10,000  (Fig.  217).  The 
total  loss  in  watts  per  Ib.  by  both  hysteresis  and  eddy-currents 
in  an  alternating  field  should  then  not  exceed  the  following 
amounts — 

Thickness  Special  Medium 

\     in  inches  Lohys.  Lohys  Resistance.  Stalloy. 

0-025  200  1-63  1-43  0-88 

0  020  1  59  1-33  1-15  0  8 

0-014  1 32  1-09  1  00  0  69 

The  total  loss  is  naturally  reduced  to  about  two-thirds  by  the 
high  electrical  resistivity  of  silicon  steel  to  which  allusion  has  already 
been  made,  f  Dr.  Kolben's  tests  gave  for  sheets,  0  020*  thick,  alloyed 
with  1  07,  2-28,  3-25  and  3-52  per  cent,  of  silicon  1-36,  1-07,  0-93 
and  084  watts  per  Ib  respectively.  The  specific  resistance  of 
these  sheets  was  28-7,  35-5,  50  and  59-5  microhms  per  cm  cube, 
and  their  increase  of  resistance  per  100°  C.  rise  19,  14,  and  5  per 
cent,  respectively,  so  that  the  high-silicon  alloys  have  a  low  tem- 
perature coefficient  The  resistivity  of  the  high-resistance  alloyed 
materials1  ranges  from  43  to  60  microhms  as  compared  with  11 
to  15  microhms  for  ordinary  sheet  steel  with  3  or  more  per  cent, 
pfcarbon 

^rfThe  specific  resistivity  of  Stalloy2  is  about  497  microhms  or 
four  tunes  that  of  ordinary  stampings  Its  permeability  when 
carefully  annealed  can  reach  very  high  figures3  such  as  4,140  at 
B  =  6,500,  and  Prof.  Wilson  found  4,470  at  B  =  6,050.  Thus  at 
low  inductions  the  permeability  exceeds  that  of  the  best  iron,  but 
this  is  not  maintained  at  high  inductions ;  e  g  the  permeability 
at  B  =  13,480  may  fall  to  832  (Fig.  212).  At  H  =  140,  Dr  Kolben 
gives  values  for  B  of  17,300,  17,000,  16,700  and  16,400,  falling 
with  the  percentage  of  silicon. 

f£)wing  to  the  greater  cost  of  alloyed  steel  its  use  in  dynamo 
work  at  present  comes  into  question  only  in  the  case  of  extra  high- 
speed turbo-generators  and  turbo-alternators,  where  the  frequency 
is  high,  and  it  is  very  necessary  to  limit  to  the  utmost  the  heat 
generated  per  unit  volume  of  the  armature.    Dr.  Kolben's  tests 
showed  that  with  3  or  more  per  cent,  of  silicon  the  sheets  become 
very  brittle  with  little  elongation,  although  the  ultimate  tpir"M'1a 
strength  increases;    such  sheets  are  therefore  difficult  to  5 
and  are  unsuitable  for  armature  cores.    But  with  a  lesser  - 
content  as  in  "  Medium  Resistance  "  quality,  mechanical  tiro 

i  Cp   also  A.  Campbell,  Town.  I  E.E ,  Vol.  43,  -   Kfift  •   « 
and  Hadfield,  Vol  31,  p.  681. 

«  Prof  E.  Wilson,  V.  H.  Winson,  and  G.  F. 
8  H,  R.  Hamley  and_L  Rossiter,  Ebctr ,  3 
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may  be  obtained  in  comparison  with  those  of  "  Stalloy  "  as  shown 
by  such  approximate  figures  as  the  following — 

Elongation  yield  point 

on  4  ins  in  tons  per  sq  in 

Stalloy    .         .         .  6  per  cent  25 

Medium  Resistance  .         .     20         „  22    ~ 

Lohys       ....     18         „  12     ) 

§  10.  E wing's  moleoular  theory  of  magnetism. — At  this  point  a  bnef  outline 
may  be  given  of  the  modern  theory  of  magnetism  which  satisfactorily  accounts 
for  the  very  large  range  of  facts  that  have  been  brought  to  light  by  experi- 
mental research  1  The  molecular  theory,  as  it  is  termed,  starts  with  the 
fundamental  assumption  that  the  molecules  of  a  magnetic  body  are  already 
and  always  permanent  magnets  endowed  with  polarity,  and  that  the  process 
of  magnetization  consists  in  turning  these  small  magnets  so  that  the  direction 
of  their  magnetic  axes  coincides  more  or  less  with  the  direction  of  the  mag- 
netizing intensity  due  to  some  external  cause  The  actual  distances  between 
the  centres  of  the  molecular  magnets  are  supposed  not  to  be  changed  (save 
by  the  effects  of  mechanical  stress  or  heating),  so  that  each  magnet  is  only 
capable  of  rotation  about  its  centre  Since,  however  (as  the  ascending  curve 
of  Fig.  204  shows),  a  strong  magnetizing  intensity  is  required  to  produce  a  high 
magnetic  induction  in  iron,  it  is  evident  that  the  molecules  cannot  be  per- 
fectly free  to  turn  and  set  themselves  along  the  direction  of  the  magnetizing 
intensity ;  lor  in  that  case,  even  when  a  weak  magnetizing  intensity  was 
applied,  they  would  all  swing  round  into  line  with  its  direction,  and  the  iron 
would  at  once  "become  entirely  "  saturated  "  They  must  therefore  experience 
some  restraint,  and  the  exact  nature  of  this  restraint  was  for  long  a  stumbling- 
block  But  in  1890  the  experiments  of  Professor  Ewmg  led  him  to  return 
to  the  simplest  hypothesis,  namely,  that  it  is  the  mutual  attraction  and 
repulsion  of  the  molecular  magnets  which  supplies  the  constraining  force, 
and  hinders  their  immediate  alignment  into  perfect  parallelism  with  the 
magnetizing  intensity  By  means  of  a  model  visibly  representing  the  supposed 
molecular  structure  of  a  magnetic  body  he  was  able  to  imitate  almost  all  of  the 
phenomena  of  magnetism,  and  thence  to  deduce  the  following  theory  ' 

The  molecules  of  a  piece  of  iron  when  in  a  neutral  state  are  assumed  to  be 
arranged  in  groups  .  these  are  not  necessarily  identical  in  configuration, 
but  each  of  them  is  stable,  and  has  no  external  magnetic  effect,  the  attractions 
and  repulsions  of  each  magnet  being  satisfied  within  its  own  group  For 
small  displacements  of  its  members  the  whole  group  remains  stable ,  but  if 
the  members  are  turned  through  a  sufficiently  great  angle,  and  the  group 
is  distorted,  one  or  more  members  become  unstable,  and  their  equilibrium 
is  liable  to  be  upset  The  result  is  that  for  a  slight  increase  of  the  displace- 
ment the  whole  group  becomes  broken  up,  and  has  to  be  partially  or  wholly 
rearranged  and  reconstructed  after  a  new  plan  From  the  internal  structure 
above  described  it  follows  that  when  a  group  is  subjected  to  a  magnetizing 
intensity  which  is  gradually  increased  in  strength  from  zero,  the  first  effect 
is  to  produce  a  stable  deflection  of  all  the  component  members,  except  those 
which  he  exactly  along  or  opposite  to  the  direction  of  H,  and  the  general  lines 
of  the  group  are  still  retained  This  corresponds  with  the  initial  stage  of 
magnetization  (a,  Fig  204)  when  the  induction  increases  at  a  slight  rate  almost 
proportional  to  the  increase  of  the  magnetizing  intensity.  But  now  let  the 
value  of  H  be  increased  stall  further ,  the  members  of  the  group  are  stall 
further  deflected,  until  at  last  one  or  more  become  unstable  The  ties  which 

1  For  a  further  theoretical  development,  which  combines  Ampere's  hypo- 
thesis of  molecular  currents  with  Swing's  theory,  see  the  valuable  paper  on 
"  Permanent  Magnets  in  Theory  and  Practice,"  by  S  Evershed,  Journ 
lEE.Vol  58,  p.  780. 

*  "  Contributions  to  the  Molecular  Theory  of  Induced  Magnetism,"  by 
Professor  Ewing,  now  embodied  with,  additions  in  the  same  author's  Magnetic 
Induction  in  Iron  an4  athtr  Mfcis,  Chap.  XI, 
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bound  them  are  then  ruptured,  and  by  the  intermolecular  attractions  and 
repulsions  they  and  their  neighbours  are  constrained  to  change  entirely  their 
grouping,  and  take  up  some  new  configuration,  the  main  lines  of  which  agree 
more  closely  with  the  direction  of  H  In  general,  with  a  considerable  number 
of  different  groups,  this  stage  of  instability  will  not  be  reached  by  them  all 
simultaneously  at  one  given  value  of  H,  but  group  after  group  will  gradually 
become  unstable  and  break  up  This  second  stage,  when  the  groups  are  one 
after  another  passing  through  an  unstable  condition,  corresponds  to  the 
steep  part  of  the  ascending  curve  (b,  Fig  204)  when  the  induction  increases 
at  a  rapid  rate  If  H  be  still  further  increased  in  strength,  we  have  the  third 
stage  (c,  Fig  204),  in  which  the  alignment  of  the  molecules  becomes  gradually 
more  and  more  perfect ,  as  each  molecule  is  pulled  more  and  more  into  hne 
with  H,  the  iron  becomes  more  and  more  "  saturated,"  and  its  permeability 
decreases  The  deflections  of  the  molecules  in  their  third  stage  are,  however, 
again  stable,  as  in  the  first  stage  When  the  saturation  intensity  has  been 
reached,  all  the  magnetic  molecules  will  set  themselves  along  the  line  of 
direction  of  the  magnetizing  intensity  without  further  interaction  among 
themselves 

But  now,  if  after  stage  2  the  intensity  H  is  gradually  removed,  the  majority 
of  the  groups,  having  swung  over  to  a  new  stable  condition,  retain  their  new 
configuration  ,  hence,  if  the  intensity  be  reduced  to  zero,  there  is  still  a  con- 
siderable amount  of  residual  magnetic  induction,  and  it  will  require  the 
magnetizing  intensity  to  be  actually  reversed  to  produce  a  condition  of 
instability  in  the  new  groupings,  and  so  cause  them  to  be  in  their  turn  upset 
and  replaced  by  fresh  configurations  Thus  the  gradual  removal  of  the  mag- 
netizing intensity  does  not  lead  to  the  exact  and  complete  repetition  back- 
wards of  what  happened  when  the  magnetization  was  being  increased ,  in 
other  words,  the  movements  of  the  molecules  are  not  reversible  without 
qualification  Given,  however,  a  sufficient  number  of  groups  composing  the 
body,  if  the  magnetizing  intensity  be  removed  and  reapphed,  then,  unless  it 
be  very  weak,  there  are,  in  general,  some  groups  which  pass  through  a  con- 
dition of  instability  Especially  will  this  be  the  case  if  the  piece  of  iron  be  not 
perfectly  homogeneous,  and  if,  therefore,  the  lines  of  the  different  groups  or 
chains  are  differently  inclined  at  different  places  This  exactly  corresponds 
with  the  observed  facts,  that  hysteresis  is  always  present  in  all  cyclic  changes 
of  H,  but  that  its  effect  increases  rapidly  for  changes  extending  over  the 
second  stage  of  the  curve  of  induction  The  approach  to  a  steady  value  of 
the  hysteresis  loss  in  the  third  stage  may  also  be  expected  ;  thus  in  Fig  204 
if  the  iron  had  reached  its  saturation  intensity  at  point  E,  the  area  of  the  closed 
curve  should  give  the  final  maximum  of  the  hysteresis,  any  increase  of  the 
induction  beyond  E  simply  carrying  the  molecules  with  it  in  complete 
alignment  without  the  passage  through  fresh  configurations. 

The  phenomenon  of  hysteresis  is  thus  amply  accounted  for  It  occurs 
whenever  on  the  ascending  curve  a  molecule  is  deflected  from  one  stable 
position  to  another  through  a  position  of  instability ;  since  then,  on  the 
descending  curve,  the  new  position  will  persist  until  the  change  in  the  mag- 
netizing intensity  becomes  so  marked  as  to  cause  it  to  pass  again  through 
a  position  of  instability.  Fmther,  whenever  a  molecule  passes  through  a 
position  of  instability,  energy  is  dissipated  in  the  form  of  heat ,  its  equilibrium 
being  upset,  it  acquires  kinetic  energy  in  falling  over  towards  a  new  position 
of  equilibrium,  about  which  it  then  oscillates  and  causes  its  neighbours  to 
oscillate  How  the  oscillations  are  damped  out  and  converted  into  heat  is 
not  yet  precisely  known  ;  the  damping  cannot  be  due  to  mechanical  friction, 
and  is  more  probably  due  to  some  form  of  molecular  eddy  currents.  That 
mechanical  vibration  should  lessen  the  residual  magnetic  induction  is  easily 
explicable  on  the  molecular  hypothesis,  since  it  will  cause  changes  in  the 
distances  between  the  molecular  centres.  During  the  swinging  thus  set  up,  as 
the  magnets  recede  from  each  other  their  stability  is  reduced,  so  that  they 
respond  more  easily  to  change  of  magnetizing  intensity,,  and  hysteresis  is 
lessened 

§  11.  Hysteresis  in  dynamo  armatures. — All  that  is  required  in  any  material 
for  dynamo  magnets  is  high  permeability  under  strong  magnetizing  inten- 
sities ,    its  hysteresis  and  loss  of  energy  in  consequence  thereof  are  of  no 
IS— {6065) 
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interest  to  the  designer.    It  is  different  when  wo  come  to  the  materials  fur 
armature  cores,  where  both  high  permeability  and  low  hysteresis  are  desirable 
The  question,  of  the  hysteresis  in  armatures  requires,  therefore,  some  furthiT 
consideration 

The  results  described  in  §  8  are  obtained  when  iron  is  subjected  to  a  mag- 
netizing intensity,  of  which  the  direction  is  always  along  the  same  line, 
although  it  alternates  in  "  sense  "  from  a  +  to  a  -  maximum  But  such 
linear  alternation  of  magnetization,  as  it  may  be  called,  does  not  stnutly 
correspond  to  the  case  of  the  armature  core  of  a  dynamo 

In  the  heteropolar  nng  or  drum  armature,  whether  of  an  alternator  or 
continuous-current  machine,  the  magnetizing  intensity  varies  also  in  its 
spaaal  direction  relatively  to  the  armature  core,  and  the  characteristic  feature 
is  that  the  molecules  of  iron  must  adjust  themselves  spactally  to  this  varying 
direction  As  they  are  earned  round  with  the  armature,  they  would  tend. 
to  adjust  themselves  continuously  to  the  changing  direction  of  the  flux 
The  maximum  strength  of  field  occurs  approximately  midway  between  tlio 
poles,  and  the  minimum  at  the  centre  of  a  pole,  where  the  magnetizing  intensity 
only  dies  away  to  zero  as  we  penetrate  to  the  inner  layers  of  a  core  of  consider- 
able radial  depth.  Hence,  as  the  armature  revolves,  each  molecule  of  iron 
in  the  body  of  the  armature  core  retaining  its  alignment  with  the  direction 
of  the  field  from  pole  to  pole,  even  while  rotating,  is  in  effect  twisted  through 
an  entire  circle  of  360°  in  each  period  corresponding  to  the  passage  past  a  pmr 
of  poles 

§  12.  Hysteresis  in  a  rotating  field.—  It  is  therefore  clear  that  to  imitate 
the  case  of  a  heteropolar  nng  or  drum  armature  a  piece  of  divided  iron  must 
be  rotated  in  a  constant  magnetic  field,  or  conversely  a  constant  magnetic 
field  must  be  rotated  about  a  stationary  iron  armature.  The  logical  deduction 
from  Professor  Swing's  theory  as  apphed  to  such  a  case  was  first  pointed  out 
by  Mr.  Swinburne  During  the  first  or  quasi-elastic  stage  corresponding  to 
a  weak  field,  the  hysteresis  loss  should  increase  but  slowly  ;  during  the 
second  stage,  when  the  groups  of  httie  magnets  are  passing  through  irregular 
combinations,  the  loss  should  increase  rapidly  and  approximately  in  pro- 
portion to  the  induction,  but  finally  as  saturation  is  approached  the  hysteresis 
curve  should  reach  a  maximum  and  then  not  merely  remain  constant  as  in 
the  case  of  an  alternating  field,  but  bend  over  and  fall  rapidly  towards  zero. 
When  the  magnetizing  intensity  is  never  removed,  and  at  each  point  in  the 
path  of  the  molecules  is  of  such  strength  as  to  keep  them  in  perfect  alignment, 
even  though  rotated,  there  would  be  no  opportunity  for  them  to  pass  through 
a  position  of  instability  and  so  to  break  up  into  new  combinations.  Thin 
view,  which  was  first  advanced  as  an  objection  to  the  molecular  theory,  has 
since  been  amply  verified  by  direct  experiment,  and  furnishes  additional 
evidence  of  the  correctness  of  the  theory.  Indeed,  by  means  of  an  ingeniouH 
model  m  which  a  number  of  little  magnets  are  rotated  in  a  constant  magnetic 
aeia  we  are  enabled  to  watch  the  actual  progress  of  the  phenomena  ;  tho 
spasmodic  breajong  up  of  the  initial  configurations  under  the  strain  of  rotation 
in  a  Held  of  moderate  strength  is  rendered  visible,  and  we  can  trace  the  gradual 
increase  of  alignment,  until  finally  the  field  becomes  of  sufficient  strength 
ma?ae*s  P°"rt"ig  always  in  a  definite  direction,  however 
7  cames  them  M  spmi  round  *  *n  t*16  eariy  stages 
fteld'  or  of  uron  rotatmS  in  a  constant 
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so  that  some  combinations  offer  more  resistance  to  dissociation,  and  on  their 
rupture  the  osollatioa  JS  greater. 

In  Fig.  215  the  second  curve  shows  the  results  obtained  by  Pro- 
fessor Baily  for  the  hysteresis  loss  in  a  rotating  field1  for  a  small 
cylinder  made  up  of  soft-iron  discs  cut  from  the  same  sheet  as  that 
for  which  the  first  curve  shows  the  loss  in  an  alternating  field  , 
the  latter  corresponds  to  a  hysteretic  constant  v\  about  0  003,  the 
former  to  a  value  somewhat  greater  than  0  004  so  long  as  the  curve 
is  rising  rapidly.  Indeed,  for  B  =  8,000  or  10,000  the  hysteresis 
loss  in  the  rotating  field  is  some  50  per  cent  higher  than  in  the 
alternating  field.  But  when  B,  the  average  induction  across  a 
section  of  the  core  at  the  spot  where  it  has  its  maximum  value 

half  flux  of  pole  ,      .,  _  nnn    .     ,      ,  , 
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FIG.  218 — Hysteresis  loss  in  rotating  field 

reversal  takes  place  by  rotation,  and  at  about  16,000  or  17,000  it 
attains  a  maximum ;  it  thence  decreases  rapidly,  and  almost 
disappears  at  B  =  21,000,  but  with  a  slight  tendency  for  the  curve 
to  turn  off  as  it  approaches  the  zero  axis. a  In  the  complete  curve 
of  Fig.  218  are  given  the  results  of  tests  made  by  Messrs.  Seattle 
and  Clinker3  on  sheet  iron  ;  the  initial  portion  up  to  B  =  14,000 
agrees  roughly  with  a  hysteretic  constant  of  0*003.  The  upper 
short  curve  of  the  same  figure  is  obtained  from  tests  made  by  Pro- 
fessor Baily  *  on  an  actual  dynamo  armature.  Of  two  specimens 
tested  by  Mr.  Holden6  up  to  B  =  8,000,  one  gave  results  agreeing 
fairly  closely  with  the  upper  and  the  other  with  the  lower  of  the 
curves  of  Fig.  218,  so  that  they  may  be  taken  as  representing  average 

i  PM.  Trans ,  1896,  Vol.  187,  pp  715-746. 

*  R.  Czepek's  experiments  (E.  u.  M  ,  Vol  28,  p.  325,  April,  1910)  do  not, 
however,  confirm  this 

»  Electr ,  Vol.  37,  p.  723. 

*  Ibtd.,  Vol   44,  p   323. 

*  Ibid ,  Vol  35,  p.  327, 
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cases     The  exponent  was  found  by  Mr  Holden  to  vary  in  a  number 
of  samples  from  1-4  to  1  7,  the  average  being  1  5. 

The  flux  in  a  cylindrical  armature  core  follows  such  lines  that  the 
total  reluctance  which  their  paths  present  is  a  minimum  Between 
any  two  points  symmetrically  situated  within  a  pair  of  neighbouring 
poles  the  shortest  path  is  the  chord  joining  them  together  ;  if  this 
were  rigidly  followed,  it  would  cause  such  a  concentration  of  the 
flux  along  a  narrow  band  situated  some  little  distance  below  the 
outer  periphery  on  an  interpolar  section  of  the  core  that  the  per- 
meability would  be  appreciably  reduced  owing  to  the  great  density, 
and  a  longer  path  with  higher  permeability  would  then  offer  less 
reluctance.  The  lines  therefore  spread  out,  but  their  density 
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FIG  219  —  Inductions  iri  smooth-  FIG  220  —  Half-cycles  of  magnet- 

core  internal  armature  at  different  ization    at    different    depths   in 
radial  depths  and  different  cross  smooth-core  internal  armature 

sections 

across  any  section  never  becomes  completely  uniform  The  dis- 
tribution of  the  induction  within  a  small  armature  core,  both  smooth 
and  toothed,  has  been  described  by  Prof.  W  M  Thornton  in  a 
paper  on  "  The  Distribution  of  Magnetic  Induction  in  Multipolar 
Armatures,"  read  at  the  meeting  of  the  British  Association  in  1904,  J 
and  in  a  second  paper  on  the  same  subject  published  in  Journal 
IE.E.  (Vol.  37,  p.  125),  on  which  the  following  is  based  (cp.  Fig 
249).  It  is  there  shown  that  the  depth  within  the  core  at  which 
the  maximum  density  is  found  is  almost  independent  of  the  total 
flux  and  of  the  air-gap  length,  but  depends  upon  the  pole-pitch. 
In  a  smooth-core  multipolar  machine  it  occurs  practically  at  the 
centre  of  a  chord  joining  the  points  at  which  the  centre  lines  of 

1  Reprinted  in  Electrician,  26th  August,  1904     Cp  alsoW  E.  Goldsborough, 
Trans  Anter  I  E  E.,  Vol.  16,  pp  481-500, 


THE  MAGNETIC  PROPERTIES  OF  IRON          429 

the  poles  intersect  the  periphery  of  the  armature.  Further,  if 
the  induction  is  measured  at  different  depths  in  a  radial  section 
of  the  core  and  with  such  radial  section  occupying  the  different 
planes  marked  A,  B,  C,  D,  curves  similar  to  Fig  219  are  obtained 
in  a  smooth-core  armature  with  particular  values  of  the  air-gap 
length  and  density,  ratio  of  polar  arc  to  pole-pitch,  and  shape  of 
pole-tip  ,  with  other  values  of  these  latter  quantities  the  curves 
are  of  different  shape,  but  Fig.  219  may  be  taken  as  a  typical 
construction  to  show  the  approximate  values  of  the  inductions 
when  the  polar  arc  is  70  per  cent  of  the  pole-pitch  and  a  mean 
induction  of  B0  =  16,000  at  the  centre  of  the  interpolar  gap  is 
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FIG   221  — Inductions  in  mul-          FIG  222  —Half-cycles  of  magnetiz- 
tipolar  toothed  armature  core  ation  at  different  depths  in  multi- 

polar  toothed  armature  core. 

assumed  in  a  smooth-core  armature  From  these  curves,  by  re- 
plotting  the  ordmates  for  a  particular  depth  in  relation  to  the  pole- 
pitch  are  obtained  the  curves  of  Fig  220,  which  show  the  nature 
of  the  magnetic  change  which  the  molecules  of  iron  at  each  depth 
pass  through  in  a  half-cycle.  In  a  toothed  armature  core  (Figs. 
221  and  222)  the  density  over  the  section  midway  between  the  poles 
with  normal  ratios  of  armature  dimensions  falls  more  nearly  in  a 
sloping  straight  line,  and  under  the  pole  the  density  near  the  inner 
edge  of  the  core  may  even  rise  again.1  The  true  calculation  of 
the  hysteresis  of  a  rotating  armature  would  thus  only  be  obtained 
if  the  core  were  divided  into  a  number  of  small  coaxial  cylinders, 
and  the  hysteresis  loss  of  each  elementary  cylinder  passing  through 

1  This  nse  is,  however,  only  apparent ;  as  pointed  out  by  Prof  W.  M. 
Thornton  to  the  writer,  the  reason  for  it  is  that  search  coils  in  a  radial  plane 
under  a  pole  are  perpendicular  to  the  flux  at  the  outer  face  immediately  under 
the  slot  of  a  toothed  armature  and  also  near  the  mner  face  of  the  core,  but 
are  not  so  strictly  perpendicular  near  the  centre  of  the  core  where  the  lines 
pass  through  the  coils  in  a  more  slanting  direction ;  hence  the  central  search 
coils  give  a  lower  than  the  true  value  for  the  induction  at  right  angles  to  the 
flux. 
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its  particular  cycle  of  magnetization  could  be  estimated,  their 
separate  losses  being  finally  added  together.  Such  a  process  would 
be  unnecessarily  tedious  in  practice,  but  the  above  analysis  serves 
to  show  that  in  the  experimentally  observed  curve  for  a  rotating 
field  of,  e.g.  Fig.  215,  for  each  value  of  the  total  flux-density  averaged 
over  the  cross-section  of  the  core  between  the  poles  where  it  reaches 
its  maximum  value,  the  separate  losses  in  the  indefinitely  small 
cylinders  are  summed  up  for  us  in  the  particular  case  of  the  armature 
which  was  actually  under  test.  The  results  are  therefore  to  some 
extent  dependent  upon  the  length  of  air-gap,  ratio  of  the  polar  aic 
to  the  pole-pitch,  and  shape  of  pole-tip  which  were  actually  employed. 
The  air-gap  in  the  case  of  Fig.  215  was  0  275  cm  ,  and  the  ratio  of 


FIG.  223. — Flux  distribution  in  external  armature  core 

the  polar  arc  to  the  pole-pitch  was  0  666,  which  may  be  regarded 
as  fairly  approximating  to  practical  conditions. 

In  the  external  stator  core  of  a  15,000  kVA  two-pole  turbo- 
alternator,  110  in  in  external  diameter  with  a  core  depth  of  25  in  , 
one  quadrant  of  which  is  shown  in  section  in  Fig.  223,  with  the 
approximate  paths  of  the  flux,  experiment 1  showed  that  at  each 
level  behind  the  stator  slots,  the  curve  of  flux  density  from  pole 
to  pole  was  practically  sinusoidal  at  no  load  (Fig.  224).  When 
the  average  densjty  over  the  section  of  core  where  the  flux  was  at 
its  maxunum  (i.e.  =  one  half  of  the  total  flux  of  the  machine 
divided  by  the  net  area  of  the  single  core-section)  was  about  18,000 
and  12,700,  corresponding  respectively  to  12,500  and  8,500  volts, 

1  Carl  J.  Fechheimer,  "  Flux-distribution  in  the  Core  of  a  Turbo-alternator," 
Joum  Amer.  IEE.,  Vol  39,  p.  669,  July,  1920.  Through  the  courtesy  of 
Mr  Fechheimer  the  writer  has  been  enabled  to  reproduce  here  Fig  223. 
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the  density  at  the  outside  was  about  0-9  times,  and  on  the  inside 
1-2  times  the  average  (Fig.  225),  showing  that  the  flux  reached 
well  back  to  the  outside  of  the  core,  in  spite  of  its  greater  length  of 
path  thereat.  The  range  of  density  was  not  therefore  great. 
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§  13.  Influence  ol  vibration  and  temperature  on  hysteresis  in 
dynamos. — The    mechanical   vibration1   to   which   an   armature 
i  Cp  Phil  Trans ,  1896,  Vol.  187,  pp.  715-746. 
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is  subjected  when  running  reduces  the  loss  from  hystciesis  only 
slightly,  but  possibly  the  much  more  rapid  vibration  due  to 
the  alternations  of  the  current  in  an  alternator  armature,  even 
when  stationary,  may  affect  the  amount  of  the  loss.  Experiment 
shows  that  with  increasing  temperatures  the  hysteresis  loss  dea  eases 
by  about  1  per  cent  for  each  10°  C  ,  so  that  when  a  dynamo  is  at 
work  and  thoroughly  heated  there  may  be  a  reduction  of  some 
4  per  cent  from  the  loss  when  cold  On  the  other  hand,  the  body 
of  evidence  points  to  the  fact  that  after  the  iron  ha«  been  subjected 
to  continuous  and  prolonged  heating  at  a  fairly  high  tempeiature, 
such  as  65°  C  ,  there  is  a  permanent  increase  in  the  losb  x  ("  ageing  "). 
The  effect  of  temperature  in  the  case  of  dynamos  is,  howevei,  on 
the  whole  of  small  moment. 

§  14.  Practical  calculation  o!  hysteresis  loss. — In  all  calculations, 
therefore,  as  to  the  heating  of  armatures,  or  as  to  the  efficiency  of 
dynamos,  some  allowance  must  be  made  for  a  loss  of  eneigy  by 
hysteresis,  as  estimated  from  the  formula 

i)N 
H"^h- %  -F<>  watts      -         .         .     (97) 

In  the  teeth  of  a  slotted  armature,  Prof  W.  M.  Thornton  has 
shown  by  the  analogy  of  stream-line  photographs  that  the  direction 
of  the  flux  through  a  tooth  while  remaining  vertically  down  its 
length  under  a  pole  gradually  becomes  oblique  as  the  pole-tip  is 
approached,  and  finally  becomes  horizontal  or  directly  across  tooth 
and  slot  mid-way  between  the  poles,  though  never  falling  to  zero 
(Fig.  249  6).  The  magnetization  is  therefore  rotating,  and  at  the 
same  tune  fluctuates  between  such  limits  as  20,000  and  5,000  when 
the  former  limit  is  the  maximum  flux-density  In  default  of  com- 
plete knowledge  of  the  laws  governing  the  hysteresis  in  such  a  case, 
it  must  suffice  to  fall  back  upon  the  rotatuig-field  curves  of  a  solid 
core  as  summing  up  for  us  the  average  effect  for  a  given  maximum 
value  of  B  Thus  for  both  the  body  of  the  core  and  the  teeth  the 
value  of  A  is  to  be  taken  from  the  rotating-field  curves  of  either  Fig 
215  or  219,  and  on  this  assumption  it  follows  that  the  distortion  of 
the  field  under  load  (as  will  be  descnbed  in  Chapter  XIX),  al- 
though probably  increasing  the  loss,  will  not  produce  any  great 
effect,  since  at  very  high  densities  the  hysteresis  loss  does  not  with 
a  rotating  field  continue  to  nse.  In  order  to  be  on  the  safe  side, 
the  density  at  the  top  of  the  teeth  may  be  taken  as  the  value  for  B, 
since  with  a  rotating  field  in  the  teeth  this  will  usually  give  the 
largest  hysteresis  loss  The  process  of  calculating  IL,  is  again 
referred  to  in  Chapter  XXI,  §  21. 

In  continuous-current  machines  the  frequency  j>N!6Qw  an  aver- 
age ranges  from  10  to  40  for  small  outputs  of  a  few  kilowatts,  and 

1  Cp.  Professor  J  Epstein,  Joum.  IEE,  Vol.  38,  p.  36. 
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from  5  to  20  for  large  outputs  up  to  1,000  kilowatts.  In  dynamos 
driven  by  steam  turbines  the  frequency  even  in  large  machines 
may  be  as  much  as  50,  as  e  g  would  be  given  by  1500  revolutions 
per  minute  with  a  4-pole  field,  and  such  a  frequency  is  not  uncommon 
in  generators  driven  by  steam  turbines  through  gearing 

It  will  be  found  that  in  the  above  and  even  in  1he  case  of 
alternators  with  the  normal  frequency  of  50  the  total  heat  generated 
by  hysteresis  is  comparatively  small,  and  only  becomes  of  conse- 
quence as  increasing  the  heat  due  to  other  and  more  serious  losses. 
Hence  the  permeability  of  the  armature  stampings  is  of  more 
importance  than  their  hysteresis  ;  and  since  the  one  bears  no  direct 
relation,  as  far  as  is  known,  to  the  other,  it  is  to  the  permeability 
that  attention  must  be  chiefly  directed. 


CHAPTER  XV 

FIELD-MAGNETS 

§  1.  Economical  limits  to   flux-density  in    magnets. — Thai    tlu» 
number  of  ampere-turns  required  per  unit  length  of  iron  in  oidei  to 
produce  a  certain  flux-density  therein,  increases  very  rapidly  as  tho 
density  is  itself  increased,  is  sufficiently  shown  by  the  B-H  curves 
of  Fig  205.    Thus  in  the  case  of  iron  forgings  or  steel  castings, 
while  a  density  B  =  16,000  may  be  obtained  with  20  to  30  ampere- 
turns  for  each  centimetre  length  of  the  circuit  in  the  iron,  it  requires 
nearly  treble  that  number  of  ampere-turns  per  centimetre  length 
to  obtain  the  increased  density  of  18,000.    But  the  excitation  of 
the  field  by  magnetizing  coils  implies,  not  only  a  certain  first  cost 
for  the  copper  wire  used  therein,  but  also  a  continuous  outlay 
during  the  working  of  the  machine  ,  for  electrical  energy  is  absorbed 
by  the  passage  of  the  amperes  through  the  turns,  so  long  as  the 
machine  is  at  work.    Evidently,  therefore,  there  must  be  some 
approximate  limits  within  which  it  is  economical  to  keep  the  value 
of  the  flux-density  in  the  field  magnet.    If  the  density  falls  below 
a  certain  minimum  limiting  value,  the  iron  magnet  becomes  too 
heavy  and  expensive  ,  in  a  self-exciting  dynamo  there  is  the  fuither 
disadvantage  that  the  magnetism  may  be  unstable  (as  will  be  more 
particularly  described  in  Chapter  XVII,  §  10),  and  the  machine  may 
become  difficult  to  excite  at  all.    On  the  other  hand,  if  the  density 
in  the  magnet  be  pushed  up  to  a  very  high  figure  the  ampere-turns 
required  thereby  will  bear  an  excessive  proportion  to  the  whole 
number,  and  will  involve  too  large  an  expenditure  either  in  the  first 
cost  of  the  copper  or  in  watt-hours  during  the  working  of  the 
machine     Since,  when  designing  a  dynamo,  the  number  of  lines 
Om  to  be  earned  by  the  iron  of  the  magnet  is  approximately  known, 
we  are  enabled  from  the  above  considerations  to  determine  approx- 
imately the  area  which  the  field-magnet  must  present  for  the  flow 
of  lines.    For  magnets  of  forged  ingot  iron  or  cast  steel  the  limits 
within  which  it  is  advisable  to  keep  the  density  may  be  set  at 
Bm  =  15,500,  and  Bn  =  17,900,  a  good  intermediate  value  being 
Bm  =  17,000 ;  while  for  cast  iron  the  limits  are  5,500  and  9,000, 
a  usual  figure  being  Bm  =  7,500.    If  pressed  beyond  these  values, 
the  horizontal  divergence  of  the  curves,  even  with  materials  of 
the  same  class,  becomes  so  marked  that  any  slight  inferiority  of  the 
metal  may  lead  to  difficulties  owing  to  the  impossibility  of  increasing 
the  ampere-turns  sufficiently  to  obtain  the  desired  voltage  and 
speed.    A  small  error  m  the  estimate  of  the  densities  will,  in  fact, 
produce  a  disproportionately  great  error  in  the  result. 
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§  2.  Comparison  of  cast  iron  with  forged  iron  and  cast  steel. — 

From  the  above  average  values  for  the  density  it  follows  that 
the  weight  of  a  cast-iron  magnet  as  compared  with  that  of  a  forged- 
iron  or  cast-steel  magnet  to  carry  the  same  flux  must  be  roughly 
as  2 £  to  1 .  Where  considerations  of  weight  and  bulk  are  paramount, 
it  is  therefore  essential  to  build  up  the  magnet  out  of  ingot-iron 
forgings  or  rolled  bars  or  to  cast  it  m  steel.  The  forgings  in  their 
rough  state  as  they  come  from  the  steam-hammer  may  be  cheaper 
than  castings  of  good  soft  iron,  but  when  machined  to  the  required 
dimensions  their  cost  is  so  far  increased  that  they  become  more 
expensive  per  hundredweight  than  cast  iron ;  yet  this  increased 
price  is  more  than  counterbalanced  by  the  lesser  total  weight  that 
is  required.  In  the  same  way,  steel  castings  are  considerably  more 
expensive  than  iron,  but  not  more  than  twice  as  costly,  so  that  for 
the  same  magnetic  work,  when  their  lesser  weight  in  handling, 
lesser  freight,  etc.,  are  taken  into  account,  the  balance  of  advantage 
is  again  in  favour  of  their  use  rather  than  of  cast  iron. 

On  the  other  hand,  castings  of  complex  shape  can  be  produced 
easily  and  cheaply  in  iron,  and  of  such  accuracy  of  dimension  that 
they  require  but  little  further  machining.  In  large  machines  an 
additional  set-off  which  sometimes  counterbalances  the  higher 
cost  of  cast  iron  is  found  in  the  shape  of  its  flux-density  curve  as 
compared  with  that  of  forged  iron  or  cast-steel.  A  reference  to 
Fig  205  shows  that  the  curve  for  cast  iron  over  the  working  range 
rises  in  a  gentle  sweep,  while  that  for  forgings  or  cast  steel  has  a 
marked  point  of  flexure  and  then  rises  very  slowly  Hence  m  the 
case  of  a  dynamo  which  has  to  work  over  a  very  long  range  of 
voltage,  if  forged  iron  or  steel  are  employed  for  the  material  of  the 
field-magnet,  and  these  are  worked  on  the  steep  part  of  the  curve 
for  the  lower  limit  of  voltage,  the  machine  may  prove  magnetically 
unstable  (Chapter  XVII,  §  11) ;  or  if  the  working  .point  be  carried 
further  up,  an  undue  and  unexpected  increase  in  the  exciting  turns 
may  be  required  to  give  the  higher  voltage,  should  the  material 
prove  slightly  inferior  to  the  curve.  But  with  cast-iron  both  the 
lower  and  upper  limits  of  voltage  can  be  reached  with  more  certainty, 
and  the  designer  is  less  at  the  mercy  of  the  quality  of  the  material. 

§  3.  Composite  magnets. — It  is  evident  that  a  composite  magnet 
may  be  made  up  out  of  two  or  more  materials,  by  which  their  several 
advantages  may  be  more  or  less  completely  combined,  and  such 
is,  in  fact,  usually  the  case.  The  poles  or  magnet-cores  carrying 
the  exciting  coils  are  almost  always  either  made  from  rolled  bars 
of  ingot  iron  or  castings  of  steel,  or  built  up  of  thm  laminated 
sheet-steel  stampings.  The  yoke-ring  of  the  ordinary  multipolar 
type  of  Fig.  6  is  then  either  of  cast  steel  or  cast  iron.  In  the  latter 
case  the  reason  for  the  employment  of  cast  iron  may  be  either  the 
necessity  for  partially  combining  the  advantages  of  stability  of  /the 
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voltage  and  accurate  compounding  over  a  long  range  (as  above 
mentioned)  with  economy  of  excitation  by  means  of  the  joint  use 
of  two  materials,  or  the  fact  that  it  is  desired  to  cast  the  supporting 
framework  or  bedplate  of  the  dynamo  in  one  with  the  magnetic 
circuit  In  small  belt-driven  dynamos  (up  to  an  output  of  about 
5  kilowatts),  in  which  the  cost  of  machining  bears  the  laigest  ratio 
to  the  total  cost  of  manufacture,  it  may  frequently  be  advantageous 
for  the  bedplate  and  plummer-block  pedestals,  which  foim  a  large 
item  in  the  total  cost,  to  be  a  single  casting  integral  with  the  lower 
half  of  the  yoke-nng  ;  as  so  much  of  the  casting  is  not  required  to 
be  magnetic,  cast  iron  then  becomes  the  most  suitable  material. 
But  still  more  often  in  the  case  of  the  large  stators  of  alternators 
the  greater  depth  of  the  cast-iron  frame  is  an  advantage  as  adding 
to  its  mechanical  strength  to  resist  deflection. 

Since  the  permeability  of  any  casting  is  much  reduced  if  it  be 
hard,  it  is  important,  in  designing  the  shape  of  a  casting  that  will 
form  part  of  the  magnetic  circuit,  to  avoid  any  thin  flange  or  narrow, 
outstanding  edge  ;  such  a  piece  of  small  area  is  likely  to  be  chilled 
during  casting,  and  so  to  become  hard  and  magnetically  inferior. 
For  both  mechanical  and  magnetic  reasons,  all  corners  and  pro- 
jections should  be  well  rounded  or,  if  need  be,  cast  massive,  and 
subsequently  machined  to  the  required  dimensions. 

The  design,  in  short,  should  be  such  that  there  is  no  dispropor- 
tionate difference  in  area  between  different  portions  of  the  same 
casting,  whether  of  iron  or  steel ;  otherwise  as  it  cools  unequal 
contraction  takes  place,  and  hollow  cavities  or  spongmess  in  the 
casting  are  difficult  to  avoid.  For  this  reason,  in  large  multipolar 
machines,  even  if  entirely  of  cast  steel,  it  is  on  the  whole  better  for 
the  massive  poles  to  be  cast  separately  from  the  yoke-ring. 

§  4.  Comparison  ol  sectional  shapes  lor  magnet  cores.— The 
same  economical  considerations  which  determine  approximately 
the  sectional  area  of  iron  required  to  carry  a  given  flux,  namely, 
the  first  cost  of  the  copper  coils  and  the  allowable  expenditure  of 
energy  m  magnetizing  them,  also  bear  upon  the  geometrical  shape 
or  figure  by  which  the  required  area  is  obtamecV-only,  however 
in  that  portion  of  the  magnetic  circuit  whereon  the  magnetizing 
coils  are  actually  wound. 

Since  for  a  given  area  the  circle  has  the  least  perimeter,  the 
theoreticaUy  best  section  which  can  be  given  to  the  magnet  cores 
whereon  the  field-winding  is  placed  is  the  circle  ,  the  length  and 
resistance  of  the  wire  for  a  given  number  of  turns  embracing  a 
givensectionalareahavethentheirminima values.  For  thisreason, 
5*  ^^^  continuous-current  dynamo  as  Fig.  6  or  in 
multipolar  alternators  similar  to  Flg.  71,  the  magnet  corfs,  mt  m  are 
often  of  circular  section  Such  a  circular  core  will  require  to  have 
a  rectangular  pole-shoe  at  the  one  end  m  order  to  present  a  prop™ 
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area  of  polar  surface  where  the  lines  pass  through  the  air-gap,  and 
so  to  minimize  the  reluctance  of  the  mterferric  space  between  the 
iron  of  the  pole  and  the  armature  core.  Instead,  therefore,  of  a 
circular  section  an  oval  or  trapezoidal  section  of  magnet  core  may 
be  arranged  so  as  to  approximate  to  the  required  polar  area  at  the 
air-gap,  or  again  it  may  be  more  economical  to  give  the  magnet 
cores  a  rectangular  shape,  to  avoid  an  undue  amount  of  overhang 
of  the  pole-shoe  beyond  the  magnet  core. 

Next  to  the  circle,  the  oval  composed  of  a  square  and  two  semi- 
circular ends  and  the  square  must  be  ranked  as  the  most  economical 
sections,  their  perimeters  being  respectively  1  08  and  1  13  times 
that  of  the  circle  containing  the  same  area.  Finally,  the  larger 
the  ratio  between  the  length  and  breadth  of  any  rectangular  figure, 
the  more  uneconomical  becomes  the  shape  as  regards  length  of 
wire  in  each  turn  encircling  it  If  the  two  sides  of  the  rectangular 
be  as  2  to  1,  the  perimeter  becomes  1  2  times  that  of  the  equivalent 
circle,  while  for  a  ratio  of  3  to  1  it  increases  to  1  3  When  wound, 
therefore,  with  the  same  number  of  turns  and  the  same  size  of  wire, 
the  weight  of  copper  employed  will  be  increased  respectively  20 
and  30  per  cent  above  that  of  the  circular  magnet,  and  the  resistance 
being  similarly  increased  the  rate  of  expenditure  of  electrical 
energy  to  produce  the  same  excitation  will  likewise  be  increased 
by  20  and  30  per  cent.  If  the  same  efficiency  is  to  be  retained  in 
all  cases,  the  area  of  the  increased  length  of  copper  wire  must  also 
be  increased,  making  in  all,  for  a  ratio  of  3  to  1,  an  increase  in  the 
amount  of  copper  of  nearly  70  per  cent  A  larger  ratio,  therefore, 
is  very  uneconomical,  and  is  seldom  required  in  ordinary  designs 
Rectangular  magnet-cores  with  sharp  edges  have  a  higher  leakage 
permeance  than  equivalent  round  or  oval  poles. 

§  5.  Length  of  the  magnet-core. — Since  the  maintenance  of  the 
excited  field  during  the  working  of  the  dynamo  requires  the  con- 
tinuous expenditure  of  energy  at  a  certain  rate  in  watts,  and  this 
expenditure,  being  simply  due  to  the  passage  of  the  magnetizing 
current  through  the  electrical  resistance  of  the  wire,  appears  as  heat 
in  the  coils,  radiation,  convection,  and  conduction  must  be  relied 
on  to  avoid  such  a  rise  of  temperature  in  the  coils  as  will  endanger 
the  insulation  of  the  field-winding  ;  and  this  is  secured  by  so  dis- 
posing the  coils  that  they  present  a  considerable  cooling  surface  to 
the  air.  As  soon  as  the  dynamo  is  set  to  work  the  temperature  of 
the  coils  begins  to  nse  above  that  of  the  surrounding  air ;  this 
gradual  rise  continues  until,  finally,  the  rate  at  which  the  heat  is 
generated  in  the  coils  is  balanced  by  the  rate  at  which  it  is  dissi- 
pated under  the  combined  action  of  radiation,  convection,  and 
conduction.  After  reaching  this  limit  the  temperature  of  the  coils 
remains  stationary  so  long  as  the  conditions  are  unchanged.  The 
effect  of  radiation,  etc.,  being  dependent  on  the  entire  cooling 
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surface  of  the  coils,  it  is  evident  that  the  rise  of  the  tempcratme 
of  the  coils  above  that  of  the  sunounding  air  may  be  kept  within 
any  required  limit  by  allowing  a  due  pi  oportion  of  cooling  surface 
for  each  watt  expended  in  the  coils.  The  effective  cooling  surface 
of  a  given  coil  wound  round  an  uon  magnet  will  depend  on  a  large 
number  of  conditions,  difficult  to  calculate,  since  the  mass  of  iron 
itself  to  some  extent  helps  to  dissipate  the  heat  by  conduction, 
and  draughts  of  air  set  up  by  the  revolving  armature  may  increase 
the  convection  more  in  one  machine  than  m  another.  Again,  the 
depth  of  a  winding  of  many  layeis  will  laigely  affect  the  tempeiature 
( >f  the  turns  f 01  niing  the  middle  layei  s.  Roughly  speaking,  however, 
in  machines  of  similar  type  the  comparative  cooling  powei  of  a  coil 
may  be  taken  as  propoitional  to  its  external  surface,  reckoned  as 
the  product  of  its  external  pciimcter,  multiplied  by  its  axial  length, 
phti>  the  area  of  the  end-surfaces  at  the  top  and  bottom  of  the  coil, 
the  cooling  influence  of  the  iron  inside  the  coil  being  regarded  as 
bearing  a  fixed  ratio  to  that  of  the  exposed  wire  surface  in  normal 
cases.  Thus  if  the  ovci-all  dimensions  of  one  circular  coil,  as  shown 
in  Fig.  266,  aie  a  diameter  of  15"  and  an  axial  length  of  6£",  with  2J" 
depth  of  winding  (mean  length  of  a  turn  39-2") ,  the  external  surface, 
namely, 

15  X  TT  X  6  5  =  306 
2  X  2£  X  39-2  =  196 

502  sq.  inches 

will  be  a  measure  of  its  cooling  power,  and  is  to  be  reckoned  in  our 
present  connection  as  its  cooling  surface.  The  basis  for  the  estima- 
tion of  the  cooling  surface  having  been  thus  decided,  experience 
guides  the  designer  to  a  certain  ratio  which  the  cooling  surface  in 
analogous  cases  must  bear  to  the  watts  in  order  that  the  nse  of 
temperature  of  the  coil  may  not  exceed  a  certain  assigned  limit. 
Of  the  values  for  this  ratio  more  will  be  said  in  Chapter  XXI.  If 
the  rate  in  watts  at  which  energy  may  be  lost  in  the  field  winding 
is  approximately  determined  by  the  efficiency  required  in  the 
machine,  the  length  of  the  magnet  coils  need  only  be  such  as  to 
provide  a  suitable  amount  of  cooling  surface  proportioned  to 
the  rate  in  watts  at  which  heat  is  dissipated  in  them.  More 
generally,  however,  the  settlement  of  the  number  of  watts  which 
may  be  regarded  as  an  allowable  rate  of  dissipation  in  the  field 
coils  will  be  a  matter  of  compromise  between  the  efficiency  of 
the  machine  and  the  first  cost  of  the  copper  wire ;  since  the  smaller 
the  number  of  watts  expended  in  the  field-coils,  the  greater  the 
weight  of  copper  wire  required.  Further,  the  total  number  of 
ampere-turns  required  for  the  field  excitation  is  not  exactly  known 
until  the  length  of  the  magnetic  circuit  has  been  determined ; 
experience,  therefore,  alone  can  furnish  guidance  for  a  first 
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approximation  to  the  required  length  of  coil,  and  a  method  of  trial 
and  error  must  be  resorted  to  in  order  to  determine  exactly  the 
ampere-turns  on  the  field,  the  loss  of  energy  in  magnetizing  the  field, 
the  dimensions  of  the  coils,  and  their  weight  of  copper.  When,  how- 
ever, the  designer  has  assigned  an  adequate  length  to  those  portions 
of  the  magnetic  circuit  whereon  the  coils  are  to  be  placed,  he  will 
complete  the  magnetic  circuit  in  as  direct  a  line  as  possible  ;  since 
any  length  beyond  the  minimum  thus  required  unnecessarily  adds 
to  the  reluctance,  and  is  therefore  uneconomical  in  both  iron  and 
copper. 

§  6.  Types  o!  field-magnets. — Out  of  the  great  variety  of  forms 
which  have  been  tried  for  the  field-magnet  system  of  dynamos, 
practically  only  three 
have  survived,  namely, 
the  multipolar  iorm  of 
Figs  6,  227,  etc  ,  for 
continuous-current 
machines  with  external 
yoke-nng  and  internal 
radial  poles  ,  and  for 
alternators,  the  reverse 
of  the  last-mentioned, 
either  with  radial  poles 
projecting  from  an 
internal  yoke-ring 
(salient-pole  type),  or 
with  a  smooth-surface 
cylindrical  rotoi,  as  in 
turbo-alternators 
(non-salient  pole  FIG  226  — Foui-pole  dynamo. 

type) 

Considering  first  the  magnet  system  of  multipolar  continuous- 
current  machines,  the  yoke-nng  is  usually  divided  on  the  horizontal 
diameter  to  enable  the  upper  half  to  be  removed  vertically  for 
examination  or  removal  of  the  armature.  The  lugs  by  which  the 
two  halves  are  bolted  together  may  either  be  on  the  outer  periphery 
of  the  yoke-ring  or,  if  the  increased  width  be  an  objection,  may  be 
arranged  on  the  side  flanks  of  the  ring,  as  in  Fig  226  On  either 
side  of  the  lower  half  are  usually  cast  projecting  brackets  or  feet 
of  sufficient  width  to  give  stability  to  the  machine  (Fig.  200  or  227). 
They  are  planed  on  the  under  side,  and  by  them  the  machine  is 
bolted  to  the  base-plate  ;  a  steady  pin  on  either  side  registers  the 
exact  position,  and  thin  distance-pieces  of  sheet  metal  may  be 
inserted  underneath  by  means  of  which  the  height  of  the  magnet 
may  be  adjusted  in  relation  to  the  armature.  Very  large  machines 
may  be  divided  into  four  quarters,  and  occasionally,  when  the 
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machine  stands  between  the  cranks  of  a  steam-engine,  the  yoke- 
ring  is  divided  on  a  vertical  diameter,  so  that  the  two  halves  may 
be  drawn,  apart  horizontally.  For  small  machines  the  yoke  may 
be  oi  cast  iron,  since  the  section  of  metal  required  in  cast  steel 
makes  the  depth  of  the  ring  somewhat  thin  in  appearance,  even 
if  it  be  strong  enough  mechanically  Or  if  steel  is  preferred,  the 
yoke  may  be  given  a  channel  or  T-section,  as  in  Figs  227  and  228, 
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FIG    227. — Multipolar  magnet  frame  for  continuous-current  dynamo 


in  order  to  obtain  sufficient  strength  against  bending,  although 
in  general  a  slightly  rounded  section,  as  in  Fig.  230,  gives  the  most 
pleasing  external  appearance     The  separate  magnet  cores,  usually 
solid  of  cast  steel  or  cut  off  from  rolled  bars 
of  mgot  iron,  but  occasionally  laminated,  are 
either  fastened  to  the  ring  by  screws   or  less 
often  are  cast  into  the  yoke.    The  facings  on 
which  the  poles  are  seated  in  the  first  case  are 
usually  for  cheapness  of  manufacture  bored  out, 
FIG  228  — Section  the  pole  tops  being  themselves  rounded  to  an 
of  yoke.          equal  radius  (cp.  Fig.  200),  but  may  also  be 
planed  flat.    The  proportion  of  magnetic  leak- 
age in  this  type  is  but  small,  and  it  is  economical  in  both  iron  and 
copper,  especially  if  the  section  of  the  poles  on  which  the  bobbins 
are  placed  is  circular     The  shape  of  the  yoke-ring  may  be  a 
polygon  with  a  number  of  sides  depending  on  the  number  of 
poles  (cp.  Fig.  226),  but  is  more  usually  made  circular  even  with 
four  poles  (Fig.  200) 
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§  7.  Cornmutating  poles.— In  order  to  obtain  fixity  of  brush 
position  m  continuous-current  machines  under  varying  loads  and 
sparkless  running  in  difficult  cases,  such  as  high-speed  dynamos 
driven  by  steam  turbines,  or  machines  to  give  a  very  wide  range 
of  voltage,  auxiliary  commutating  or  reversing  'poles,  or  as  they  are 
also  called  "  mterpoles,"  are  an  indispensable  addition  Even  in 
ordinary  cases,  when  the  speed  is  not  very  high,  or  the  machine 
large,  they  enable  windings  which  would  otherwise  be  of  doubtful 
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FIG.  229. — 210-kilowatt  dynamo  with  commutating  poles. 


success  to  be  more  readily  employed,  and  a  net  saving  in  cost  can 
be  effected  ;  thus  the  use  of  wave  instead  of  lap  windings  can  be 
extended  to  larger  outputs,  and  the  advantages  are  thereby  gained 
of  an  armature  cheaper  to  manufacture  with  a  more  open  and 
mechanical  winding  as  well  as  of  a  commutator  with  open  lugs, 
small  diameter  and  peripheral  speed,  while  the  freedom  of  wave- 
windings  from  local  currents  due  to  unequal  pole-strengths  or 
incorrect  centring  renders  them  better  adapted  to  short  air-gaps. 
The  use  of  cornmutating  poles  is  therefore  now  common  throughout 
almost  the  whole  range  of  continuous-current  machines,  both 
large  and  small,  owing  to  the  improvement  in  commutation  which 
they  give. 
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Such  poles  project  from  the  yoke-ring  of  the  field-magnet  in 
the  middle  of  each  interpolar  gap,  so  that  their  pole-faces  are  pre- 
sented to  the  armature  core  on  the  interpolar  line  of  symmetry 
(Figs.  229  and  230),  and  the  brashes  are  so  set  that  the  coils  when 
short-circuited  are  brought  under  the  influence  of  the  field  between 
commutatmg  pole  and  armature  They  are  introduced  heie  as 
forming  part  of  the  magnet  system,  and — to  anticipate  their  fuller 


FIG   230  —  Six-pole  magnet  and  plummer-blocks  of  continuous- 
current  dynamo  having  commutatmg  poles 


discussion  in  Chaps,  XIX  and  XX  —  their  function  is  to  supply  the 
right  strength  of  reversing  field  so  as  to  cause  the  current  in  a 
short-circuited  coil  to  pass  smoothly  from  its  value  in  the  one 
direction  to  the  same  value  in  the  opposite  direction  during  the 
commutation  period  under  all  conditions  of  load  from  zero  up  to 
the  required  maximum  overload  They  are  excited  by  magnetizing 
coils  which  are  m  series  with  the  armature  winding  and  carry  the  full 
armature  current  so  that  then:  effect  may  be  proportional  thereto  ; 
or  in  some  cases  the  current  out  of  each  brush  arm  of  the  multipolar 
machine  is  taken  directly  round  an  adjacent  comnmtating  pole 
before  it  joins  the  combined  stream. 
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The  nature  of  the  flux  distribution  is  indicated  diagrammatically 
in  Fig  231.  This  shows  the  application  of  commutating  poles 
to  the  two-pole  machine,  but  the  same  holds  in  principle  for  the 
multipolar  machine.  It  will  be  seen  that  the  conmiutating  pole  is 
essentially  a  strip  from  the  leading  edge  of  the  adjacent  pole  trans- 
ferred backwards  against  the  direction  of  rotation  into  the  centre  of 
the  mterpolar  gap,  this  detached  portion  being  furnished  with  a 
separate  exciting  coil  x 

The  design  and  excitation  of  commutating  poles  will  be  further 
considered  in  Chaps  XIX,  §  13,  and  XX,  §§  41-45,  but  it  may  here 
be  added  that  it  is  not  necessary  that  the  axial  length  of  the  com- 
mutating pole-faces  should  be  equal  to  that  of  the  armature  core. 


FIG   231. — Flux-distribution  with  commutating  poles. 

It  may  often  with  advantage  be  shorter,  and  an  extreme  case  of 
this  which  is  occasionally  advisable  is  the  use  of  only  half  as  many 
commutating  poles  as  there  are  main  poles,  every  other  interpolar 
gap  being  alone  furnished  with  a  commutating  pole  (cp  Fig.  273). 

§  8.  Types  o!  internal  field-magnets  with  salient  or  non-salient 
poles. — The  change  of  the  armature  core  from  its  position  as  the 
internal  rotating  member  to  its  position  as  external  stationary 
member  in  alternators  does  not  involve  any  radically  new  feature  : 
its  chief  effect  is  that  with  parallel-sided  slots  the  maximum  flux- 
density  now  occurs  at  the  tips  of  the  teeth  instead  of  at  the  roots, 
and  excessive  tooth-saturation  is  not  to  be  feared.  Neither  does 
the  change  of  the  field-magnet  system  from  external  stator  to  internal 
rotor  involve  any  great  change  of  principle,  provided  that  the  number 
of  pole-pairs  is  fairly  large.  But  when  the  number  of  poles  is  only 

1  Cp.  Dr.  R.  Pobl,  Ekctr.  Eng.,  Vol.  37,  p  546. 
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FIG.  232.— Four-pole  internal  magnet  with  salient-poles. 


FIG.  233.-Four-pole  internal  magnet  with  saHent-poles. 
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FIG   234. — Four-pole  internal  magnet  (non-salient)  with  cylindrical 

rotor. 


FIG.  235, — Two-pole  internal  magnet  (non-salient)  with  cylindrical 

rotor. 
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4  or  2,  as  in  modem  steam  turbo-alternators,  the  "  salient-pole  " 
type  of  magnet  yields  place  to  the  "  non-salient-pole  "  type  with 
cyhndncal  rotor,  having  its  exciting  winding  distributed  in  slots 
on  the  periphery,  so  that  when  finished  a  perfectly  smooth  surface 
is  obtained. 

For  comparatively  small  loads  of  100  to  750  kW  at  such  speeds 
that  4  or  more  poles  are  required,  the  "  salient-pole  "  construction 
may  still  hold  its  own,  but  for  small  loads  even  so  low  as  100  kW 
if  only  2  poles  are  required,  there  is  great  difficulty  in  finding  room 
for  a  shaft  of  sufficiently  large  diameter,  and  the  "  smooth-cylinder  " 
rotor  becomes  preferable  since  the  field  winding  is  disposed  more 
nearly  on  the  periphery,  and  a  solid  rotor  in  one  with  the  shaft  and 
of  greater  stiffness  can  be  used.  As  soon  as  loads  of  1,000  or  more 
kW.  per  pole  are  reached  the  cyhndncal  rotor  shows  its  superiority 
even  with  4  and  6  poles. 

An  intermediate  type  which  marks  the  transition  between  the 
salient  and  cylindrical  types  of  Figs.  232  and  234  is  found  in  the 
solid  rotor  with  parallel  slots  which  has  been  employed  chiefly  by 
the  American  Westinghouse  Company. 

In  its  4-pole  form  a  solid  ingot-steel  rotor  has  four  salient  poles, 
right  round  the  edges  of  which  are  milled  a  few  slots  to  receive  a 
winding  of  thin  flat  copper  strap  (Fig  233) ;  the  shaft  may  be  forged 
in  one  with  the  core,  or  the  core  is  composed  of  two  forgings,  each 
carrying  one  length  of  shaft  and  the  two  being  bolted  together. 
Although  advantageous  in  the  way  of  ventilation  owing  to  the 
wedge-shaped  spaces  between  the  poles,  this  4-pole  type  suffers 
to  some  extent  from  the  limitations  of  the  salient-pole  type  in  that 
the  possible  sectional  area  of  pole  and  of  winding  copper  is  very 
restricted.  When  the  same  parallel-slot  type  is  applied  to  the 
2-pole  machine,  the  solid  steel  core  can  be  made  cyhndncal,  and  a 
number  of  deep  parallel  slots  are  milled  along  its  sides  and  also 
across  its  ends  ;  m  these  are  wound  under  tension  the  thin  copper 
straps,  two  or  more  at  a  tune,  the  cylinder  being  mounted  on  a 
turntable  during  the  operation.  To  carry  the  wound  core  and  at 
the  same  tune  to  clear  the  end-windings,  it  then  becomes  necessary 
to  bolt  to  either  end  a  separate  "  head  "  or  driving  flange,  which 
must  be  of  bronze  to  avoid  short-circuiting  the  magnetic  flux,  and 
to  this  again  is  bolted  the  required  length  of  shaft.  In  both  the 
4-  and  2-pole  forms  the  exciting  coils  are  entirely  embedded  in  metal 
and  well  supported  throughout  their  length,  and  the  limiting 
conditions  are  the  maximum  stresses  in  the  core,  which  occur  chiefly 
in  the  overhanging  stnps  of  metal  and  the  tips  at  the  edges  of  the 
zone  of  winding.1 

1  See  Miles  Walker,  The  Specification  and  Design  of  Dynamo-Electne 
Machvnory,  pp  366  and  373,  and  especially  B  G  Lamme  "  High-Speed  Turbo- 
alternators/1  Trans  Atner  "I  E  E ,  VoL  32,  Pt  I,  p  1. 


FIELD-MAGNETS  447 

§  9.  Mechanical  strength  ol  field-magnet  frames.  —  Between  the 
armature  core  and  the  polar  surfaces  of  the  magnet  a  very  consider- 
able attractive  force  acts  ;  thus  apart  from  the  torque  exerted  on 
the  stationary  part  of  the  dynamo  by  the  rotating  part  when 
current  flows  through  the  armature,  the  magnet  requires  to  be 
rigidly  and  firmly  supported,  so  as  to  preserve  the  requisite  cleai  ance 
and  avoid  any  liability  of  the  poles  to  collapse  upon  the  armature 
The  attractive  force  between  opposite  square  centimetres  of  a  pair 
of  divided  surfaces  is  proportional  to  the  square  of  the  number  of 
lines  that  pass  through  from  one  sq.  cm.  to  the  other,  i.e.  to  the 
square  of  the  density  in  the  gap  Bg  ;  and  for  a  field  of  lines  uniformly 
distributed  over  an  area  of  A  square  centimetres  the  total  pull1 
in  dynes  between  the  two  surfaces  is 

B  ZA         I  B    \z 

-£—   =  (  g^  J  A  kilogrammes  very  closely 

or  in  pounds 

B  ZA  B  ZA 

P  =  &Tx  981  X  453  6  =  11,183,000  lb<        '         '     ^ 

acting  along  the  direction  of  the  hnes,  and  tending  to  shorten 
their  length.  If  A  be  in  square  inches,  Bg  being  retained  in  lines 
per  sq.  cm. 


p  -  rrro«  -  5  75  x  I0"  x 

If  A°"  be  given  the  value  in  square  inches  of  the  aiea  of  one 
pole-face,  the  corresponding  pull  exists  between  each  pole-pitch 
on  the  armatme  surface  and  the  opposite  pole-face,  and  has  to  be 
withstood  by  the  mechanical  rigidity  of  the  magnet  as  a  whole. 
A  distinction  ib,  however,  to  be  drawn  between  such  types  of  field- 
magnets  as  have  a  geometrical  shape  which  is  symmetrical  about 
the  armature,  eg.  Figs.  226  and  227,  and  those  which  are  not 
geometrically  symmetrical.  In  the  former  when  the  armature  is 
exactly  central  within  the  bore,  the  total  radial  pull  round  the  whole 
circumference 

Pn  =  P.2#  =  ^J^,lb.    .  .         .     (98*) 

is  symmetrically  distributed,  and  leaves  no  unbalanced  pull  in  any 
one  direction.  Such  a  condition  is  to  be  regarded  as  the  normal 

1  As  given  by  Clerk  Maxwell  ;  for  the  establishment  of  the  expression, 
cp  Alexander  Gray  and  J.  G.  Pertsch,  Trans.  Amer.  I  E.E.,  Vol.  37,  Part  II. 
p  1417.  It  is  stnctly  applicable  only  when  the  gap  is  at  nght  angles  to  the 
direction  of  the  lines  of  flux  ,  and  when  the  opposing  surfaces  are  large  as 
compared  with  the  distance  between  them,  so  that  the  induction  in  the  gap 
is  appreciably  uniform  and  there  is  no  side  leakage  (cp.  Du  Bois,  The  Magnetic 
Circuit,  Chap.  VI,  §  102)  ;  it  is,  however,  sufficiently  accurate  for  the  ordinary 
purposes  of  dynamo  calculations. 
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state,  but  in  many  cases  it  is  not  easily  secured  and  maintained ; 
the  consequences  of  departure  from  it  will  be  further  considered 
in  §§  13  and  14  under  the  head  of  a  closely  connected  subject,  namely, 
the  symmetrical  distribution  of  the  field 

But  in  field-magnets  which  are  initially  unsymmetncal  with 
respect  to  the  armature,  as  e  g  the  two-pole  horseshoe  with  magnet 
below  or  above  the  armature,  there  is  a  tendency  for  the  lines  to 
crowd  into  the  lower  or  upper  half  of  the  armature,  since  the  path 
which  they  then  follow  is  shorter  and  of  less  reluctance  than  that 
of  the  lines  which  pass  on  into  the  upper  or  lower  half  of  the  arma- 
ture Thus  in  the  former  case  even  if  placed  symmetrically  within 
the  bore,  the  armature  when  the  field  is  excited  exerts  a  pressure 
on  its  bearings  greater  than  that  due  to  its  mere  weight ,  and  if 
the  inequality  between  the  upper  and  lower  halves  of  the  fields  be 
considerable,  the  downward  pressure  may  reach  such  a  value  as 
to  bend  the  shaft  and  perhaps  cause  serious  heating  of  the  journals 
Especially  is  this  likely  to  occur  in  a  short-air-space  dynamo,  wherein 
any  displacement  will  bear  a  large  proportion  to  the  total  air-gap  ; 
for  the  slight  bending  of  the  shaft  downwards  due  to  the  weight  of 
the  armature  and  any  wear  in  the  brasses  of  the  bearings  intensify 
the  effect,  by  combining  to  shorten  the  length  of  the  air-gaps  in 
the  lower  quarters  and  to  increase  that  of  the  upper  quarters.  On 
the  other  hand,  if  the  magnet  be  above  the  armature,  the  unbalanced 
pull  will  be  upwards,  and  will  tend  to  lift  the  armature,  so  taking 
its  weight  off  the  bearings. 

Generally  speaking,  the  symmetrical  types  of  field-magnet  are 
to  be  preferred,  but  whether  symmetrical  or  unsymmetncal,  it  is 
evident  that  in  all  cases  a  stationary  magnet  system  must  be 
securely  bolted  down,  and  its  whole  structure  must  be  sufficiently 
rigid  to  withstand  any  mechanical  stresses  or  vibration  due  to  the 
working  of  the  machine.  All  jointed  surfaces  must  be  securely 
bolted  or  screwed  together,  and  the  effect  of  a  joint  on  the  magnetic 
reluctance  of  an  entire  circuit  may  here  be  shortly  mentioned. 

§  10.  Influence  of  joints  in  the  magnetic  circuit. — If  a  bar  of 
iron  be  divided  transversely  in  two,  and  the  two  pieces  be  then 
placed  in  contact  and  magnetized,  it  is  found  that  the  total  reluc- 
tance of  the  iron  is  slightly  increased  owing  to  the  influence  of  the 
joint,  and  this  increase  in  the  reluctance  may  be  expressed  as  that 
of  an  air-gap  equal  in  area  to  the  cross-section  of  the  iron,  and 
having  a  certain  width  dejpending  on  the  exact  conditions  of  the 
experiment.  If  the  two  surfaces  of  contact  are  such  as  are  produced 
by  ordinary  planing  or  other  machine-tools,  and  the  joint  may  be 
regarded  therefore  as,  comparatively  speaking,  rough,  the  width 
of  the  equivalent  air-gap  is  equal  to  about  0-005  cm.,  which  is  only 
reduced  to  0-004  cm.  when  the  two  pieces  are  squeezed  together 
under  a  very  considerable  pressure  If,  however,  the  two  surfaces 
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are  carefully  scraped  up,  so  that  they  are  true  planes,  the  equivalent 
width  may  be  taken  as  0  0035  cm.  when  the  joint  is  not  compressed, 
although  under  the  influence  of  considerable  compression  the  effect 
of  the  ]omt  may  be  made  almost  entirely  to  disappear.  It  would 
seem  that  the  increased  reluctance  due  to  a  joint  is  in  either  case 
due  partly  to  the  interposition  of  a  thin  film  of  air  between  the 
surfaces,  and  partly  to  an  alteration  in  the  molecular  structure 
of  the  iron  at  the  joint,  which  decreases  its  permeability  1  It 
will  be  seen,  however,  that  the  effect  even  of  a  comparatively  rough 
joint,  although  appreciable,  is  not  of  great  magnitude,  and  is 
especially  unimportant  in  the  case  of  the  magnetic  circuits  of 
dynamos,  which  necessarily  have  air-gaps  beside  which  the  equiva- 
lent air-gaps  of  joints  may  be  regarded  as  negligible.  Absence  or 
fewness  of  joints  in  a  magnetic  circuit  must  therefore  be  regarded 
as  a  minor  consideration  from  an  electrical  point  of  view,  and  is 
only  of  importance  as  bearing  on  the  mechanical  strength  of  the 
design,  and  as  lessening  or  increasing  the  first  cost  of  the  machine 
to  the  manufacturer. 

§  11.  Proportioning  of  areas  at  different  parts  of  magnetic  circuit, 
and  in  different  materials. — The  question  of  joints  where 
different  portions  of  a  magnet,  possibly  one  of  steel  and  the  other 
of  cast  iron,  are  united,  leads  naturally  to  the  third  question — 
of  the  suitable  proportioning  of  the  sectional  areas  at  different 
parts  of  the  magnetic  circuit  It  is  highly  important  that  the  lines 
of  flux  should  never  be  "  throttled,"  as  it  is  termed,  by  having  to 
traverse  m  the  course  of  their  path  a  portion  which  is  of  insufficient 
area  ,  any  such  "  throttling  "  implies  a  high  density,  and  therefore 
a  large  number  of  ampere-turns  for  each  inch  in  length  of  the 
contracted  portion  If  the  disproportion  between  the  areas  at 
different  parts  of  the  magnetic  path  be  earned  to  excess,  the  ampere- 
turns  required  to  pass  the  lines  through  the  area  of  the  narrowest 
part  may  form  so  large  a  proportion  of  the  whole  number  as  almost 
to  nullify  the  advantage  of  the  larger  section  at  other  parts.  In 
magnets  composed  throughout  of  iron  of  the  same  quality  the  area 
of  section  should  be  approximately  identical  at  all  parts  of  the  circuit 
which  carry  nearly  the  same  total  number  of  lines  ;  and,  generally, 
in  any  portion  of  a  circuit  of  the  same  magnetic  quality  the  minimum 
number  of  ampere-turns  is  obtained  if  it  be  worked  at  a  uniform 
density  Hence  in  designing,  the  distribution  of  the  lines  must 
be  carefully  studied. 

When  the  lines  pass  from  one  material  into  another,  as  from 
forged  iron  or  steel  into  cast  iron,  or  vice  versfi,  as  may  be  the  case 
in  Figs  6,  226,  the  areas  of  the  two  parts  should  be  so  proportioned 
that  both  are  worked  at  a  suitable  density  ;  hence  it  follows  from 

1  Vide  Ewing,  Magnetic  Induction  tn  Iron  and  other  Metals  §  165  :  and  Du 
Bois,  The  Magnetic  Ctrcutt,  Chap  IX,  §§  151-152 
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§  1  that  the  area  of  the  cast  iron  should  be  more  than  double  that 
of  the  forged  iron  or  steel  portion  Further,  the  nature  of  the  joint 
should  be  such  as  to  give  ample  area  of  contact,  and  afford  an  easy 
passage  from  the  one  metal  into  the  other  ,  e  g  in  the  dynamo 
of  Fig  227  the  cast-steel  cores  may  be  drawn  tightly  up  against 
machined  facings  on  the  yoke  by  means  of  screws,  or  magnet-cores 
of  cast  steel  or  of  thin  sheet-steel  laminations  may  have  a  cast-iron 
yoke  cast  round  them,  suitable  precautions  being  taken  that  the 
cast  metal  is  not  chilled  as  it  flows  round  the  cores,  and  that  intimate 
adhesion  of  the  two  is  secured. 

In  applying  the  above  rules  it  must  be  borne  in  mind  that 
"  throttling  "  is  a  relative  term,  and  under  certain  circumstances  a 
high  density  and  somewhat  contracted  area  of  certain  parts  may  be 
legitimate  ;  especially  is  this  the  case  with  the  magnet-cores  which 
are  actually  encircled  by  the  magnetizing  coils.  On  the  other  hand, 
portions  of  the  magnetic  circuit  which  are  not  overwound  with 
copper,  especially  if  of  cast  iron,  which  is  comparatively  inexpensive, 
may  often  be  advantageously  given  somewhat  lavish  proportions 
and  worked  with  a  low  density  Thus,  in  Fig.  226  in  which  the 
lines  divide  after  passing  through  each  core,  half  only  passing  in 
either  direction  through  the  yoke  round  to  the  next  pole,  the  single 
cross-section  of  a  cast-steel  yoke  may  be  more  than  equal  to  half 
the  area  of  the  steel  magnet -core,  so  that  the  flux-density  in  the 
yoke  is  reduced  to  Bv  =  14,000.  When  the  matenal  of  the  yoke 
is  cast  iron,  and  in  this  part  gives  strength  and  solidity  to  the  whole 
structure,  it  may  be  economical  to  enlarge  its  area  to  considerably 
more  than  equality  with  the  area  of  the  steel  pole,  so  as  to  further 
lessen  the  density  and  with  it  the  ampere-turns  on  the  field 

§  12.  Magnetic  leakage. — In  all  calculations  for  the  purpose  of 
determining  the  proper  area  for  any  portion  of  the  magnet,  the 
question  of  leakage  hnes  must  not  be  left  out  of  sight  when  estimating 
the  density.  As  was  pointed  out  in  Chapter  II,  §  13,  hnes  of  flux 
will  pass  between  any  two  points  or  surfaces  between  which  there 
exists  a  difference  of  magnetic  potential,  and  consequently  in  all 
dynamos  there  is  a  considerable  number  of  hnes  that  leak  across 
from  one  pole  to  another  without  passing  through  the  armature 
core,  where  alone  their  presence  would  be  of  use  Thus,  in  the 
multipolar  dynamos  of  Figs  226  and  227,  hnes  will  leak  across  from 
one  pole-piece  to  the  adjacent  pole-pieces  on  either  side,  between 
the  magnet  cores,  and  even  from  the  upper  part  of  a  core  into  the 
yoke ;  a  few  of  these  paths  are  traced  out  in  Figs.  236  and  237. 
The  presence  of  such  leakage  hnes  m  the  air  is  shown  in  a  disagreeable 
manner  by  the  magnetic  effects  which  they  produce  in  watches, 
electro-magnetic  measuring  instruments,  or  any  piece  of  iron  held 
in  the  vicinity  of  an  excited  dynamo. 

If  the  magnet  is  to  be  worked  with  -uniform  density  throughout 
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its  length  its  area  of  cross-section  should,  strictly  speaking,  be 
continually  varied  as  lines  leak  into  or  out  of  it.  Since,  however, 
the  chief  fall  of  magnetic  potential  occurs  over  the  two  air-gaps 
and  the  armature  between  them,  it  will  be  approximately  sufficient 
(cp  Chapter  II,  §  14,  and  Chapter  XVI,  §  5)  to  regard  all  the  leakage 
lines,  fa,  as  flowing  between  pole-pieces  of  opposite  sign,  and 
then  to  add  them  to  the  lines  through  the  armature  in  order  to 
estimate  the  total  number  of  lines  which  pass  through  the  magnet 
The  density,  therefore,  in  the  magnet  will  be  reckoned  as  equal 
to  the  sum  of  fa  and  <&„,  i  e  <E>TO  divided  by  the  area  of  the  magnet , 
and,  if  the  density  is  to  be  approximately  the  same  in  the  iron  of 
the  magnet  and  m  that  of  the  armature  core,  the  area  of  the 
former  must  be  larger  than  that  of  the  armature 


liLii    ! 

FIG   236  — Magnetic  leakage  of  multipolar  magnet  with  salient  poles 
external  to  armature. 

Since  it  is  the  aim  of  the  designer  to  reduce  fa  to  a  small  proportion 
of  the  total  number  of  lines  <t>m  passing  through  the  magnet,  he 
will  avoid  bringing  any  large  mass  of  iron  into  close  proximity  to 
the  pole-pieces.  In  especial  the  magnetic  leakage  will  be  largely 
affected  by  the  nearness  or  otherwise  of  the  bed-plate,  bearings, 
or  the  fly-wheel  of  the  machine,  since  these  by  their  comparatively 
high  permeability  lessen  the  total  reluctance  presented  by  any 
leakage  path.  All  sharp  edges  conduce  to  magnetic  leakage, 
especially  from  the  poles,  and  are  best  avoided  where  practicable. 

With  commutating  poles  leakage  takes  place  on  one  side  of  the 
commutating  pole  into  a  neighbouring  main  pole  of  opposite  sign 
under  a  M.M  F.  rising  gradually  to  equality  with  the  sum  of  the 
M.M  F 's  of  one  main  exciting  coil  and  one  commutating  field-coil, 
and  also  into  the  yoke  at  the  root  of  the  commutating  pole  under 
a  portion  of  its  own  M.M.F.  Owing  to  the  greater  surfe.ce  of  the 
commutating-pole  in  proportion  to  rts  section  and  the  high  H  M,F.'s, 
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this  leakage  plays  a  much,  more  important  part  than  in  the  main 
poles,  and  if  not  properly  calculated  will  lead  to  the  iron  of  the 
auxiliary  pole  being  made  too  small  ;  it  will  then  become  very 
highly  saturated,  and  proportionality  of  the  reversing  field  to  the 
current  will  be  entirely  lost. 

With  as  many  comimitating  poles  as  there  are  mam  poles  it  will 
be  found  from  Fig  231  that  for  the  same  useful  main  flux  the 
average  density  in  the  main  poles  is  practically  unaffected  by  the 
addition  of  the  commutating  poles  In  the  armature  the  small 
portion  of  the  path  between  a  commutating  pole  and  an  adjacent 


mam  pole  of  opposite  sign  carries 


° 


lines,  where  <j>r  is  the  flux 


of  the  reversing  field,  and  the  remainder  of  the  path  to  a  main  pole 


of  the  same  sign  only  carries     a         lines. 

a 


Similarly,  in  the  yoke- 


ring,  if  <!>,.  is  the  total  flux  of  the  commutating  pole  including  leakage, 
this  number  of  lines  is  added  to  the  flux  earned  by  the  sections  of 
the  yoke  (B,B'),  and  deducted  from  the  sections  (A,A'),  which 
complete  the  circuits  from  one  main  pole  to  another,  so  that  the 


two  densities  are  proportional  to 


and 


fore,  the  section  of  the  armature  core,  and  similarly  that  of  the  yoke, 
is  sufficiently  large  so  that  they  are  far  from  saturation,  in  each 
portion  the  two  changes  largely  counterbalance  one  another,  and 
the  percentage  effect  on  the  total  excitation  required  for  a  given 
mam  flux  is  small ,  this  is  in  practice  usually  arranged  to  be  the 
case,  but  as  will  be  seen  later  (Chapter  XIX,  §  13),  it  is  acquirement 
that  needs  attention  in  the  course  of  design 

§  13.  Symmetrical  distribution  of  the  fields  in  the  air-gap.— 
Given  a  symmetrical  type  of  field  magnet  to  start  with,  any  differ- 
ence in  the  densities  of  the  fields  in  the  air-gaps  will  yield  an  un- 
balanced pull  on  the  armature  which  may  easily  reach  such  an 
amount  as  to  bend  the  shaft.  This  will  result  to  a  greater  or  lesser 
degree  in  such  machines  as  those  of  Figs  226  and  227  when  the 
bearings  of  the  armature  shaft  wear  and  allow  tne  core  to  sink 
slightly  out  of  its  true  central  position  within  the  bore.  The  present 
requirement  that  the  flux  should  be  symmetrically  distributed  m 
the  air-gaps  must  not,  however,  be  interpreted  to  imply  that^tfce 
two  halves  of  each  field  must  be  similarly  distributed;  in^--1 
when  the  dynamo  is  at  work  on  load  (as  will  be  explained^  CJi* 
XIX),  this  condition  is  never  secured,  for  w.  the  V  tjaiBwr1"' 
of  each  pole-pitch,  the  flux  will  be  denser^  " 
half,  these  terms  having  refereflce  to  ike 
the  want  of  uniformity  in  the 
reaction  of  tjie  armature 
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implied  is  that  if  the  flux  is  crowded  more  densely  towards  the 
trailing  edge  of  one  pole-face,  every  pole  must  be  similarly  affected, 
If  a  dividing  plane  be  taken  on  any  diameter,  the  distribution  of 
the  fields  on  the  one  side  will  then  be  the  same  as  on  the  other  side 
of  it.  The  importance  of  this  arises  in  the  first  place  from  mechan- 
ical reasons  and  secondly  from  the  electrical  effects  due  to  inequality 
in  the  pole-strengths  which  have  already  been  mentioned  m  Chapter 
XII  Assuming  that  there  is  no  initial  defect  m  the  magnetic  quality 
or  setting  of  the  poles,  in  a  bipolar  field  displacement  of  the 
armature  along  the  centre  line  or  axis  of  the  poles  will  produce  but 
little  effect,  as  compared  with  displacement  along  the  neutral  line 
dividing  the  interpolar  gap  between  the  two  poles  But  m  a  multi- 
polar  field,  although  displacement  along  the  neutral  line  has  the 
greatest  effect,  yet  any  displacement  along  the  centre  line  of  a  pole 
will  produce  considerable  resultant  force,  the  two  effects  becoming 
more  nearly  equal  the  greater  the  number  of  poles  The  magnitude 
of  the  unbalanced  pull  then  remains  to  be  estimated  in  the  following 
section 

§  14.  Unbalanced  pull  from  displacement  ol  armature  in  a 
nraltipolar  field. — If  <3  be  the  displacement  of  the  armature  from  a 
central  position  in  a  vertical  direction  due  to  wear  of  the  bearings 
or  to  incorrect  mounting,  and  a  be  the  angle  which  any  radius  line 
makes  with  the  vertical,  then  if  the  magnet  yoke-ring  retains  its 
true  circular  shape  and  suffers  no  deformation,  the  addition  to  or 
subtraction  from  the  length  of  the  air-gap  /„  at  the  extremity  of 
this  radius  is  practically  =  <5 .  cos  a. 1 

The  guiding  principle  for  the  distribution  of  the  fluxes  between 
the  several  magnetic  circuits  under  displacement  is  then  that  m 
each  section  of  the  yoke  and  armature  core  or  of  stator  and  rotor 
cores  in  which  the  flux  bifurcates  the  loss  of  magnetic  potential 
remains  alike  and  the  densities  therein  are  similar.  This  is  required 
in  order  that  the  flux  may  reach  the  maximum  possible  for  the  given 
number  of  ampere-turns  of  excitation,  and  it  is  in  nature  secured 
by  a  shifting  of  the  bifurcation  points  until  in  each  magnetic  circuit 
through  yoke  and  core  the  fluxes  are  alike  In  the  normal  case 
without  displacement  the  flux  divides  along  the  centre  line  of  a 
magnet  pole,  and  if  this  was  retained  under  a  downward  displace- 
ment, the  highest  section  of  the  yoke  and  armature  core  would 
carry  less  flux  than  the  corresponding  lowest  section.  But  if  the 

1  Through  the  centre  of  the  displaced  rotor  draw  any  straight  line  inclined 
to  the  vertical  at  the  angle  a  From  the  true  centre  of  the  bore  of  the  stator 
of  radius  Rv,  drop  a  perpendicular  on  to  the  straight  line,  -which  is  thereby 
divided  into  two  equal  halves,  #  +  r  +  d  coa  a  =  x*  -$~  r  -  <5cos  a,  where 
x  and  xf  are  the  intercepts  between  the  circle  of  the  bore  of  the  stator  and  the 
displaced  circle  of  the  rotor  of  radius  r  at  the  two  ends  of  the  straight  line 
Subtracting,  26  cos  a  =>  x  -  tf  =  the  difference  between  the  air-gaps.  The 
only  inaccuracy  is  that  *  and  tf  are  not  strictly  ladial  to  the  circle  of  the 
5ta,tor  bore  as  well  as  to  the  rotor,  as  the  true  air-gap  lengths  should,  be, 
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bifurcation  of  the  flux  instead  of  occurring  opposite  the  centre  of 
a  pole  is  in  every  pole1  shifted  round  nearer  towards  the  shortest 
air-gap,  the  flux  in  the  uppermost  section  of  yoke  and  armature  core 
is  increased  and  that  in  the  lowest  section  is  decreased  until  equality 
again  holds  But  this  alteration  of  the  distribution  has  not  altered 
the  magnitudes  of  the  fluxes  in  each  of  the  pole-cores,  gaps  and 
armature  teeth  which  form  a  series  reluctance,  save  in  so  far  that 
the  total  flux  is  thereby  maintained  at  its  maximum 

If,  therefore,  in  each  circuit 2  from  ATf  is  deducted  AT0  +  A3V, 
the  remainder  ATf-ATe-ATv  =  ATt  +  ATg  +  ATm  is  left 
for  expenditure  over  the  teeth,  air-gap  and  magnet  core  of  each 
and  every  pole. 

What  is  required,  therefore,  is  a  set  of  partial  magnetization 
curves  for  each  of  half  the  number  of  poles,  such  curves  suinmiiig 
up  the  ampere-turns  required  over  the  series  reluctance  of  teeth, 
air-gap  and  pole-core  for  different  values  of  <Da  in  one  pole-pitch, 
due  allowance  being  also  made  for  leakage  in  the  magnet  cores. 
Assuming  then  the  uniform  value  of  AT0  -f-  ATV  for  each  magnetic; 
circuit  (which  must  be  afterwards  checked),  the  ordmate  to  the 
partial  magnetization  curves  for  any  value  of  ATf- AT0  —  ATV, 
gives  as  many  values  for  Oa  as  there  are  pole-pairs,  and  by  traversing 
horizontally  across  to  the  air-line  of  each  pole  (Fig  238)  the  corre- 
sponding values  of  ATaa  The  air-gap  density  at  any  point  x  undor 
a  pole  is  then  given  as 

1-257  AT* 
*      la±d  cos  a 

This  granted,  it  follows  that  unless  the  displacement  be  very 
large  as  compared  with  the  air-gap,  the  final  value  of  A  T0  ~\-  A  Tv 
will  diverge  but  little  from  its  nonnal  value,  and  we  may  at  once 
use  the  latter  to  give  ATf-AT0-ATv  to  be  expended  over  the 
ladial  path  of  each  pole. 

Only  half  the  number  of  poles  need  be  so  treated,  since  with 
a  symmetrical  field  they  will  be  representative  of  the  other  half, 
and  the  unbalanced  pull  thence  deduced  by  resolution  of  the  radial 
pull  up  or  down  the  vertical  line  of  displacement  will  only  need  to 
be  multiplied  by  2  to  obtain  the  total.  Thus  Fig.  238  shows  the 
pair  of  partial  magnetization  curves  for  a  4-pole  machine  with 
mterpolar  gaps  on  the  vertical,  in  which  as  an  extreme  case  with 
lg  =  0-34",  <3  has  been  taken  as  high  as  50  per  cent,  or  =  0-17*. 
The  air-gap  permeance  for  any  pole  is  then 


MiTfT 

J  la\l  + 
integrated  between  the  limits  of  the  two  edges  reckoned  from  the 

1  When  the  displacement  is  along  an  interpolar  line  of  symmetry. 

8  The  symbols  and  results  of  Chap.  XVI  and  XVIII  are  here  anticipated. 
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vertical  where  R9  is  the  radius  to  the  pole-face,  and  £,  =-  its  length 
along  the  axis  of  the  armature     Since  L,  .  R,  x  the  polar  angle 

" 


ana 


>  A>  of  one  Pole-face  m  sq  cm., 
=  fhr/p,  the  penneance  of  any  pole-face  is  thus 

da 


which  in  our  4-pole  case  with  8 
76  5°  and  13-5°. 


0-7  will  be  integrated  between 


01 1,  at  tne  centre  of  the  pole  in  the  former  case,  and  higher  m  the  latter  case. 
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Let 


,'  =  2tan-lA/!  +  Wtan£ 

'VI       —      (O/'rt)  2 


and 


/ 
{1  - 


»' 


(d//f)  cos  a} 


,  , 

for  a  lower  pole 

for  an  upper  pole. 
^ 


da  v 

=      , 

{1  +  (d/g  cos  a        Vl  -  ( 
The  ratio  of  the  true  permeance  to  the  normal  permeance  A  \lg  is  therefore 
in  the  four-pole  case  with  /?  «=  0  7, 


and 


In  our  case  for  the  assumed  value  of  6/lg  =  05 


//I  + 
V  1  - 


!.7321 


/I 

V  1 


+ 


0  5774 


For  the  two  limits  respectively,  tan  a/2 
or  0-1184.     Hence  for  the  lower  pole, 

1  7321  x  0  7883  =  1-365  ;     tan'1  1  3fi5 
1  7321  x  0-1184  =  0  2055  ;  tan'1  0-2055 


0  866 

tan  3825°  or  tan  6-75°, 


53  76= 
11-61° 


w'7B  B 


107-52° 
23  22° 


and  for  the  upper  pole 

0  5774  x  0-7883  =  0  455  .     tan'1  0-455   =  24  46°  ;  t;,,  „  =  48  92° 

05774x01184  =  00685;    tan'1  0  0685  =    391°,u18.B    =    7  82° 


0-7883 

1  88 
0-406 


0  855 
0  1365 


From  the  relation 
fl>   =  L257  AT 


,  0.7jt  x 


x  0.M 


0  7185 
for  the  lower  pole 


-.   07.X254X034 

are  obtained  the  two  dotted  air-gap  lines  of  Fig   238,  and  by  calculation 
for  several  values  of  (&a  the  full-line  curves  are  completed.  x 

Carrying  out,  therefore,  the  above  process  for  half  the  number 
of  poles,  for  any  given  excitation  ATf-AT0-ATvt  the  air-gap 
ATg  for  each  pole  is  found,2  and  thence  can  be  plotted  a  curve 

1  The  value  for  K  has  here  been  thrown  into  the  quantity  lg,  but  strictly 
speaking  it  would  require  to  be  worked  out  for  the  different  actual  lengths  of 
air-gap  when  the  displacement  is  great. 

*  With  a  rotor  having  a  distributed  winding  or  in  an  induction  motor, 
the  magnetic  difference  of  potential  across  the  air-gap  increasing  or  decreasing 
in  steps  as  the  exciting  slots  are  passed  would  need  to  be  taken  in  each  pole- 
pitch  instead  of  the  constant  ATg  which  holds  for  the  pole-faces  of  wound 
salient  poles 

16—  (5065) 
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for  the  flux-density  Bm  along  the  faces  of  the  several  poles  in  relation 
to  angles  measured  from  the  vertical,  as  N,  S  in  Fig.  239  for  the 
lower  and  upper  pole  of  the  4-pole  machine  l  This  curve  is  a 
broken  one,  with  as  many  portions  as  there  are  poles  ,  the  fringe 
of  lines  at  the  pole-edges  is  neglected,  since  the  formula  for  the 
magnetic  pull  presupposes  that  the  flux  is  radially  directed  and 


100"     120°     140°    160°     1BO° 


B^cosot, 


FIG   239.  —  Aar-gap   density  and  magnetic  pull  in  4-pole  dynamo 
•with  armature  out  of  centre 

confined  between  the  area  of  the  pole-face  and  the  corresponding 
area  of  the  armature  surface  The  total  vertical  pull  due  to  any 
one  pole  is  proportional  to 


Bx*  Lf  Rf  cos  OB  da, 


where  az  and  ax  are  the  angles  which  radii  to  the  pole-edges  make 

1  For  simplicity  the  varying  values  of  A  T^  and  A  Ten  are  here  assumed 
to  be  replaced  by  a  fair  average  value  under  a  polej  ag  in  the  ordinary 
calculation  of  a  magnetization  curve, 
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with  the  vertical  A  second  broken  curve  must  thci  efore  be  plotted 
graphically,  which  gives  Baz  cos  a  in  relation  to  a.  Integrating 
the  areas  of  this  cuive  for  all  the  poles  on  one  side  of  the  vertical, 
multiplying  by  Rv  Lf,  and  dividing  by  11,183,000,  we  obtain 
half  the  total  unbalanced  vertical  pull,  Pu,  acting  downwards  on 
the  rotor  or  upwaids  on  the  lower  half  of  the  stator  Pu  is  thus 
proportional  to  Rv  .  Lf  (areas  1  +  2  •+-  3  +  •  •)  or  considenng 
half  the  areas  up  to  p  in  number,  since  Lt  ,  Ry  0  =  A ,  the  area 
of  a  pole-face, 

_      A  x  2     /areas  1  +  2  +_.  -_+A  „ 
lu~  11,183,000  \       "  <j>  / 

where  ^  is  the  angle  subtended  by  the  polar  aic  in  circular  measure, 
and  the  expression  in  the  bracket  is  virtually  a  mean  square  flux- 
density  which  if  acting  directly  on  one  pole-face  would  give  the 
same  pull  It  is  this  value  then  which  would  require  to  be  taken 
into  account  in  addition  to  the  weight  of  the  armature  in  calculating 
the  deflection  of  the  shaft,  as  in  Chapter  XIII,  §  9 

It  should  be  noted  that  a  determination  of  Bm  at  several  points 
from  separate  total  magnetization-curves  for  a  uniform  air-gap 
of  the  length  at  each  of  the  points  does  not  meet  the  case  ,  still 
less  its  determination  by  graphic  construction  or  other  method 
based  on  a  single  magnetization  curve  for  the  normal  air-gap 
When  the  squares  of  flux-density  are  in  question,  as  much  accuracy 
as  is  reasonably  possible  must  be  sought  in  their  determination. 
The  only  constant  quantity  is  2  ATf  on  each  magnetic  circuit  as  a 
whole,  but  with  little  less  truth  ATf  -  AT0  -  ATV  may  be  assumed 
as  constant  for  each  pole  and  air-gap  separately.  In  calculating 
the  partial  magnetization-curves  for  the  poles  allowance  must  be 
made  for  the  fact  that  the  magnetic  difference  of  potential  between 
the  pole-tips  will  be  above  the  normal  in  the  poles  with  lengthened 
air-gaps  and  below  it  hi  those  with  shortened  air-gaps  nearly  in 
proportion  to  the  divergence  from  the  normal  air-gap. 

If  the  whole  of  the  A  Tf  were  expended  over  the  air-gap — a  con- 
dition only  approached  at  very  low  densities  and  with  iron  of  very 
high  permeability — the  broken  curve  of  Ba  would  fall  into  a  gradual 
sweep  from  a  maximum  at  the  lowest  pole-edge  to  a  minimum 
at  the  highest  pole-edge ;  and  for  increasing  values  of  ATf,  the 
unbalanced  pull  for  the  same  displacement  d  would  continuously 
nse  in  amount.  But  the  important  point  is  that  for  increasing  values 
of  ATf,  and  saturation  of  the  iron,  not  only  does  the  proportion 
which  A  Ta  in  the  several  poles  bears  to^4  Tf  decrease,  but  it  decreases 
more  quickly  in  the  more  highly  saturated  pole  with  the  shorter 
air-gap.  Hence  by  the  action  of  iron  saturation,  ATal  for  the  pole 
with  shortened  air-gap  is  less  than  ATat  for  the  pole  with  increased 
air-gap  ;  in  our  case  they  are  respectively  3,680  and  6,750  out  of  a 
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total  of  10,400  =  ATf,  and  an  average  flux  of  6,575,000  lines  pei 
pole.  Thereby  jBea  is  maintained  more  nearly  at  the  same  average 
level  as  Bal,  and  at  the  lower  edge  of  the  upper  pole  the  density  is 
actually  much  higher  than  at  the  corresponding  upper  edge  of  the 
lower  pole  (Fig.  240),  producing  an  itpward  pull  as  far  as  these 
edges  are  concerned.  Indeed,  for  small  displacements,  the  densities 
at  the  similar  corners  of  the  two  poles  are  not  far  different,  and  it 
is  over  their  centres  that  the  difference  really  takes  effect.  Thus 
since  for  mci easing  values  of  ATf  the  effect  of  iron  saturation  acts 

powerfully  to  reduce  the  unbalanced 
pull  that  would  result  if  the  whole 
of  the  excitation  were  expended  on 
the   air-gap,   the    unbalanced    pull 
reaches  its  maximum  value  for  some 
particular  value  of  the  excitation. 
Trial  confirms  this  and  shows  that 
it  is  reached  at  a  comparatively  low 
excitation1  (about  5,500  ATf  only  in 
our  assumed  case)       Since  during 
5        the  process  of  excitation  the  ampere- 
1  /_r:      turns  per  pole  must  pass  through 
this  value,  it  is  evident  that  the 
machine  must  be  sufficiently  rigid 
in    shaft  and  frame  to  withstand 
the  displacement  that  will  then  arise. 
Let  ATg  now  be  expressed  as  a 
certain  fraction  c  of  the  total  excita- 
tion per  pole,  i.e.  AT0  =  c.ATf. 
Takmg  then  any  two  points  symme- 
trically situated  in  the  lower  and 
upper  quadrants  of  a  machine  with 
4  poles  or  a  multiple  of  4,  the  density 
at  the  two  points  will  be  respectively 
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FIG.  240 — Distribution 
of  flux-densities 
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1-257 


I,  +  d  cos  a 


or  in  terms  of  the  normal  Bg  =  1-257  — r— *  before  displacement, 

la 

c*  1 


1  -  -  cos  a 


aT1rl    B      _  »      If 

dllLL    4~>M4  -—  A-*  a  •         • 
C 


„ 
o 
T-COS  a 


1  As  pointed  out  by  C  R  Moore,  Electr  Review  and  Western  Electrician 
Vol  58,  pp.  83-86,  and  by  E.  Rosenberg,  Trans.  Amer.  I.E  E.,  Vol.  37, 
Part  II,  p  1435 
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The  unbalanced  pull  therefrom  for  similar  points  on  one  side  of 
the  vertical  is  proportional  per  sq  cm  in  the  4-pole  machine  to 


£2. 


1  —j-  cos  a]        \  1+T-cosa 


cos  a    .     .     (99) 


and  for  the  pair  of  pole-faces,  each  of  A  sq  cm  area,  the  total  is 
equal  to 


Ba*A          1      ( c,\*  I      cos  a   da 

P\    "T 


11,183,000 


cos  a   da 

.     .     (100) 


or  double  this  amount  for  the  two  pairs  of  poles  on  the  two  sides 

2fTT 

of  the  vertical     Since  the  polar  arc  ^  =  57  x  /?,  the  total  unbal- 

anced pull  may  be  expressed  as  a  fraction  of  the  total  pull  in  a 
radial  direction  on  all  pole-faces  ;  thus 

p   _B0Z  X  A  X  2p      ±  Baz  x  PL 

u  ~       11,183,000      X  fa  X  C  "  11,183,000  X  C  *     (  01) 

where  C  has  the  value  within  the  square  bracket  for  4  poles  and  for 
more  poles  requires  the  addition  of  corresponding  pairs  of  expressions 
for  symmetrically  situated  pole-pairs. 


CQ-^a—  ^—  =JjL\  f         da          _    f          d?  ____  1 
l-j'a.a)1         «L7(i.«ca..)      -/  (l  -  J  «  «)§J 


Now 

.(l-ja.a)1         «(i. 

,         v'  +  T-  sua.  v'  v'  .,..  ...  . 

which  13     JjL     -    -*•  -  __  (3/;g)  ^  +  sm  t>' 

8 


g 

V1'  w- 


where  u'  has  the  same^  value  as  above  (p.  457). 
Similarly 


/cos  a  da         _  IgT  /* da C  da  -i 

(l  +  £cos  a)'  "  *U  (l  +  ^OOB  a)  "  J  (l  +  £  cos  a)'J 

which  is  r  <S  n 

.  t>  -  7-  sin  v     I 

3_  f»  U  _   .       _9 ..          j     sgJ-^SIlg)    V  +  SOi  V 

5Lyi  _  (d/L)*      ~\/{l  -  (^/O'}8-*          {1  -  (fi//  )'}*" 


where  v  has  the  same  value  as  above  (p  457). 
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With  eg.  4  poles  and  ft  =  0-7,  the  limits  for  a  arc  76  5°  and  13  5°,  and 
C 


£•  V  r!3&)  ("78  s  -_?!••)_-   (3in  W7«  ,  -  sin  »IS  B)l 

L  {i  -  (<J/g»p«       "  -   "J  • 

With  8  poles 

=  (1  -  (<3/g  V»  [(7)  {  W*,)  (»'«B  as  -  V,  „)  +  (sin  »'„  „  -  an 


-  sin 


/Ca\»    (  i 

\e)     I (  ^  (t/8S  M  "  "'«  »)  +  (sm  "'"  M  ~  sm  u'«  TI)  f 
+  (7)  j  (¥,)  (» 83-15  -  »u  75)  -  (sm  uaa  „  -  sm  t>01  „)  1 1 

.     (102a) 

In  our  case  VU  -  ((5//,)2}s  =  0  65,  and 
for  the  lower  pole  »'„ ,  =  107-52°  ,  am  „'„.,  ==  0  9536 

»'„  B  =    23  22°  i sin  »;„',  =  0  3846 

sin  f'7e  5  ~  sin  u'1B  B  ==  0-569 

for  the  upper  pole              *,,„ ,  =    48  92°  sm  »7fl ,  =  0  7538 

*>it  5  =      7-82°    an  t/13 ,  =  0  136_ 

sul  W7B  5  -  sm  »18  B  =  0  6178 
Thence 

^rio?  1-474  +  0  569 -j          /V\«  r*x  07185  -  061731 
'   L  065  J   +   V7;   L  065  J 

'T)S   X201  -  (£)'  X0398         ....  (103) 


From  Fig    238  when  ATf  =  10,400,  ATA  =  3,680,  and  AT  .  =  6750 
ile  normaUy  for  the  same'  excita*oA  ^//=  5,450      theni  ^  =  O-'SJ,' 

S/5  ?  fnfiSmw^.05^80^*  (ci/c)'=  (0  354/0  524)«  =  0458,  and 
(Cj/cj8  =  (0649/0524)"  =  1-44  Thus  for  10,400  AT  per  pole, 

.   ..          VC  =  0-458  X  2  01  -  1  44  x  0  398  =  0  347, 
ana  tne  unbalanced  pull  is  proportional  to  (7,880)'  X  0  347  =  21  5  x  10" 

%£££**  S°Wf  §Tat1^  ^  StaeB  of  fa/*)'  ^d  W)1  «q«l»»  the  vertical 
,Pn  ./^  f0^  °f  t116  ?,°le?<  If  a  low  value  of  excitation  was  taken,  so  that 
in  each  pole  nearly  aU  tiie  ampere-turns  were  expended  on  the  air-gaps, 

=  Y'  ™  increased  to  1>612-  but  ^  normal  B   is  ftself 


fftSF  machme  ^d  a  Pve11  displacement,  the  numerical  part 
J  W  ]  re,n^ms  CfaabaA>  &  *  easy  therefrom  to  calculate  the 
^Ormal  ?"  at  Which  *""»  PuU  reaches  lt3  maximum  for  that 
P,     £a°ly  necessary  to  teke  different  values  of  ATf  and  to 
$'  238  ^  aPPr°Pc»te  values  of  cjc  and  ca/C  for  insertion  ; 
AT  T      d^  °nr«c!S5l  *4*  li:  °ccurs  at  about  ^ry  =  5,500,  for  which 

"  ""  ^6'500'    and   ^r«-4.«0,    while    ^Tffl 

-  ^ 

machine  Is  u/excited     Startog  from 

"I7  Vallie^  ^  excitatlon  ^ere  will  be  an  unbalanced  pull 
!  if  rotor  and  stator  are  imagined  to  remain  in  their  given  initial 
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positions  From  Px  there  results  an  elastic  deflection  of  the  shaft  of  the  rotor 
and  an  elastic  deflection  of  the  stator  frame,  their  magnitudes  depending 
on  the  relative  stiffnesses  of  shaft  and  frame  at  the  point  at  which  it  acts  Let 
the  sum  of  the  two  deflections  be  the  first  decrement  dt  or  the  amount  by 
which  the  air-gap  between  rotor  and  stator  is  further  shortened.  This  gives 
rise  to  an  additional  increment  Pa  to  the  pull,  which  in  turn  produces  a  second 
decrement  <52,  and  so  on  In  the  case  of  a  horizontally  supported  rotor, 
apart  from  any  error  in  centring  the  bearings  with  the  stator  frame,  an  initial 
displacement  6p  is  always  present,  being  the  gravity  deflection  of  the  shaft 
under  the  weight  W  of  the  rotor,  on  which  account  the  initial  displacement 
has  been  marked  with  the  suffix  "  g  "  Corresponding  then  to 

W  +  P!  +  Pt  +        . 
we  have  da  +  <Sj  +  <5a  +        .  =  final  8 

If  displacement  and  pull  always  retained  stnct  proportionality,  the  final 
displacement  would  be  the  sum  of  a  geometric  series,  x  and  would  be  finite 
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FIG   241  —Integrals  for  different  ratios  d(lg 

if  the  first  decrement  <5t  was  less  than  the  initial  displacement  dg  Pro- 
portionality of  pull  and  displacement  is,  however,  very  far  from  holding 
owing  to  the  effect  of  iron  saturation,  as  already  explained  For  a  given 
initial  displacement,  therefore,  the  true  growth  of  the  unbalanced  pull  which 
rotor  and  stator  experience  when  the  machine  is  being  excited  and  of  the 
deflection  can  only  be  followed  if  a  number  of  results  such  as  (103)  are  cal- 
culated for  difierent  values  of  final  displacement  and  are  plotted  to  form  a 
family  of  curves  connecting  pull  and  excitation,  and  the  actual  deflection  is 
traced  through  them 

For  any  given  ratio  of  <5/k,  curves.giving  the  integrals  for  values  of  a  up 
to  a  complete  quadrant  or  90°  for  upper  and  lower  poles  respectively,  as  in 
Fig  241  can  be  plotted  once  and  for  all,  and  are  then  available  for  any  number 
of  poles  It  is  only  necessary  to  read  off  the  integral  for  the  one  edge  of  a 
pole,  to  deduct  that  for  the  other  edge,  and  to  multiply  the  difference  by 

I  Cp,  E.  Rosenberg,  loc,  cit, 
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f  JS  J    to  obtain  the  coefficient  for  the  pole  in  question      The  same  process 

is  repeated  for  the  similarly  situated  pole  in  the  other  quadrant,  and  the  sum 
of  the  differences  for  £/2  pole-pairs  is  the  value  required  for  C  in  expression 
(101)  When  the  number  of  poles  is  large,  it  suffices  to  calculate 

(  —  )  and  ( -5  J  for  the  lowest  and  highest  poles  and  to  approximate  the 

values  for  the  ratio  in  the  remaining  pairs 

With  a  given  value  for  0,  the  highest  value  is  obtained  with  eg  4,  6,  8  poles 
when  the  displacement  is  in  line  with  the  axis  of  a  pole,  and  the  minimum 
when  the  displacement  is  along  an  interpolar  line  of  symmetry 

For  a  given  final  displacement  and  constant  values  of  normal  Bg  and  /?, 
as  the  number  of  poles  is  increased,  apart  from  the  values  of  (cjc)  the  un- 
balanced pull  in  the  former  case  declines  and  in  the  latter  case  increases,  and 
in  neither  is  there  any  great  divergence  from  the  value  for  a  ==  90°,  when 
multiplied  by  /f  But  in  any  such  comparison  account  must  also  be  taken 
of  the  changes  in  the  values  of  cjc,  unless  the  saturation  is  low.  Further, 
as  the  number  of  poles  is  increased  and  the  polar  arc  diminishes,  the  densities 
at  the  corners  of  each  pole  diverge  less  and  less  widely  from  the  value  at  the 
centre,  the  curve  of  Bm  for  the  several  poles,  therefore,  falls  more  nearly  into 
a  gradual  sweep.  Finally  with  a  very  large  number  of  poles  we  approach 
the  case  of  two  nearly  co-axial  cylinders,  one  of  which  is  displaced  by  S 
relatively  to  the  other.  If  the  displacement  be  very  small  as  compared  with 
lg,  the  reluctance  of  the  iron  magnet  may  approximately  be  regarded  as 
constant  at  its  normal  value  §lm  per  pole  We  then  have 

fflg 


(djla)  cos  a  vanes  over  each  pole-face,  but  as  the  number  of  poles  is  increased 

en      _    en 

and  the  arc  of  each  decreases,     "  ~     "XOT  (Slga  -  3lfl)/  cRff  for  each  pole-face 

becomes  more  nearly  equal  to  (d/lg)  cos  a  Hence  with  a  large  number  of 
poles,  the  two  expressions  may  approximately  be  identified  On  this 
assumption  of 


en        I      eg        ^  '0        L_    CO  CR 


Here  lg\c  may  be  regarded  as  an  equivalent  air-gap  which  makes  allowance 
for  a  certain  constant  magnet  reluctance  Expression  (99)  may  then  be 
written — 

(  1  _  1  ) 

B*"l»  «*  N.  ft       -      C8  X.f     **     a 

((I  -  j-  cos  a)8      (1  +  j-  cos  a)»J 
la  *B 

The  value  for  C  with  the  supposed  large  number  of  poles  if  covering  the 
entire  periphery  (t  a.  ft  •=  1),  as  might*be  the  case  in  a  homopolar  inductor 
generator,  is  then 

rn  *  /•**  , 

I -5-     cos  a  .  aa  /y     cos  a  .  da 

Jo      (I  -  p  cos  a)«      Jo      (1  +  p  cos  a)" 
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Only  the  complete  integrals  for  a  =  90°  are  required,  and  these  may  be 
immediately    combined     When    a/2  =  45°,     and    tan     a/2  =  I.    let    x' 

x  =  tan-»  J1 
>  1 


=  tan'1  L  and  x  =  tan-»         ~';    then    tan  xr  =  col  *  and 

1  -  cdl 


y  =  90°  -  x     Thus  w'w  =  180°  -  vto,  and  v',9  +  »90  =  TC,  the  sine  terms 
cancel  out  since  am  (180°  -  «)  =  sin  v,  and 


(5  having  been  assumed  very  small  as  compared  with  lff,  the  denominator 

within  the  bracket  approaches  unity,  and  C  =»  —  j—  nearly  x 

la 

If  the  whole  of  the  ampere-turns  may  be  regarded  as  expended  over  the 
air-gap  owing  to  the  very  low  saturation  of  the  iron,  c  =  1,  and 

P    =  B°*  x  nDL   v    i.  tlQS\ 

^    11,183:600"  x  iff  -     -     -     -  (1U5) 

Or  on  the  above  supposition  the  same  expression  may  also  be  derived  from 
(102)  ,  since  the  ratio  ca/c  is  then  unity,  the  effect  of  the  upper  and  lower 
quadrants  can  be  combined  in  one,  as  in  (104).  Whether  there  are  2  or  many 
poles,  so  long  as  /S  =  1,  the  supposition  implies  that  the  difference  of  magnetic 
potential  or  ATg  between  stator  and  rotor  is  uniform  over  the  whole  of  the 
circle,  although  its  sign  changes  as  we  pass  from  pole  to  pole.  In  these 
circumstances  the  density  at  any  point  is  fixed  by  the  air-gap  at  that  point 
and  by  the  uniform  value  of  ATg  —  not  by  the  air-gap  ATgm  of  the  particular 
pole  in  which  it  falls  On  this  basis  the  expression  in  the  form  of  (105) 
was  given  by  B  A  Behrend  •  from  the  consideration  of  two  nearly  co-axial 
cylinders,  one  of  which  is  displaced  by  d  relatively  to  the  other,  when 

6  \a  23 

-JT  cos  a  )   was  neglected  in  comparison  with  -=-  cos  a  in  the  denominator 


,     cos  a  .  da 


§  15.  The  electrical  effect  of  eccentricity  ol  the  armature.  — 

Apart  from  the  mechanical  effect,  it  has  already  been  shown  in 
Chapter  XII,  §  1,  and  the  note  appended  to  Chapter  XII,  that 
in  a  multipolax  lap-wound  armature,  the  result  of  any  displace- 
ment of  the  armature  out  of  the  centre  of  the  bore  of  the  pole-pieces 
must  be  an  unequal  distribution  of  the  current  amo.ng  the  parallel 
branches  of  the  armature  winding  and  brush  sets,  attended  with 
a  lessened  efficiency  and  perhaps  sparking  at  the  brushes 

Any  considerable  wear  of  the  bearings  must  therefore  be  corrected 
by  either  raising  the  armature  or  lowering  the  field-magnet.  Fdr 
this  purpose  in  large  multipolar  machines  centring  screws  are  often 
provided,  by  means  of  which  the  magnet  frame  may  be  adjusted 
horizontally  and  sideways.  These  may  be  used  at  the  outset  to 
erect  the  magnet  so  that  its  parallel  circuits  give  very  approximately 
equal  voltages  on  open  circuit  as  checked  by  a  voltmeter  applied  to 

1  Cp  Fischer-Hinnen,  Dynamo  Design  (1899),  pp.  260-265,  where  an 
analogous  expression  was  first  given,  and  J.  K.  Sumec,  Zeitschnft  ftir 
Elektrotechntk,  Vol.  22,  pp  727,  8. 

•  "  On  the  Mechanical  Forces  in  Dynamos  caused  by  Magnetic  Attraction," 
Trans.  Amer.  I.EE.,  Vol  17,  pp  617-626  See  also  Miles  Walker,  The 
Specification  and  Design  of  Dynamo-electno  Machinery,  p.  59. 


466  CHAPTER  XV 

the  several  pairs  of  brushes  ;  if  the  iron  paths  vaiy  slightly  in 
permeance,  it  may  even  be  found  advisable  to  set  the  magnet  so 
that  it  is  not  quite  concentric  with  the  armature,  yet  so  that  the 
magnetic  pulls  of  the  poles  and  the  electrical  E.M  F.'s  are  closely 
balanced.  At  any  later  tune  the  screws  may  again  be  called  into 
use  to  follow  up  the  effect  of  wear  of  the  brasses 

But  it  has  also  been  shown  in  the  Note  to  Chapter  XII,  that 
owing  to  the  circulating  currents  or  unequal  distribution  of  current 
in  the  multipolar  lap-wound  armature  the  inequality  of  the  fluxes 
is  less  than  would  be  due  to  the  simple  eccentricity,  and  this  has 
the  further  effect  of  reducing  the  unbalanced  pull  and  finally  of 
lessening  the  actual  amount  of  the  eccentricity  to  which  the  resultant 
state  corresponds.  The  addition  of  equalizing  connections  tends 
to  reduce  this  beneficial  action  of  lap-winding,  but  there  still  remains 
a  considerable  influence  towards  neutralization  of  the  effect  of  the 
eccentricity. 

In  this  respect  then  the  lap-wound  multipolar  is  more  favourably 
situated  than  the  wave-connected  multipolar.  The  electrical 
objection  from  want  of  equality  in  the  strengths  of  the  fields  is  m 
the  latter  removed  when  there  are  only  two  sets  of  brushes,  but  on 
the  other  'hand  the  mechanical  disadvantage  arising  from  the 
unbalanced  pull  persists  to  its  fullest  extent. 

§  16.  Deflection  and  strength  of  external  yoke-ring. — The 
formulas  of  the  above  section  have  been  based  upon  the  supposition 
that  the  yoke-nng  has  retained  its  true  circular  shape,  while  the 
armature  is  displaced  eccentrically  from  its  true  position  by  the 
amount  <3  So  long  as  this  is  assumed  to  be  the  case,  the  normal 
magnetic  pull  Pm  from  a  uniform  flux-density  can  be  shown  to  have 
no  effect  upon  the  ring,  and  there  is  only  left  the  total  resultant 
unbalanced  pull  Ptt  assumed  to  act  vertically.  But  the  vertical 
components  of  the  unbalanced  pulls  on  the  several  poles,  of  which 
Pu  is  the  sum,  are,  when  considered  in  relation  to  the  yoke-nng, 
not  concentrated  on  the  vertical  axis,  but  are  more  or  less  distributed 
round  the  semicircle.  The  external  nng  would  therefore  be  differ- 
ently conditioned  from  the  shaft,  upon  which  the  total  unbalanced 
pull  is  really  concentrated  on  the  vertical  diameter  The  effect 
upon  the  ring  might,  however,  still  be  expressed  in  terms  of  Pu. 
Thus  if  the  semicircle  be  replaced  by  a  straight  beam  freely  supported 
at  each  end,  and  of  length  I  =  2r,  graphic  construction  of  the 
bending-moment  diagram  for  various  numbers  of  poles  would  show 
that  the  same  bending  would  in  the  4-pole  machine  be  given  by  a 
concentrated  central  weight  equivalent  approximately  to  0-66  Pu  ; 
and  in_a  6-pole  machine,  where  one  pole  is  situated  immediately 
on  the  vertical  axis,  by  an  equivalent  concentrated  weight  =  0-74  Pu 
while  above  this  number  of  poles  it  becomes  =  0-72  Pu.  To  this 
would  then  have  to  be  added  the  effect  of  the  uniformly  distributed 
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weight  of  the  ring  itself  as  acting  over  its  upper  semicircular  half, 
and  also  the  effect  of  the  weight  of  half  the  poles,  which  is  not  far 
from  uniformly  distributed  round  the  semicircle. 

The  necessary  section  which  must  for  mechanical  reasons  be  given 
to  the  multipolar  yoke-ring  is,  however,  a  question  not  of  the  stiess 
to  which  the  material  is  subjected,  but  of  the  stiffness  of  the  aich 
to  resist  deflection  at  the  crown  ;  the  maximum  deflection  at  the 
crown  must,  in  fact,  be  limited  to  a  small  percentage  of  the  normal 
air-gap,  say,  to  0-05  lg  But  more  than  this,  the  deflection  at  the 
crown  is  accompanied  by  spreading  outwards  at  the  sides  Thus 
from  the  necessary  fact  of  deflection  the  yoke-ring  will  no  longer 
be  circular,  but  will  become  more  or  less  elliptical,  and  calculations 
based  upon  the  above  method  with  employment  of  Pu  would  be 
entirely  fallacious.  Hence  for  the  above  supposition  of  a  circular 
yoke-ring  and  displaced  armature  must  be  substituted  the  assump- 
tion of  a  rigid  armature  shaft  and  a  deformed  external  ring  The 
exact  determination  of  either  the  maximum  deflection  or  of  the 
lateral  spread  by  calculation  is  hardly  possible  owing  to  the  intricacy 
of  the  various  factors  ;  if  entirely  prevented  from  expanding  side- 
ways, the  deflection  would  be  less  than  half  of  that  due  to  the 
same  concentrated  load  when  the  ends  are  quite  free  to  spread ; 
and  in  practice  the  partial  constraint  when  the  yoke  is  in  one  circular 
piece,  or  its  two  halves  are  strongly  bolted  together,  introduces 
considerable  indefimteness  into  the  problem.  A  comparative 
estimate  can,  however,  be  made  which  will  err  on  the  side  of  safety, 
if  the  semicircle  be  taken  as  free  at  its  ends.  The  lateral  extension 
of  each  end  is  then  about  1-5  tunes  the  vertical  deflection,  but  as 
an  approximation  it  may  be  assumed  that  the  two  are  equal  The 
air-gap  at  any  angle  a  from  the  vertical,  instead  of  being  la  -  d  .  cos  a 
as  m  §  14,  is  then  lff'  =  la-  d  cos  2a  ,  or  if  the  maximum  mwai  d 
deflection  6  at  the  crown  be  reckoned  as  negative,  and  a  be  reckoned 
from  the  horizontal,  which  is  here  more  convenient,  it  remains 
10  -  d  ,  cos  2a 

Taking  one  or  two  values  for  la',  the  resulting  Ba  is  calculated 
and  thence  can  be  found  the  corresponding  pull  per  unit  area  of 
pole-face  as  proportional  to  Baz.  The  excess  or  deficiency  of  the 
latter  as  compared  with  the  normal  pull  for  the  average  air-gap 
lg,  and  normal  density  Ba,  can  be  approximated  as  proportional 
to  A,  the  decrease  or  increase  of  the  air-gap,  i.e.  the  excess  pull  in 

B  Z-B  8 
Ib    per  square  inch  .    *        !Q6  =  -  k  .  A,  where  A  =  I,'  -  lg,  and 

is  negative  when  the  air  gap  is  reduced. 

Hence  if  Lt  be  the  breadth  of  the  pole-face,  the  pull  per  unit 
length  round  the  bore  is  -  kl .  Lf  Owing  to  the  broken  surface 
presented  by  the  poles  with  their  intervening  gaps,  they  may  be 
replaced  by  a  continuous  surface  in  which  the  pull  is,  say,  fths  of 
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its  actual  value  at  any  spot  If  in  an  alternator  with  rotating 
magnet  the  field  varied  as  a  sine  curve,  the  pull  at  any  spot  would 
vary  as  (Bm(M  sin  2mf  t)z,  and  when  integrated  over  a  period  and 
averaged  it  would  be  oc  £  Bmaxz,  so  that  the  above  assumption  is 
safe,  for  usual  ratios  of  polar  arc  to  pole-pitch  .  The  abnormal  pull  per 
unit  angle  or  radian  may  thus  be  taken  as  -  f  H  .  RpLf  =  $kd  cos  2a 
Ib  where  Rf  the  radius  to  the  pole-face,  and  Lf  the  breadth  of 
the  pole-face,  are  both  in  niches,  when,  as  above,  kh  is  reckoned 
in  Ib.  per  square  inch  The  maximum  value  which  the  pull  per 
radian  assumes  when  A  =  d  may  be  symbolized  as 


When  the  bending  effect  of  both  the  normal  and  abnormal  pulls 
is  integrated,  then,  assuming  the  pole-faces  to  be  replaced  by  an  un- 
broken surface  with  the  above  proportion  of  the  actual  pulls,  it  can 
be  shown  1  that  the  resultant  bending  moment  at  any  point  distant 
from  the  horizontal  axis  by  the  angle  a  is  Bn  =  $  r  .  pm"  sinaa, 
where  r  must  now  be  made  the  radius  to  the  neutral  axis 
of  the  section  of  the  ring.  It  is  there-fore  independent  of  the  average 
pull,  and  vanes  only  with  6  sin2  a  for  a  given  machine  The  vertical 
deflection  at  the  same  point  is 

fa  Bm 

Ay  =  -  /     /a  (1  -  cos  a)  -=7  .  da 
Jo  &1 

and  on  the  vertical  axis  this  becomes 


where  E  is  the  modulus  of  elasticity  of  the  matenal  and  I  is  the 
moment  of  inertia  of  the  section  of  the  ring.  I  and  r  must  be  in 
the  same  units  in  which  d  is  to  be  found,  as  also  the  unit  area  implied 
in  E,  while  the  stress  E  on  this  unit  area  must  be  in  Ib.  if  pm"  is 
in  Ib.  To  this  must  be  added  the  deflection  due  to  the  weight  of 
the  half  nng  and  also  to  the  weight  of  half  the  poles  with  their 
bobbins.  The  deflection  of  a  semicircular  beam  of  uniform  cross- 
section  due  to  its  own  weight  W,  when  its  ends  are  free,  is  at  the 

r3 
centre8  -  0-0835  -=y  .  W  where  r  is  the  mean  radius  of  the  nng. 

In  a  4-pole  machine,  with  the  magnet-poles  inclined  at  45°  to  the 
horizontal,  the  additional  weights  are  rather  more,  and  in  the  6-pole 
machine  with  one  pole  vertical,  rather  less  favourably  placed  than 
under  the  condition  of  uniform  distnbution,  and  the  coefficients 

i  As  in  Arnold,  Die  WeohselstrorntecJmtk,  Vol  4,  p.  258. 

1  This  may  be  compared  -with  the  similar  formula  for  a  straight  beam  of 

length  I  =  2r,  namely,  d  =  ?V  •  ]=y  •  f  W  =  0-104  -=±  ,  W,  and,  as  might  be 
qxpected,  the  deflection,  of  the  arched  beam  is  the  smaller, 
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become  0-0795  and  00856.  The  8-pole  and  10-pole  machines 
approach  more  closely,  with  coefficients  0  083  and  0  0845.  There 
is  therefore  in  any  case  but  little  difference  from  the  case  of  uniform 
distribution  ;  and  if  Wv  be  the  weight  of  the  complete  yoke-ring 
and  Wv  that  of  all  the  poles  with  their  coils,  the  vertical  deflection 
from  the  weight  of  nng  and  poles  is  closely 

-00835JiW"+zW° 

The  total  deflection  from  the  weight  and  from  the  magnetic  pull  is 

therefore 

*s  /  T/T/  ^L  w/  \ 

.     (106) 

Since  pm"  is  oc  kd,  and  is  therefore  itself  dependent  upon  d,  it  is 
evident  that  some  limiting  value  of  d  must  be  assumed,  such  as 
005Jff,  and  the  moment  of  inertia  be  given  the  required  value, 
so  that  this  limit  is  not  exceeded  The  above  estimate,  being  based 
on  the  most  unfavourable  conditions,  is  little  likely  to  be  reached 
in  practice.1 

The  modulus  of  elasticity  E  is  for  cast  steel  30,000,000  Ib. 
per  square  inch  and  for  cast  iron  14,000,000.  The  moment  of 

inertia  is  -r~  for  a  rectangular  section,  or,  say,  -yjr  for  a  slightly 

rounded  section  of  maximum  depth  h,  but  in  other  cases  requires 
to  be  calculated  with  accuracy. 

In  the  lower  half  of  the  yoke-ring  the  effect  from  the  unbalanced 
magnetic  pull,  if  this  is  vertically  upwards  due  to  the  armature 
having  sunk,  opposes  that  from  the  weight ;  and  further,  from  the 
nature  of  its  support  on  two  projecting  feet  at  the  sides,  the  lower 
half  possesses  greater  stiffness  ;  it  is  only,  therefore,  in  very  large 
machines  that  a  central  support  at  the  bottom  may  become  advisable. 

§  17.  Proportioning  of  multipolar  machines. — A  2-pole  dynamo 
of  large  output  must  have  an  armature  core  of  considerable  length 
as  compared  with  its  diameter,  but  such  proportions  give  a  section 
to  the  magnet  limb  which  is  inefficient  in  exciting  copper.  On 
the  other  hand,  in  the  multipolar  field  the  diameter  can  be  larger, 
and  its  proportion  to  the  length  can  be  so  chosen  that  the  section  of 
the  magnet-core  approximates  to  a  square  or  to  a  circle,  and  is 
therefore  economical  in  exciting  wire.  Thus,  although  the  sub- 
division of  the  total  flux  between  several  magnetic  circuits  is  in 
itself  expensive  in  wire  and  exciting  energy,  the  proportions  of  the 
magnet-cores  in  the  multipolar  case  can  be  made  so  economical 
that  it  may  actually  take  less  weight  of  exciting  wire  than  the  2-pole 

1  For  a  different  treatment  based  on  the  assumption  that  the  ends  of  the 
semicircular  arch  are  held  fast,  see  R.  Livingstone,  The  Mechanical  Design 
and  Construction  of  Generators,  p.  129. 
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massive  horseshoe  ;  it  then  has  the  advantage  not  only  in  weight  of 
iron  in  the  magnet,  but  also  in  weight  of  copper  In  order  to  obtain 
such  advantageous  proportions,  the  two  dimensions  A  and  B  and  there- 
fore also  MO  and  OP  (Fig  242)  must  not  be  far  different  from  each 
other  ;  for,  roughly  speaking,  the  pole-core  A,  B  must  stand  in  the 
middle  of  the  shoe  MO,  OP,  with  about  the  same  amount  of  overhang 
all  round,  in  order  to  avoid  any  undue  thinning  out  of  the  lines  towards 

<i      MN  (j> 

any  edge  of  the  pole-face.    Since  sin  £  =  --=-,  MO  =  2  R  sin  £  = 

2  K  2* 


^ 


FIG   242 


(D  +  2lg)  sin  -,  where  D  is  the  diameter  of  the  armature  core,  and 

(D  +  2la)  may  be  taken  as  approximately  =  1  04  D.  If  a  be  the 
amount  by  which  the  length  of  the  armature  core  exceeds  the  length 
of  the  pole-face  at  each  end,  OP  =  L-2a,  and  this  may  be  taken  as 

equal  to  0  93  L.    If  then  MO  is  to  be  equal  to  OP,  1  04  D  sin  £  = 

tt 

0  93  L.    The  polar  angle  bears  an  approximately  constant  propor- 

360°  X  $ 
tion  to  the  pitch  of  the  poles,  or  <f>  =       _  -     ,  where  /5  is  usually 

about  0-7.  The  favourable  ratio  of  length  to  diameter  of  core  for 
different  numbers  of  poles  on  these  assumptions  would  be 


L 


£  =  1-12  sin 


126° 


FIELD-MAGNETS  471 

A  closer  analysis  may  be  made  by  taking  into  account  the  necessary 
reduction  which  there  must  be  in  the  area  AB  carrying  ustful  lines 
at  a  density  of  16,800  per  square  centimetre,  as  compared  with  the 
area  of  the  bored  pole-face  carrying  lines  at  a  density  of,  say, 
Bg  =  7,400  Expressing  the  latter  in  terms  of  the  chord  MNO, 
we  have 


AB  =  MNO  x  OP  x  ,  x       X  =MNO  xOP  x  xy 


and  a  little  calculation  shows  that  the  product  xy  decreases  from 
0  462  for  four  poles  to  0  449  for  six,  and  then  becomes  nearly  con- 
stant for  eight  or  more  poles  at  0-445.  This  product  has  now  to  be 
divided  into  the  two  factors  x  and  y,  being  respectively  the  ratio  of 

A  to  the  chord  (  =  1  -04Dsin  \ } ,  and  of  B  to  the  length  OP  (=  0  93  L)  f 
\  AJ  .  ( 

L      x  <j> 

Equating  A  and  B,  we  thus  obtain  -=  =  —     1  12     sin  -^     But 

though,  as  already  stated,  AB  must,  roughly  speaking,  stand  in  the 
middle  of  MO,  OP,  there  is  no  necessity  for  the  amount  by  which 
the  width  A  is  less  than  the  chord  to  be  precisely  the  same  as  the 
amount  by  which  B  is  less  than  the  pole-length  It  is,  in  fact, 
better  to  make  x  somewhat  less  than  y,  the  two  values  ranging  from 
064  and  0-72  in  the  4-pole  down  to  063  and  0-71  in  the 

x  1 

10-pole  machine.    The  ratio  -  is  then  a  constant  =  TT^I  and 

y  1  12 

L  <l>  126° 

n  =  sm  -  =  sm  -5— 

LJ  M  ^P 

It  is,  however,  advisable  to  keep  the  diameter  on  the  small  side,  and 

L  • 

consequently  to  make  the  ratio  -=  greater,  even  at  the  cost  of  less 

economy  in  the  excitation.  Hence  the  above  expression  may  be 
regarded  rather  as  giving  the  minima  values  which  the  ratio  should 
take.  The  greatest  departure  from  the  most  economical  section  of 
magnet-core  which  would  be  allowable  in  a  multipolar  machine 
would  follow  from  the  adoption  of  a  ratio  of  B  .  A  =  say,  1  5  We 
thus  obtain  as  maxima  values 


j:—  1-5  sin 


126° 


While  the  above  proportions  admit  of  considerable  variations 
according  to  different  conditions  of  the  design,  the  method  by  which 
they  have  been  arrived  at  serves  to  show  how  they  depend  on  the 
relative  densities  in  the  air-gap  and  magjriet-core,  and  upon  the 
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amount  by  which  it  is  considered  advisable  for  either  edge  of  the 
pole-piece  to  project  beyond  the  magnet-core. 

LID. 

No.  of  3 

Poles        Minimum.        =  -r  x  57       Maximum 

4        ftp 

4  0-52  0-59  0-785 

6  0-36  0-39  0-54 

8  027  0-295  0-41 

10  0-22  0236  0-33 

12  0-18  0-197  0-27 


As  a  preliminary  starting-point  for  an  entirely  new  design  L 
may  conveniently  be  taken  as  equal  to  three-quarters  of  the 
pole-pitch,  i  e. 


This  makes  the  pole-shoe  roughly  a  square,  and  gives  useful  inter- 
mediate values  which  are  tabulated  above  between  the  minima  and 
maxima  values  obtained  from  the  preceding  expressions 

For  a  line  of  machines  of  small  or  moderate  size,  each  yoke-ring 
or  frame  can  be  so  proportioned  as  to  admit  of  the  employment 
within  it  of  two  or  three  armature  cores  of  the  same  diameter 
but  of  different  lengths,  say,  0-6,  0  7  and  0  8  of  the  pole-pitch  with 
rectangular  field-coils,  or  0-4,  0  5  and  0  6  of  the  pole-pitch  with 
cylindrical  coils.1 

As  explained  in  Chapter  XII,  §  17,with  increasing  sizes  of  machines 
the  diameter  must  be  increased,  and  for  each  diameter  there  is  a 
mrnimum  number  of  poles,  below  which  the  corresponding  weight  of 
yoke  and  also  the  reaction  of  the  armature  ampere-turns  render  it 
uneconomical  to  go.  Such  minimum  numbers  will  be  roughly  as 
follows  — 

Armature  Diameter.  Number  of  Poles. 

Up  to  25  in  .....  Not  less  than  4 
Above  25  in     .                  .  „  6 

„      36  in  .....  „  8 

„      48  in  .....  .,  10,  and  so  on. 

In  machines  with  commutating  poles,  assuming  as  a  maximum 
9,000  armature  ampere-turns  per  pole  or  18,000  armature  ampere- 
conductors per  pole,  and  900  ampere-conductors  per  inch  of  periphery 
the  maximum  pole-pitch  is  given  as  18,000/900  =  20  in.  The 
length  of  armature  core,  if  equal  to  three-quarters  of  the  pole-pitch, 
is  then  15  in.,  and  it  maybe  laid  down  in  general  that  the  over-all 

1  Cp  Miles  Walker,  Specification  and  Design  of  Dynamo-electna  Machinery, 
p  496 
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length  of  the  armature  core  should  not  exceed  15|  in.  or  40  cm., 
unless  imperatively  required  by  the  peripheral  speed  with  this 
length  of  core  proving  too  high  If,  on  the  other  hand,  the 


\.2&-k*°-./ 


v-**?     V 


FIG.  243. — Complete  laminated  pole 


FIG  244  — Magnet-core  and  laminated 
pole-shoe  for  small  machine. 
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peripheral  speed  is  low,  it  will  usually  be  advisable  to  shorten  the 
core  to  less  than  the  above  maximum,  to  raise  Ihe  diameter  and,  if 
need  be,  increase  the  number  of  poles 


;•  •—  r  ""*• 

^  ___  p=l  ______  i_._i  _  ____  _==  ___ 


FIG  245  —  Magnet-core  and  laminated  pole-shoe  for  large  machine. 

§  18.  Laminated  pole-shoes.  —  The  necessity  for  the  employment 
of  laminated  pole-shoes  in  order  to  minimize  eddy-currents  due  to 
the  varying  distribution  of  the  flux  as  wide  open  slots  sweep  past  the 
pole-face  has  already  been  mentioned  in  Chapter  XIII,  §  18,  In 
small  machines  the  whole  pole  is  sometimes  made  up  6f  sheet-steel 
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stampings  (0  025"  thick)  riveted  together,  as  m  Fig  243  •  the  cross- 
section  of  the  pole  must  then  be  square  or  rectangular  For 
attachment  to  the  yoke-ring,  if  the  pole  is  not  too  heavy,  it  is  quite 
safe  to  drill  and  tap  a  laminated  pole  for  screws,  provided  that  the 
laminations  are  tightly  squeezed  together  and  well  nveted  between 
stout  side  cheeks  Or  a  bolt  may  be  used  to  draw  the  pole  up  against 
Us  seating  within  the  yoke-ring  Alternatively,  a  solid  square  bar 


* 


f 
FIG   246. — Laminated  pole-shoe. 


is  dnven  through  a  square  hole  in  the  laminations  of  the  complete 
pole,  and  into  this  enter  set  screws  through  the  yoke  nng  In 
larger  machines  it  is  more  usual  to  make  up  separate  pole-shoes 
of  sheet-steel  stampings,  and  to  fasten  them  to  the  solid  pole-core 
by  means  of  four  screws  Flanges  projecting  at  right  angles 
to  the  side-cheeks  serve  as  supports  for  the  magnet  bobbins 
Since  the  magnet  pull  on  the  pole-shoe  is  very  considerable,  especially 
at  the  tips,  the  side  cheeks  must  be  stiff,  the  nvets  strong,  and  the 
screws  fastening  the  whole  to  the  pole-core  well  distributed  over 
the  face  (Figs  244  and  245).  Fig.  246  shows  a  complete  pole-shoe, 
and  below  it  one  of  the  component  laminations. 


CHAPTER  XVI 

THE  AMPERE-TURNS  OF  THE  FIELD 

§  1.  The  three  divisions  of  the  magnetic  circuit. — In  the  previous 
equations  for  the  internal  E  M  F.  induced  in  an  armature,  one  of 
the  three  determining  factors  has  been  Oa,  or  the  number  of  lines 
of  flux  which  enter  into  the  armature-core  from  one  pole  or  leave 
the  core  to  pass  into  another  pole  We  have  now  to  determine 
the  ampere-turns  of  the  excitation  which  must  be  placed  on  the 
magnet  in  order  to  produce  3>0  lines  in  that  part  of  the  magnetic 
circuit  where  they  are  required,  namely,  in  the  armature,  where 
they  are  linked  with  the  active  wires.  The  process  of  calculation 
has  been  already  illustrated  in  Chapter  II,  §  13,  and  consists  in 
the  subdivision  of  the  entire  magnetic  circuit  into  such  lengths  as 
may  be  considered  to  be  of  the  same  sectional  area  and  permeability, 
and  to  carry  the  same  number  of  lines,  the  calculation  of  the  magnetic 
differences  of  potential  required  to  drive  the  lines  through  each  of 
these  lengths,  and  their  subsequent  summation  as  one  magneto- 
motive force.  The  magnetic  circuit  in  a  dynamo  may  be  divided 
into  the  three  principal  parts  :  (1)  the  air-gaps,  (2)  the  iron  of  the 
armature,  subdivided  into  (a]  the  armature  core  proper,  and  (5) 
the  teeth  in  the  case  of  a  slotted  armature,  (3)  the  iron  of  the  field- 
magnet  ;  the  latter  may  further  require  to  be  subdivided  into  two 
parts,  namely,  (a]  the  magnet-cores  or  poles,  and  (b)  the  yoke,  and 
in  some  cases,  where  the  pole-pieces  differ  much  in  area  and  quality 
from  the  rest  of  the  magnet,  a  third  subdivision  becomes  necessary, 
namely,  (c)  the  pole-pieces  The  subscript  letters  g,  c,  t,  m,  y,  and  p 
may  be  used  to  denote  these  several  parts.  Owing  to  leakage  the 
total  flux  will  vary  in  different  parts  of  the  circuit,  but,  as  explained 
in  Chapter  II,  on  the  supposition  of  the  leakage  paths  being  all  in 
parallel  with  the  armature  and  air-gaps,  it  will  suffice  to  consider 
O0  lines  as  flowing  through  the  armature,  and  a  larger  number, 
<DOT,  as  flowing  through  the  magnet  and  yoke. 

§  2.  The  eauation  of  the  magnetic  circuit.— If  4>  hnes  flow 
through  a  portion  of  a  magnet  circuit,  having  a  total  area  of  cross- 
section  of  a  square  centimetres  normal  to  their  path,  the  value 
which  H  must  have  is  solely  determined  by  the  flux-density  per 
square  centimetre,  *  e  by  the  induction  B  =  <J>fa  ;  in  other  words, 
whatever  be  the  total  area  normal  to  the  flow,  if  a  difference  of 
magnetic  potential,  H,  be  maintained  between  two  surfaces  one 
centimetre  apart,  B  lines  will  flow  through  each  square  centimetre 
of  the  cross-section.  Each  centimetre  length  of  the  substance 
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therefore  requires  a  specific  difference  of  magnetic  potential,  H 
(dependent  on  B),  to  be  maintained  between  its  ends  ;  and  if  the 
same  flux-density,  B,  be  continued  over  a  portion  whose  length  is 
I  centimetres,  the  total  fall  of  magnetic  potential  between  opposite 
faces  of  the  portion  will  be  H  X  I,  and  that  difference  of  potential 
maintained  between  its  ends  will  cause  a  total  flow  of  <E>  =  aB 
lines  through  it.  Reckoning,  therefore,  the  lengths  of  the  five  chief 
portions  of  the  magnetic  circuit  in  centimetres,  /„  being  the  length 
of  a  single  air-gap,  lt  that  of  a  tooth,  and  ln  that  of  a  single  pole, 
the  fundamental  equation  for  a  complete  circuit  with  its  two 
air-gaps,  and  its  two  poles  in  the  usual  multipolar  types,  may  be 
expressed  as  — 

Total  M  M  F  =  HJt  +  HjU,  +  H02lg  +  Hm2lm  +  Hv.lv 

where  H0,  Ht,  Hg,  Hm,  and  Hv  are  the  magnetizing  intensities 
required  to  produce  B0,  Bt,  Bg,  Bm,  and  Bv  in  the  armature  core  and 
teeth,  air-gaps,  pole-core  and  yoke  respectively.  Or,  writing 
f(B)  for  H,  since  H  has  been  shown  to  be  a  function  of  the  induction 

Total  M  M  F  =  f(B.)  .  l0+f(Bt)2lt+f(Ba)  2lg+f(Bm}2ln+f(Bv).  ly 
And  finally,  since  B  =  <D/« 


The  same  flux  <D0  is  here  taken  as  passing  alike  through  air-gaps, 
teeth  and  armature  core,  and  aa  and  ay  are  the  areas  of  the  double 
sections  of  armature  core  and  yoke,  where  the  flux  bifurcates. 

In  curves  of  flux-density,  such  as  Figs.  205-209,  are  connected 
together  corresponding  values  of  B  and  H  for  various  materials. 
Having  calculated,  therefore,  the  different  values  of  B0,  Bt,  Bg, 
Bm,  Bv  for  a  given  value  of  Oa,  all  that  is  necessary  is  to  look  out 
in  the  flux-density  curve  of  the  material  in  question  the  particular 
value  which  B  has  in  it,  and  then  to  read  off  on  the  scale  of  abscissae 
the  corresponding  particular  value  which  f(B)  =  H  must  have  for 
that  density  ,  this  value  can  then  be  substituted  for  the  specific 
H  in  the  above  equation. 

The  above  equation  being  expressed  in  C.G.S  units  of  magneto- 
motive force  will  require  to  be  divided  throughout  by  1-257  in  order 
to  express  it  in  ampere-turns  of  excitation  on  one  complete  magnetic 
circuit,  as 

X  =  X6  -f-  Xt  +  Xg  +  Xm  +  Xv 

But  since  the  values  of  H  in  the  flux-density  curves  were  originally 
derived  from  a  measured  number  of  ampere-turns  per  centimetre 
length,  it  is  still  simpler  to  show  on  the  horizontal  axis  of  abscissae 
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a  scale  of  ampere-turns  per  cm  length  (as  well  as  a  scale  of  H  m 
C  G.S  units),  and  thence  read  off  the  specific  excitation  at  lequired 
per  centimetre  length  to  produce  a  flow  of  B  lines  per  square  centi- 
metre. This  has  been  done  in  the  lower  of  the  two  horizontal 
scales  of  Figs  205-209,  whence,  therefore,  we  can  read  off  the  new 

value  which  the  function  of 
the  density  takes  when  ex- 
pressed in  ampere-turns,  or 


Since  the  permeability  of  an 
is  strictly  constant  and  on  the 
C  G  S.  system  =  1,  a  density 
of  one  line  per  sq  cm  in  air 

requires  =08     of     an 


ampere-turn,  and  any  other 
flux  density  Bg  requires  0  8Bg 
ampere-turns,  per  cm  length 
Even  if  the  normal  air-gap  of 
the  machine  is  partly  filled 
with  cotton  -  covered  copper 
wire,  the  permeability  of  the 
latter  two  materials  is  sensibly 
the  same  as  that  of  air. 
Hence  for  atg  may  at  once  be 
substituted  0-8Bff,  or  0  8  ®Jaa 
As  foreshadowed  in  Chapter 
II,  §  14,  m  calculating  aa  a 
certain  additional  area  must 
be  reckoned  over  and  above 
the  actual  area  of  the  polar 
face  in  order  to  allow  for  the 
spreading  out  of  the  lines  m  a 
fringe,  which  increases  the 
effective  cross-section  of  the 

air-gap  On  the  other  hand,  some  deduction  must  be  made  to 
allow  for  the  presence  of  ventilating  ducts  reaching  to  the 
armature  surface  The  quantitative  value  for  these  adjustments 
will  be  treated  in  §  6. 

Lastly,  from  considerations  of  symmetry  it  suffices  in  all  types 
of  symmetrical  field-magnets  as  commonly  used  in  practice  to 
determine  the  ampere-turns  required  by  a  half  magnetic  circuit, 
i.e.  by  the  sector  (Fig.  247)  corresponding  to  a  pole  (whether  this 
be  external  or  internal  to  the  armature)  since  these  turns  must  be 


FIG   247  — Half  magnetic  circuit  of 
multipolar  machines. 
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pi ovided  by  the  coil  wound  on  one  pole.  If,  therefore,  in  the  present 
connection  the  symbol  ATf  as  contrasted  with  X  is  restricted  to 
the  ampeie-turns  on  a  half  magnetic  circuit,  and  with  other 
subscripts  is  restricted  to  the  ampere-turns  required  by  a 
component  part  of  the  half  circuit 

ATf  =  AT0    +  ATt    +ATg         +  ATm     +  ATV 

=  at0   -j  +  att   lt  +  Q-8Bg    tg  +  atm    lm  +  aty   |  .     (108) 

The  total  number  of  ampere-turns  on  the  whole  machine  is  then 
pX  =  2pATf  The  actual  process  in  designing  will  be  to  determine 
the  densities,  B0,  Bt,  Bm,  and  By,  and  then  to  read  off  from  a  flux- 
density  curve  the  corresponding  values  of  at  or  the  specific  number 
of  ampere-turns  required  per  centimetre  length  ;  and  even  in  the  case 
of  the  air-gap  to  calculate  Bg  as  a  guide  m  companng  different 
machines 

§  3.  Use  of  flux-density  or  B-H  curves.— The  flux-density 
curves  from  which  the  values  of  the  specific  ampere-turns  are  read 
must  be  suited  to  the  exact  nature  of  the  materials  of  which  the 
dynamo's  magnetic  circuit  is  composed  On  referring  to  Fig  205 
it  will  be  seen  that  if  the  magnet  be  worked  with  a  low  density,  say, 
e  g.  10,000  in  wrought  iron  or  6,000  in  cast  iron,  the  value  of  at 
for  a  given  density  is  indeterminate,  and  may  have  any  value 
lying  between  the  ascending  and  descending  curves  ;  in  the  cases 
supposed  the  limits  will  be  1  5  or  4  ampere-turns  per  centimetre 
length  for  wrought  iron,  and  16  or  25  for  cast  iron  Vice  versd,  with 
a  given  value  for  at,  the  density  may  vary  between  certain  limits 
according  as  it  has  been  reached  from  a  higher  or  lower  value. 
Hence  a  certain  number  of  ampere-turns  on  the  field  may  induce 
a  slightly  larger  number  of  lines  at  one  time  than  at  another  if  the 
excitation  be  raised  to  a  higher  value  and  then  decreased  ;  and  the 
student  may  therefore  feel  a  doubt  as  to  what  value  of  exciting 
turns  he  is  to  select  In  practice,  however,  any  such  effect  of 
hysteresis  resulting  in  a  variation  of  the  voltage  given  by  a  dynamo 
when  running  at  a  certain  speed  is  hardly  perceptible  ;  not  only  is 
a  dynamo  seldom  worked  with  a  very  low  density  in  the  iron  of  the 
field-magnets  (and  with  higher  values  for  the  density  the  vertical 
difference  between  the  ascending  and  descending  curves  becomes 
negligible),  but  also  the  exciting  power  expended  over  the  reluctance 
of  the  field-magnet,  or  ATm  -}-  ATy,  forms  only  a  certain  proportion, 
usually  less  than  half,  of  the  total  number  of  ampere-turns,  ATf  = 
AT0  +  ATt  +  ATa  +  ATm  +  ATv,  and  therefore  an  increased 
number  of  ampere-turns  is  required  for  the  armature  and  air-gaps, 
if  an  increased  number  of  lines  pass  through  the  armature.  Further, 
in  actual  working,  the  excitation  would  never  be  varied  through  so 
wide  a  range  as  in  Fig  205 ;  in  this  latter  the  magnetizing  intensity 
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per  centimetre  length  of  iron  has  been  earned  up  to  a  high 
figuie,  and  then  gradually  reduced,  so  producing  the  greatest 
possible  difference  between  the  ascending  and  descending  curves 
Such  a  condition  would  seldom  occur,  except  in  the  conduct  of  work- 
shop or  laboratory  experiments  on  dynamos;  in  the  ordinary 
course,  the  field-magnets  become  gradually  excited  as  the  machine 
is  set  to  work,  and  then  the  excitation  is  maintained  at  a  more  or 
less  constant  amount  until,  on  the  stoppage  of  the  machine,  the 
magnetism  dies  away.  Hence  in  the  design  of  dynamos  it  is 
sufficient  to  use  invariably  the  ascending  curve  of  induction  ;  any 
difference,  due  to  the  excitation  having  been  differently  reached, 
may  be  neglected,  since  its  only  effect  will  be  to  reduce  slightly 
the  speed  required  to  generate  a  given  voltage. 

§  4.  The  back  ampere-turns  ol  armature. — There  still  remains 
one  point  on  which  the  previous  equation  requires  to  be  supple- 
mented.   When  a  current  is  passing  through  the  armature  of  any 
machine  its  ampere-turns  give  rise  to  a  magnetomotive  force,  and 
the  armature  reacts  on  the  field,  as  will  be  explained  in  greater 
detail  in  Chapter  XIX.    Further,  in  a  continuous-current  dynamo 
it  may  be  necessary  to  move  the  brushes  forward  through  a  small 
angle  in  the  direction  of  rotation  m  order  to  prevent  sparking  at 
the  commutator  ;  the  reason  for  this  shifting  of  the  brushes  will  also 
be  more  rully  explained  in  Chapter  XX.    Suffice  it  here  to  say 
that  if  the  brushes  have  to  be  given  a  forward  lead  in  order  to  obviate 
sparking,  the  ampere-turns  due  to  the  current  flowing  in  the  belt 
of  armature  wires  enclosed  within  twice  the  angle  of  lead  A  are 
practically  in  direct  opposition  to  the  ampere-turns  of  the  field. 
In  Fig.  322  those  wires  m  which  the  current,  whether  of  the  field 
or  of  the  armature,  is  directed  towards  the  observer  are  marked 
with  a  dot,  and  those  in  which  the  current  is  away  from  the  observer 
are  shown  crossed ;   from  this  figure  it  will  be  apparent  that  the 
ampere-conductors  within  the  angle  2A,  are  opposed  to  the  ampere- 
conductors of  the  field,  and  that  the  former  if  coupled  up  to  form 
ampere-turns  embracing  the  magnetic  circuit  tend  to  magnetize  it  in 
exactly  the  reverse  direction  to  the  latter  ;  although  it  is  not  entirely 
an  accurate  description  of  the  whole  phenomenon,  as  will  be  shown 
in  Chapter  XIX,  they  may  be  regarded  as  back  ampere-turns,  and 
the  result  is  that,  if  present,  a  certain  number  of  extra  ampere-turns 
have  to  be  added  to  the  field  ampere-turns  in  order  to  neutralize 
the  demagnetizing  effect  of  the  armature  current.    Let  this  addi- 
tional number  on  a  half  circuit  be  ATb ;  then  the  complete  equation 
for  the  ampere-turns  required  from  a  field  coil  must  contain  this 
additional  term,  and  thus  becomes 

ATf^AT.  +  ATt  +  AT.  +  ATt  +  AT.  +  AT,      .     (109) 

§  5.  The  magnetic  leakage  due  to  the  difference  of  potential 

between  the  poles.-— The  reason  for  the  insertion  of  AT^  in  the 
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fourth  place  needs  further  explanation.  It  has  been  said  that 
the  flow  of  leakage  lines  takes  place  in  the  mam  under  the  magnetic 
difference  of  potential  existing  between  the  poles  of  the  dynamo, 
and  even  if  this  be  not  true  of  all  the  leakage,  allowance  can  be 
made  for  the  inaccuracy  involved  m  the  assumption  as  will  be 
shown  in  §  11.  Befoie  Om  or  Bm  can  be  determined,  the  amount 
of  leakage  fa  requires  to  be  estimated.  In  order  to  do  this,  the  joint 
permeance  of  the  leakage  paths  is  calculated ,  it  is  then  only  necessary 
to  multiply  the  magnetic  difference  of  potential  at  the  poles  by  this 
joint  permeance  to  determine  fa  The  magnetic  difference  of  poten- 
tial between  the  poles  is  equal  to  1  257  times  the  ampere  turns 
required  to  produce  the  flow  of  lines  between  the  poles  ;  let  these 
be  expressed  as  2A TP,  so  that  +  ATP  and  -ATf  represent  the 
magnetic  potentials  of  the  N.  and  S  pole-faces  respectively  ;  then 
fa  —  1-257  X  2ATf  X  c?z,  where  £?,  is  the  joint  permeance  of  the 
leakage  paths  Thence  0OT  =  Oa  +  fa  from  which  the  magnet 
density  Bm  and  the  ampere-turns  required  to  produce  it,  ATm, 
can  be  determined. 1 

Now  ATbl  or  the  ampere-turns  required  to  counterbalance  the 
back  ampere-turns  of  the  armature,  if  such  are  present,  take  effect 
between  the  poles,  and  consequently  must  be  included  when 
estimating  the  difference  of  magnetic  potential  between  the  poles  , 
thus 

ATV  =  AT0  +  ATt  +  ATB  +  ATb 
and 

fa  =  1-257  (AT.  +  ATt  +  ATg  +  AT*}  X  2^     .     (110) 

Our  final  and  complete  equation  for  the  ampere-turns  or  excitation 
of  a  half  magnetic  circuit  will  thus  take  the  form 

AT^at^  +  attlt  +  QSB^wKli  +  ATt  +  atnln  +  at^    (111) 

the  coefficient  K  remaining  to  be  explained  in  §  7. 

Simple  though  this  equation  is  in  its  form,  its  application  presents 
certain  difficulties  which  preclude  us  from  calculating  the  ampere- 
turns  required  with  absolute  and  complete  accuracy.  Apart  from 
the  somewhat  indefinite  nature  of  the  leakage  paths,  the  lengths 
of  the  paths  m  the  iron  portions  of  the  magnetic  circuit  can  only 
be  calculated  approximately,  a  mean  having  to  be  struck  between 
the  longest  and  the  shortest ;  or  again,  the  area  of  cross-section 
normal  to  the  flux  may  be  continuously  varying  (as,  for  example, 
in  the  pole-piece).  A  mean  value  must  then  in  practice  be  taken 
and  in  the  estimation  of  this  considerable  judgment  may  be  required 
A  second  source  of  error  is  that  our  calculations  are  based  on  certain 

*  Cp   Chapter  II,  §  13, 
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flux-density  curves,  yet  the  particular  class  of  iron  used  may  not 
be  exactly  similar  to  that  for  which  a  curve  has  been  obtained , 
cast  iron  in  particular  vanes  considerably  m  its  magnetic  properties 

Slill,  when  tested  after  comple- 
tion, a  dynamo  should  not  require 
to  be  run  at  a  speed  differing  by 
more  than  5  per  cent,  from  the 
designed  speed  in  order  to  give 
the  designed  voltage. 

§  6.  Calculation  of  air-gap  per- 
meance of  smooth-core  armature. 
— In  the  determination  of  the 
field  ampere-turns  two  portions 
of  the  magnetic  circuit  require 
further  discussion  beyond  the 
mere  statement  that  the  area  and 
consequent  flux-density  must  be 
calculated  or  measured  These 
are  the  air-gap  of  the  armature 
whether  smooth  or  slotted,  and 
the  teeth  of  the  slotted  armature 
In  the  calculation  of  the  air-gap 
permeance  or  flux-density  therein, 
it  must  be  borne  m  mind  that, 
owing  to  the  spreading  of  the  lines 
as  they  issue  out  of  the  polar  face 
and  pass  into  the  armature  core, 
the  area  of  the  air-gap  is  greatei 
than  the  area  of  the  bored  face  of 
the  pole-shoe. 

The  actual  paths  of  the  flux 
curving  out  of  the  pole-tips  into 
the  tips  of  the  armature  teeth  can 
be  shown  by  the  beautiful  figures 
obtained  from  photographs  of  the 
stream-lines  m  a  coloured  viscous 
liquid  forced  between  two  sheets  of 
glass.    This  method  of  investiga- 
tion can  be  made  to  imitate  with 
exactitude  the  analogous  passage 
of  lines  through  media  of  different 
permeability,  and  from  the  original 
paper  on  "  Lines  of  Induction  in  a  Magnetic  Field  " 1  by  Professor 
Hele-Shaw  and  Alfred  Hay,  who  first  employed  the  method,  Figs. 
248  and  257  are  reproduced  by  the  kind  permission  of  the  authors 
*  Phil.  Trans,  senes  A,  Voi,  195,  pp  303-327. 


FIG   248  — Fnnge  of  field  at  pole- 
edge  with  toothed  armature 
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and  of  the  Royal  Society  Subsequently,  Professor  Hele-Shaw, 
Dr.  Hay,  and  Mr  Powell  published1  a  number  of  such  stream-line 
photographs  expressly  designed  to  illustrate  the  phenomena 
occurring  in  a  toothed  armature,  and  to  the  accompanying  papers 
the  student  is  especially  referred.  They  clearly  show  the  refraction 


FIG.  249 — Stream-line  photographs  representing  flux  distribution  in 
(a)  smooth,  (6)  toothed  armature  (Prof.  W   M   Thornton). 

of  the  lines  as  they  pass  from  the  air,  a  medium  of  low  permeability, 
into  the  iron,  a  medium  of  high  permeability,  and  also  that  owing 
to  the  low  value  of  the  ratio  l/jn,  even  when  the  lines  within  the  iron 
are  approaching  the  bounding  surface  with  a  very  small  inclination 
thereto,  their  exit  into  the  air  is  made  practically  at  right  angles 
to  the  bounding  surface. 

Further   stream-line   photographs  which   show  the   mterpolar 

1  Journ  I E  E.,  Vol  34,  p.  21,  and  Vol.  40,  p  228. 
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fnnge  well  are  reproduced  m  Fig.  249  from  originals  kindly  supplied 

by  Prof  W  M.  Thornton  1 

Lastly,  to  complete  the  pictures  of  Fig   237  for  the  leakage  of 

internal  poles,  there  is  added 
Fig  250  showing  the  nature 
of  the  useful  lines  of  the 
interpolar  fringe  in  the  three 
cases  It  will  be  seen  that 
they  fill  up  the  spaces  left 
blank  in  Fig  237  which  only 
included  the  true  leakage 
between  the  pole-cores  and 
pole-shoes. 

Not  only  do  lines  pass  by 
a  curving  path  into  the  core 
from  the  sloping  or  radial 
edges  of  the  pole-tips  as 
shown  above,  but  some  also 
enter  into  the  armature  from 
the  outer  flanks  of  the  pole- 
pieces  at  the  edge  of  the 
bore,  and  this  is  especially 
the  case  when,  as  usual,  the 
length  of  the  armature  core 
is  slightly  greater  than  the 
width  of  the  poles  parallel 
to  it  (Fig  251). 

(a)  The  vntepfrolar  fnnge. 

The  distribution  of  the 
magnetic  potential  and  of 
the  flux  at  points  in  the 
interpolar  gap  even  on  no 
load  when  only  the  field 
M.M.F.  is  present  cannot  be 
expressed  by  any  simple 
formula  with  mathematical 
accuracy,  nor  by  any  empiri- 
cal formula  that  is  of 
universal  application.  Still 
less  can  it  be  so  expressed 
under  load  when  one  of  the 
M.M.F.  systems  (that  of  the  armature)  is  not  symmetrically 
placed  in  reference  to  the  polar  system.  One  ideal  case  can, 

1  See  also  Prof  Thornton's  paper,  "  The  Distribution  of  Magnetic  Induc- 
tion and  Hysteresis  Loss  in  Armatures/'  Jottrn  I.E  E ,  Vol  37,  p.  125, 
Figs.  10-24,  for  the  above  and  many  others  in  addition. 
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however,  be  exactly  solved  on  no  load,  viz ,  that  of  a  flat 
armature  core  with  smooth  surface  at  zero  potential  throughout 
to  which  is  presented  a  pair  of  poles  whose  edges  are  planes  making 
a  right  angle  to  the  core,  these  poles  being  at  potentials  -}-  1  257 
ATV  and-  1-257  ATf  respectively  throughout  their  entire  surface 
By  use  of  the  theory  of  conjugate  functions  Mr.  F.  W.  Carter1  has 
shown  that  in  such  a  case  the  normal  value  which  the  flux-density 
has  under  the  greater  portion  of  the  polar  area  when  the  air-gap 
length  is  uniform  is  not  maintained  right  up  to  the  edges  of  the 
pole-face,  and  that  the  decrease  begins  at  a  distance  from  the 
pole-edge  practically  equal  to  the  air-gap  ;  at  the  extreme  edge  its 
value  is  0-84  of  the  normal,  and  thence  if  the  opposite  pole  is  absent 
it  rapidly  falls,  as  shown  by  the  upper  curve  of  Fig  252. 

In  the  above  case  of  a  pole  making  a  right  angle  with  the  armature 
core  and  apart  from  the  presence  of  a  second  pole,  the  curve  for  the 
flux-density   of   the   fringe   is  closely 
approximated  between  the   limits    of 
x  =  2  lg  and  x  =  13  lg  if  it  is  assumed 
that  the  length  of  path  of  the  lines 
entering  the  armature  from  a  N  pole     f 
or  leaving  it  for  a  S.  pole,  at  any  point     * 

distant  x  centimetres  (measured  on  the  U a „ 

armature  surface)  from  the  pole-tip  is  ' 

made  up  of  a  straight  portion  lg  plus       FJG  251.-Fnnge  from 

a   curved    arc    of   length    £x,    where  pole-flank 

£  =  0  9  x  ir/2  ,    the    flux-density    is 

1  257  AT 
then     —fc^v ;,— .     This  approximate  expression    fails   however 

3  ™         I         ^  ff 

close  to  the  pole-edge,  so  that  for  greater  accuracy  m  a  numerical 
calculation  an  additional  multiplying  factor  m  may  be  used, 
which  has  the  following  values — 

TABLE  VIII 

i//ff       _i      _o-75    -0-5      -0-25          0         025       0-5         0-75        1 
m        0  99       0  973     0  952     0  91       0-84       1 00       1-12       1-14     1  15 

xllg        1  5  2  3  4  6  8  10          12 

m        1-11       1-08       1-06       1-04       1-00       0-97       0-955     0-94 

But  now  in  the  case  of  the  actual  interpolar  fringe  the  effect 
of  the  adjacent  pole  of  opposite  sign  must  be  taken  into  account. 
This  causes  the  flux  entering  or  leaving  the  armature  core  to  become 
zero  within  the  interpolar  gap,  and  on  no  load  it  is  evident  from 
considerations  of  symmetry  that  the  zero  point  occurs  on  the  line 

1  "  Note  oa  Air-gap  Induction,"  Journ  IEE ,  Vol.  29,  p  929  See  also 
J.  F  H  Douglas,  "  The  Reluctance  of  Some  Irregular  Fields,"  Trans  Amer 
IEE  ,  Vol  34,  Pt.  I,  p  1067,  and  F.  M  Roetennk,  ArchtvjUr Elektrotechmk, 
Vol.  7.  1919,  p  292 
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of  symmetry  between  the  two  poles.  At  this  which  may  be  called 
the  "  tangent  point  "  of  the  field  flux,  the  resultant  flux  as  it  passes 
across  from  the  N  pole-tip  to  the  S  pole-tip  only  ]ust  touches  the 
armature  surface  without  entering  it  If  c  be  the  distance  measured 
on  the  surface  of  the  armature  between  a  radius  drawn  to  the  pole- 
tip  and  the  interpolar  hne  of  symmetry,  it  might  be  thought  that 
the  case  would  be  truly  represented  by  taking  the  upper  curve 
(Fig  252)  of  the  flux-density  from  an  assumed  single  pole  from 


-2     -1 

FIG  252 — Curves  of  distribution  of  mterpolar  fringe. 

x  =  0  to  x  =  c,  and  deducting  from  it  the  reversed  continuation 
of  the  same  curve  from  x  =  c  to  x  =  2c.  But  this  does  not  make 
the  flux-density  assume  its  right  value  at  the  pole-tip  which  formed 
the  starting  point,  and  a  characteristic  of  the  true  case  is  that  all 
interpolar  curves,  whatever  the  value  of  cjlg,  at  the  pole-edge  very 
closely  approach  the  value  for  cjlg  =  o>.  An  exact  solution  for  the 
same  ideal  case  when  both  pole-edges  make  a  right  angle  with 
a  flat  armature  surface  which  is  throughout  at  zero  potential,  has 
been  given  by  Mr.  F  W  Carter  in  the  above-mentioned  paper, 
and  the  results  axe  reproduced  in  the  lower  curves  of  Fig.  252  for 
various  values  of  c/lg. 

The  edges  of  the  pole-shoes  facing  the  interpolar  gap  are,  however, 
usually  inclined  to  the  cylindrical  surface  of  the  armature  at  some 
angle  other  than  a  right  angle.  To  meet  this  practical  case,  the 
value  of  the  flux-density  in  the  fringe  as  calculated  for  a  flat  armature 
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and  a  pole-edge  at  right  angles  to  it  may  be  multiplied  by  a  factor 

09^*4-  I, 

nn  .  ,  ,  where  y  is  the  angle  m  circular  measure  made  by  the 
0  9  y  x-\-  lg  f  ° 

pole-edge  with  a  line  joining  the  pole-tip  to  a  point  midway  towards 
the  mterpolar  line  of  symmetry,  Such  approximate  correction 
factors  are  added  in  the  upper  part  of  Fig  252 

The  above  ideal  case,  even  when  corrected  for  the  inclination 
of  the  pole-edges,  fails  to  represent  strictly  the  true  case  of  the 
actual  armature  for  icasons  to  be  explained  m  Chapter  XVIII, 
but  the  results  of  Fig  252  aie  sufficiently  near  to  the  truth  to  warrant 
their  application  to  practical  use  By  their  aid  with  increasing 
values  of  y  from  90°  to  140°,  the  cui  ves  of  Fig.  253  have  been  plotted 
which  have  now  to  be  explained. 


s-o 


1-5 


!  !  M  -T>- 


1  334  567  8  t          10    r 

¥ 

FIG   253  — Coefficient  K^  for  mterpolar  fringes. 

The  additional  number  of  useful  lines  entering  the  armature 
core  as  a.  fringe  along  any  edge  may  be  taken  into  account  by  assum- 
ing the  normal  density  B0  to  hold  over  the  entire  pole-face,  and  by 
then  adding  along  the  edge  in  question  the  permeance  of  an  addi- 
tional strip  of  air.  This  strip  must  be  of  such  width  that  with  a 
length  of  path  through  it  equal  to  the  normal  /„,  and  with  the 
normal  density  Ba  assumed  to  be  caused  in  it  by  1  257  ATa,  the 
required  addition  to  the  flux  is  obtained.  The  effective  width  of 
the  equivalent  strip  of  air  along  the  edge  parallel  to  the  axis  of 
rotation  will  in  general  be  different  from  its  width  along  the  flanks 
of  the  pole-shoes.  Thus  the  width  of  the  strips  producing  the 
equivalent  of  the  mterpolar  fringe  will  depend  upon  the  ratio  c\la. 
On  the  other  hand,  if  a  be  the  amount  by  which  at  each  end  the 
armature  length  exceeds  that  of  the  pole-piece  (Fig.  251),  the 
width  of  the  strip  producing  the  equivalent  of  the  flank-fringe  will 
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depend  upon  the  ratio  a\lg.  In  both,  cases  the  width  of  the  strip 
maybe  expressed  as  a  certain  multiple  of  lg  In  Fig  253,  theiefore, 
are  given  the  values  of  the  co-efficient  K±  by  which  m  a  smooth- 
core  armature  lg  must  be  multiplied  to  obtain  the  joint  effective 
width  of  the  two  strips,  one  along  each  mterpolar  edge  of  a  single 
pole,  as  determined  from  Fig  252. 

(b)  The  flank-fringe. 

In  Fig.  254  is  given  an  analogous  curve  for  the  value  of  the 
coefficient  Kz  by  which  lg  must  be  multiplied  in  order  to  obtain  the 
joint  width  of  the  two  equivalent  strips,  one  on  each  side-flank  of 
the  pole-piece,  for  various  values  of  a/lg  For  small  values  of  this 

ratio  below  1  the  figures 

Kil    I  •  for  K2  are  rather  small, 

*~T  _^-  since  m  such  cases,  when 

w_  .^^  the  pole-piece  is  neaily 

s-o  ^^  as  long  as  the  armature 

^  core,  some  lines  do  not 

M  "  /'  enter    on    the    circum- 

rt  /'  ference  of  the  core,  but 

/  curve    round    into    the 

IB         /  ends,    yet    these     lines 

-f  hardly  need  to  be  taken 

1-0     /  specially  into  account. 

w  /  (c)  Ventilating  ducts. 

^     a      3      3      4      B      e      T      e  «.          There  remains  to   be 

Tg      taken  into   account  the 

FIG.  254  —Coefficient  K  ,  for  flank-fringes      effect  of  ventilating  ducts 

in  reducing  the  effective 

area  of  the  air-gap.  As  shown  by  the  spacing  of  the  lines 
in  Fig.  255,  the  density  of  the  flux  diminishes  towards  the 
centre  of  each,  duct,  so  that  if  it  be  assumed  that  the  normal 
induction  holds  throughout  the  entire  area,  a  certain  propor- 
tion of  the  width  of  each  duct  WA  must  be  subtracted.  This 

Wa. 

proportion,  as  dependent  upon  the  ratio  y2,  has  been  given   jj£ 

*(7 

a  paper1  by  Mr.  Carter,  from  which  is  derived  the  curve  of  Fig  256 
From  the  value  of  Lt  the  axial  length  of  the  pole-face  must  therefore 
be  deducted  an  amount  equal  to  Ks  .  WA  multiplied  by  the  number 
nA  of  similar  ducts  which  are  present. 

If  D  be  the  diameter  of  the  armature  core,  and  lg  the  length  of 
one  air-gap,  the  length  of  arc  subtending  the  polar  angle  at  the  mean 

polar  angle 
radius  of  the  air-gap  is  A'  =  7r(D  +  lg)  -   o/T^  - 
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In  order  to  take  into  account  the  fringe  at  each  of  the  four  corners 
of  the  pole-piece,  the  strip  along  each  flank  may  approximately  be 

K     I 
extended  past  the  edge  for  a  distance  of     * '  a  in  either  direction  , 


FIG.  255  —Field  within  air-duct 

the  total  permeance  is  thus  the  sum  of  the  three  portions  in  parallel, 
or  if  Lf  =  the  actual  width  of  the  pole-face  along  the  axis  of  the 
ai  mature, 
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FIG  256  — Deduction  for  ventilating  ducts 

Hence  the  effective  area  of  the  air-gap  of  the  smooth-core  armature  is 
.*.=  (A'  +  KJ.)  (Lf  +  KJ. - Ks w, nd] 

and  from  this  is  calculated  the  normal  air-gap  density  Bg  =  <J>a/«ff, 
whence 


l 


17 
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§  7.  Calculation  of  air-gap  permeance  of  toothed  armature. — 

Owing  to  the  presence  of  open  slots  in  a  toothed  armature  the 
direction  of  the  lines  in  the  interfemc  gap  is  no  longer  strictly 
radial  from  pole  to  armature  core,  nor  is  their  density  within  the 
bore  of  the  pole-piece  uniform.  Along  the  edges  of  the  slots  the 
lines  curve  round  and  enter  the  iron  through  the  sides  or  flanks 
of  the  teeth,  and  as  their  path  is  then  longer  than  that  of  the  lines 
which  enter  directly  through  the  face  of  the  teeth  their  density 
is  less  Fig  255  will,  in  fact,  equally  well  represent  the  field  about 

a  slot  of  which  the  width 
wa  is  three  times  that  of  the 

;       '     'I    I1"  'i!'1'   |  gap.     Thus   the  total  flux 

|       '['  1 1          '  is    divided  into   bands    of 

dense  and  weak  density 
corresponding  to  the  teeth 
and  slots,  as  may  be  made 
visible  by  iron  filings  intro- 
duced into  the  gap  after 
the  method  described  by 
Dettmar  (ET.Z,  vol  21, 
p.  944).  The  flux  m  the 
air-gap  and  the  actual 
curved  paths  of  the  fringe 
at  the  slot-edges  are  also 
well  shown  by  the  stream- 
line photographs  (Fig.  257) 
described  at  the  beginning  of 
§  6.  The  gradual  broaden- 
ing of  each  stream-line 
passing  into  the  slot  indi- 
cates the  weakening  of  the 
density,  or  conversely  the 

density  is  proportional  to  the  number  of  stream-lines  cut  per  unit 
area  in  a  plane  normal  to  their  direction. 

The  permeance  of  the  air-gap  of  the  smooth  armature  (apart 
from  the  fringes)  being  equal  to  the  area  under  the  pole-face  divided 
by  the  normal  length  of  the  air-gap,  the  permeance  in  the  case  of 
a  toothed  armature  is  evidently  less  by  some  amount  depending 
mainly  upon  the  relative  proportion  of  the  width  of  tooth  to  the 
opening  of  the  slot  and  of  the  width  of  the  slot  to  the  air-gap.  The 
question  is,  however,  still  more  complicated,  since  with  any  given 
values  for  the  ratios  of  the  width  pf  the  tooth  at  its  top  to  the  width  of 
the  slot  opening  and  of  the  latter  to  the  air-gap,  i.e.  with  fixed  values 
of  wtjws  and  w^l,  (Fig  258)'  the  ratio  of  the  permeance  of  the  slotted 
armature  to  that  of  the  smooth  armature  of  the  same  dimensions 
may  not  always  be  the  sarne  if  other  conditions  are  much  varied. 


1 1  I1 


FIG.  257. — Lines  of  flux  in  air-gap  of 

toothed  armature      Permeability  of 

teeth  =  100 
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In  the  smooth-surface  armature  the  bored  face  of  the  pole-piece 
and  the  portion  of  the  armature  cylinder  corresponding  thereto  at 
once  give  two  equipotential  surfaces  between  which  there  is  a  certain 
uniform  loss  of  magnetic  potential  corresponding  to  the  air-gap 
excitation.  But  in  the  case  of  the  toothed  armature  the  air-gap 
and  teeth  project,  as  it  were,  into  one  another,  so  that  the  mapping 
out  of  the  boundaries  that  are  to  be  assigned  to  the  air-gap  and 
teeth  excitation  respectively  is  not  so  easy  a  matter.  In  Fig  258 
there  have  been  drawn  a  number  of  equipotential  surfaces  cutting 
the  flux  at  right  angles,  and  from  this  figure  it  will  be  seen  that  if  an 
equipotential  surface  be  taken  which  coincides  with  the  iron  surface 
along  the  tops  of  the  teeth  it  will  be  crenellated  round  the  periphery 
of  the  toothed  iron  core,  since  it  dips  downwards  into  the  slots 
between  the  teeth. 

Let  a  point  x  be  considered  in  the  middle  of  the  air-gap,  fixed 
relatively  to  the 
pole,  in  a  line  with 
the  centre  of  one  of 
the  packets  of  which 
the  armature  is 
composed  and 
opposite  or  nearly 
opposite  to  the 
centre  of  the  pole- 
face.  The  induction 
at  this  point  x  will 

then  vary  m  time,  as  the  toothed  armature  rotates,  and  the  opening 
of  a  slot  comes  opposite  to  it  :  its  instantaneous  value  at  tunetf  may 
be  symbolised  as  Bm>  t>  and  it  will  pass  through  a  cycle  of  values  in 
the  time  required  for  a  tooth-pitch  to  pass  by  the  point  x.  When 
the  centre  of  the  crown  of  a  tooth  in  the  packet  is  exactly  opposite 
to  the  point  x,  the  induction  Bttjt  will  reach  its  maximum  value,  * 
which  may  be  symbolized  as  Bg  ^a.  Corresponding  thereto,  there 
will  be  a  certain  difference  of  magnetic  potential  across  from  one 
side  to  the  other  of  the  air-gap,  viz.,  Egmtst  10=  1-257  ATg,  and 
this  provides  us  with  a  measure  for  the  ampere-turns  of  air-gap 
excitation  expended  between  the  two  equipotential  surfaces  that 
are  to  be  used,  the  one  being  the  bored  face  of  the  pole,  and  the 
other  coinciding  with  the  tips  of  the  teeth  but  dipping  downwards 
into  the  slots.  Now  the  average  value  of  Bg  „„  over  a  tooth-cycle 


FIG  258  — Eqmpotenbal  magnetic  surfaces 
of  toothed  armature 


1  The  point  of  maximum  induction,  on  the  iron  surface  of  a  tooth  occurs 
along  the  comer  at  its  extreme  edge  ;  this  local  effect  does  not  spread  to  any 
great  distance  through  the  air-gap  from  the  iron  edge  towards  the  pole-face, 
but  it  makes  it  necessary  to  define  Bff  max  as  the  mean  between  the  density 
at  the  centre  of  a  tooth  and  the  maymuT"  on  the  pole-surface  which  occurs 
opposite  to  it  The  increased  densities  at  the  edges  of  the  teeth  are  well 
shown  in  Dr.  T.  F  Wall's  experiments  (Journ.  I  E  E  ,  Vol  40,  p  550) 
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will  also  be  the  maximum  average  value  of  Ba  over  a  tooth-pitch 
between  the  lines  CD,  EF  (Fig  259),  and  since  it  does  not  vary  in 
time,  will  be  written  Ba  maas  •  although  an  average  over  a  tooth- 
pitch,  it  is  a  maximum  owing  to  our  choice  of  the  position  to  be 
considered,  viz ,  nearly  opposite  to  the  centre  of  a  pole  and  along 
the  central  line  of  a  packet  of  discs  It  is  this  constant  quantity 
which  has  been  intended  in  previous  equations  containing  Ba  max, 
and  the  use  of  which  it  is  proposed  to  continue,  its  great  service- 
ableness  in  design  being  due  to  the  fact  that  from  it  can  quickly 
be  found  the  uncorrected  density  B't  at  any  section  of  the  tooth 


Next,  let  1-257  ATg  =  B,  maa  X  KL     Then  K  = 


and  KL 


Bgmax. 

*\ 


FIG   259. 


is  the  effective  length  of  the  air-path  between  the  two  equipotential 

surfaces  if  they  were 
concentnc  as  they  would 
be  with  a  smooth  core, 
but  with  the  same  venti- 
lating ducts.  A  defini- 
tion of  the  air-gap  of 
the  toothed  armature  of 
which  the  permeance  is 
to  be  found  is  thus 
obtained.  The  difficulty 
still  remains  that  K  is 
not  strictly  a  constant 
even  with  the  same 

values  of  wtljwa  and  wsllg ;  it  is  also,  although  to  a  less  degree, 
dependent  upon  the  depth  of  the  slot,  upon  the  taper  of  the  teeth, 
and  upon  their  permeability,  since  upon  these  latter  factors 
depends  the  exact  curvature  of  the  lines  within  the  slot,  and  there- 
fore the  depth  of  the  crenellations  of  the  equipotential  surface 
Why  this  should  be  so  is  rendered  more  evident  if  we  consider  the 
extreme  cases  of  a  very  shallow  slot,  and  secondly  of  a  highly 
tapered  tooth 

In  the  actual  armature  there  is  always  present  a  tendency  for 
some  flux  to  pass  straight  down  the  centre  line  of  a  slot  into  its 
bottom  surface  with  a  density  inversely  proportional  to  the  direct 
distance  from  the  pole-face  to  the  bottom.  Such  a  tendency  is 
not  very  evident  in  Figs  257  and  248,  since  here  the  sides  of  the 
teeth  are  parallel,  and  their  permeability  is  constant  and  high, 
so  that  little  potential  is  absorbed  over  their  length,  even  though 
the  depth  of  the  slot  is  considerable.  Such  a  tendency  is,  however, 
well  shown  in  other  stream-line  diagrams  given,  in  the  above  quoted 
paper  of  Professor  Hele-Shaw,  Dr.  Hay,  and  Mr.  Powell,  and  it 
would  be  strengthened  if  the  reluctance  of  the  teeth  were  increased  ; 
the  large  number  of  ampere-turns  expended  over  the  teeth  would 
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FIG   260 — Shallow  slot. 


then  be  available  for  assisting  onwards  such  a  field,  the  lines  within 
the  slot  would  be  slightly  straightened,  and  the  equipotential  surface 
defining  the  air-gap  would  fall  at  a  higher  level  within  the  slot. 
Still  more  would  this  be  the  case  when  the  slots  are  very  shallow, 
as  in  Fig.  260,  when  the  lines  would  be  further  straightened,  and 
the  proportion  of  the  flux  entering  the  faces  of  the  teeth  would  be 
higher  than  in  an  armature  with  the  same  values  of  wtv  wa,  and  lg, 
but  with  deep  slots. 

Again,  if  the  taper  of  the  tooth  is  considerable  (Fig  261),  the  same 
straightening  effect  is  produced ,  the  density  at  the  root  would 
rise  to  such  a  high  value 
that  lines  begin  again  in 
appreciable  numbers  to 
issue  forth  into  the  slot 
as  there  shown  The 
taper  of  the  tooth  is 
itself  related  to  the  ratio 
of  the  area  at  the  root  to 
the  area  at  the  top,  which 
has  been  already  dis- 
cussed in  Chapter  XIII, 
§39 

But  enough  has  been 
said  to  show  that  K  is 
not  strictly  determined 
solely  from  the  compara- 
tive values  of  air-gap  and 
widths  of  slot  and  teeth, 
but  is  also  dependent 
upon  the  magnetic  con- 
dition of  the  teeth  and 
the  depth  of  the  slot. 

In  order,  therefore,  to  simplify  the  problem,  some  of  the  less 
important  factors  which  enter  into  it  must  be  discarded,  and  only 
such  variables  be  retained  as  suffice  to  determine  with  reasonable 
accuracy  the  cases  which  occur  in  ordinary  practice.  The  assump- 
tions may  at  once  be  made  that  the  iron  teeth  are  very  permeable 
as  compared  with  the  air,  that  the  sides  of  each  tooth  are  sensibly 
parallel,  so  far  at  least  as  the  entrances  of  the  slot  are  concerned  ; 
and,  farther,  that  the  depth  of  the  slot  is  by  comparison  so  great 
that  no  lines  penetrate  to  the  bottom  of  it .  With  these  simplifications 
the  mathematical  solution  of  Mr.  Carter,  on  which  is  based  Fig.  256, 
is  also  applicable  to  the  determination  of  the  effective  length  of  the 
air-gap,  and  has  been  so  applied  by  him  m  the  above  quoted  paper. J 
The  validity  of  these  assumptions,  and  the  accuracy  of  the 

1  "  Air-Gap  Induction,"  Elect.  World  and  Engineer,  30th  November,  1901 


FIG.  261  — Effect  of  tooth  with  consider- 
able taper. 
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mathematical  results  when  applied  to  the  practical  cases  of  slotted 
armatures,  are  amply  borne  out  by  the  stream-line  figures  obtained 
by  Professor  Hele-Shaw,  Dr  Hay,  and  Mr  Powell,  and  by  the  experi- 
ments of  Dr.  T  F.  Wall  (Journal  I  E  E.,  vol.  40,  p  550).  x  While 
the  case  of  an  air-duct  is  most  conveniently  treated  as  reducing 
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FIG.  262  — Extension  coefficient  for  effective  air-gap  in  toothed 
armatures 

the  effective  area  of  the  air-gap,  the  case  of  teeth  and  slots  spread 
over  the  whole  area  is  best  treated  for  the  reason  given  above  as 
increasing  the  effective  length  of  the  gap  The  contraction  coefficient 
upon  the  supposition  that  Bg  ^  held  over  the  peripheral  length  of 
a  tooth-pitch  when  this  is  reduced  by  subtracting  Kd  w,  from  it 

1  For  the  effect  of  tooth  reluctance  and  for  the  small  influence  of  the  depth 
of  slot,  li  not  very'shallow,  see  especially  F  M  Roeterink,  Arohiv  fiir  Elektro- 
7'  1919.5P1292.     dp   80so_E.  Cans,  Arofuv  ftir  Ekhtrotechmk, 
p   23  lr 
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would  be  C  =    w        *-.  -  -.    The  extension  coefficient  is  then 


Since  Bg  max  =  C  X  Bg  mar>  we  thus  reach  the  same  value  for 
ATg,  either  as  Q8Bgaua.lg  or  as  08Bgmaa  Klg  In  this  way, 
therefore,  is  constructed  the  set  of  curves  given  in  Fig  262  for  the 
coefficient  K  by  which  the  direct  distance  from  the  tips  of  the 
teeth  to  the  pole-face  must  be  multiplied  m  order  to  obtain  the 
effective  length  of  air-gap,  or  the  ATa  as  calculated  for  a  smooth 
core  must  be  multiplied  to  obtain  the  real  ATg  of  the  toothed 
armature  1 

For  the  case  of  half-closed  slots  the  same  curves  may  again  be 
used,  but  with  the  values  of  K  increased  by  2  or  3  per  cent  ,  wa  being 
replaced  by  the  actual  slot  opening  w8  Comparison  of  Mr.  Powell's 
figures2  with  Mr.  Carter's  results  shows  that  the  widening  of  the 
slot  below  the  mouth  increases  K,  as  might  be  expected,  but  m 
practical  cases  only  by  a  small  percentage,  unless  either  the  overhang 
be  very  great  or  the  lip  be  very  thin,  m  which  cases  the  increase 
m  the  value  of  K  may  rise  to  8  or  9  per  cent. 

When  the  pole-face  is  slotted  as  well  as  the  armature  surface, 
^  e  when  both  rotor  and  stator  are  toothed,  as  in  turbo-alternators 
with  non-salient  poles,  an  empirical  formula3  gives  for  the  combined 
result 

K=$(k1k2  +  k1  +  kz-l}.         .         .     (112) 

where  k±  and  k%  are  the  calculated  extension  coefficients  for  the  whole 
air-gap  length  for  rotor  and  stator  separately  with  the  opposite 
face  assumed  to  be  unslotted. 

Given  the  value  of  ATg  and  of  Bg  mau  in  the  toothed  armature, 
the  determination  of  the  total  air-gap  permeance  and  of  the  total 
flux  of  a  pole-pitch  <3>a,  at  least  to  a  close  degree  of  approximation, 
does  not  present  any  serious  difficulty  The  flux  of  a  tooth-pitch 
right  across  the  axial  length  of  the  armature  is  closely 


This  assumes  that  for  the  same  axial  projection  in  the  toothed  as" 
in  the  smooth  armature  beyond  the  pole-piece  edge,  the  effective 
joint  width  of  the  flank-fringes  KJg  is  the  same  in  spite  of  the  surface 
of  the  armature  surface  being  partially  cut  away  by  the  slots.  But 
since  this  width  is  only  reckoned  as  being  filled  with  flux  at  the 
density  Bg  maa  whereas  at  the  centre  of  a  tooth  the  width 

1  For  the  same  values  plotted  on  a  different  method,  see  T  C.  Baillie, 
Elect?.,  8th  Tan  ,  1909  •  Joum.  I  E  E.,  Vol  40,  p  230. 

3  For  which  the  wnter  is  indebted  to  Mr  B.  Hague,  of  the  City  and  Guilds 
(Engineering)  College  For  a  different  formula,  see  F.  W.  Carter,  Trans 
Amer  I  EE,  Vol  34,  Part  I,  p  1132,  and  Electr  ,  Vol  81,  p  400 
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is  actually  filled  at  the  density  Bg  max>  the  erroi  involved  is 
inappreciable. 

As  regards  the  mterpolar  fringe,  the  influence  of  the  dentated 
surface  becomes  less  important  towards  the  centre  of  the  mterpolar 
gap,  where  the  path  of  the  lines  from  the  pole  to  the  armature  core 
is  m  any  case  of  considerable  length  It  is  only  therefore  near  to 
the  pole-edge  that  the  density  of  the  fringe  is  much  reduced  owing 
to  the  broken  surface  of  the  core.  It  therefore  suffices,  as  in  the 
previous  case,  to  assume  the  same  peripheral  width  of  fringe  as  in 
the  smooth  armature,  viz  KJ,g,  filled  with  the  density  Ba  max, 

The  same  expression  for  the  effective  area  of  the  air-gap,  ag, 
as  given  m  §  6  for  the  smooth  armature,  will  thus  be  retained  for 
the  toothed  armature,  viz., 

a,  =  (A  '  +  KJ.)  (Lf  +  KJg  -K,wdnd}          .  (1  13) 

but 

ATg  =  08Bgmaa.Klg  .....     (114) 

The  total  au-gap  reluctance  of  one  pole-pitch  is 

<«    -  Kl° 

cft<  ~  (A'  +  KM  (Lf  +  *A  -  K3  wd   nd] 

1  -257  A  T 


X  (A1  +  KM  (L,  +  KJg  -  K,  wd  nd) 


"a 

aa 


—  -"a  max    "a 

The  mean  density  over  the  whole  of  the  area  of  a  pole-pitch,  i  e. 

ff  771B3) 


whence 

(A'  +  KM  (Lt 
k=  *(D 

For  a  given  type  of  construction  in  which  the  number  of  ventilating 
ducts  is  proportional  to  Lt  or  L,  k  becomes  practically  a  constant, 
£hd  for  continuous-current  machines  may  be  taken  for  the  pre- 
liminary processes  of  design  with  commutatuig  poles  as  0  66  to  0-7. 

It  has  above  been  assumed  in  both  the  smooth  and  toothed  cases 
that  the  bore  of  the  poles  is  concentric  with  the  armature.  When  it  is 
larger  or  the  pole-edges  are  much  chamfered  off,  so  that  from  the 
centre  of  the  pole  lg  increases  considerably,  Bg  maa  should  strictly 
be  calculated  separately  for  each  tooth-pitch,  and  the  mean  of  the 
values  be  derived  therefrom,  but  it  often  suffices  to  take  a  mean 
value  for  lg  under  the  pole-face. 

The  width  Ks  wd  nd  always  exceeds  Kz  lg  and  the  net  amount  by 
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which  Lf  is  reduced  as  a  general  rule  more  or  less  nearly  balances 
KJ,g,  so  that  roughly 


With  commuiating  poles  j8  =  0  66  to  0-7,  and  therefore  also  k. 

§  8.  Calculation  o£  reluctance  of  teeth  in  toothed  armatures.  — 

The  next  question  is  the  determination  of  the  ampere-turns  necessary 
to  cany  the  lines  through  the  teeth  and  slots  from  the  equipotential 
surface  AB  to  the  unbroken  circle  of  the  core  level  with  the  bottom 
of  the  teeth  (Fig  258)  In  order  to  reach  a  suitable  density  in  the 
air-gap  and  to  limit  the  reaction  of  the  armature  ampere-turns  on 
the  field  it  is  advisable  to  work  the  teeth  at  a  high  density,  so  that 
it  becomes  necessary  to  calculate  closely  the  ampere-turns  required 
over  the  teeth,  especially  when  they  are  deep  and  much  reduced 
in  area  at  the  bottom  owing  to  their  tapenng  shape. 

The  commonly  accepted  method1  of  calculating  the  ampere-turns 
of  excitation  expended  over  the  teeth  of  the  slotted  armature  pre- 
supposes that  teeth  and  slots  may  be  divided  into  a  number  of 
corresponding  transverse  sections  from  tip  to  root,  and  that  in 
parallel  with  each  section  of  iron  across  a  tooth  is  a  corresponding 
strip  of  air  extending  across  the  width  of  half  the  slot  on  either  side, 
and  of  the  same  radial  depth  ;  next,  that  the  total  flux  correspond- 
ing to  the  width  of  the  tooth-pitch  is  in  the  case  of  each  small  section 
divided  between  the  two  parallel  paths  of  air  and  iron  in  proportion 
to  their  respective  permeances     On  such  an  assumption,  as  the 
section  of  a  tooth  tapers,  the  sides  of  the  slot  being  in  most  cases 
parallel,  the  proportion  of  the  total  flux  which  is  carried  by  the  iron 
progressively  decreases  as  the  root  of  the  tooth  is  approached  ; 
the  density  in  the  tooth  progressively  rises  and  may  reach  a  very  high 
figure,  yet  from  this  very  fact  the  reluctance  of  the  iron  increases, 
and  lines  are,  as  it  were,  squeezed  out  into  the  slot.    Although 
the  method  in  question  is  far  from  correctly  representing  the  actual 
facts  in  the  region  near  the  crown  of  the  teeth,  it  becomes  increas- 
ingly true  as  the  root  of  the  tooth  is  approached,  and  on  tins  account 
as  will  be  seen  later,  it  yields  practical  results  of  value     The  method, 
strictly  speaking,  assumes  that  the  equipotential  surfaces  dividff 
tooth  and  slot  into  a  number  of  concentric  layers  ;  in  reality  they 
consist  of  a  number  of  ndges  and  depressions,  somewhat  as  shown 
in  Fig  258,  and  these  gradually  become  more  and  more  square- 
cornered  but  of  less  depth  as  we  approach  the  bottom  of  the  slots, 
until  they  finally  become  nearly  concentric  cn-cles.    The  experiments 
of  Professor  Hele-Shaw,  Dr.  Hay,  and  Mr  Powell  show,  as  might 
be  expected,  that  the  flux  in  each  tooth  situated  well  under  a  pole, 
i  Due  to   Parshall   and   Hobart,    "  Electric   Generators,"    Engineering. 
Vol  66,  p  130. 
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so  far  from  diminishing  progressively  as  we  move  fiom  tip  to  loot, 
increases  at  first  for  about  half  the  length  of  the  tooth,  but  shows 
a  reduction  again  towards  the  root.  This,  however,  only  occurs 
when  the  flux-density,  approximately  speaking,  begins  to  rise  above 
Bt  —  20,000,  and  it  is  then  that  the  method  finds  its  application 
in  practice  If  the  percentage  which  the  flux  carried  by  a  tooth 
bears  to  the  total  flux  corresponding  to  the  tooth-pitch  is  plotted 
in  relation  to  distance  along  the  teethrfrom  tip  to  root,  such  typical 


Paroentagi  of  total 

flnxin  t«ath 

100  — 


Centre 


94,000 
22,000 
20,000  - 

18,000 /  S  /  /  / 

16,000 

14,000  ( 

12000/X  /  /  /   / 


/^-'  /         S  J 

/  /  /  /  / 

f 

/ 


10,000  .  ^ 

""  q^'fl,  HMt       BP  """^  Hoot       "P  O"4™  *>" 

,  3e  toBai  36  teeth                                43  teeth 

long  air-gap  medium  air-gap  medium  air-gap 

*"'  wt,                                    wt 

«VT  '  *"  u£  •  M*                               -tff-  '  0-605 

(I)  '(H)  '(HI) 

%  FIG.  263.— Flux-density  in  teeth  of  slotted  armature 

curves  as  those  in  the  upper  part  of  Fig.  263  are  obtained,  which 
show  that  for  moderate  densities  in  the  air-gap  and  teeth  nearly 
all  the  flux  finds  its  way  into  the  teeth,  and  the  percentage  may 
rise  to  close  upon  100  per  cent  even  at  the  root.  But  as  the  flux- 
densities  in  the  air-gap  are  increased  the  curves  gradually  bend 
over ;  the  maximum  occurs  nearer  to  the  tip,  and  further,  this 
maximum  itself  usually  bears  progressively  lower  and  lower  ratios 
to  the  total  flux. 
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If  all  the  flux  passed  through  the  iron  tooth  from  tip  to  root,  the 
curve  of  flux-density  plotted  in  relation  to  distance  from  the  tip 
towards  the  root,  being  proportional  to  the  reciprocal  of  the  width, 
would  be  convex  when  viewed  from  the  axis  of  distance  along 
the  tooth,  while,  if  lines  passed  out  of  the  tooth  owing  to  its 
increasing  reluctance  into  the  slot,  the  curves  would  be  straightened 
and  finally  become  concave.  When  the  experimentally  obtained 
densities  are  plotted  the  curves  are  found  always  to  be  concave, 
and  towards  the  crown  of  the  tooth  fall  below  the  curves  which 


I    36  teeth  long  air-gap 
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III    48  teeth  medium  air-gap 
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FIG   264  — Ampere-turns  per  centimetre  length  of  tooth,  corresponding 

to  Fig   263 

result  from  supposing  the  flux  to  be  divided  between  iron  and  air 
stnps  in  proportion  to  their  relative  permeances  Thus  the 
tooth  gains  a  considerable  number  of  lines  at  first,  and  the  increase 
is  rapid;  as  the  reluctance  rises,  the  increase  falls  off,  yet  on 
the  whole  there  are  always  more  hues  in  the  tooth  at  its  root  than 
at  its  tip.  Thus  corresponding  to  the  upper  curves  of  Fig.  263 
are  the  curves  of  the  lower  part,  and  it  is  from  such  curves  as 
these  that  the  ampere-turns  of  excitation  over  the  teeth  must  be 
estimated.  Owing  to  the  bunching  of  the  lines  at  the  corners  of 
the  teeth  the  density  is  there  somewhat  in  excess  of  the  density 
at  the  centre  of  the  crown  of  the  tooth — an  effect  which  may  be 
seen  in  the  stream-line  figures  illustrating  the  paper  of  Professor 
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Hele-Shaw  and  Dr.  Hay  The  ratio  wjwa  chosen  for  illustra- 
tion being  about  0-8,  and  the  flux  within  the  teeth  being 
assumed  to  be  concentrated  entirely  in  the  iron  without  any 
allowance  for  the  paper  or  other  insulation  between  the  discs,  the 
flux-density  close  up  to  the  tips  of  the  teeth  is  about  1-66  times 
the  mean  density  of  the  air-gap,  so  that  the  tip  densities  of  10,000, 
12,000,  and  14,000  correspond  roughly  to  the  air-gap  densities 
of  B,  =  6,000,  7,200,  and  8,500  of  the  upper  part  of  the  figure 

If  the  specific  ampere-turns  required  per  centimetre  length,  in 
accordance  with  Figs.  209  and  210,  are  now  plotted  m  relation  to 
distance  along  the  tooth  for  each  of  the  curves  of  Fig  263,  we  obtain 
the  three  sets  of  curves  of  Fig.  264,  corresponding  respectively  to 
the  tip  densities  of  10,000,  12,000,  and  14,000.  An  examination 
of  these  suffices  to  emphasize  the  great  divergencies  produced  by 
even  comparatively  small  differences  in  the  amount  of  reduction 
of  area  at  the  root  as  compared  with  the  area  at  the  tip  of  the  tooth  , 
and  also  how  complex  is  the  effect  of  differences  of  air-gap  and  depth 
of  slot  in  causing  entirely  different  shapes  of  the  curve  The  mean 
number  of  ampere-turns  per  centimetre  has  been  added  to  each 
curve,  and  it  will  be  seen  that  on  the  whole  the  most  decisive  factor 
is  the  degree  of  reduction  of  the  area  at  the  root,  e  g.  the  curves  (III) 
for  48  teeth,  with  which  the  reduction  of  area  is  less,  fall  uniformly 
much  below  those  (I  and  II)  for  36  teeth. 

It  is  evident  that  the  specific  ampere-turns  per  centimetre  towards 
the  root  of  the  tooth  have  a  much  greater  influence  than  those 
towards  the  crown,  and  it  is  for  this  reason  that  the  method  which 
is  based  upon  the  assumption  of  corresponding  strips  of  iron  and 
air  m  parallel  affords  in  practice  a  reliable  guide  to  the  ampere- 
turns  expended  over  the  teeth,  especially  over  the  narrower  part 
of  each  tooth,  since  it  enables  us  to  check  the  greatest  density 
likely  to  arise  at  the  root,  when  the  total  flux  is  divided  between 
a  small  strip  of  iron  at  the  root  of  the  tooth  and  small  strips  of  air 
across  the  slot  and  in  the  ducts  in  proportion  to  their  relative 
permeances. 

We  are  thus  led  finally  to  a  division  of  the  tooth  into  two  halves — 
from  the  crown  to  the  centre  and  from  the  centre  to  the  root — 
and  their  separate  treatment,  the  former  on  a  basis  of  80  to  85  per 
cent  of  the  total  flux  of  a  tooth-pitch  as  present  in  the  iron  at  the 
crown,  increasing  to  95  to  100  per  cent,  at  the  centre  as  indicated 
by  the  curves  of  Fig.  263  or  as  calculated  from  the  proportions 
of  iron  and  air,  and  the  latter  on  the  basis  of  the  corrected 
densities  calculated  on  the  assumption  of  strips  of  air  and  iron  in 
parallel. 

The  total  flux  of  a  tooth-pitch  taken  right  across  the  armature 
core  under  the  centre  of  a  pole  is 
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At  any  height  up  the  tooth,  the  area  of  iron  in  the  section  of  a 
tooth-pitch  across  the  over-all  length  L  of  the  core  is 

wtr)  (L-wd.nd} 

where  77  =  the  efficiency  coefficient  of  the  packing  of  the  insulated 
discs,  say,  90  per  cent. 

The  apparent  or  uncorrected  flux-density  at  any  section  of  a 
tooth,  is  therefore 


t  -  "a  max  *          Wf         A          r)yL_  w^    nj 

T) 

^       «O  n  mnofi 


,        n      ,        ,       ,     f  g 

where  Q=  (.a  +  ».)      -—-- 

It  will  be  seen  that  by  the  use  of  Bg  matt  it  becomes  unnecessary  to 
calculate  the  number  of  teeth  under  the  pole  carrying  the  major 
part  of  the  flux  Oa  Further,  for  a  machine  of  given  dimensions 
Q  can  be  calculated  once  for  all,  and  we  then  have 

0    B 

Uncorrected  density  at  the  crown,  B'tl=         -  maa> 

wti 

•  •" 


man 

to  ~~~ 

^.i          n/  is         o  max 

„  »  ..     root,      ti  fa  = 

It  may  also  ni  passing  be  mentioned  that  if  Lf  +  KJa  be  identified 
with  L  from  which  it  differs  but  little,  the  last  fraction  in  the 

expression  for  Q  becomes  -  1 1  -f-     "  *       ,  t'    where  I  is  the  axial 


length  of  an  iron  packet  and  L—  (nd-\-  1)1  +  w^n^  Since  there 
is,  say,  a  £-inch  ventilating  duct  between  adjacent  iron  packets, 
each  3  inches  wide,  this  reduces  in  average  cases  approximately  to 

b~§  x  b~9  =  blil  ^  §iven  m  e(iuation  ^95)- 

Next,  on  the  assumption  of  strips  of  iron  and  air  in  parallel,  at 
any  section  across  a  tooth-pitch  let  K,  —  the  ratio  of  the  total 
combined  section  of  iron  and  air  to  the  net  section  of  iron  alone. 
Its  value,  which  is  unity  for  solid  iron  without  air-spaces  will  nse 
according  to  the  amount  of  air  in  slots,  ducts  and  insulating  laminae 
between  the  discs.  It  cannot  be  less  than  l/»7  =say,  1-11,  and  it 
may  nse  to  as  much  as  4  at  the  roots  of  the  teeth  of  a  two-pole 
turbo  rotor,  when  there  are  many  and  wide  ducts  and  wide  slots. 
Then  if  H  be  the  magnetizing  intensity  acting  over  1  cm.  length  of 
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iron  and  giving  therein  a  real  density  of  Bt,  the  apparent  density  if 
the  total  flux  in  both  iron  and  air  be  imagined  to  be  concentrated 
•within  the  iron1  is 

Bt'  =  Bt  +  H(Ka-l] 

=  £,+  1257  at  (K8-l) 

where  at  is  the  specific  number  of  ampere-turns  per  cm.  length 
icquired  to  give  Bt  in  the  iron  of  the  teeth.  It  is  therefore  easy  to 
construct  from  an  original  Bt,  at  curve  a  set  of  curves  connecting 
B't  and  Bt  for  difEeient  values  of  Ka  as  shown  in  Fig  265 
I'  Considering  the  width  of  a  tooth-pitch,  its  total  section  at  any 
height  up  the  tooth  and  across  the  length  L  of  the  core  is  (wt  +  wg)L, 
and  the  area  of  iron  being  wt  rj  (L-  wd  nd), 

'    < 


=,. 

wt  * 

L 

The  value  of  Q'  =     ,,  >  can  also  be  worked  out  once  and 

ri(L-wand) 

for  all  for  a  given  machine,  and  we  have 

Wt,,  +  W, 

at  the  centre  of  a  tooth,  K8e  =    to        "  X  Q' 

wtt 

Wtn  -4-  w~ 

and        „     root      „        „         K^  =    tzj       X  Q' 

wtz 

The  method  recommended  for  calculating  the  ampere-turns  required 
over  the  whole  length  of  a  tooth  is  then  as  follows  — 

(1)  From  the  crown  to  the  centre.  Assuming  85  and  95  per  cent. 
of  the  total  flux  of  a  tooth-pitch  as  present  in  the  iron  at  the  crown 
and  at  the  centre  respectively,  the  corrected  densities  are  Btl  = 
B'tl  X  0  85  and  Bto  =  B'to  x  0  95,  for  which  the  correspond- 
ing values  «#!  and  atte  for  the  specific  ampere-turns  per  cm. 
length  are  found  from  Fig.  211.  The  value  for  Bia  may  also  be 
checked  by  comparison  with  Fig.  265  for  the  given  value  of  K80) 
and  the  value  for  attg  thence  found.  Up  to  this  point  since  the  den- 
sities do  not,  as  a  rule,  much  exceed  19,000,  the  difference  between 
the  apparent  and  real  densities  is  small,  and  further  the  average 
value  of  the  ampere-turns  per  cm.  length  does  not  exceed  greatly 
the  arithmetical  mean  of  the  maximum  and  minimum  values. 
The  ampere-turns  required  from  crown  to  centre  of  tooth  are  thus 


The  actual  curve  of  at  being  convex  when  viewed  from  the  horizontal 

1  Throughout  the  following,  see  S  Neville  on  "  Magnetic  Calculations  for 
Tapered  Teeth  "  m  Hawkins,  Smith,  and  Neville,  Papers  on  the  Design  oj 
Alternating-Current  Machinery,  p  255. 
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axis  of  abscissae,  the  ampere-turns  for  the  wider  part  of  the  tooth 
are  thus  over-estimated,  but  by  comparison  with  those  for  the 
narrower  part  of  the  tooth  the  inaccuracy  is  not  usually  of  any 
serious  account.1 

(2)  From  the  centre  to  the  root.  The  simplest  and  best  procedure 
for  calculating  the  ampere-turns  for  tapenng  teeth  when  highly 
saturated  at  the  root  is  the  modified  form  of  Hird's  method  which 
has  been  worked  out  by  Mr  Neville,  2  requiring  the  curves  repro- 
duced m  Fig  265.  The  values  for  the  uncorrected  density  at  the 
root  and  for  the  corresponding  slot  ratio,  Kaz,  have  already  been 
given  Taking  then  the  uncorrected  density  B^  on  the  lower 
horizontal  scale,  the  value  of  the  real  Bt2  for  the  particular  value 
of  K82  is  read  off  from  the  vertical  scale  and  also  along  the  same 
horizontal  line  the  corresponding  value  of  the  integral,  viz.  az. 
The  same  process  is  repeated  for  a  lower  value  of  Bt  at  a  wider  part 
of  the  tooth,  and  a  smaller  value  of  a  is  found.  The  average 
excitation  per  cm  length  of  the  portion  of  the  tooth  considered 
is  then 


•0*2  -      * 

From  the  centre  of  the  tooth  onwards  to  its  root,  the  method  finds 
its  application,  so  that  in  our  case  for  the  narrower  half  of  the  tooth 

<„  =  -*--£-  .         .         .     (118) 

•"«  ~  -0*0 

Thus  from  Fig.  265  is  found  B^,  and  the  two  values  of  a  for  Bi2 
and  Bio  respectively  for  insertion  in  (118)  The  total  ampere-turns 
expended  over  the  length  of  a  tooth  are  then 

ATt={^(at1  +  atto)+atav\ltl2  .  .  (119) 
If  the  exact  equipotential  surfaces  m  tooth  and  slot  and  the  exact 
distribution  of  the  flux  were  known,  a  more  accurate  determination 
could  be  made  graphically  by  plotting  the  specific  ampere-turns  as 
in.  Fig.  264  and  integrating  the  area  by  planimeter  to  find  the  mean 
ordinate  3  But  the  relative  proportions  in  which  the  flux  should 
be  assigned  to  tooth  and  slot  are  seldom  so  accurately  known  as  to 
warrant  any  great  degree  of  refinement  in  the  method  of  calculation, 
although  for  irregularly  shaped  teeth  the  graphical  method  is 
invaluable. 

1  If  greater  accuracy  is  desirable,  when  the  tooth  is  highly  tapered  and  the 
uncorrected  densities  are  high,  a  better  division  of  the  tooth  would  be  into 
thirds,  one-third  from  the  crown  being  dealt  with  as  above,  leaving  two-thirds 
to  be  dealt  with  by  the  method  now  to  be  described. 

1  "  The  Calculation  of  Tooth  Reluctance,"  Jottrn  I  E.E.,  Vol  58,  p  61, 
Zp  also  Mr.  Neville's  paper  on  "  Magnetic  Calculations  for  Tapered  Teeth  " 
n  Papers  on  tht  Design  of  Alternating  Current  Machinery,  by  Hawkins, 
Smith  and  Neville  (Sir  Isaac  Pitman  &  Sons),  p.  255. 

8  Cp  Hawkins,  Smith  and  Neville,  Papers  on  the  Design  of  Alternating 
Current  Machinery,  p.  258,  and  Figs.  20,  and  5,  pp  ,  99,  158 


THE  AMPERE-TURNS  OF  THE  FIELD  505 

§  9.  Calculation  of  ampere-turns  for  a  multipolar  field-magnet.  — 

The  above  methods  of  calculation  will  now  be  applied  to  the  design 
of  an  80-kilowatt  4-pole  dynamo  with  slotted  drum  armature, 
giving  an  output  of  350  amperes  at  a  pressure  of  230  volts  at  the 
dynamo  terminals  when  running  at  500  revolutions  per  minute 
The  chief  dimensions  of  the  iron  carcase  which  forms  the  magnetic 
circuit  are  given  in  Fig  266,  from  which  it  will  be  seen  that  it  has 
an  external  circular  yoke-nng  of  cast  steel  with  circular  poles  of 
rolled  ingot  iron  bolted  to  the  inside  of  the  ring.  The  armature 
core  is  21"  in  diameter  X  II*  long,  and  a  preliminary  estimate  will 
lead  us  to  allow  an  internal  loss  of  volts  of  about  6  volts  over  the 
resistance  of  the  armature  winding,  to  which  must  be  added  a  loss 
of  2  volts  over  the  two  sets  of  carbon  brushes  and  of  1  volt  over  the 
series  winding  of  the  field,  assuming  it  to  be  compound-wound. 
The  total  EMF.  which  it  must  generate  is  therefore  239  volts, 
and  it  is  to  have  450  active  conductors  arranged  as  a  simple  lap 
winding  in  75  slots  each  containing  6  wires,  in  two  layers  of  three 
abreast  Thence  by  equation  (44a) 

500 
Ea  =  239  volts  =  Ofl  X  450  X  -^-  X  10'8 

and  $a  =  6  38  X  106  C  G  S  lines  per  pole. 

The  single  air-gap  is  0  3125*  =  0-794  centimetre,  and  the  length 
of  the  armature  core  exceeds  that  of  the  pole-face  by  J"  on  each  side 

The  width  of  the  polar  arc  of  63°  at  the  mean  diameter  of  21  3125" 
is  A'  =  11  7",  and  the  half  interpolar  gap  measured  on  the  crr- 

135 

cumference  of  the  armature  c  —  TT  X  21*  X  -^p-  =  2  47,  whence 


cflg  =  79  From  the  lowest  curve  of  Fig  253,  K:  s=  2  27,  so  that 
the  effective  breadth  of  the  air-gap  is  A'  +  Kt  .la  =  11-7  +  0-71  = 
12-41"  =  31-5  centimetres. 

a  025 

The  ratio  j  being     ,       =08,  the  value  of  Kz  from  Fig  254 

is  1,  and  Kt   lg  =  0-3125*.    The  ratio  of  the  width  of  an  air-duct 

wd        0-5 
to  the  air-gap  being  y  =  Q-gToc  =  I  6,  Jfs  from  Fig.  256  is  0-24, 

so  that  the  amount  to  be  deducted  is  Ks  wd  nd  =  0-24  X  0-5  x  3  = 
0  36*.  The  effective  width  of  the  air-gap  across  the  core  is  therefore 

=  10-5  +  0-3125  -  0  36  =  10-4525*  =  26-6  cm 


The  effective  area  of  the  aur-gap  is  therefore  by  equation  (113) 
26-6  X  31-5  =  838  sq.  cm  ,  and  the  density  over  it  which  is  also 
the  maximum  density  is 

6,380,000 

ggg 


max  =  7,610 


THE  AMPERE-TURNS  OF  THE  FIELD  507 

Taking  the  separate  elements  of  the  magnetic  circuit  in  the  order 
of  equation  (108),  we  have — 

(1)  The  armature  core  below  the  teeth,  requiring  AT0  ampere- 
turns.    The  depth  of  a  slot  being  1-4*,  the  diameter  of  the  armature 
core  below  the  slots  is  18  2*,  and  the  internal  diameter  of  the  discs 
where  they  begin  to  be  cut  away  by  ventilating  apertures  is  10-75". 
The  radial  depth  of  iron  between  these  two  limits  is  therefore  on 
either  side  ha  =  3  725".    Along  the  length  of  the  core  there  are 
three  air-ducts  each  %"  wide  ;  after  deducting  their  total  width  from 
the  gross  length  of  the  core,  and  also  after  allowing  10  per  cent, 
for  the  space  occupied  by  the  insulation  between  the  discs,  the  net 
length  of  iron  is  Lt  =  9-5"  X  0  9  =  8  55*     The  net  area  of  iron 
in  the  two  cross-sections  between  which  the  flux  issuing  from  a  pole 
is  divided  is  therefore  2&0Z,i  =  2  X  3-725  x  8  55  square  inches  = 
412  square  centimetres.    The  maximum  density  over  a  cross-section 
between  the  poles  is  thus 

_  6,380,000 
0  ~      412      = 

The  mean  length  of  path  through  the  armature  is  shown  in  Fig.  266 
by  the  dotted  line  marked  10. 

By  reference  to  the  curves  of  Fig.  211  for  stamped  armature 
discs,  it  will  be  seen  that  for  a  density  of  15,500  lines  per  square 
centimetre  an  excitation  of  about  25  ampere-turns  per  centimetre 
length  of  path  is  required.  It  is,  however,  only  between  the  pole-tips 
that  the  maximum  density  obtains ;  across  a  section  under  the  centre 
of  a  pole  B0  is  zero,  and  midway  between  these  extremes  the  necessary 
excitation  is  only  about  5  ampere-turns  per  centimetre  length  of 
path.  On  the  other  hand,  it  must  be  remembered  that,  as  pointed 
out  in  Chapter  XIV,  §  12,  and  Chapter  XIII,  §  38,  the  above  calcu- 
lated maximum  Ba  is  averaged  over  the  whole  of  an  interpolar 
cross-section,  and  that,  as  shown  in  Fig.  221,  the  local  density  may 
be  higher  over  a  short  length  of  path.  A  fair  value  will  therefore 
be  obtained  for  the  ampere-turns  over  the  core  if  we  assume  the 
above  maximum  B0  to  hold  over  a  length  of  path  shorter  than  that 
shown  in  Fig  266,  but  longer  than  the  interpolar  space  and  equal 
approximately  to  0  4  of  the  pole-pitch,  say  66*=  16  75  centimetres. 
Hence 

AT0  =  ata .  IJ2  =  25  X  8-375  =  210  ampere-turns. 

Even  if  such  an  estimate  is  not  quite  correct,  an  error  here  will 
produce  but  little  effect  on  the  total  result. 

(2)  The  armature  teeth,  requiring  ATt  ampere-turns. 

The  width  of  a  tooth-pitch  at  the  surface,  centre  and  root  of  the 

TT  X  21      nnn         TT  X  19  6 

teeth  respectively  being  =  0  88  in  ,  =  0-821  in  , 

Jo  /o 
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and  —  —  —  =  0-763  in  ,  and  the  width  of  slot  being  04  in  ,  the 
75 

widths  of  a  tooth  at  its  crown,  centre  and  root  are  048,  0421  and 
0-363  m     The  value  of  Q  is 


K  +  ».)  £-+**-*"-  =  0-88  X 

v  "•        a/ 


(L  -  w&  .  nd)  8-55 


1  075 


and  BgmaxQ  =  7,610  X  1-075  =  8,195,  while  Q'  =  11/8  55  =  1  29 
Hence 

Uncorrected  Density  Slot  Ratio  Corrected  density. 

At  the  crown  — 

a  ice 


.  5(l-  17.  000x0-85 

048  =14,450 

At  the  centre  — 

Q  ine  n  not 


= 

From  Pig  211         0/^=180 
At  the  root  — 


In  the  lower  half  of  the  tooth,  therefore 

_    (H-  04)10"    _ 
av      21,500  -  19,280  ~"  2  22 

By  equation  (119)  the  length  of  a  tooth  being  lt  =  14*  =  3  56  cm  , 

^r(=  j  £(14  8  +  180)+  316  j  X  178 
=  173  +  562  =  735. 

(3)  The  air-gaps,  requiring  ATa  ampere-turns 

For  the  rabos  5  -  ^  _  L28,  and^  =  2£  .  1.2,  the 
value  of  Jf  from  Fig.  262  is  1  09     Thence  by  equation  (1  14) 
ATa  =  0  85ff  max  .  Kla  =  0-8  X  7610  X  1-09  X  0-794  =  5275 

The  extreme  edges  of  the  pole-tips  are  shghtly  opened  out,  but  the 
percentage  eff  ect  will  be  so  small  that  it  may  be  neglected,  or,  say, 
AT0  =  5,300. 

(4)  The  back  ampere-turns,  ATb 

The  method  by  which  these  are  calculated  will  be  given  in 
Chapter  XIX.  For  the  machine  now  under  consideration  in  the 
absence  of  commutating  poles  they  may  be  reckoned  at  full  load 
as  =  555 
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The  result  so  far  is  AT0  =  210 
ATt=  735 
ATa  =  5,300 
ATb=  555 

Sum  =  6,800  =  ATf 

and  the  excitation  acting  between  the  poles  of  the  machine  is  twice 
this  amount  The  preponderance  of  the  item  due  to  the  air-gap 
is  evident  at  a  glance. 

The  next  step  necessitates  a  knowledge  of  e?z,  the  leakage  perme- 
ance corresponding  to  a  magnetic  circuit  of  the  machine  in  question 
For  the  present  this  may  be  taken  as  =  60,  the  method  by  which 
this  numerical  value  is  obtained  being  reserved  for  explanation  in 
the  ensuing  sections.    Thence  the  leakage  flux  is  by  equation  (110). 

fa  =  1-257  X  2ATP  .  $t  =  1  257  X  13,600  X  60  =  1,025,000 
and  Om  =  $a  +  fa  =  7,405,000 

the  increase  of  the  flux  being  16  per  cent. 

(5)  The  magnet-cores  and  fiole-pwces,  requiring  ATm  ampere-turns. 

The  area  of  the  rolled  ingot-iron  cores  forming  the  poles  9J*  in 
diameter  is  67  square  inches  =  432  square  centimetres,  and  the 
average  density  in  them  is 


In  order  to  secure  a  thoroughly  stable  machine  and  even  com- 
pounding, as  will  be  more  fully  described  in  the  next  chapter,  a  high 
density  has  been  chosen  for  the  pole-core,  and  a  reliable  material  is 
employed  such  as  may  be  counted  on  to  give  uniform  results  in 
practice.  Since  at  high  degrees  of  saturation  the  specific  ampere- 
turns  increase  very  rapidly,  it  will  be  advisable,  m  order  to  be  on  the 
safe  side,  to  take  an  intermediate  value  between  curves  2  and  3 
of  Fig.  206,  which  has  reference  to  ingot-iron  forgmgs,  and  to  assume 
not  less  than  70  ampere-turns  per  centimetre  length,  so  that  any 
slight  inferiority  of  the  material  may  be  guarded  against.  The 
length  of  path  in  each  magnet-core  under  the  exciting  coil  and  through 
the  pole-shoe  is  lm  =  9$*  =  24  1  centimetres  Within  the  pole- 
shoe  the  density  decreases,  but  against  this  may  be  set  the  fact  that 
it  is  laminated,  which  to  some  extent  checks  the  spreading  outwards 
of  the  lines  to  the  extreme  flanks  and  corners  We  thus  have 

ATn  =  atm  .lm  =  70  X  24  1  =  1,690 

(6)  The  yoke,  requiring  ATV  ampere-turns. 

The  section  of  the  yoke  is  36  square  inches,  but  as  the  flux  is 
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divided  between  two  such  sections,  their  joint  area  is  double  or  464 
sq  cm.  The  density  is 

W^?- 1*000 

The  mean  length  of  path  is  lv  =  32*  =  81-4  centimetres,  and  by 
reference  to  Fig.  207  for  steel  castings  it  is  found  that  the  ampeie- 
turns  will  be  approximately  31  per  centimetre.  Thence 

ATV  =  atv  .  IJ2  =  31  x  40-7  =  1,260 
The  excitation  required  is  therefore 
ATf  =  6,800  +  1,690  +  1,260  =  9,750  ampere-turns  pel  pole. 

§  10.  Formulae  o!  the  leakage  permeances. — We  have  now 
to  return  to  the  question  of  the  magnetic  leakage  <f>i,  and  in  the  first 
place  to  the  calculation  of  the  leakage  permeance,  o?z,  of  any  dynamo. 
Since  we  have  tP  do  with  a  large  number  of  paths,  which  are  assumed 
to  be  all  in  parallel  with  one  another,  it  is  simplest  to  deal  with  their 
permeances,  for  these  can  be  immediately  added  together  to  discover 
the  joint  permeance  of  the  leakage  paths  The  hues  are  assumed  to 
follow  certain  directions  in  the  air  according  to  the  situations  and 
distances  of  the  two  surfaces  between  which  they  flow,  and  to  meet 
these  different  cases  three  general  propositions  are,  as  a  rule, 
sufficient. 

(i)  In  the  case  of  two  parallel  surfaces  f acrng  each  other,  the  areas 
of  which  are  approximately  equal,  the  lines  of  flux  may  all  be 
assumed  to  pass  straight  across  from  the  one  surface  to  the  other. 
The  permeance  of  the  air-gap  between  the  two  surfaces  is  then, 
on  the  C.G.S  system,  equal  to  the  mean  of  their  areas  divided  by 
their  perpendicular  distance  apart  (Fig  267)  ;  or 

-    ....     (120) 


I  ... 

>-.  This  does  not,  however,  take 

S  into   account   the    transverse 

.+  1.  _».  pressure   on  the  tubes  of  flux 

.1^     AZ^ which  causes  them  to   curve 

^-'"'  outwards  at  the  edges  of  the 

pj^  267.  air-gap,  so  that  the  permeance 

is     under-estimated    by     an 
amount  which  increases  with  an  increase  in  the  distance  I. 

(ii)  In  the  case  of  two  equal  rectangular  surfaces  situated  near 
each  other  in  the  same  plane,  with  their  neighbouring  edges  parallel, 
the  lines  of  flow  may  be  assumed  to  be  semicircles  described  about 
a  central  line  c,  c  drawn  between  the  two  surfaces  (Fig  268} ;  the 
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permeance  of  the  air-path  from  one  to  the  other  is  then,  on  the 
C  G  S.  system— 

-      '-      fJ    .         .         .         .     (12!) 


rr 


where  r^  and  rz  are  respectively  the  distances  from  the  central  line  to 
the  nearest  and  farthest  edges  of  either  rectangle,  and  a  is  the  depth 
of  each  rectangle  at  right  angles  to  r,  %  e  along  the  parallel  edge 
(iii)  In  the  case  of  two  equal  rectangular  surfaces  situated  similarly 
in  one  plane,  but  at  some  distance  apart,  the  lines  of  flow  may  be 
assumed  to  be  quadrants  connected  by  straight  lines,  the  quadrants 
being  described  from  the  neighbouring  edges  of  the  rectangles  as 


FIG   268. 


lines  of  centres  ;  the  permeance  of  the  air  between  the  two  surfaces 
is  then,  on  the  C.G.S  system  — 


where  a  is  again  the  depth  of  each  rectangle,  w  its  width,  and  b  is 
then-  distance  apart  (Fig.  269). 

If  the  two  surfaces  of  Fig.  268  are  rotated  about  the  centre  line 
c,c,  or  in  Fig  269  about  their  inner  edges,  so  that  they  do  not  lie 
in  the  same  plane  but  are  inclined  to  one  another  at  some  angle 
other  than  TT,  then  the  value  of  this  angle  in  circular  measure  is  to 
be  inserted  in  each  place  instead  of  rr  in  equations  (121)  and  (122)  . 

While  convenient  for  calculation  in  the  case  of  surfaces  not  in 
the  same  plane,  propositions  (h)  and  (iii)  like  (i)  fail  to  allow  for  the 
tubes  of  flux  being  bent  outwards  by  the  transverse  pressure.  A 
nearer  approach  to  the  facts  is  therefore  made  when  the  surfaces 
lie  in  one  plane  by  assuming  that  the  paths  are  ellipses  having  their 
foci  at  the  inner  edges  of  the  gap  The  permeance1  is  then 


1  The  formula,  due  to  Mr.  Fmms,  is  given  in  "  Permanent  Magnets  in 
Theory  and  Practice,"  by  S.  Evershed,  /own  I.E.E.,  Vol  58,  p  821. 
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To  these  may  be  added  other  extensions  of  the  same  principles, 1 
but  in  general  the  three  main  propositions  above  considered  will 
meet  the  most  common  cases,  or  in  default  of  any  other  guidance 
it  must  suffice  to  map  out  a  probable  course  for  the  leakage  on  the 
above  lines,  and  thence  by  scaling  the  mean  areas  of  the  two  surfaces 
and  the  mean  length  of  path  between  them  to  deduce  the  permeance 
area 

~  length 

It  must  be  remembered  that  in  all  the  foregoing  equations  the 
dimensions  are  in  centimetres  and  the  logarithms  are  to  the  Napierian 
base  e  ;  hence,  for  English  dynamo  designers,  it  may  be  useful  to 
give  the  equivalent  equations  when  the  dimensions  are  in  inches, 
and  the  areas  in  square  inches  ,  they  are — 

(i)  $  =  2  54 .  J~     2      = 

2-54  a"         rz"  _  . 

IT  YI" 


X  a"  X  log1(A      .     (121«) 


(ui)  §"  =  1-86  X  a"  X  Iog10       67"  -       •         -         •         •     (122«) 

and  alternatively,  when  the  surfaces  he  in  the  same  plane 

!w  -\-  V  w2  -4-  wbi 
1  +  2     ^  v  b     ^       j        .     (1226) 

§  11.  Calculation  of  the  leakage  permeance. — By  the  aid  of  the 

foregoing  equations  an  approximate  calculation  of  the  leakage 
permeance  of  a  dynamo  can  be  made  when  a  drawing  showing  the 
main  outlines  of  its  magnetic  field  system  is  to  hand.  In  the 
case  of  a  multipolar  field-magnet  such  as  Fig.  266  the  component 
leakage  paths  fall  naturally  into  four  groups,  namely,  (1)  between 
the  tips  of  the  pole-shoes  across  the  interpolar  gap,  (2)  between  the 
flanks  of  the  pole-shoes,  (3)  from  the  sides  of  the  pole-cores  partly 
(a]  across  the  interpolar  gap,  and  partly  (b)  into  the  under-surface 
of  the  yoke,  and  (4)  from  the  flanks  of  the  pole-cores,  partly  (a) 
across  to  the  neighbouring  poles  and  partly  (&)  into  the  yoke-ring 
Taking  the  permeance  of  these  several  paths  in  succession,  and 
assuming  them  to  be  approximately  as  shown  in  Fig  270,  we  proceed 
as  follows,  the  machine  in  question  having  the  dimensions  there 
given 

(1)  Between  the  edges  of  the  pole-shoes  in  the  interpolar  gap. 
By  scaling  off  from  the  drawing  the  mean  width  w±  and  length  ^ 

1  See  especially  J.  F.  H   Douglas,  "  The  Reluctance  of  Some  Irregular 
Magnetic  Fields,"  Trans.  Amer  IE  E.,  Ypl  34,  Part  I,  p.  1067. 
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of  the  air-path,  and  bearing  in  mind  that  there  are  two  such 
mterpolar  gaps  corresponding  to  each  pole 

o       o  CA  Lt"  X  wx      0      2  54  X  10  5  X  1      n 

^  =  254^-     ^2  =  ^    —  X2  =  85 

(2)  Between  the  flanks  of  the  pole-shoes 

Each  half  of  a  pole-shoe  may  be  regarded  as  a  rectangle  of  mean 
width  wz  =  6"  and  of  I"  depth,  from  which  lines  curve  round  into 
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FIG.  270  —  Leakage  paths  of  multipolar  magnet 

the  corresponding  half  pole-shoe  of  a  neighbouring  pole,  as  indicated 
by  the  line  Ja  The  direct  distance  separating  the  edges  of  the  two 
pole-shoes  is  again  practically  equal  to  Zx  Thence  by  proposition 
(111),  taking  the  paths  as  partly  quadrants  and  partly  straight  lines, 
and  with  four  such  paths,  two  at  the  front  and  two  at  the  back 

6'25 


=  1-86  X  1  X  log 


7"  X 


X  2  X  2  =  4  48 


(3)  From  the  pole-cores. 

(a)  Across  the  mterpolar  gap  into  the  opposite  side  of  a  neigh- 
bouring pole.  The  distance  along  the  pole-core  (reckoning  inwards 
from  the  yoke)  at  which  the  leakage  passes  across  into  the  adjacent 
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pole  rather  than  into  the  yoke,  is  determined  by  the  point  at  which 
the  reluctance  of  the  latter  path  is  half  that  of  the  former.  It  thus 
diminishes  with  an  increase  in  the  number  of  poles  as  fixing  the  angle 
by  which  the  opposite  pole-sides  diverge  from  one  another  ;  and 
also  depends  upon  the  length  of  the  bobbin  or  pole  (cp.  Fig  237 
for  internal  poles)  It  is  further  affected  by  the  shape  of  the  yoke- 
ring,  and  would,  e  g ,  be  lower  down  the  bobbin-length  if  the  yoke- 
nng  were  octagonal,  so  as  to  bring  its  under  surface  nearer  to  the 
pole-side.  In  the  present  case  the  division  of  the  leakage  flux  is 
estimated  to  take  place  at  a  distance  of  4*  down  the  bobbin  out  of 
a  total  bobbin-length  of  7J*. 

Next,  the  leakage  out  of  the  pole-cores  takes  place  under  varying 
differences  of  magnetic  potential,  as  we  pass  from  the  yoke  to  the 
pole-shoes.  The  yoke-ring  midway  between  the  poles  is  at  zero 
potential,  and  the  magnetomotive  forces  of  the  ampere-turns  are 
uniformly  distributed  along  the  length  of  the  two  bobbins,  the 
potential  reaching  a  positive  and  negative  maximum  respectively 
at  their  inner  ends  The  difference  of  magnetic  potential  between 
the  pole-sides  is  thus  the  gradually  increasing  sum  of  the  magneto- 
motive forces,  less  the  fall  of  potential  over  the  iron,  and  rapidly 
rises  in  value  as  we  proceed  from  the  zero  potential  of  the  yoke 
towards  a  pole-shoe.  The  loss  of  potential  over  the  iron  may  be 
approximately  assumed  to  be  confined  to  the  limits  of  the  bobbins 
and  to  be  uniform  in  value  over  each  inch  of  their  length ;  the 
difference  of  potential  between  the  pole-sides  is  then  at  any  point 

=  1-257  Xv .-,,  where  x  is  the  distance  of  the  point  in  question 

i 

from  the  root  of  the  pole  at  the  yoke,  and  I  is  the  bobbin  length. *  ^ 
The  permeance  of  the  two  areas,  one  on  each  side  of  the  pole,  is 

thus  2-54  -  *  f  W*  X  2,  where  Lf  is  the  transverse  length  of  the 

8 

rectangular  pole,  and  this  is  acted  upon  by  a  difference  of  potential 

g 
of  1  257  Xf  .  =^re,  the  mean  distance  of  the  surface  in  question  from 

I'M 

the  root  of  the  pole  being  estimated  to  be  6".    The  total  leakage 
flux  resulting  therefrom  is 

fa  =  2-54  X  ^-^  x  2  X  1  257ZP  X  y|g 

In  order,  then,  to  rank  the  permeance  of  (3a)  with  those  of  (I)  and 

1  For  a  more  accurate  graphical  method,  see  Miles  Walker,  The  Sfaenjtcahon 
and  Design  of  Dynamo-electric  Machinery,  p.  326,  and  for  "  stepped  "  coils 
see  Dr  R.  Foil,  Jottrn.  J.E  E ,  Vol  52,  p.  173.  For  measurement  of  difference 
of  magnetic  potential  by  Chattock's  magnetic  potentiometer,  see  Appendix 
to  "  The  Magnetic  Testing  of  Bars  of  Straight  or  Curved  Form,"  by  A,  Campbell 
and  D  W  Dye,  Journ  I  EE.Vol  54,  p  43 
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g 

(2),  it  must  be  reduced  in  the  proportion  of  =-^  before  it  can  be 

y  2io 

regarded  as  in  parallel  with  the  preceding  permeances,  and  the 
leakage  lines  be  deduced  on  the  assumption  that  they  are  all  due 
to  the  full  difference  of  potential  Xv  at  the  poles.  For  our  purpose, 
therefore,  it  will  be  necessary  to  take  the  value 

<?  _  o  u      L»    x  ^     o        6      254x82x38x2x6 
c3_^54X        ^—  X  2X725=  1375~X725  =  9  5 

(b)  Into  the  under  side  of  the  yoke  The  permeance  may  here 
be  estimated  by  an  approximate  division  of  the  space  in  question 
into,  say,  three  tubes,  and  adding  together  the  results  deduced  from 
the  mean  cross-section  and  length  of  each  of  the  three  tubes,  such 
as  the  one  marked  z04,  /4  (Fig.  270)  Again,  allowance  must  be 
made  for  the  varying  difference  of  potential,  but  as  opposed  to  the 
preceding  case  the  difference  of  potential  under  which  this  leakage 

flows  is  1257~.f 
Jt    If 

Since  there  is  the  same  distribution  of  flux  on  each  side  of  the  pole, 
the  permeance  of  a  pair  of  similar  tubes,  one  on  each  side,  in  relation 

/          ^^    7PJ  V 

to  Xp  is  2  54  —  .  -    *  X  -7,  this  quantity  when  multiplied  by 
?4  If 

1  257  Xv  giving  the  required  number  of  leakage  lines  through  the 
pole-core  The  permeance  of  the  three  pairs  of  tubes  into  which 
the  space  has  been  divided  is  thus  — 

net      8-2x35       3-5       A  4e 
2>54X       79       X735=445 


254  X 


nej       82x1-1       075       1M 

254  X      225       X7^5==1-°5 

®i  =  8-05 

The  true  permeance  of  each  tube  is  practically  constant,  since  as 
the  area  is  increased  so  also  is  the  length  of  path,  but  the  equivalent 
permeance  for  our  purpose  decreases  owing  to  the  diminish- 
ing number  of  ampere-turns  which  act  as  the  root  of  the  pole  is 
approached. 

(4)  From  the  flanks  of  the  pole-cores 

The  leakage  into  a  neighbouring  pole-flank  and  into  the  yoke 
respectively  may  again  be  divided  along  a  line  similar  to  that  which 
separated  the  corresponding  fluxes  from  the  pole-side,  te  at  a 
distance  of  4*  from  the  top  of  the  bobbin  out  of  the  total  length 
of  7. 
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(a)  Across  into  the  flank  of  a  neighbouring  pole  on  either  side. 

W  H 

Treating  each  half-flank  as  a  rectangle  —~  in  width,  the  two  adja- 

ft 

cent  halves  being  separated  by  a  direct  distance  equal  to  13,  the 
equivalent  permeance  of  the  four  paths  such  as  lz  which  are  concerned 
is  by  proposition  (ui). 


i  ™      oo      -,     TT'X  41  +  13-75       ,         6 
=  1  86  X  3-8  X  log  I_  X  4  X  ^25 

£B  =  6-7 

The  area  to  which  the  lines  have  here  been  confined  is  in  reality 
too  small,  since  they  can  spread  out  widely  over  a  longer  path : 1 
the  present  item  will,  therefore,  be  increased  to  7-5  =  @6. 
s^_     ^   _^        ^  -         (&)  Into  the  yoke-ring.    The  area 

of   the    pole-flank    may    here    be 
regarded  as  repeated  in  the  edge  of 

f      "NL_ i...  the   yoke,   since,   although  this   is 

\  (jj         !  usually  of  less  radial  depth,  it  is  of 

\        ^  greater  width  and  spreads  out  on 

""••»-•*•  either  side  of  the  pole.     Further, 

owing   to   the    edge   of   the  yoke 

overhanging  the  pole-core,  the  angle 

FIG  271  — Leakage  from  pole-      a  may  be  approximately  reckoned 
flank  mto  overhanging  yoke.        ^  ^  ^"^  (p       2?1)_ 

\         O  / 


34 
in  our  case  =  ~rr  =  ^  816'  wtience  a  =  125°  3     Ex~ 


pressing  a  in  circular  measure,  the  permeance  of  a  small  strip  of  air 

dx  X  W 
of  width  dx,  and  stretching  across  the  pole-flank,  is  *,  and 

this  is  acted  upon  by  1-257  ~  .  T     The  flux  on  either  side  is  there- 

2i     I 

x   w  r  r 

fore  l-257-£  .—  I  dx,    and    since    /  dx  =  4",   the    equivalent 
permeance  on  both  sides  is 


This  item  also  should  be  increased,  say,  to  $t  =  6. 

1  Cp.  J  F  H  Douglas,  "  I^eakage  Flux  Calculations,"  Elect?  ,  17th  Sept 
1915. 
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All  the  permeances  have  now  been  reduced  to  values  which  may 
be  regaided  as  in  parallel  with  the  armature  and  air-gaps,  and  which 
may  be  immediately  added  together  *  The  leakage  from,  items  (3) 
and  (4),  strictly  speaking,  does  not  all  pass  through  the  entire 
length  of  pole-core  and  yoke,  yet  for  the  purpose  of  an  approximate 
calculation  this  may  be  assumed.  The  ]omt  leakage  permeance 
is  then 

#,  =  85  +  4  48  +  9-5  +  8  05  +  75  +  6  =  44-03 

and  the  number  of  lines  passing  through  the  magnet  is  O0  +  fa, 
where 

fa  =  1  257  XP  .  ff,  =  1-257  X  2  AT,  X  ®t 

In  addition  to  the  several  paths  already  considered,  there  are 
others  which  would  have  to  be  taken  into  account  if  greater  exac- 
titude were  required,  such  as,  for  instance,  from  the  pole-flanks 
into  the  top  of  the  yoke-ring  or  into  the  flywheel  if  this  is  m  close 
proximity  to  the  magnet.  Especially  does  the  presence  of  sharp 
edges  tend  to  concentrate  the  leakage,  and  increase  its  amount 
But  in  their  actual  distribution  the  lines  never  cross  one  another 
or  intersect,  so  that  if  new  paths  or  surfaces  are  added  a  fresh 
re-arrangement  of  the  lines  must  be  made  different  from  that 
assumed  in  our  first  approximation ;  certain  areas  must  then  be 
contracted,  so  that  on  the  whole  recalculation  will  not  lead  to  a  very 
different  result.  The  estimate  may,  indeed,  seem  to  err  in  being  too 
high,  since,  as  already  mentioned,  all  the  lines  that  may  be  found 
at  the  particular  section  of  maximum  flux,  e  g  at  the  root  of  the 
pole,  do  not  flow  through  its  entire  length  ;  the  total  flux  is  in  fact 
varying  all  along  the  length  of  magnet  and  yoke,  as  lines  leak  into 
or  out  of  them  Yet  in  spite  of  this,  such  calculations  as  the  above 
usually  err  in  being  too  low,  and  their  approximate  character  must 
be  fully  recognized  Since  maxima  values  are  required  for  the 
purposes  of  designing,  rather  than  minima,  in  order  that  the  error 
if  any  may  be  on  the  safe  side,  it  is  very  necessary  to  allow  an 
ample  margin  by  increasing  the  calculated  permeance  by  some  30 
to  40  per  cent.  The  comparative  figures  obtained  by  calculation 
when  so  increased  are  justified  by  the  experimental  results  of 
practice,  and  by  their  use  a  very  close  approximation  may  be 
made  to  the  ampere-turns  actually  found  to  be  required  when 
the  machine  is  tested 

1  So  far  as  the  average  ampere-turns  per  cm  length  of  pole-core  aro  con- 
cerned, Mr  J  F  H  Douglas  (loo  ctt )  has  shown  that  they  are  closely  repro- 
duced in  normal  cases  by  imagining  72  per  cent  of  the  total  (t  e  maximum} 
distributed  leakage  flux  to  be  concentrated  at  the  pole-tips,  or  else  the  whole 
of  it  to  occur  at  a  point  half-way  between  pole-tip  and  yoke  But  in  order 
to  make  use  of  this  fact  it  would  appear  to  be  necessary  first  to  determine 
the  total  leakage  flux  in  its  true  distributed  state,  which  can  seldom  be  done 
immediately  by  a  simple  mathematical  formula  but  only  by  a,  somewhat 
tedious  graphical  process 
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Thus,  in  the  case  considered  above,  the  leakage  permeance  will  for 
the  purposes  of  design  be  taken  as  o?z  =  60  instead  of  44-3  as  calcu- 
lated. The  machine  sketched  in  Fig.  270  has  a  rectangular  section 
of  pole  and  yoke  If  the  section  of  the  pole  is  circular  ,  a  sufficiently 
close  approximation  is  obtained  by  substituting  foi  it  a  square 

d     — 
pole  of  equivalent  area.    Each  side  of  the  square  is  then  ^  VTT  = 


0  885^,  and  it  is  for  this  reason  that  in  Fig  270  a  pole  8-2"  ^ 
has  been  chosen  as  being  the  equivalent  of  the  pole  of  Fig  266  of 
diameter  91';  similarly  an  equivalent  for  the  rounded  section 
of  the  yoke,  namely,  2  4"  X  15",  has  been  taken,  so  that  the  assumed 
permeance  of  60  has  been  used  in  §  9  in  the  determination  of  the 
ampere-turns  of  the  magnetic  circuit  of  Fig.  266. 

A  certain  amount  of  judgment  is  required  in  the  fiist  instance  in 
selecting  the  direction  of  the  several  paths,  none  of  which  intersect  ; 
but  to  guide  us  in  this,  actual  experiment  may  be  called  to  our  aid, 
if  a  machine  with  the  required  type  of  field-magnet  is  at  hand. 
If  a  needle  be  fastened  to  a  thread  passing  up  the  centre  of  a  hollow 
tube  of  wood  or  cardboard,  and  the  end  of  the  thread  be  held  so  as 
to  prevent  the  needle  from  being  drawn  to  a  pole,  it  can  be  used  as 
an  exploring  magnet,  and  on  plotting  the  directions  m  which  it 
sets  itself  a  good  idea  can  be  obtained  of  the  distribution  of  tho 
leakage  flux. 

The  effect  of  a  false  estimate  of  6?z  will  mainly  depend  upon  the 
degree  of  saturation  of  the  field-magnet,  since,  the  higher  tho  induc- 
tion, the  greater  is  the  difference  between  the  ampeie-turns  required 
to  pass  the  supposed  and  the  actual  number  of  linos  <bm  through 
the  magnet.  But  a  considerable  percentage  erroi  in  its  determina- 
tion, does  not,  under  ordinary  conditions,  give  rise  to  nearly  so  largo 
an  error  in  the  total  number  of  ampere-turns  requiied  to  produce 
the  useful  field  through  the  armature  ;  it  only  affects  tho  ampere- 
turns  required  for  the  magnet  and  yoke,  and  the  final  error  thus 
introduced  will  depend  on  the  relative  amount  of  ATm  -f  ATV 
as  compared  with  the  total  ATf. 

§  12.  Empirical  formulas  loi  leakage  permeances.—  If  thu  valur 
of  c?j  for  a  particular  machine  of  a  given  type  has  onco  been  deter- 
mined by  calculation  and  checked  by  experiment,  certain  further 
conclusions  may  be  drawn  applicable  to  other  machines  of  the  same 
type,  but  differing  in  their  dimensions.  If  the  linear  dimensions 
of  one  machine  were  simply  magnified  n  times  in  the  design  of 
another,  the  new  value  for  &t  would  be  n  times  its  former  value  ; 
the  lengths  of  the  leakage  paths  would  be  increased  »  times,  but 
then*  cross-sections  would  be  increased  »a  times.  More  often, 
however,  the  ratio  of  the  two  chief  dimensions  of  the  dynamo, 
namely,  the  diameter  and  length  of  the  armature  core,  is  altered, 
and  this  caUs  for  a  more  detailed  consideration  of_the  way  in  which 
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the  leakage  permeances  are  affected  by  any  change  in  these 
dimensions 

Taking  the  four  items  of  the  leakage  permeance  seriatim,  the  first  or  that 
between  the  pole-tips  vanes  directly  as  the  length  of  armature  core,  and 
inversely  as  the  pole-pitch  The  radial  depth  of  the  pole-shoe  does  not  vary 
greatly  in  machines  of  the  same  construction  but  of  different  size,  so  that  the 
sectional  area  of  the  path  varies  only  -with  the  length  of  core,  while  the 
mterpolar  gap  which  fixes  the  length  of  path  bears  almost  a  constant  relation 
to  the  pole-pitch  =  itD/Zp  Hence  this  permeance  is  proportional  to 

or  W1^1  ^e  same  numDer  °f  poles  is  detefmmed  by  the  ratio  of  the 


length  to  the  diameter  of  the  armature  core 

The  leakage  (2)  between  the  flanks  of  the  pole-shoes  19  independent  of  the 
length,  and  is  also  practically  independent  of  the  diameter  The  radial  depth 
of  the  pole-shoes  being  assumed  constant,  the  half  width  of  the  pole-shoe 
flank  increases  with  the  pole-pitch  or  with  the  diameter  for  a  given  number 
of  poles,  but  so  also  does  the  length  of  the  path  between  the  neighbouring 
surfaces  The  permeance  is  therefore  practically  a  constant  quantity, 
independent  of  the  dimensions  and  of  the  number  of  poles 

The  leakage  (3a)  across  the  mterpolar  gap  between  the  sides  of  the  pole- 
cores  vanes  directly  as  the  length  of  the  pole-core  parallel  to  the  axis  of  the 
armature,  and  this  length  itself  bears  a 
ratio  to  the  length  of  the  armature  core 
which  vanes  but  little  even  with  different 
numbers  of  poles  if  the  machines  are  of 
similar  type  The  proportion  of  the 
radial  length  of  the  exciting  coil  over 
which  this  leakage  extends  remains 
approximately  the  same  for  a  given 
number  of  poles,  so  that  the  absolute 
radial  depth  of  the  area  across  which  the 
lines  in  question  flow  vanes  with  the 
absolute  length  of  the  exciting  bobbin 
The  length  of  this  latter  depends  chiefly 
upon  the  air-gap  and  flux-density  therein, 
yet,  roughly  speaking,  for  the  same  ',  j 

number    of    poles    it   increases   proper-  '«• 

tionately  to   an   increased   diameter   of  *0 

armature     But  so  too  does  the  length  of        FIG   272  —  Leakage  between 
path  across  the  mterpolar  gaps,  since  the  pole-cores 

ratio  of  the  polar  arc  to  the  pole-pitch 
is  unaltered     The  length  of  p^ath   and 

radial  depth  of  area  thus  neutralize  one  another,  so  that  for  the  same  number 
of  poles  the  permeance  in  question  is  dependent  only  upon  the  length  of  armature 
core  With  an  increase  in  the  number  of  poles  the  proportion  of  the  radial 
depth  of  bobbin  from  which  the  lines  pass  immediately  across  to  a  neighbouring 
pole  is  increased,  and  for  the  same  diameter  the  distance  to  be  traversed  is 
reduced  ,  but  on  the  other  hand  the  greater  number  of  poles  has  the  effect 
of  reducing  the  length  of  bobbin,  so  that  the  latter  with  large  machines, 
which  usually  have  many  poles,  becomes  more  nearly  constant.  The  leakage 
(3a)  thus  increases  but  slowly  with  an  increase  in  the  number  of  poles  The 
leakage  (36)  into  the  yoke  on  its  under  side  is  independent  of  the  diameter, 
and  conversely  to  (3a)  decreases  with  an  increase  in  the  number  of  poles, 
since  the  proportion  of  the  radial  depth  over  which  it  extends  is  reduced 
When,  therefore,  the  two  are  grouped  together,  they  become  almost  solely 
dependent  upon  the  length  of  the  armature  core  This  may  be  investigated 
on  the  lines  of  Fig  272,  by  means  of  which  the  dimensions  become  expressible 
in  terms  of  D]2p  on  the  assumption  that  the  bobbin-length  ranges  from 

1-5  jr—to  2^-     When  the  relative  division  of  the  fluxes,  the  lower  part 
&p  &p 

crossing  the  mterpolar  gap,  and  the  upper  part  returning  immediately  into  the 
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under  side  of  the  yoke,  is  thus  examined,  their  sum  is  found  to  be  remarkably 
independent  of  both  diameter  and  number  of  poles,  the  first  item  increasing 
and  the  latter  decreasing  as  the  number  of  poles  is  increased 

The  permeances  (4a)  and  (46)  from  the  flanks  of  the  pole-cores  are  again 
dependent  upon  the  length  of  bobbin  as  fixing  tho  radial  depths  of  the  areas 
in  question,  and  so  are  related,  though  less  directly,  to  the  diameter  and 
number  of  poles,  but  they  are  entirely  independent  of  the  length  For  a  given 
number  of  poles  an  increased  diameter  lengthens  the  direct  distance  between 
the  surfaces,  but  also  increases  both  dimensions  of  the  cross-section  from 
which  the  lines  spring,  so  that  the  permeance  then  vanes  approximately 
with  the  diameter  With  a  given  diameter,  if  the  number  of  poles  is  increased, 
the  reduction  in  the  length  of  the  curved  paths  of  (4«)  across  into  the  neigh- 
bouring poles  is  balanced  by  a  proportionate  reduction  in  the  width  of  pole  , 
but  there  remains  the  reduction  in  the  length  of  pole  which  usually  accom- 
panies their  larger  number,  although,  the  proportion  of  this  length  which  is 
in  question  rises  The  leakage  (46)  from  the  flanks  of  the  pole-cores  into  the 
sides  of  the  yoke  is  for  the  same  diameter  reduced  by  an  increase  in  the 
number  of  poles,  not  only  owing  to  the  lesser  width  of  tho  pole,  but  also 
so  far  as  the  leakage  is  diverted  to  the  neighbouring  pole-flanks  When  the 
two  are  taken  together,  therefore,  they  become  for  the  same  diameter  nearly 
inversely  proportional  to  2p,  although  rising  somewhat  with  a  larger  number 
of  poles  Hence  an  approximate  formula  for  the  total  leakage  permeance 
would  take  some  such  form  as 

ff,-^     ^  +  Aa  +  *8    L  +  k.    £  .      (123) 

where  hv  Aa,  ha  and  kt  are  suitable  constants  for  the  particular  type  of  machine 
By  this  differentiation  of  the  various  items  it  is  possible  to  judge  of  the 
relative  effect  of  any  alteration  in  the  diameter  and  length  of  armature,  and 
by  the  substitution  of  the  new  values  of  L  and  D  to  estimate  quickly  the 
leakage  permeance  of  a  new  size  of  dynamo 

The  numerical  values  for  the  constants  in  such  an  empirical  formula  oven 
for  a  given  type  of  multipolar  machine  with  external  circular  yoke-nng  and 
with  from  four  to  twelve  poles  can  only  be  approximately  estimated  owing 
to  the  diversity  of  their  shapes  and  construction  ,  yet  even  a  rough  calculation 
is  of  service  as  indicating  the  effect  of  passing  to  a  greater  number  of  poles, 
and  will  prevent  the  designer  from  being  misled  when  any  radical  alteration 
of  dimensions  is  contemplated 

In  Chapter  XV,  §  17,  it  was  shown  that     p   •  remains  practically 

constant  in  any  given  line  of  dynamos,  its  value  ranging  from 
2-2  to  3  3  and  averaging  §77  =  2-35.  The  first  item  of  equation 
(123)  is  therefore  a  constant  like  the  second,  and  the  equation 
reduces  approximately  to 

D" 

c?,  =  a  constant  +  #3  •  L*  +  k*  .  75-7 

Zf> 

where  the  constant  ranges  from  30  to  40  and  all  dimensions  are  in 
inches  From  this  it  is  evident  how  little  dependent  upon  the 
number  of  poles  is  the  leakage  permeance  of  the  multipolar  macliine. 
If  we  substitute  1/2  35  for  Dj2p,  the  second  term  may  be  compared 
with  the  last,  which  is  the  diameter  term,  and  it  is  found  that  with 
normal  proportions  of  armature  core  the  length  outweighs  the 
influence  of  the  diameter. 

But  apart  from  any  such  generalized  expression,  approximate 
values  for  klt  £2,  £8  and  kt  enable  a  good  estimate  to  be  made  of 
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the  leakage  permeance  of  a  multipolar  dynamo  during  the  process 
of  its  design,  when  the  two  leading  dimensions  of  the  armature  core 
are  alone  known  Such  values  are  given  below. 

The  constant  k±  vanes  from  12  4  with  laminated  pole-shoes  2" 
deep  in  large  machines,  to  6  2  in  small  machines  with  laminated 
pole-shoes  1*  deep,  with  intermediate  values  m  proportion  to  their 
depth,  or  in  laige  machines  with  more  than  twelve  poles  when  the 
pole-face  is  only  slightly  curved  and  the  shoe  can  be  very  shallow, 
it  may  fall  as  low  as  4  2  Under  the  same  conditions,  as  above- 
mentioned,  according  to  the  depth  of  the  laminated  pole-shoe, 
_&a  will  range  fiom  12-8  to  6  4,  or  with  solid  shallow  pole-shoes  may 
fall  as  low  as  2  8. 

If  the  air-gap  is  short,  and  in  consequence  the  magnet  bobbin  is 
short,  its  length  being  of  the  ordei  I  =  1  5D/2p,  &3  =  2  25  ;  while  if 
the  air-gap  is  long,  and  the  bobbin  length  is  of  the  order  I  =  DJp, 
&3  =  2  5  In  large  machines  with  moi  e  than  twelve  poles,  k3  may 
nse  as  a  maximum  to  2-8 

Under  the  same  limiting  conditions  of  bobbin-lengths,  kJ2p 
langes 

with     4  poles  from  0  77     to  0  87 
„       6          „         052       „  0-6 
„       8          „         04        „  045 
,,     10          „         0-32      „  0355 
„  more        „         3  35/2/>  „  3  85/2^ 

In  the  above  no  difference  has  been  drawn  between  poles  of 
rectangular  or  oval  and  of  circular  section,  but  with  the  proportions 
that  are  customary  m  multipolai  machines  the  variations  in  the 
leakage  permeance  due  to  the  two  shapes  largely  balance  one 
another. 

§  13.  The  leakage  coefficient,  r,  and  its  values. — Since  the  leakage 
permeance  of  any  given  dynamo  is  due  to  the  air-spaces  between  certain 
surfaces,  its  value  is  practically  a  constant  quantity  for  that  dynamo,  and 
independent  of  the  actual  amount  of  leakage.  But  the  difference  of  magnetic 
potential  between  the  poles  of  the  dynamo  increases  as  the  number  of  useful 
lines  through  its  armature  is  increased,  so  that  the  leakage  g?j  will  also 
continuously  increase  as  O0  is  increased  Further,  it  will  increase  faster 
than  <Pa  ,  for  as  the  armature  core  becomes  more  and  more  highly  saturated, 
an  increase  in.  the  ampere-turns  expended  over  the  armature  will  produce 
less  and  less  increase  in  the  lines  through  it,  while  the  leakage  still  continues 
to  increase  almost  directly  as  the  difference  of  magnetic  potential  between 
the  poles. x 

1  Although  generally  correct  m  practice,  the  above  statement  is  not 
universally  true.  Indeed,  both  experiment  and  theory  have  shown  that  in 
certain  special  cases  the  leakage  may  actually  decrease  as  the  magnetizing 
intensity  is  increased,  this  somewhat  surprising  result  being  due  to  the  tangent 
law  of  refraction  of  the  lines  of  induction  as  they  leave  the  bounding  surface 
of  the  uon  (Du  Bois,  The  Magnetic  Circuit,  §§  88  and  123).  The  true  law 
depends  upon  the  distribution  of  the  magnetizing  coils  with  reference  to  the 
geometrical  form  of  the  iron  magnet,  and  the  case  of  a  decreasing  leakage 

18—  (5065) 
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Hence  the  proportion  which  the  leakage  lines  boar  either  to  the  useful 
or  to  the  total  number  of  lines  through  the  magnet  will  continuously  increase, 

and  for  each  degree  of  magnetization  of  the  dynamo  •  a^  ^  =  -^  will 

have  a  different  value.  In  the  case  of  the  drum  multipolar  dynamo  above 
considered,  (D™  =  l-16$a  when  it  is  magnetized  as  it  would  be  under  ordinary 
working  conditions,  so  as  to  obtain  a  density  of  about  7,610  in  the  air-gap  ; 
in  other  words,  the  leakage  is  about  16  per  cent  of  the  useful  lines,  or  13  85 
per  cent  of  the  total  flux  Strictly  speaking,  the  factor  by  which  the  useful 
lines  through  the  ai  mature  must  be  multiplied  in  order  to  obtain  the  greater 
number  of  lines  flowing  through  any  other  part  of  the  circuit  will  vary  at 
different  parts  of  the  magnet,  as  lines  leak  into  or  out  of  it  With  sufficient 
accuracy,  however,  the  flux  may  be  assumed  to  be  constant  over  each  of  our 
main  subdivisions  of  the  magnetic  circuit,  so  that  <DTO  =  v«  <I>a,  <DV  =  vv  <Da, 
<1>  =  Vj,<Da  ;  the  different  parts  of  the  magnet  being  denoted  by  the  subscript 
letters  as  before,  each  part  will  have  its  appropriate  factor,  v,  greater  than 
unity  Such  was  the  basis  of  the  original  form  of  the  equation  for  the  ampere- 
turns  of  a  magnetic  circuit  as  first  published  by  Drs  J  and  E  Hopkinson 
in  their  classical  paper  on  Dynamo-Electno  Machinery,  Having  established 
the  theoretical  equation,  they  further  measured  experimentally  the  number 
of  stray  lines  that  leaked  through  different  portions  of  the  air-space  about  the 
field-magnets  of  two  dynamos  of  different  types,  each  of  which  was  excited 
with  its  normal  magnetizing  current  Thence  they  were  enabled  to  deduce 
the  values  which  the  factors  v_,  vv,  etc ,  have  for  the  given  dynamos  when 
magnetized  to  their  working  degree  of  saturation. 

In  most  cases  we  may  without  much  error  assume  the  different  factors 
for  the  different  parts  of  the  magnet  to  be  identical,  and  reckon  the  number 
of  hues  through  any  part  of  it  to  be  the  same,  namely,  <3>TO  =  v<t>a  where  v 
may  be  called  the  leakage  coefficient  of  the  dynamo.  The  greatest  number  of 
hues  flows  through  a  section  either  at  the  centre  or  near  to  the  root  of  each 
magnet-core,  the  value  gradually  decreasing  from  this  point  up  to  its  end. 
But,  as  already  stated,  in  designing  the  field-magnet  what  is  required  is  rather 
the  wean  number  of  lines  Om  flowing  through  the  entire  magnet,  from  which 
we  can  approximate  closely  the  total  ampere-turns  required  to  overcome 
the  reluctance  of  the  magnet. 

The  actual  value  of  the  flux  passing  any  section  of  the  magnetic  circuit 
can  be  determined  by  surrounding  it  with  a  coil  of  several  turns  and  measuring 
the  throw  upon  a  ballistic  galvanometer  when  the  flux  is  reversed.1  By 
comparison  with  the  flux  passing  through  the  armature  core  the  leakage 
coefficient  is  determined  But  as  the  ballistic  galvanometer  requires  skilful 
manipulation  and  care  to  obtain  correct  results,  the  leakage  coefficient  may 
be  directly  measured  by  a  differential  method  devised  by  R.  Goldschmidt ; a 
two  search  coils  are  wound  on  the  magnet  core  and  armature  respectively, 
and  are  connected  in.  series  through  a  millivoltmetor,  so  as  to  oppose  one 
another  ,  their  respective  numbers  of  turns  are  then,  ad]  us  tod  until  no  deflection 
is  observed  upon  the  voltmeter  when  the  field  excitation  is  suddenly  varied, 
A  convenient  extension  of  this  method  has  been  given  by  Ur.  R.  I'ohl,  *  in 
which  exact  balancing  even  when  the  two  coils  each  contain  ouo  or  thu  same 
number  of  turns  is  secured  by  means  of  the  adjustable  resistances  of  a 
Wheatstone  bridge  of  Post  Office  pattern. 

The  values  of  v  and  the  percentage  distribution  of  the  leakage  for  different 
types  of  dynamos  have  been  experimentally  determined  and  recorded  by 

with  increasing  magnetomotive  force  is  one  in,  which  the  analogy  of  the 
magnetic  and  electric  circuits  entirely  breaks  down.  Fur  the  same  reason 
it  is  impossible  to  apply  the  methods  of  Ktrchliofl's  laws  to  branch  magnetic 
circuits  with  any  real  scientific  accuracy.  This  objection  doon  not,  however, 
prevent  the  analogy  from  being  of  great  service  to  the  dynamo  designer,  since 
the  conflicting  cases  seldom  occur  in  practice. 

1  For  certain  points  relating  to  leakage  testing  with  a  ballistic  gavano  meter, 
see  (Giles)  Elect* .  Eng.,  Vol.  8,  p.  343. 

*  E,T£ ,  Vol.  23,  1902,  p.  814.  •  Electrician,  Vol.  59,  p.  215. 
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various  observers l  ,  but,  unfortunately,  in  many  cases  little  or  no  information 
has  at  the  same  timo  been  given  of  the  degree  of  saturation  of  the  armature 
and  magnet,  beyond  the  fact  that  they  were  magnetized  to  their  normal 
working  extent. 

Such  recorded  values  of  v  may  be  used  for  the  purpose  of  approximately 
calculating  the  area  and  ampere-turns  required  by  the  field-magnet  Thus 
m  multipolar  dynamos  of  the  type  of  Figs  226-7  with  external  poles,  v  ranges 
from  1  1  at  no  load  to  1  25  at  full  load  Implicit  reliance  cannot,  however, 
be  placed  on  any  such  values  of  v  As  already  mentioned,  it  varies  decisively 
if  the  degree  of  saturation  of  the  armature  core  be  much  altered  ,  hence  it 
vanes  with  different  values  of  the  "  back  ampere-turns/'  t  o  with  different 
values  of  the  armature  current,  even  though  the  total  number  of  ampere-turns 
on  the  field  remains  unchanged ,  or  again,  if  the  transition  is  made  from  a 
•smooth-surface  armatme  with  long  air-gap  to  one  with  a  short  air-gap  and 
toothed  core  On  tins  account  the  somewhat  laborious  task  of  calculating 
<?z  and  0j,  even  if  at  best  they  «ure  only  approximations,  is  decidedly  to  be 
recommended  (especially  when  a  new  type  of  field-magnet  is  to  be  adopted), 
in  preference  to  the  use  of  a.  factor  v  Unless  this  has  been  experimentally 
determined,  we  arc  more  liable  to  be  misled  by  taking  a  false  value  of  v 
than  by  errors  in  determining  «Pj 

Finally,  it  may  be  icmarked  that  a  certain  amount  of  leakage  is 
an  inevitable  necessity,  and  is  but  a  small  evil  If  the  energy 
required  to  magnetize  a  dynamo  is  from  3  to  5  per  cent,  of  its 
output,  as  it  is  m  most  modern  dynamos,  magnetic  leakage  cannot 
very  greatly'affect  the  efficiency  and  cost  of  working,  for  a  supposed 
complete  absence  of  leakage  would  but  slightly  decrease  this 
percentage. 

§  14.  Leakage  permeance  and  flux-distribution  with  commu- 
tating  poles. — When  the  main  poles  are  excited  and  the  commutating 
poles  are  unexcited,  the  latter,  being  situated  in  the  neutral  planes 
between  the  main  poles  and  of  no  great  width,  do  not  greatly  affect 
the  leakage  flux  of  the  machine,  although  they  increase  it  by 
shortening  the  air-path  from  mam  pole  to  main  pole  to  the  extent 
of  the  peripheral  width  of  the  iron.  This  effect  is  of  chief  account 
in  items  (1)  and  (3a),  and  necessitates  their  increase  beyond  the 
values  given  in  §  12  for  the  first  and  tliird  terms  of  equation  (123). 

But  when  the  excitation  of  the  commutating  pole  begins  and 
gradually  increases  with  the  load,  an  additional  M.M.F.  is  brought 
into  action,  and  the  sign  of  the  resultant  magnetic  potential  of  the 
commutating  pole  agrees  with  that  of  the  main  pole  on  the  one  side 
but  is  opposite  to  that  of  the  mam  pole  on  the  other  side.  In  con- 
sequence the  difference  of  magnetic  potential  across  the  air-path 
is  as  much  reduced  on  the  former  side  as  it  is  increased  on  the  latter 

Experiment  confirms  that  the  increase  and  reduction  of  the 
stray  flux  balance  one  another, 2  so  that  to  determine  the  leakage 

1  Vide  Esson,  "  Some  Points  In  Dynamo  and  Motor  Design,"  Journ 
IEE,  Vol.  19,  Part  85,  "Magnetic  Leakage  in  Dynamos  and  Motors" 
(Ives),  Electr  Review,  22nd  and  29th  January,  1892 ,  "  Magnetic  Data  of 
Sprague  Motor  "  (Parshall),  Electr.  Eng ,  13th  June,  1890 ,  (Puffer)  Electr 
Review,  15th  April,  1892 ,  and  especially  (Thornton)  Electr.  Eng.,  Vol.  29, 
p  523  ff 

*  "  Die  Wendepolitreuung,  etc ,"  by  F  Schimrigk,  Arbeiten  aus  tern 
Elektrotecbnische  InsMut  xu  Karlsruhe,  Vol.  1,  p.  225. 
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flux  that  must  be  carried  by  the  commutatmg  pole  it  is  only 
necessary  to  calculate  the  leakage  from  all  of  its  sides,  under  its 
own  excitation  when  the  main  poles  aie  unexcited,  and  tint, 
amount  must  be  added  to  the  useful  leveismg  flux  <j>r  to  obtain 
Or,  the  total  flux  in  the  commutatmg  pole. 

The  leakage  peimeance  must,  thcrefoie,  be  estimated  by  drawing 
tubes  of  flux  after  the  fashion  shown  in  Fig  273  for  both  bides  and 
flanks  and  correcting  for  the  diffeience  of  magnetic  potential  which 
increases  fiom  zero  at  the  yoke  to  the  full  value  at  the  pole-shoe 
Its  value  will  not  be  fai  diffeient  from  1  I  $t,  wheic  o?j  is  the  leakage, 
permeance  of  the  same  machine  with  the  commutatmg  pole  un- 
excited, so  that  if  the  magnetic  potential  at  its  face,  ATVC,  happened 
to  be  equal  to  A  Tf  of  the  main  pole,  the  leakage  flux  of  the  commu- 
tatmg pole  would  be  1257  ATfC  X  1J  c?j  as  compaied  with  <£t 
of  the  main  pole  =  1  257  ATP  X  2$fy,  ^e  it  is  about  ^ths  of  ^. 
But  any  such  approximate  estimate  ib  liable  to  much  variation 
according  to  the  different  pioportions  of  axial  length  to  penphci.il 
width  which  may  occur  in  practical  designs,  and  should  be  checked 
Owing  to  the  greater  surface  of  the  commutating-pole  in  pioportion 
to  its  section  and  the  high  M  M  F  's,  leakage  plays  a  much  more 
important  part  than  in  the  main  poles,  and  if  not  piopeily  calculated 
will  lead  to  tfie  iron  of  the  auxiliary  pole  being  made  too  small, 
especially  near  the  yoke  ;  it  will  then  become  very  highly  saturated, 
and  proportionality  of  the  reversing  field  to  the  cuncnt  will  be 
entirely  lost. 

With  as  many  commutatmg  poles  as  Iheie  are  main  poles  it  has 
already  been  stated  that  for  the  same  useful  main  flux  the  average 
density  in  the  main  poles  is  unaffected  by  the  addition  of  the 
commutatmg  poles  But  whether  the  useful  flux  obtained  by  a 
given  excitation  of  the  main  poles  when  commutatmg  poles  aie 
absent  will  be  maintained  practically  unaffected  when  such  poles 
are  added  and  excited,  turns  entirely  upon  the  degree  of  saturation 
of  the  armature  core  and  yoke,  and  chiefly  of  the  lattei . 

It  was  shown  in  Chapter  XV,  §  12,  that  in  the  yoke-ring, 
if  <E>r  is  the  total  flux  of  the  commutating  pole  including  leakage, 
<E>f/2  is  added  to  the  flux  earned  by  each  of  the  sections  of  the 
yoke  B,  B'  (Fig.  231),  and  deducted  from  each  of  the  other  sections 
A,  A',  which  complete  the  circuit  from  one  mam  pole  to  anothi'i, 

<]>    -fd>        <!>«-$, 

so  that  the  two  densities  are  proportional  to —  and  — —. — -. 

£i  fi 

The  very  considerable  increase  of  the  useful  reversing  flux  <j>T  by 
the  leakage  up  to  the  total  flux  of  the  commutating  pole  Or,  is 
therefore  an  important  factor  in  the  case.  Apart  from  a  similar 
requirement  in  the  section  of  the  armature  core,  it  is  only  when  the 
section  of  the  yoke  is  sufficiently  large  so  that  it  is  far  from  satura- 
tion, that  in  each  portion  of  the  path,  the  two  changes  practically 


h 
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counterbalance  one  another,  and  the  percentage  effect  on  the  total 
evcitatwn,  required  for  a  given  main  flux  remains  small  ;  this  is 
in  practice  usually  secured,  but  the  consequences  of  insufficient 
attention  being  paid  to  this  point  are  traced  in  Chapter  XIX,  §  13. 
The  effect  of  the  commutatmg  poles  on  the  mam  flux  is  chiefly 
to  cause  it  to  be  somewhat  unequally  distnbuted  over  the  mam 
pole-faces,  the  trailing  edge  being  more  crowded,  so  that  if  the 
excitation  of  the  commutating  poles  is  annulled  the  mam  flux 
swings  back  to  an  equal  distribution,  and  the  amount  of  tlirow  on 
a  ballistic  galvanometer  caused  by  the  swinging  backwards  of  the 
flux  across  the  centre  line  of  the  main  pole  is  piopoilional  to  the 
commutating  flux.1 

When  there  are  only  half  as  many  commutating  poles  ab  there 
are  mam  poles  (Fig.  273),  there  is  greater  dangei  from  saturation 
of  the  magnetic  circuit.  In  the  armature  and  yoke  the  difference 
between  the  more  saturated  and  the  less  saturated  portions  is 
again  equal  to  the  reversing  flux,  ^  e.  the  densities  are  severally 


,          .,          •  •       qr       m  r        mf       .  -  , 

proportional  to  —  5-—,      2     ,        „  -    ,  —  „  -  ,  where  <P0  and 

Om  are  the  normal  fluxes  before  the  addition  of  commutating  poles, 
but  <f)r  and  Or  are  greater.  More  than  this,  an  inequality  arises 
between  the  total  fluxes  earned  by  the  magnet  -cores  of  each  pan 
of  poles  ;  the  one  of  opposite  sign  to  a  commutating  pole  must 

O 

carry  a  total  flux  roughly  proportional  to  Om  +  -~  and  that  of  the 

A 

d>r 

same  sign  $m--«-.    Since  each  armature  loop  is  acted  upon  by  a 

pair  of  poles,  this  does  not  affect  the  E.M.F/S  of  the  various  parallel 
paths,  but  the  difference  of  density  equal  to  Or  may  lead  to  an 
appreciable  reduction  in  the  normal  main  flux  owing  to  the  greater 
number  of  ampere-turns  required  by  the  highly  satuiated  pole-core. 
Further,  it  may  become  difficult  to  dispose  of  the  necessary  ampere- 
turns  on  the  single  commutating  pole  without  overheating,  so  that 
this  arrangement  requires  care  in  its  application. 

§  15.  Flux-curves  ol  dynamo.  —  It  has  been  shown  in  §  9  that 
the  number  of  ampere-turns  required  per  pole  to  give  6,380,000 
lines  through  the  armature  of  a  particular  dynamo  is  9,750  when  the 
armature  current  has  its  full  value  (i  6.  the  sum  of  350  amperes  in 
the  external  circuit  and  about  6  amperes  in  the  shunt  circuit  of  its 
field-magnet,  or  356  amperes  in  all).  If  a  number  of  different 
values  be  assigned  to  €>„,  and  the  ampere-turns  required  in  each 
case  be  determined  (always  on  the  assumption  that  the  armature 
current  has  its  full  value),  a  curve  may  be  plotted,  connecting 
together  the  corresponding  values  of  <Da  and  ATf  (or  2  A  Tf  =»  Xf), 

1  Professor  E.  Arnold,  EJT.Z  ,  1  5th  March,  1906. 
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and  this  curve  may  be  called  the  flux-curve  of  the  particular  dynamo 
for  its  full  current,  or  more  strictly  for  the  full  value  of  its  armature  • 
ampere-turns     Curve  3  in  Fig.  274  shows  such  a  full-current  curve 
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of  flux  for  our  21"  X  11*  dynamo,  Ia  being  maintained  throughout 
at  its  full  value  of  356  amperes.  The  corresponding  values  of  <D8 
and  ATf  may  conveniently  be  worked  out  in  a  tabulated  scheme 
after  the  pattern  of  Table  IX,  shown  on  page  527,  which  shows  the 
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steps  of  the  calculation  in  a  slightly  abbreviated  form.  Or,  if  the 
machine  be  already  built,  they  may  be  determined  experimentally, 
as  will  be  shown  in  Chapter  XVII  In  either  case  the  brushes  aic 
throughout  assumed  to  be  adjusted  to  the  point  of  minimum  sparking 
under  normal  conditions  with  the  current  in  question,  and  the 
abrupt  termination  of  the  curve  marks  the  point  below  which  it  is 
impossible  to  reduce  the  magnetization  without  causing  excessive 
sparking  at  the  brushes  If  we  again  carry  out  the  same  process 
for  a  different  and  smallei  value  of  I0,  say  half  its  maximum  value, 
or  178  amperes,  a  second  curve  of  flux  will  be  obtained  for  half- 
current  ,  in  the  absence  of  commutating  poles  this  will  fall  highei 
than  curve  3,  inasmuch  as  the  back  ampeie-turns  are  less,  and 
therefoie  fewer  ampere-turns  are  required  on  the  field  to  produce 
a  given  number  of  lines  through  the  armature 

Finally,  if  I0be  taken  as  =  0,  there  is  no  reaction  of  the  armatuie 
current  on  the  field,  the  back  ampere-turns,  AT*  or  2A Tb  =  Xb 
are  zero,  and  the  highest  or  "  no-current  "  curve  of  flux  (1,  in  Fig. 
274,  p.  528)  is  obtained. 

The  use  and  importance  of  these  curves  will  be  more  apparent  in 
the  next  chapter  In  Fig  275  is  repeated  the  no-current  curve  with 
its  vanous  component  items  shown  separately  by  the  dotted  curves  , 
such  a  separation  is  instructive  as  illustrating  the  relative  importance 
of  the  several  portions  of  the  magnetic  circuit  under  different 
degrees  of  saturation.  A  tangent  to  the  initial  part  of  the  curve  1 
may  be  called  the  "  air-line,"  since  it  gives  the  ampeie-turns  required 
by  the  air-gap  for  any  value  of  the  flux,  and  it  is  of  service  to  deter- 
mine this  experimentally  in  order  to  check  the  calculated  values, 
especially  in  toothed  armatures.  It  should  be  observed  that  the 
horizontal  distance  between  the  curves  for  no-aarrent  and  full- 
current  for  any  particular  value  of  <I>0  is  more  than  the  diiect  value 
of  the  back  ampere-turns  ATj,,  namely,  655,  inasmuch  as  these 
latter  increase  the  leakage,  and  therefoie  the  ampere-turns  required 
over  the  iron  of  the  magnet.  The  hoiizontal  divcigencc  of  the 
curves  becomes,  in  fact,  increasingly  marked  as  the  magnet 
approaches  saturation. 

§  16.  Determination  of  size  o!  field-wire.— The  diffeient  ways  in 
which  the  field-magnets  of  dynamos  are  excited,  according  to  the 
sources  whence  the  magnetizing  current  is  derived,  will  be  explained 
in  the  following  chapter.  Apart,  however,  fiom  such  differences  of 
source,  it  remains  to  determine  the  necessary  gauge  and  weight  of 
copper  wire  required  for  the  winding  of  magnetizing  coils  which  are 
to  give  a  certain  number  of  ampere-turns,  AT ;  these  may  form 
either  the  whole  or  a  part  of  the  total  excitation  required  by  the 
machine,  the  following  being  a  general  solution  of  the  problem 
applicable  to  all  cases.  The  data  that  form  the  starting-points 
may  vary,  but  usually  they  are  a  knowledge,  direct  or  indirect, 
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of  (1)  the  voltage  that  will  be  apphed  to  the  ends  of  the  wire,  and 
(2)  the  mean  length  of  a  turn.  Given  the  thickness  and  width  of  a 
rectangular  magnet  core,  or  the  diameter  of  a  round  core,  it  is  easy 
to  estimate  fairly  closely  the  mean  length  of  one  turn  of  a  coil 
encircling  either  the  one  or  the  other ;  a  certain  allowance  must 
be  made  for  the  depth  of  the  winding,  by  reason  of  which  the  mean 
length  of  a  turn  in  the  central  of  several  layers  of  winding  will  be 
greater  than  the  actual  perimeter  of  the  magnet  itself ;  and  the 
correctness  of  this  allowance  must  be  subsequently  checked  when 
the  winding  has  been  determined.  Experience,  however,  forms 
a  ready  guide  on  this  point,  and  it  may  therefore  be  assumed  that 
the  mean  length  of  one  exciting  turn  is  known  when  the  dimensions 
of  the  iron  encircled  by  the  coils  are  known.  Let  this  mean  length 
=  la,  and  let  Va  =  the  voltage  which  will  be  applied  to  the  ends  of 
the  exciting  coils.  Let  CD  =  the  resistance  in  ohms  of  unit  length 
of  the  required  wire  at  a  certain  standard  temperature,  say  60°  F. ; 
and  let  A  and  Tf  be  the  two  factors,  the  magnetizing  current  in 
amperes,  and  the  number  of  turns  per  magnet  coil,  so  that  if  N0  be 
the  number  of  coils  in  question  ATf  N0  is  the  total  number  of  their 
ampere-turns.  The  resistance  of  the  magnetizing  turns  (assumed 
to  be  all  in  series)  at  the  standard  temperature  is  =  N0Tf  X  la  X  co  ; 
but  when  a  current  passes  through  them,  then,  as  explained  in 
Chapter  XV,  §  5,  their  temperature  will  gradually  rise,  and,  in 
consequence,  their  resistance  after  a  run  of  some  hours  will  be 
higher  than  at  starling.  It  will  thus  be  necessary  to  multiply 
their  resistance  at  60°  F.  by  some  coefficient,  k,  dependent  upon 
their  rise  of  temperature  in  working,  and  on  the  temperature  of 
the  surrounding  air  from  which  that  rise  is  reckoned ;  or  Rtt  = 
N0Tf  xlaXa>Xk. 

The  final  temperature  of  the  coils  will  be  attained  when  the 
rate  at  which  the  heat  is  carried  away  by  radiation,  convection, 
and  conduction  is  equal  to  the  rate  at  which  it  is  generated. 
The  maximum  rise  of  the  temperature  of  the  outside  of  the  coils 
above  that  of  the  surrounding  air  will  depend  upon  the  ratio 
which  their  cooling  surface  bears  to  the  rate  of  generation  of  heat 
in  them,  provided  that  the  coils  which  are  compared  are  under 
similar  conditions  in  regard  to  their  effective  ventilation.  Hence 
from  a  knowledge  of  this  ratio,  and  also  of  the  temperature  of  the 
surrounding  air,  the  maximum  temperature  which  will  be  attained 
by  the  outside  of  the  coils  in  continuous  work  can  be  predicted ; 
or,  in  the  case  of  a  finished  machine,  it  can  be  measured  by  a  ther- 
mometer. But  with  a  large  number  of  layers  wound  closely  over 
one  another,  as  in  a  field-magnet  coil,  an  appreciable  difference  of 
temperature  is  required  to  produce  the  flow  of  heat  from  the  central 
layers  to  the  outer  surfaces,  by  conduction  partly  through  the 
length  of  the  wire  itself,  and  partly  from  layer  to  layer  across  the 
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intervening  cotton  covering,  this  latter  being  a  bad  thermal  con- 
ductor. The  temperature  of  the  central  layers  of  the  winding  is, 
therefore,  considerably  higher  than  that  of  the  outer  layer  as 
measured  by  a  thermometer  applied  to  the  external  surface.  The 
value  of  k  is  fixed  by  the  mean  temperature  of  the  whole  mass  of  the 
coil,  and  is  thus  dependent  not  only  on  the  maximum  temperature 
of  the  external  surface,  but  also  upon  the  depth  of  the  winding 
For  field-magnet  coils  when  divided  into  sections  and  well  ventilated, 
the  ratio  of  the  mean  nse  of  temperature  to  the  surface  rise  as 
measured  by  a  thermometer  vanes  from  about  1  25  for  a  depth  of 
winding  of  £  inch  to  about  1  6  for  a  depth  of  2  £  inches,  or  1  -75  for 
3  inches  If  not  divided  into  sections,  the  ratio  will  be  even  higher, 
and  may  be  2  or  over.  For  each  degree  Fahrenheit  that  the  tem- 
perature of  a  piece  of  copper  rises  between  the  limits  of  60°  and 
150°  F.,  its  electrical  resistance  nses  0  222  per  cent,  of  its  resistance 
at  60°  F.  or  0-22  per  cent,  of  its  resistance  at  68°  F.  Hence,  to  give 
an  idea  of  the  practical  value  of  k,  if  the  field-coils  are  2£  niches 
deep,  and  the  maximum  temperature  attained  by  their  outside 
be  45°  F.  above  that  of  the  surrounding  air,  the  mean  rise  of  the 
temperature  of  the  whole  mass  will  be,  say,  1-6  X  45°  =  72°  F.  ; 
the  value  of  k,  or  the  ratio  of  the  resistance  at  the  new  temperature 
to  the  resistance  at  60°  F.  will  then  be  1  +  (72  X  0  00222)  =  1-16, 
when  the  temperature  of  the  surrounding  air  is  assumed  to  be  60°  F., 
or  1  +  (72  x  00022)  —  1  158  for  the  same  nse  of  temperature 
reckoned  from  68°  F.  (20°  C.)  as  the  initial  temperature  of  the 
engine-room,  or  as  the  standard  temperature  given  in  many  tables 
of  copper  conductors. 

Now  A  =  VJR.,  therefore  ATfN0  =  —L 

i 

Wll6I1Ce  Q) 


^    J      v 

fe  X  la  X  k 

or  if  l<o  be  reckoned  in  yards,  and  CD'  be  the  resistance  of  1,000  yds. 
of  the  required  wire, 

Vx  X  1,000 

'       •       '    (124) 


The  area  and  diameter  of  the  required  wire  having  a  resistance  of 
eo'  ohms  per  1,000  yards  is  easily  obtained  by  reference  to  any  table 
of  the  resistance  of  copper  wires,  1  or  by  direct  calculation.  The 
international  standard8  for  annealed  copper  wire,  1  metre  in  length 
and  with  a  uniform  cross-section  of  1  sq.  mm  ,  being  -faiti.  of  an  ohm 

1  Such  as  may  be  found,  e  g.  in  Whittaker's  Electrical  Engineer's  Pocket 
Book,  p.  62  (4th  edit  ),  or  Munro  &  Jamieson's  Pocket  Book  of  Electrical  Rules 
and  Tables,  p  296  (18th  edit  ) 

«  In  accordance  with  the  Report  adopted  at  the  Berlin  meeting  (1913) 
of  the  International  Electrotechrucal  Commission, 
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at  20°  C  (68°  F  ),  the  resistance  at  that  lemperaluic  of  1,000  yds. 
of  annealed  copper  wire  in  ohms  is  0-02445  —  area  in  square  inches. 
Hence  the  area  of  the  required  wire  is  O-02445/o/  sq  ins.  ;  or 

0  02445  . -1  TfNe  X  lx  X  k 
aiea  of  wire  = y-  x  ^Q- sq  ins    .      (125) 

Thus  for  the  same  exciting  volts  and  the  same  size  of  coil  which 
gives  the  same  lx  and  practically  the  same  heating  coefficient  k, 
the  ampere-tuins  aie  directly  proportional  to  the  copper  section 
of  the  wire  It  will  also  be  seen  that  the  above  equations  aie 
immediately  applicable  to  one  coil  of  A  Tf  ampere-turns  on  a  multi- 
polar  machine  or  to  all  the  2p  coils  in  series  01  in  parallel  01  in  any 
combination,  if  Vx  be  given  the  correct  value  appropriate  to  the 
given  case 

If  the  wiie  is  to  be  of  rectangular  section,  the  two  dimensions 
which  go  to  make  up  the  area  may  be  chosen  to  suit  our  own  con- 
venience in  winding  ;  but  if  it  be  round,  the  necessary  diameter  in 
inches  is 

/         /0-02445N 
4  X  [         ,      J 

/ 


whence  at  the  above  standard  temperatuie 

....     (126) 

v     ' 


From  the  above  formulae  it  is  evident  that  if  Vm  and  lx  be  fixed, 
there  is  but  one  aiea  or  diameter  of  wire  which  will  satisfy  the 
equation  and  give  the  required  number  of  ampere-turns  ;  and 
further,  that  this  area  or  diameter  is  entirely  independent  of  the 
actual  number  of  turns  in  the  coils,  since  neither  Tf  nor  A  appears 
separately  in  the  final  equations.  This  result  may  at  first  sight 
seem  surprising,  but  is  easily  followed  when  it  is  remembered  that 
if  the  number  of  turns  be,  for  instance,  doubled,  the  resistance  of 
the  coils  is  also  doubled,  which,  with  a  given  Vu>  halves  the  current 
through  them,  and  therefoie  leaves  the  total  number  of  ampere- 
turns  unaltered  If  the  number  of  turns  be  doubled  by  winding 
twice  as  many  layers  on  the  same  length  of  bobbin,  it  is  true  that 
la  is  increased,  since  the  depth  of  the  winding  is  doubled  ;  but  the 
effect  of  this  upon  the  necessary  diameter  of  wire  is  partially  countei- 
balanced  by  the  reduction  which  must  be  made  in  the  value  of  k. 
When  the  number  of  turns  is  doubled,  the  current  and  the  rate  at 
which  it  generates  heat  are  halved  ;  the  cooling  surface  is  also 
itself  increased,  owing  to  the  perimeter  of  the  coil  being  greater  , 
and  therefore,  for  both  reasons,  the  mean  temperature  attained  by 
the  coils  will  be  less  than  before.  The  lesser  value  of  k  thus  partly 
compensates  for  the  increased  value  of  /„. 
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§  17.  The  mean  length  of  turn.— With  a  round  pole-core  of 
diameter  Dt  when  insulated  or  including  allowance  for  insulating 
packing  strips  between  coil  and  pole  and  wrapping  on  the  inside 
of  the  coil,  the  length  of  an  inner  turn  is  1L  =  -n-D^  and  the  mean 
length  of  a  turn  in  the  central  layer  is 

lte  =  lt  +  irt  =  Tr(D1  +  t)         .          .          .     (127) 

where  t  is  the  total  thickness  of  the  copper  winding 

In  the  case  of  a  bobbin  wound  on  a  former  which  closely  embraces 
a  pole  of  rectangulai  section,  if  the  length  of  a  tuin  in  the  bottom 
layer  is  lt  =  2J  (A  +  I"}  +  (B  +  f")  j,  allowance  for  the  insulated 
spool  being  made  by  adding  f'to  each  of  the  component  dimensions, 
the  length  of  a  turn  in  any  other  layer  is  made  up  of  this  length 
plus  a  quadrant  of  a  circle  at  each  corner,  the  radius  of  this  circle 
being  equal  to  the  depth  of  the  winding  at  the  layer  in  question. 
The  mean  length  of  a  turn  in  the  central  layer  is  then  again 

i  +  77*. 

But  if  the  pole  of  rectangular  section  is  cast  with  a  radius  r  at 
each  corner,  and  its  two  dimensions  are  A  and  B,  its  periphery  is 
2\(A-2r)  +  (B-2r)\  +  lirr,  and  with  ail  allowance  of  f  for 
clearance  and  insulation 

/,  =  2\(A  -2r)  +  (B-2r) )  +  2,r  (r  +  |). 
The  length  of  the  mean  turn  is  then  /  ,  x 

ltt  =  lt  +,rf  =  2\(A-2r)  +  (B-2r)\  +  2rr  (r  +  g  -\--\  (127«) 
and  of  an  outer  turn  is  \  z/ 

l0  =  li  +  2irt  =  2\(A-2r)  +  (B-2r)j  +  2n- (r  +  f  +  <). 

It  may  be  worth  while  to  mention  that  if  a  continuous  length 
of  round  wire  is  wound  on  to  a  bobbin  in  several  layers,  the  layers 
are  of  alternate  hand,  and  at  one  point  each  turn  of  an  upper 
layer  has  to  cross  over  the  turn  of  the  layer  below  it ;  hence,  if 
di  =  d  +  <5  be  the  diameter  of  the  wire  with  its  insulating  covering, 
and  n  be  the  number  of  layers,  the  depth  of  winding  at  this  point 
is  wt^  Except,  however,  at  the  crossing  point,  the  turns  of  the 
upper  layers  bed  into  the  hollows  between  the  turns  of  the  layers 
underneath.  The  depth  of  winding  is  then 

<*i+  («-l)^sin60°  =  ^1|l  +  (n-  1)0-866) 
=  d1(n  X  0866 +  0-134) 

While  allowance  must  be  made  in  the  space  allotted  for  the  bobbins 
for  the  larger  value,  the  mean  depth  of  winding  from  which  lu  is  to 
be  calculated  may  be  taken  as  lying  between  the  two  values,  or 

t  =  Q9nd1     ....     (128) 

§  18.  Determination  of  weight  of  field-wire  and  dimensions  of 
bobbin. — In  order,  therefore,  to  determine  the  actual  number  of 
turns  which  must  be  used,  or  the  weight  of  wire,  the  necessary  area 
or  din  meter  of  which  has  been  determined,  some  other  factor  of 


THE  AMPERE-TURNS  OF  THE  FIELD  535 

the  problem  must  be  known.  This  may  be  either  the  number  of 
watts,  W,  to  be  lost  in  the  coil  or  coils  under  consideration,  or  the 
current  A  ;  the  latter  case  is,  in  reality,  identical  with  the  former, 
since  A  =  W/Vg.,  and  in  many  cases  W  and  A  form  two  of  the  data 
given  at  the  outset,  whence  Vu  =  WjA  is  at  once  derived.  From 
our  knowledge  of  W  or  of  A,  the  total  number  of  turns  is  at  once 
fixed  as 

TAT  _ATfN0_ATfN0xVa 
^vfl-      A     -          w 

and  the  total  length  of  wire  required  is  TfN0  X  la  yards.  The 
weight  of  one  yard  of  annealed  high-conductivity  commercial  copper 

11  «  i  11  «      002445      0-282  „ 

is  11  55  X  area  ui  square  inches  =  11  55  X         ,      =  —  —  lb., 
^  co  o> 

therefore  the  weight  of  wire  is 

0-282 


whence,  by  simple  Mibbtitution,  from  equation  (124) 

AT  N 
weight  in  lb.  =  TfN.  X  lm  X  0  282  X  ° 


/    *  0-282  x  ' 

/.X028ZX    -        --- 

x  *•  xkx 


~  W  X  1,000 

While  the  above  gives  the  net  weight  of  copper,  a  small  addition 
must  be  made  for  the  weight  of  the  cotton  covering  in  order  to  obtain 
the  gross  weight  of  the  insulated  wire  Such  addition  ranges  from 
7  per  cent,  with  a  wire  0  040"  diameter  to  1  J  per  cent,  for  %"  diameter, 
its  importance  becoming  less  and  less  as  the  size  is  increased. 

It  should  be  observed  that  if  our  object  is  simply  to  form  an 
estimate  of  the  weight  of  wire  required  from  the  above  data  it  is 
unnecessary  first  to  deteimme  CD,  or  the  actual  numbers  of  turns  and 
layers  of  the  wire.  The  final  settlement  of  the  winding  will,  however, 
require  the  latter  to  be  determined,  and  when  the  number  of  layers 
has  been  decided  it  will  be  well  to  check  the  correctness  of  the 
assumed  depth  of  winding  underlying  the  first  estimate  of  la,  the 
mean  length  of  a  turn. 

Round  wire  single  or  double  cotton-covered,  rectangulai  wire 
double-cotton-covered,  and  also  wide  copper  strip,  insulated  with 
intervening  layers  of  paper  or  calico,  are  used  for  the  winding  of 
field-magnet  bobbins  according  to  the  circumstances  of  -the  case. 
If  a  =  the  section  of  the  copper  wire  or  strip,  and  flj  =  the  space 
that  must  be  allotted  to  each  insulated  wire  with  due  allowance 


increases  a  from  0-7854  -rrto  appioximately    n  Q  ,  „    =  0-875  -r-=, 
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for  interstices  between  adjacent  turns  in  the  case  of  round  wires, 

a  =  —  is  the  ratio  of  the  net  volume  of  copper  to  the  gross  volume 

ai 
occupied  by  the  insulated  wire.    The  effect  of  bedding  which 

0-7854  <P  d* 

n  Q  ,  „ 
u  y  a/i 

improves  the  efficiency  with  wluch  the  space  is  utilized  considerably. 
The  total  thickness  of  double  cotton-covering  in  the  case  of  round 
wire  is  usually  from  12  to  15  mils,  and  in  the  case  of  rectangular 
wire  20  mils.  Owing  to  the  bedding,  the  curve  of  a  for  a  field- 
magnet  coil  with  small  round  wires  double-cotton-covered  falls  in 
between  curves  a  and  d  of  Fig.  147,  but  rises  moie  steeply,  and  for 
wires  above  0  050*  diameter  more  nearly  coincides  with  curve  b  of 
Fig.  147.  The  ratio  thus  in  practice  ranges  from  0-4  to  0  65,  and 
the  greater  volume  of  coils  in  which  a  high  voltage  demands  a  great 
number  of  turns  of  very  small  wire  as  compared  with  low  voltage 
coils  with  the  same  number  of  ampere-turns  is  worthy  of  special 
note.  On  this  account  for  shunt  coils  it  often  becomes  advisable  to 
adopt  single-cotton-covered  wires,  in  which  the  total  thickness  of 
insulation  averages  about  8  mils  ,  the  voltage  between  adjacent 
tuins  of  a  field  winding  is  not  laige  even  in  500-volt  machines,  and 
the  thinner  insulation  suffices  to  withstand  this  voltage,  while  a 
becomes  as  high  as  curve  a  of  Fig.  147  Small  lound  wire  specially 
insulated  with  a  thin  layer  of  a  tough,  elastic,  and  heat-resisting 
enamel  has  also  been  tried  for  field  coils  with  some  success,  but  has 
not  as  yet  come  into  ordinary  use  1  On  largei  machines,  and 
wherever  the  area  of  wire  which  is  to  be  wound  is  considerable, 
the  use  of  a  rectangular  section  is  advantageous,  even  though  the 
thickness  of  insulation  has  then  to  be  increased  to  20  mils.  Indeed, 
a  thin  wide  strip  of  which  the  one  dimension  is  many  times  the  other 
becomes  quite  permissible,  and  from  its  convenience  in  winding 
has  much  to  Recommend  it 

In  special  cases,  where  the  dynamo  is  subjected  to  very  high 
temperatures,  the  field  wires  may  be  insulated  with  an  asbestos 
covering  ,  or  if  a  wide  flat  section  of  copper  can  be  employed  the 
turns  may  be  insulated  fiom  one  another  by  a  thin  strip  of  asbestos 
paper  of  a  few  mils  in  thickness. 

Since  the  cross-sectional  area  tluough  one  bide  of  a  coil  must  be 
equal  to  the  number  of  turns  in  the  coil  multiplied  by  the  area  a± 
taken  up  by  one  wire,  an  important  relation  exists  between  the 
dimensions  of  a  coil  and  the  ampere-turns  which  it  can  furnish  with 
due  regard  to  its  heating  The  necessary  dimensions  of  any  coil 
can,  in  fact,  be  determined  from  equations  (124)  or  (127)  by 

1  Bare  aluminium  wire  on  which  an  insulating  coating  of  oxide  is  formed 
has  also  been  used,  Elektr.  Kraftbetriebt  u.  Bahnen  (Hopfelt),  Vol.  4,  p  401, 
and  E.T.Z.  (B  Duschmtz),  Vol.  34,  p  1334. 
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consideration  of  the  resistance  or  volume  of  copper  as  related  to  its 

external  suiface.    Thus  the  resistance  of  the  coil  is  Tf  X  ~r^  X 

IUUU 

,       ,       ,,,  7   ,    000002445 
co'  x  k  =  lf  lx  k  .  --  ,  where  a  =  the  net  copper  section 

£t 

of  the  wne  or  stnp  in  square  inches.  The  watts  of  the  coil  are 
thence  W  =  Az  Tflak.  --  If,  as  is  usually  the  case, 

the  dimensions  of  the  coil  are  fixed  by  the  necessity  of  obtain- 
ing sufficient  cooling  suiface  to  dissipate  the  heat  loss  without 
exceeding  a  certain  fixed  nse  of  the  surface  temperature,  let 

W 
gt°  =  57:77—,  —  ;—  nt~T\  be  tne  peimissible  late   of  loss   in   watts 


per  square  inch  of  external  cooling  surface  to  give  a  rise  of  t°  in 
temperature,  10  being  the  exteinal  perimeter  of  the  coil  expressed  in 
yaids  (so  as  to  correspond  with  the  perimeter  of  the  central  layer  lm 
which  is  in  yards),  L  its  axial  length  in  inches,  and  t  the  thickness 
m  inches  of  the  winding  in  a  ladial  duection  We  then  have 

0-00002445 


or 


Since  rtj.  =  the  space  in  square  inches  taken  up  by  each  insulated 
wire,  including  allowance  for  any  waste  by  interstices,  a  =  a  alt 
and  Ltjoi  =  Tf.  Multiplying  both  sides  of  the  above  equation  by  Lt, 
the  necessaiy  relation  between  the  dimensions  of  the  coil  and  its 
ampere-tuins  is  obtained,  namely, 

Z,2    t   £  +  21.0=  (ATf}*   -Js.-X  068  X  10-6     .         .     (129) 

*a  s*       0" 

I  if  "t  ~l-*\  21  ~e>  -  £±    l±       l     - 

V  1.  -  1,000  •  Vft°'l  21  Vff 


The  value  of       "    Wltn  round  wires  =  0  935  -r  1  rises  from  0-75 


d\ 

-r  1 


for  wire  of  0-050*  diametei  insulated  with  12  mils  of  cotton  covering 
or  0  81  with  wire  0  100"  diametei  and  15  mils  of  insulation  to  as  high 
as  0-95  with  copper  strip,  and  is  approximately  known  from  the 
nature  of  the  winding  and  the  exciting  voltage.  Further,  $°  and  k 
are  mutually  dependent  upon  one  another,  the  ratio  of  watts  to 
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cooling  surface  fixing  the  heating  coefficient  .    The  ratio  I0lla  is  in  the 

diam.  of  inside  turn  +  2t 

case  of  circular  bobbins  equal  to    ,  .        ,    ,         .    ,  ,  and 

^  diam.  of  inside  turn  +  t 

m  the  case  of  a  rectangular  bobbin  of  which  the  two  inside  dimensions 

2(A  +  B)  +  2firt 
are  A  and  B  =  0/  .       m   .       .    If  the  desired  depth  of  winding 

£t\A    -f-  JO)    -|-  1ft 

is  known,  the  necessary  length  L  can  be  definitely  determined 
The  influence  of  i0/^is  small,  since  it  only  varies  from  1  -33  in  small  to 
1  1  in  large  machines,  so  that  an  approximate  estimate  of  1he 
necessary  cross-section  of  coil  can  be  made  with  close  accuiacynot 
only  without  calculating  out  the  exact  size  of  wire  and  number  of 
turns,  but  also  without  calculating  the  exact  depth  of  winding. 
Such  values  can  thus  be  beforehand  assigned  to  L  and  t  as  will 
enable  the  required  number  of  ampere-turns  to  be  obtained  without 
overheating. 

If  the  cooling  influence  of  the  end-flanges  could  be  neglected,  the 
ampere-turns  of  a  coil  as  fixed  by  its  heating  would  then  be  simply 
proportional  to  its  length  and  to  the  square  root  of  the  depth  of  its 
winding,  but  even  if  this  simple  approximation  is  not  adopted  it  is 
evident  that,  when  a  given  number  of  ampere-turns  is  to  be  obtained 
with  a  fixed  rise  of  temperature,  an  increase  in  the  length  is  of 
considerably  greater  value  than  an  increase  in  the  depth. 

The  volume  of  copper  in  the  coil  is  Lta  X  36/0,  cubic  inches,  and 
since  the  weight  of  a  cubic  inch  of  copper  is  0-32  Ib  ,  its  weight  is 


Zfar.  JBXll-51b.  Since  by  (129),Lfo=  x  -X  0-666xlO-» 

L.lf  +  2t      * 

&X 

we  have 

weight  of  coil  in  Ib  =  -  ^^*  -  .  *,  .  J?  .  7-66  X  ID'6    .     (130) 


and  the  total  weight  of  coppei  on  the  nmclime  is  this  quantity  X  2/>. 
From  this  it  follows  that,  for  a  given  rise  of  temperature  and  given 
dimensions  of  pole,  the  requisite  weight  of  copper  is  very  much 
reduced  by  increasing  the  length  of  the  coil.  A  limit  is,  howevci, 
set  to  the  possible  decrease  in  the  weight  of  copper  used  by  two 
considerations.  As  the  length  of  the  coil  is  increased,  although  the 
same  temperature  rise  is  attained,  the  loss  in  watts  is  continually 
increasing,  and  cannot  be  allowed  to  reach  such  a  value  as  to  impair 
the  efficiency  senously.  Further,  the  length  of  pole  increases  with 
the  increase  of  the  bobbin  length  ;  the  magnetic  circuit  is  in  con- 
sequence longer,  the  necessary  ampere-turns  more,  and  finally, 
the  size,  weight,  and  cost  of  the  iron  magnet  are  greater.  The  best 
length  of  coil  must  therefore  be  determined  by  a  compromise  between 
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a  numbei  of  conflicting  considerations,  the  advantage  of  a  reduction 
in  the  weight  of  wire  being  finally  balanced  by  the  ma  eased  cost 
of  the  longer  iron  or  steel  poles  and  yoke-ring,  and  by  the  lower 
efficiency  of  the  machine  as  a  whole 

§  19.  Winding  of  field-magnet  bobbins.— The   field  coils    of 
small  machines  are  usually _woimd  in  a  lathe  01  small  winding 


FIG   276. — Round  shunt  magnet-coils 

machine  on  a  wooden  former  between  temporary  cheeks ;  the 
numerous  layers  of  wire  are  built  up  during  the  process  of  winding 
with  interlaced  strips  of  tape,  so  that  the  wooden  cheeks  and  finally 


FIG  277 — Rectangular  magnet-coils 

the  former  itself  may  be  withdrawn  without  the  coil  losing  its  shape. 
The  coil  is  thus  left  self-supporting,  and  no  spool  is  required.  The 
ends  and  the  whole  of  the  inside  are  then  covered  with  paper, 
press-spahn,  or  micanite  of  different  degrees  of  thickness,  according 
to  the  voltage  which  the  coil  has  to  withstand,  espeaal  care  being 
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taken  to  secuie  a  thoroughly  sound  covering  on  the  inside  edges 
where  it  will  be  in  contact  with  the  non  of  the  pole-core  Finally, 
the  whole  coil  is  wrapped  round  with  an  ovei lapping  layei  of  strong 
tape  to  retain  the  true  insulating  covering  in  place,  and  is  vai  nished 
inside  and  out  Such  coils,  both  round  and  rectangulai,  aie  shown 
in  Figs  276  and  277.  They  are  threaded  over  the  poles,  and  are 
fixed  in  place  so  as  not  to  become  chafed  by  vibration,  piefe,iably 
being  secured  between  two  iron  or  brass  retaining  plates,  the  one 
icsting  against  the  pro]ectmg  pole-shoe  and  the  other  fastened  by 
pins  driven  into  the  iron  pole  The  thickness  to  be  allowed  for  the 
insulation  on  the  inside,  after  the  scheme  shown  in  diagiammatic 
section  in  Fig.  278,  rises  from  0-045"  for  100  volts  to  0  070"  for  250, 
and  0-110"  for  500  volts  In  machines  subjected  to  especially  trying 
conditions  of  dampness  the  wound  coil  is  wrapped  with  a  double 


Preaa  apahn  0  020"  thick 


Press  apahn  0  020"thick 


Tape 


Up  to  200  volts 

FIG.  278, — Insulation  of  magnet  bobbins 
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layer  of  webbmg,  and  is  then  soaked  in  bitumen  01  other  insulating 
varnish  and  thoroughly  dned,  until,  to  use  an  Ameiicamsm,  it  is 
"  mummified."  For  larger  machines  spools  are  in  many  cases 
employed  These  may  be  either  of  insulating  material,  such  as 
vulcanasbest,  specially  moulded  to  fit  over  the  poles,  with  gi coves 
formed  in  their  flanges  to  receive  the  wire  leading  to  the  bottom 
layer  ;  such  spools  are  convenient  for  winding,  and  provide  a  very 
high  insulation  from  the  iron,  but  they  have  the  disadvantage  of 
being  heat-retaining.  Or  the  spook  may  be  of  metal,  usually  with 
a  sheet-iron  cylindrical  body  nveted  to  malleable  iion  or  brass 
end-flanges  ;  the  latter  being  pierced  with  holes  or  star-shaped  to 
give  as  much  ventilation  as  possible  without  impairing  the  mechan- 
ical support  of  the  winding.  Such  spools  conduct  the  heat  better 
to  the  iron  of  the  pole,  but  their  winding  surface  must  be  insulated 
with  several  layers  of  varnished  paper  or  micamte  cloth.  In  order 
to  obviate  the  danger  of  a  break  of  the  leading-m  wire  rendering 
the  lower  layer  inaccessible,  a  thin  insulating  partition  may  be 
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placed  against  the  end-flange,  and  witliui  this,  as  each  layer  is 
wound,  a  turn  of  the  leading-m  wire  is  taken  in  the  reverse  direction, 
until  it  ib  finally  bi ought  up  to  the  top,  flush  with  the  bulk  of  the 
winding,  and  in  a  readily  accessible  position.  Or  a  thin  strip  of 
copper  is  soldered  to  the  first  turn  of  the  lowest  layer,  and  ib  brought 
out  under  the  winding  and  completely  insulated  therefiom  by 
intervening  mica  Fig  279  shows  the  field-coils  of  an  8-pole 
machine  in  place  on  the  magnet-cores,  the  coils  being  wound  between 
metal  flangeb  and  connected  m  senes  round  the  circle  of  poles 


Fio   279. — Eight-pole^  magnet-frame  with  coils»  in  place 

For  the  better  ventilation  of  large  coils  it  is  very  common  to  find 
them  divided  into  two  or  three  separate  sections  with  air-ducts 
between  them.  Such  air-ducts  may  be  either  radial  and  com- 
municating with  a  central  air-space  between  the  inside  of  the  coil 
and  the  pole-core,  or  they  may  run  longitudinally  thiough  the  coil, 
the  separate  sections  being  kept  apart  by  stnps  of  wood  or  fibre 
which  are  interposed  at  intervals  so  as  to  form  a  circular  air-gap. 
The  end-flanges  in  either  case  are  pierced  or  cut  away  to  form 
corresponding  openings  through  which  the  air  may  circulate.  Figs. 
280  and  281  illustrate  the  first  method,  with  which,  owing  to  the 
smaller  size  of  the  sections,  we  again  return  to  separate  coils  wound 
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so  as  to  be  self-supporting  and  afterwards  slipped  over  the  pole 
without  any  internal  spool ;  wood  strips  boiled  in  paraffin-wax 
are  disposed  round  the  pole  and  wedge  the  coil  in  place,  so  that  no 
further  internal  insulation  is  required,  and  small  black  fibre  distance- 
pieces  dovetailed  to  the  wood  stnps  serve  to  keep  the  sections 
apart.  The  inner  ends  of  the  windings  are  then  conveniently 
brought  out  through  the  radial  openings  between  the  sections. 


Horizontal  Distance 
ff-     -v  'Piece  of  Black  Fibre. 
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FIG.  280. — Magnet-coil  m  separate  sections 

Series  coils  are  advantageously  made  by  winding  flat  copper 
strip  on  edge  with  insulation  laid  m  between  the  turns  ;  the  heat  is 
conducted  directly  to  the  outside  edges  of  the  copper,  and  the 
utilization  of  space  is  good.  Such  a  construction  is  used  commonly 
for  the  coils  on  commutatrng  poles,  which  carry  the  full  armature 
current,  and  if  the  copper  strip  is  of  sufficiently  substantial  dimension 
it  may  be  left  bare  with  an  air-space  only  between  adjacent  turns. 
Fig  282  shows  a  commutating  field-coil  of  copper  strip  wound 
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FIG  281  — Magnet-coil  in  separate  sections. 


FIG   282  — Commutating  pole  and  coil  (The  Bntish  Thomson-Houston 

Co ,  Ltd.) 


544 


CHAPTER  XVI 


directly  on  the  insulated  pole-core,  the  connections  between  the 
coils  for  large  currents  being  made  by  interleaved  bolted  joints. 


FIG   283  — 500  kW  300  r  p  m  3-wire  generator  for  direct  driving  by  engine 
(The  British  Thomson-Houston  Co  ,  Ltd  ) 

and  in  Fig  283  may  be  seen  the  complete  assembly  of  main  and 
commutating  poles. 


CHAPTER  XVII 

SHUNT,   SEKIliS,  AND  COMPOUND  WINDING 

§  1.  Methods  of  excitation  o!  the  field-magnet.    Separate  excitation. 

— The  excitation  of  the  electro-magnet  of  a  dynamo  is,  m  general, 
eifected  either  (1)  by  coils  connected  to  a  sepaiate  source  of  current, 
the  machine  being  then  said  to  be  "  sepaiately  excited  ,"  or  (2)  by 
coils  forming  a  shunt  to  the  external  circuit,  the  dynamo  being  then 
known  as  a  "  shunt  "  machine ,  or  (3)  by  coils  in  series  with  the 
external  circuit,  when  the  dynamo  is  called  a  "  series  "  machine  ; 
or  (4)  by  both  shunt  and  series  coils  m  combination,  a  method 
known  as  "  compound  winding." 


FIG   284 — Separately  excited  dynamo 

The  excitation  of  a  machine  fiom  a  separate  and  entirely  external 
source  of  electrical  energy  is  the  most  obvious  method,  and  was  the 
one  first  adopted  in  practice,  a  small  dynamo  with  permanent 
magnets  of  steel  being  used  to  furnish  current  for  exciting  the  field- 
magnet  of  a  larger  dynamo.  Fig.  284  shows  a  separately  excited 
machine,  the  electric  circuit  of  the  magnetizing  coils  being  entirely 
distinct  from  the  circuit  of  the  main  dynamo  ;  in  the  diagram  the 
mam  external  circuit,  Rt,  is  indicated  by  incandescent  lamps 
strung  m  parallel  across  from  the  positive  to  the  negative  lead 
The  source  of  the  magnetizing  current  is  represented  by  a  battery 
of  cells,  but,  of  course,  is  usually  a  separate  continuous-current 
dynamo  Tlie  principle  is  still  retained  m  connection  with 
alternators,  a  separate  "  exciter "  furnishing  continuous  current 
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foi  then  excitation,  and  in  special  cases  of  contmuous-cunent 
dynamos  when  their  magnetization  would  otherwise  tend  to  become 
unstable.  The  calculation  of  the  field-winding  for  separate 
excitation  is  made  at  once  from  equations  (124-6). 

§  2.  Shunt  excitation. — The  second  step  in  the  order  of  develop- 
ment was  made  when  it  was  suggested  that  a  part  of  the  electrical 
output  delivered  by  the  main  dynamo  might  be  used  to  maintain  or 
increase  the  magnetism  of  its  own  field-magnet  This  was,  however, 
only  possible  if  the  machine  were  furnished  with  a  commutator  by 
which  the  current  was  commuted  into  a  steady  flow  in  one  direction, 
and  was  thus  rendered  suitable  for  magnetizing  purposes.  Two 
distinct  methods  weie  then  invented  by  which  this  suggestion  was 
realized. 

By  the  fust,  magnetizing  coils  were  arranged  as  a  shunt  to  the 


FIG   285  — Shunt-wound  dynamo 

external  circuit  proper  ;  thus,  in  Fig  285,  from  the  brushes  of  the 
dynamo  two  paths,  Rt  and  Ra,  are  presented,  and  the  armature 
current  divides  into  two  portions,  the  relative  magnitudes  of  which 
will  vary  inversely  as  the  resistances  of  Rt  and  R, ;  while  the  one 
portion  of  the  total  armature  current  flows  through  the  external 
circuit  Rt,  wherein  the  useful  electrical  energy  is  manifested,  the 
other  is  shunted  through  the  magnetizing  coils,  and  both  reunite 
to  flow  through  the  armature.  The  voltage  on  the  shunt  is,  of 
course,  the  same  as  that  on  the  external  circuit,  since  the  same 
terminals,  A  and  D,  serve  for  both.  If  the  resistance  of  the  shunt, 
Re>  be  relatively  high  as  compared  with  Rv  only  a  small  proportion 
of  the  total  energy  developed  will  be  absorbed  in  exciting  the  field- 
magnet,  and  this  is  the  case  under  load,  owing  to  the  resistance  of 
the  external  circuit  being  then  comparatively  low.  Hence  the 
shunt  coils  consist  of  a  large  number  of  turns  of  small  wire,  and  are 
represented  in  the  diagram  by  fine  lines. 
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§  3.  Series  excitation.— By  the  second  alternative  method, 
magnetizing  coils  aie  arranged  in  series  with  the  external  cucuit,  and 
the  whole  of  the  armature  current  passes  alike  through  the  turns  of 
the  field-magnet  coils,  Rm,  and  the  external  circuit,  R0  (Fig.  286) 
A  portion  of  the  total  voltage  developed  at  the  brushes  is  expended 
in  the  magnetizing  coils,  and  the  remainder  is  available  for  useful 
work  at  the  teimmals,  B,  D,  to  which  the  external  circuit  is  applied. 
If  the  resistance  of  the  series  coils,  Rm,  be  low  as  compared  with  the 
lesistance  of  the  external  circuit,  the  percentage  of  energy  absorbed 
m  the  field  will  be  small  as  compared  with  the  useful  output  ;  on 
this  account  the  series  coils  will  usually  be  a  few  turns  of  thick  copper 
sti  ip,  and  are  so  represented  in  the  diagi  am  The  number  of  ainpere- 
tums  on  the  magnet  of  the  dynamo  may  be  the  same  whether  it 


f  I 

FIG.  286. — Senes- wound  dyiiamo 

be  shunt-  or  series-wound,  since  in  the  one  case  a  small  current  flows 
through  a  large  number  of  turns,  and  in  the  other  case  a  large 
current  flows  through  a  few  turns  ;  and  in  both  cases  the  amount 
of  energy  absorbed  in  securing  any  given  number  of  ampere-turns 
ib  simply  a  question  of  the  amount  of  copper  in  the  field-cods. 

§  4.  Self-excitation. — A  further  and  most  important  step  was 
next  found  to  be  practicable,  namely,  the  self-excitation  of  the 
machine,  whether  shunt-  01  series-wound  The  field-magnet  of  a 
dynamo  is  slightly  magnetized,  even  when  the  machine  has  ceased 
running  ,  it  may  then  appear  to  be  perfectly  demagnetized  by  its 
failing  to  attract,  say,  a  bunch  of  keys  held  near  the  poles,  but  a 
more  delicate  test  will  show  that  both  forged  and  cast  iron  or  steel 
retain  a  certain  amount  of  magnetic  flux  (Chapter  XIV,  §  4).  The 
presence  of  this  feeble  residual  flux  is  sufficient  to  start  the  process 
of  self-excitation,  so  that  when  the  armature  of  either  Fig.  285 
or  Fig.  286  is  rotated,  the  active  conductors  cut  the  residual  lines, 
and  a  small  E  M.F.  is  thereby  set  up  within  the  winding  of  the 
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armature  If  the  brushes  are  "  down  "  on  the  commutatoi ,  and 
a  closed  circuit  is  thereby  made,  this  small  E.M.F.  sends  a  feeble 
current  through  the  magnetizing  coils  ;  the  ampere-turns  of  the 
latter,  although  as  yet  they  may  be  small,  still  serve  to  increase 
the  number  of  lines  passing  through  the  armature,  and  these,  as 
they  are  cut  by  the  wires,  produce  an  increased  E  M  F  ;  the  exciting 
current  is  thereby  in  turn  increased,  and  its  increase  is  again  followed 
by  a  further  increase  in  the  flux  and  E.M  F  Thus  the  magnetism 
gradually  grows,  the  increments  becoming  less  and  less  as  the 
iron  of  the  field-magnet  becomes  more  and  more  saturated  The 
tune  taken  by  the  "  building  up  "  process  will  vary  from  a  few 
seconds  in  a  small  machine  to  a  minute  or  more  in  a  large  magnet, 
but  after  a  short  time  a  small  increase  in  the  exciting  current 
produces  very  little  increase  in  the  flux  ,  finally,  for  a  given  speed 
of  rotation  the  voltage  and  exciting  current  reach  a  settled  state, 
and  the  machine  will  run  for  any  length  of  lime,  maintaining  its 
own  constant  flux.  Thus  the  presence  of  residual  flux  renders  it 
unnecessary  to  impart  to  the  field  magnet  any  initial  excitation, 
and  the  continuous-current  machine  becomes  self-exciting  by  the 
mere  rotation  of  the  armature  One  difference,  however,  between 
the  shunt-  and  the  series-machine  will  be  apparent  from  their 
respective  diagrams  In  the  latter  case  the  external  circuit  must 
be  closed  before  the  process  of  excitation  will  begin,  since  the  circuit 
of  the  field-coils  is  only  completed  through  the  external  circuit. 
|  In  the  former  case,  if  an  external  circuit  of  very  low  resistance  be 
,  closed  on  the  brushes,  so  small  a  portion  of  the  feeble  initial  current 
t  will  be  shunted  through  the  magnet-coils  that  the  machine  may  fail 
A/ to  excite.  Hence,  in  the  shunt  machine,  the  excitation  is  most 
j|  quickly  and  surely  obtained  if  the  external  circuit  be  left  open  until 
I  the  magnet  is  thoroughly  excited 

It  only  remains  to  remark  that  even  when  a  machine  has  just  come 
from  the  workshops,  and  is  run  for  the  first  time,  there  is  usually 
sufficient  residual  flux  in  the  magnet,  due  to  the  effect  of  the  earth's 
magnetic  field  or  of  other  magnetic  bodies  upon  it  during  the  process 
of  its  manufacture,  to  enable  it  to  excite  itself  The  first  excitation 
may,  however,  require  a  higher  speed  than  will  be  subsequently 
necessary,  and  m  cases  of  large  shunt  machines,  running  at 
slow  speeds,  separate  excitation  may  have  to  be  resorted  to  in 
the  first  instance. 

§  5.  Energy  stored  in  the  excited  field.— When  once  the  machine 
is  normally  excited,  and  is  running  under  settled  conditions,  the 
energy  spent  in  the  magnetizing  coils  is  entirely  converted  into 
heat ;  but  during  the  process  of  creating  the  magnetic  field  a  certain 
amount  of  energy  is  absorbed  which  is  given  back  as  the  field 
demagnetizes  If  the  circuit  of  a  series-wound  dynamo  be  opened 
while  it  is  running,  the  stored-up  energy  reappears  in  the  form  of 
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a  spark  at  the  switch  ,  the  rapid  collapse  of  the  lines  of  flux  which 
circle  through  the  turns  of  the  field-coils  generates  a  high  E  M  F  , 
which  tends  to  keep  up  the  strength  of  the  cunent  ,  and  if  the  field 
be  powerful  and  the  tuins  encircling  it  be  numerous,  the  intensity 
of  the  spark  is  great.  In  the  case  of  a  shunt -wound  dynamo  the 
opening  of  the  external  circuit  does  not  interrupt  the  flow  of  the 
shunt  current  round  the  coils  ;  the  stored  energy  discharged  at 
the  switch  is  then  chiefly  that  of  the  external  circuit.  Owing, 
however,  to  the  large  numbei  of  turns  in  the  shunt,  the  effect  of 
suddenly  breaking  the  magnetizing  circuit  is  even  more  marked 
than  in  a  senes  machine  Thus,  if  a  person  accidentally  lifts  the 
brushes  of  a  large  shunt  machine  running  on  open  cucuit,  the  self- 
induced  E  M.F  may  use  to  thousands  of  volts,  may  damage  the 
insulation  of  the  machine,  and,  further,  may  give  perhaps  a  fatal 
shock  If  the  machine  be  running  on  a  closed  circuit,  say,  of 
incandescent  lamps,  the  person  would  be  less  liable  to  receive  such 
a  severe  shock,  since  the  bo-called  "  extra-current  "  is  discharged 
through  the  external  cucuit,  and  causes  the  lamps  to  flash  up 
momentarily  In  ordei,  therefore,  to  open  the  shunt  circuit  of  a 
machine  when  running,  a  shunt-breaking  switch  is  necessary,  in 
which  at  the  moment  of  opening  a  non-inductive  resistance  is  closed 
upon  the  terminals  of  the  shunt 

§  6.  Determination  ol  shunt-winding. — The  application  of  the 
formulae  of  Chapter  XVI  to  the  design  of  the  field-winding  of  the 
shunt  machine  is  easy  Let  V6  be  the  terminal  or  external  voltage 
which  the  machine  is  required  to  give  when  supplying  its  full 
external  current  ;  then  the  difference  of  potential  on  the  ends  of 
the  shunt  1  is  likewise  Ve,  and  it  is  only  necessary  to  substitute  its 
value  for  Vu  m  equations  (124-5)  in  order  to  determine  the 
necessary  area  or  diameter  of  wire.  In  order  further  to  determine 
the  number  of  turns  and  weight  of  wire,  it  is  necessary  to  know,  at 
least  approximately,  the  rate  in  watts  at  which  energy  may  be 
expended  in  the  field-coils. 

While,  however,  the  necessary  size  of  wiie  is  rigidly  determined, 
there  is,  m  fact,  no  hard-and-fast  rule  for  deciding  the  weight  that 
is  to  be  used,  and  this  must  be  left  to  the  designer's  judgment 
If  a  large  quantity  be  used,  the  weight  and  cost  of  the  machine 
are  increased,  while  if  a  smaller  quantity  be  used  the  heating  of 
the  field-coils  is  greater,  and  the  efficiency  of  the  machine  is  de- 
creased. A  further  disadvantage  which  arises  when  the  weight 
of  copper  is  reduced  is  that  there  is  a  greater  difference  between 
the  resistances  of  the  shunt  when  cold  and  when  hot,  owing  to 
its  nse  of  temperature  being  greater;  this  difference  causes  a 
difference  m  the  shunt  current  for  the  same  terminal  voltage,  and 
therefore  in  the  excitation  and  total  flux  produced,  so  that  when 

1  Unless  there  is  a,  rheostat  in  circuit,  as  will  be  described  in  §  8. 
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the  dynamo  runs  at  a  constant  speed  the  E  M.F  induced  is  greater 
at  starting  than  it  is  after  it  has  run  for  several  hours  continuously 
and  has  attained  its  final  temperature.  If  this  difference  be  gieat, 
it  will  necessitate  an  alteration  in  the  speed  of  rotation  in  order  to 
maintain  the  correct  voltage,  or  it  must  be  corrected  by  means  of 
a  variable  rheostat  in  senes  with  the  shunt.  Difference  of  tempera- 
ture is  minimized  by  the  winding  of  the  shunt  coils  in  separate 
sections  with  intervening  air-ducts  through  which  the  air  is  brought 
into  contact  with  the  more  heated  cential  parts,  as  in  Figs.  280, 
281  ;  but,  on  the  other  hand,  it  has  to  be  borne  in  mind  that,  as 
compared  with  a  single  coil  filling  the  whole  of  the  bobbin-length, 
the  lessei  number  of  turns  and  weight  of  wiie  are  always  obtained 
at  the  expense  of  a  slightly  lower  efficiency.  The  settlement  of 
the  rate  m  watts  at  which  energy  may  be  expended  in  the  shunt 
coils  depends,  therefore,  upon  their  allowable  heating,  and  upon 
the  efficiency  which  the  dynamo  is  to  have  ,  from  both  considera- 
tions combined,  experience  enables  us  to  fix  upon  a  preliminary 
estimate  from  which  the  completed  design  need  differ  but  little. 
In  practice,  the  loss  of  energy  in  the  field  of  a  shunt  machine  varies 
from  about  0-75  per  cent  of  the  output  in  a  1,000-kilowatt  machine, 
1-5  per  cent  in  a  100-blowatt  machine,  to  7  or  8  per  cent,  in  «i 
4-kilowatt  machine  The  heating  question  will  be  more  fully 
discussed  in  Chapter  XXI.  If  it  be  settled  that  W  watts  may  bo 
lost  in  the  field-winding,  then  W  =  V0  X  Ia  watts,  and  7,  = 
V0IRS>  whence  the  resistance  of  the  shunt  and  its  composition  can 
be  at  once  determined.  The  preliminary  result  thus  arrived  at 
should  only  require  such  slight  revision  as  will  lead  to  the  winding 
forming  a  complete  number  of  layers. 

§  7.  Determination  of  a  shunt-winding  with  two  sizes  of  wire. — 
As  stated  m  Chapter  XVI,  §  16,  there  is  only  one  diameter  of  wire 
which  will  give  a  specified  number  of  ampere-turns  for  a  given 
applied  voltage  Va  at  its  ends,  if  the  whole  of  the  coil  is  wound  with 
wire  of  the  same  gauge.  It  is,  however,  often  desired  to  make  up  a 
composite  shunt  winding  out  of  two  sizes  of  wires.  Any  size  of 
shunt  wire  can  be  specially  drawn,  but  foi  manufacturing  reasons 
it  is  advisable  to  adhere  to  certain  standard  sizes  of  wire  which 
are  held  in  stock  Given  two  sizes,  one  of  which  is  larger  and  the 
other  smaller  than  the  correct  diameter,  they  can.be  wound  m  such 
proportions  as  to  produce  the  same  magnetizing  result  as  the  correct 
intermediate  size  The  use  of  two  gauges  of  wire  m  series  implies 
a  different  rate  of  heat-generation  in  them  owing  to  their  unequal 
current-density,  but  m  practice,  if  the  two  sizes  do  not  differ  greatly, 
this  leads  to  no  disadvantageous  result. 

To  determine  the  necessary  proportions  by  trial  and  error  is 
usually  a  somewhat  lengthy  process,  and  the  calculation  may  ba 
much  shortened  by  attention  to  the  following  points. 
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From  equation  (125)  the  AT  of  any  coil  wound  with  wiie  of 
area  a  sq  inches  is 

Vtt  X  1.000  X  a 
6  02445  X  I,,  X  k 

When  two  sizes  of  wire  are  to  be  employed,  let  the  suffixes  /,  s,  c 
indicate  lespectively  the  large,  small  and  conect  bizes  of  wire 
The  current  thi  ongh  the  combination  of  wires  is 

VK  X  1,000 

0  02445  /i^Lkxft  + 


aa 

and  this  when  multiplied  by  (ra  +  Tt)  must  give 
Vm  X  1.000  X  a0 
0  02445  X  J.  X  A 

The  turns  T8  and  Tt  must  now  be  expressed  in  terms  of  the  number 
of  turns  of  either  the  larger  or  the  smaller  wne  which  will  fill  the 
entire  winding  space  of  sectional  area  A.  Let  the  larger  wire  be 
taken  and  let  2V  be  the  numbei  of  turns  of  it  which  will  fill  the 
aiea  A. 

The  true  number  of  turns  of  the  largei  wire  when  a  part  A,  of 
the  winding  space  is  filled  with  the  smaller  wire  instead  of  the  larger 
wiie  is  then  ^ 

T         T,    A"A1 

Tl  =  Tl  '     A 
and  the  true  numbei  of  turns  of  the  smaller  wire  is 


alB 

wheie  alt  and  %8  aie  the  areas  which  one  turn  of  each  of  the  two 
sizes  of  wire  occupies  when  insulated  and  after  taking  into  account 
the  interstices  between  the  wires 
The  total  turns  are  therefore 


or  since  A  „  —  Ts  .  als  and  A  — 


since  whatever  the  conditions  of  bedding,  a^  is  oc  ^  a,  where  d^  is 
the  insulated  diameter  of  the  wire. 
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Identifying  kt,  ka,  and  kc,  it  is  found  by  substitution  that 

ffiY  _^ 
Ta=7V. UJ    ** 

V^a/     '  Ife       We/  \dil/      (We/          Ix 


r,  =  TV 


When  the  coil  is  divided  into  sections  so  that  the  mean  length  of 
a  turn  in  each  section  is  the  same,  and  lxl  =  la  =  1XB,  the  equations 
are  immediately  soluble.  As  a  general  rule,  it  suffices  in  this  case 
to  calculate  the  relative  widths  of  the  sections  of  the  two  wires 
If  ya  =  the  fraction  of  the  net  winding  length  (after  deducting  any 
radial  air-spaces)  which  the  small  wire  must  occupy, 

y°  = 


In  this  expression  the  differences  in  the  squares  require  to  be  woiked 
out  with  accuracy. 

But  if  one  size  of  wire  is  wound  above  the  other,  -^  and  ~  in  the 

I'm  f'a 

previous  equations  must  be  approximately  estimated,  as  loughly 
indicated  below.    Under  average  conditions  of  depth,  etc., 


(a)  With  the  small  size  wound  on  Hie  inside, 

and  nearly  right  in  size   . 
half  and  half  in  depth 
large  size  nearly  right 

(t)  With  the  small  size  wound  on  the  outside, 
large  size  nearly  right 
half  and  half  in  depth     . 
small  size  nearly  right 


1*17 
1-08 
1-02 


091 
0-91 
0-82 


'« 
0-98 

091 
0-82 

1-17 
1-08 
1-02 


Since  with  the  same  winding  length  T  oc  njd-L  where  n  is  the  number 
of  layers,  the  ratio  between  the  numbers  of  layers  of  the  two  sizes  is 


n 


*u 


(132) 


(d  \  I 

•j- }  need  not  necessarily  exceed  7^,  since  if  the  smaller 
*e/  J» 

wire  is  wound  inside  and  will  at  a  certain  thickness  give  the  required 
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number  or  more  than  the  required  number  of  AT,  the  function  of 
the  larger  wire  at  its  larger  mean  turn  is  to  reduce  the  AT.  But 
if  this  is  the  case  and  the  numerator  of  the  above  equations  becomes 

negative,  (-=•*)     must  exceed  -jr2,  which  makes  the  denominator 

\»o/  l* 

also  negative  When  the  sizes  are  thus  so  nearly  commensurate 
with  their  respective  mean  turns,  the  equations  cannot  be  solved 
with  sufficient  correctness  on  the  slide  lule,  the  differences  being 
too  small  to  determine  accurately  It  is  therefore  best  to  wind  the 
smaller  wire  outside,  for  purposes  of  calculation,  since  it  is  practically 
a  matter  of  indifference  which  course  is  pursued.  Under  these 

circumstances  [  -j-1 )    always  exceeds  -ft  and  •£*  exceeds  ( -=* )    which 

\»c/  la  la  \»o/ 

gives  a  clue  to  the  right  values  to  be  inserted  for  the  ratios  ~ 
I  ^ 

and  !?. 

x 
The  following  simple  approximate  formulae  have  been  developed 

by  Mr  R  G  Jakeman1  to  determine  directly  the  winding  depths 
of  the  two  sizes  of  wire  when  one  is  wound  above  the  other 

1.  If  the  large  size  is  wound  first 

±=  !  +  0-45^-° 

*I  «o  -  «• 

2.  If  the  small  size  is  wound  first 


where  x  and  xl  are  the  total  winding  depth  and  the  depth  of  the 
large  size  respectively.  These  formulae  give  good  results  in  practice 
for  any  size  of  coil,  whether  round  or  rectangular. 

When  the  wires  as  usual  are  not  far  removed  from  one  another 
m  size,  the  differences  are  so  small  that  the  numbers  of  turns  for  a 
given  depth  of  winding  can  be  varied  through  a  wide  range  with 
practically  little  effect  on  the  total  A  T  which  the  combination  yields. 

§  8.  Example  of  shunt-winding  calculation. — To  illustrate  the 
above,  the  winding  for  the  21"  X  11*  dynamo  of  Chapter  XVI, 
§9,  as  a  shunt  machine  will  now  be  worked  out  in  detail.  A  shunt- 
wound  dynamo  is  almost  invariably  furnished  with  a  rheostat  or 
resistance  in  series  with  the  magnet  winding,  for  the  purpose  of 
regulating  its  voltage  ,  the  coils  of  such  a  rheostat  can  be  successively 
thrown  into  or  out  of  the  shunt  circuit,  and  since  for  a  given  voltage 
at  the  brushes  the  exciting  current  can  be  thereby  reduced  or  in- 
creased, the  voltage  of  the  machine  can  be  lowered  or  raised  by 
successive  small  steps.  It  will  be  assumed  in  the  present  case 

1  "  A  Direct  Method  of  Calculating  Shunt  Field  Coils  having  Two  Gauges  of 
Wire,"  Elect?.,  21st  Nov.,  1919. 

19— ("065} 
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unt  rheostat  is  to  be  used,  so  that  the  electrical  connections 

achine  will  be  as  diagrammatically  shown  in  Fig.  287,  and 

y 
jnt  in  the  shunt  is  Ia  =  „    , 6  r>  » where  Rr  is  the  resistance 

tiding  to  the  particular  contact  on  which  the  arm  of  the 
rests.  Under  these  circumstances  at  full  load,  and  when 
tune  is  heated  after  a  prolonged  run,  it  will  be  advisable 
i  a  small  margin  of  resistance  m  the  rheostat ;  in  other 
tie  full  voltage  at  the  brushes  will  not  be  used  to  excite  the 
jnet.  It  will  be  remembered  fiom  Chapter  XVI,  §  16, 
en  once  the  gauge  of  shunt  wire  has  been  selected  and  the 
md,  the  ampere-turns  are  not  increased  but  rather  reduced 
ing  on  more  turns,  while  a  limit  to  the  lemoval  of  turns  is 
reached  through  the  overheating  of  the  coil  which  results 
ne  or  two  steps  of  resistance  in  a  rheostat  have  been  held 

in  reserve,   should  it 

V1  become    necessary   to 

v       N/        make    up    any  small 
y^    'c     "         deficiency  in  the  cal- 
culated   ampere-turns 
or  to  cover  any  vari- 
ation    from     strictly 
normal  conditions,  the 
last  steps  can  be  cut 
out  and   the   voltage 
— Adjustable  rheostat  m  shunt  circuit.       thereby  raised  slightly 

But  on  the  other  hand, 

rence  between  the  terminal  voltage  at  the  brushes  F6,  and 
lied  to  the  terminals  of  the  field-coils,  Vm,  i.e  the  loss  of  volts 
rheostat  at  full  load,  or  F6  -  Va,  must  be  kept  small,  so 
)  impair  appreciably  the  efficiency  of  the  machine.  In  the 
:ase,  therefore,  Vm  will  be  taken  as  about  2£  per  cent,  less 
or,  say,  225  out  of  the  230  volts  at  the  brushes  or  terminals 
sternal  circuit. 

the  same  loss  of  volts  over  the  armature  resistance  and 

ELS  in  Chapter  XVI,  §  9,  the  induced  E.M.F.  must  now  be  238 

slightly  less  than  before,  since  no  part  of  the  field-winding  is 

with  the  armature  ;  the  necessary  flux  is  therefore  <Da  = 

'  500     =  6  35  x  106,  and  the  total  ampere-turns  on  the 

es  to  give  this  flux  is  from  Fig  274,  ATf  X  2^>  =  4  X  9,500. 
iameter  of  the  pole  being  9J*,  the  mside  diameter  of  the 
>ver  the  wood  strips  running  axially  down  the  magnet-core, 
5  fashion  of  Fig.  280,  will  be  9J*.  A  depth  of  winding  of 
be  assumed,  so  that  the  mean  diameter  of  a  central  turn 
121*,  and  its  length  lm  =  IT  X  12  375  niches  =  1-08  yard. 
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7 
With  the  assumed  thickness  of  winding,  •£  = 


/- 
and  Vo1  =  0  935 


-J- 

+  z 


=  1-2, 


will  be  about  08.    As  will  be  explained  in 
j 

Chapter  XXI,  if  the  coil  were  closely  wound  without  any  ventilating 
channels,  a  ratio  of  about  0  5  watt  per  square  inch  would  give  a 
surface  rise  of  temperature  of  about  45°  F.,  and  the  ratio  of  the  mean 
rise  to  the  surface  rise  would  be,  say,  1-72,  so  that  from  Chapter 
XVI,  §  16,  assuming  the  temperature  of  the  engine-room  to  be 
70°  F.  while  the  standard  temperature  of  the  wire  table  is  68°  F., 


k  =  1  +  0  0022  X  795  =  1  175,  and 


./A  = 
-Y  & 


0  5 


=  1  53. 


Since  each  coil  has  to  give  9,500  ampeie-turns,  by  equation  (129), 


x 


=  is 


and  with  2\"  depth  of  winding  L  —  6-82'". 

The  above  gives  a  first  idea  of  the 
necessary  length  of  coil,  and  will  hold 
good  equally  in  the  present  case  when  the 
coils  are  to  be  divided  up  into  sections 
with  air-canals  between  them.  The  effect 
of  this  construction  will  be  to  reduce  the 
value  of  k  and  at  the  same  time  to  increase 
the  watts  per  square  inch  that  may  be 
allowed  for  the  same  surface  rise  ;  thus, 
as  in  Chapter  XVI,  §  16,  k  may  be  taken 
as  1  16,  and  0  64  watt  per  square  inch 
may  be  allowed,  the  gross  length  of  coil 
being  reckoned  in  the  cooling  surface. 
It  results  that,  even  when  two  air-canals 

each  f*  wide  are  added  to  divide  the  coil  into  three  sections 
(Fig.  288),  its  gross  length  may  remain  6-8".  It  will  be  assumed, 
therefore,  that  the  above  calculations  or  the  known  design  of  the 
magnetic  circuit,  as  in  Fig.  266,  have  led  to  an  axial  length  of 
pole  of  7  3",  a  surplus  of  J*  being  allowed  at  each  end  of  the  coil. 

The  several  shunt  coils,  one  on  each  pole,  are  almost  invariably 
connected  in  series,  so  that  by  equation  (124) 

225  X  1,000  Ann   ^  ^AAA 

"  -  38,000  x  foTxTie  "  4>72  ohms  per  l>m  yaxds- 

and  the  necessary  diameter  of  the  shunt  wire  is  by  equation  (126) 

0-176 


FIG   288 
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The  net  winding  length  is  7  3  -  1-25  =  6-05",  and  each  of  the 
three  sections  will  be,  say,  2  02"  long  In  order  to  illustrate  the 
procedure  that  would  "be  followed  in  working  out  the  details  of  the 
coils,  a  winding  with  the  above  single  size  of  wire  will  first  be  com- 
pleted as  follows.  The  number  of  turns  in  a  layer  of  one  section  will 

202 
be  „.,.--  =  20-9     Strictly  speaking,  one  turn  must  be  deducted 


from  this  quotient,  which  gives  19  9,  or  59  7  per  layer  of  the  three 
sections.  With  a  depth  of  about  2  5"  there  will  be  28  layers,  since 
with  allowance  for  bedding  we  have  by  equation  (128) 

0  9  X  28  X  0  0963*  =  2  43* 

The  total  number  of  turns  on  a  complete  bobbin  will  be,  therefore, 
28  X  59-7  =  1,670,  or  6,680  in  all  on  the  four  bobbins.  The  mean 
length  of  a  turn  being  la  =  (9  875  +  2-5)7r  ±=  38  8  inches  =  1-08 
yard,  the  total  length  of  wire  is  7,215  yards,  and  its  resistance  at 
68°  F.  =  7215  x  4  72  =  34  ohms,  or  when  heated  34  ohms  X 
1-16  =  3945  ohms  In  order  to  give  a  total  of  38,000  ampere- 
turns  the  current  must  be  5-7  amperes,  corresponding  to  the 
assumed  Vu  =  225  volts,  and  to  a  loss  of  energy  m  the  shunt  winding 
at  the  i  ate  of  5  7  X  225  =  1,280  watts.  The  perimeter  of  the  outer 
layer  will  be  (9-875  -f-  5)7r  =  46  6",  and  the  over-all  length  of  the 
coil  being  6-81",  the  total  cooling  surface  of  the  four  coils  (measured 
as  in  Chapter  XV,  §  5)  will  be 

466  X  681  =318 
2  X  2-5  X  38-8  =  194 

512  X  4  =  say,  2,000  sq.  inches. 

1,280 
As  will  be  explained  in  Chapter  XXI,  the  ratio  ^7^  =  O'64  watt  Per 


square  inch  will,  m  the  present  type  of  construction  with  well 
ventilated  coils,  give  a  surface  rise  of  temperature  of  about  48°  F,, 
or  sufficiently  near  to  our  assumed  amount.  The  design  may 
therefore  be  proceeded  with,  since  the  assumed  depth  of  winding 
tallies  with  the  requirements  in  regard  to  heating 

It  will  next  be  assumed  that  for  manufacturing  reasons  we  are 
limited  to  No  14  S  W  G  =  0-080"  diameter,  and  a  size  inter- 
mediate between  Nos  14  and  13,  say  085"  diameter  The  diameter 
of  the  double-cotton-covered  wire  with  15  mils  insulation  will  be 
in  the  two  cases  0  095*  and  0-100".  Substituting  these  values  in 
equation  (131),  yt  is  0  7,  and  in  view  of  the  small  difference  between 
the  wires,  there  will  be  but  httle  effect  if  its  proportion  of  the  total 
length  of  the  winding  is  reduced  to  two-thirds  Three  sections  of 
equal  axial  length  have  a  good  appearance,  and  it  will  then  be  feasible 
to  avoid  having  to  change  the  wire  during  the  winding  of  a  section, 
the  whole  of  the  central  section  alone  requiring  to  be  wound  with 
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the  larger  wire.    In  the  two  kinds  of  section  there  will  then  be 

2-02  2  02 

respectively  ^ -  =  21-2  and  ^  =  20  2    turns    per   layer,   or 

more  accurately  with  one  turn  deducted  20  2  and  19  2  turns 
In  order  to  bring  the  ends  of  the  sections  together  for  soldering 
and  the  ends  of  the  bobbin  as  a  whole  away  from  the  end  flanges, 
it  is  with  three  sections  advantageous  to  have  an  even  number 
of  layers  in  the  upper  and  lower  sections  and  an  uneven  number 
of  layers  in  the  central  section  The  final  winding  will  therefore 
be  arranged  with  the  two  end  sections  each  of  28  layers  of  0  080", 
and  a  depth  in  each  of  2  4".  The  central  section  will  be  given 
27  layers  of  0  085",  with  a  depth  of  2  43".  The  mean  length  of  a 
turn  will  be  slightly  less  than  in  the  preliminary  calculation,  or, 
say,  Zffl  =  1-072  yard.  In  tabular  form  we  thus  have — 


28  layers  of  0  080 

27  „         0  085 

28  „         0  080 

Per  bobbm     . 
In  4  bobbins 
to1  per  1,000  yards 
Resistance 


566          607  — 

518          —  556 

566  607  — 

1650  1214  556 

6600  4856  2224 

—  4  86  4-32 

—  23-7  9-7 

-T 

33-4  ohms 


The  corrected  cooling  surface  shows  so  slight  a  reduction  that  the 
temperature  will  remain  practically  the  same  as  first  calculated,  and 
the  difference  in  the  rate  at  which  energy  is  lost  in  the  central  as 
compared  with  the  outer  sections  will  not  be  sufficient  to  demand 
any  further  adjustment. 

The  total  resistance  of  the  four  bobbins  when  hot  will  therefore  be 
33-4  X  1-16  =  388  ohms,  and  the  required  ampere-turns  will  be 
obtained  with  an  exciting  current  of  5  75  amperes  The  exciting 
voltage  will  then  be  223-1,  which  falls  within  our  assumed  limit,  and 
the  loss  of  energy  in  the  shunt  coils  at  the  rate  of  1,280  watts  will 
be  1-6  per  cent  of  the  output,  with  a  total  loss  in  the  shunt  and 
rheostat  combmed  at  the  rate  of  1,320  watts,  or  1-65  per  cent  of 
the  output  of  80  kilowatts.  The  weight  of  wire  will  be  283  Ib. 
of  O'OSO*  and  145  Ib.  of  0-085*,  or  428  Ib  on  the  whole  machine 

§  9.  External  characteristic  carve  ol  shunt  machine. — If  a  dynamo 
be  run  at  a  constant  speed,  and  the  resistance  of  its  external 
circuit  be  varied  so  as  to  alter  the  value  of  the  external  current,  the 
curve  connecting  simultaneous  values  of  the  terminal  voltage,  Ve, 
and  the  external  current,  /,,  for  a  given  speed  of  rotation  is  known 
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as  the  external  characteristic  of  the  machine  for  that  speed  ;  since 
from  it  the  behaviour  of  the  machine  under  varying  conditions  of 
load  can  be  graphically  studied.  If  a  rheostat  is  employed  in 
con]unction  with  the  field  circuit,  its  resistance  is  assumed  to  be 
maintained  constant,  as  well  as  the  speed.  The  amperes  of  such  a 
curve  are  usually  plotted  horizontally  as  abscissae  with  the  corie- 
sponding  volts  as  vertical  ordinates.  The  two  may  either  be 
obtained  by  direct  measurement,  voltmeter  and  ammelei  being 
read  off  simultaneously,  or  the  curve  may  be  derived  from  the  flux 
curves  of  the  machine.  In  the  case  of  a  shunt-wound  machine 


' '       T      I  i  

100     200     300*   400      600     600      700     800 
Amperes,  !<, 

PEG.  289. — Characteristic  curve  of  shunt-wound  dynamo. 

the  curve  of  external  voltage  and  current  will  be  found  to  take 
the  characteristic  form  shown  in  Fig  289,  OLKD.  The  manner 
in  which  it  may  be  derived  from  the  flux-curves  has  now  to  be 
explained,  and  first  it  will  be  necessary  to  consider  the  process  by 
which  the  three  curves  of  Fig.  274  may  be  determined  by  direct 
experiment  on  a  shunt-wound  dynamo. 

From  equation  (440)  it  follows  that  Ea  for  a  constant  speecV  LS 
always  proportional  to  Ofl)  the  numerical  relation  between  the  two 
depending  upon  the  nature  of  the  winding  and  number  of  active 
conductors.  In  a  shunt  dynamo  Ia  «  78  +  /,  ;  and  Ea  —  Vt  + 
la  (Ra  +  -R&).  where  Rt  is  the  resistance  of  the  brushes  ;  whence 
®a  °c  Vb  +  Ia(Ra  +  £6)  If,  therefore,  V*  be  observed  for  different 
excitations,  the  flux  Ofl  can  be  thence  deduced,  The  ampere-turns 
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on  the  field-magnet  are  AT,  —  I8  X  Ta.    Ia  =         6        may  be 

-"•a  "T  Kr 

obtained  by  measuring  the  voltage  at  the  brushes  and  dividing  it 
by  the  resistance  of  the  shunt  and  rheostat ;  but  for  greater 
accuracy  it  is  preferable  to  measure  it  directly  by  an  ammeter, 
since  the  resistance  of  the  shunt  is  continually  altering  if  the  machine 
is  m  process  of  warming  up  during  the  tests. 

When  the  external  circuit  is  open,  the  only  current  flowing  is  that 
thiough  the  shunt.  As  a  rule,  this  is  so  small  that  /a^a  becomes 
negligible,  and  F6  and  Ea  are  almost  identical.  If,  therefore,  the 
armatuie  be  run  at  different  speeds,  and  a  senes  of  simultaneous 
readings  of  the  speed,  the  voltage  at  the  brushes,  and  the  shunt 
current  be  taken,  a  curve  can  be  plotted  from  the  readings  which 
will  connect  Oa  and  A  Ta ;  the  armature  ampere-turns  due  to  the 
shunt  current  alone  being  very  small,  their  influence  on  the  field 
may  practically  be  neglected,  and  the  curve  thus  obtained  is  the 
highest  or  "  no  current  "  curve  of  flux  of  Fig.  274.  Owing  to  the 
small  amount  of  residual  magnetism  which  persists  in  the  machine 
even  when  not  excited,  the  flux-curve  as  thus  practically  determined 
does  not  descend  stnctly  to  zero  ;  but  towards  the  origin  curves 
round  slightly,  and  ends  a  little  above  zero  (cp  Fig.  292) ;  there  is 
further  a  small  difference  in  the  curves  according  as  the  readings 
are  taken  with  the  excitation  progressively  increasing  or  pro- 
gressively decreasing.  To  obtain  the  lower  curves  of  flux  for  either 
"  half-current  "  or  "  full-current,"  the  same  readings  must  be  taken 
as  for  the  "  no-current  "  curve  ;  but  between  the  readings  at  each 
different  speed  the  resistance  of  the  external  circuit  must  be  altered, 
so  that  when  the  measurements  are  made  for  either  curve,  the  current 
through  the  armature  (7fl  =  Ia  +  Ie)  has  the  constant  value  required 
The  loss  of  volts  over  the  resistance  of  the  armature  and  brushes 

must  now  be  added  to  the  terminal  voltage  to  obtain  Ea. 

y 
Since  ATB  —  ~  X  Tg,  the  potential  difference  applied  to  the 

Kg 

n    _[_    P 

terminals  of  the  whole  shunt-circuit,  or  Va    '  „     r  is    oc    A  T8 

Kt 

when  Rs  and  Rr  are  constant,  as  is  the  case  when  a  machine 
has  been  running  for  some  time  and  has  attained  a  steady 
temperature,  and  further,  when  the  position  of  the  contact-arm 
of  the  shunt  rheostat  is  not  altered.  If,  therefore,  we  possess 
the  flux  curves  of  Fig.  274,  these  can  be  converted  into  curves 
connecting  armature  E.M.F.  and  exciting  voltage  (or  more 

P    IP 
strictly  Vg,  X     *  p     f,   if   a  rheostat  is  present    in   the  shunt 

•K-s 

circuit),  when  some  fixed  speed  is  assumed.  The  full-line  curves 
of  Fig.  290  show  the  curves  of  Fig.  274,  thus  converted  on 
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the  assumption  that  in  our  dynamo  the  number  of  armature 
conductors  is  450,  the  number  of  shunt-tuins  1,650  per  bobbin, 
the  total  resistance  of  the  4  bobbins  38  8  ohms,  and  that  the  constant 
speed  of  rotation  is  to  be  500  revs  per  minute  From  the  design 
of  §  8,  the  rheostat  must  be  given  a  resistance  of  1  2  ohms  at  full 
load,  so  that  the  combined  resistance  of  shunt  and  rheostat  is  40 
ohms,  at  which  it  is  to  be  maintained  throughout  The  armature 
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FIG.  200.  —  Construction  for  denying  external  characteristic  of 
shunt-wound  dynamo. 


E.M.F.    is    thus    Ea  =  <D8  .  450  .         X  10"8  ==  <!>„  X  37-5  X  10-fl, 

bU 

and  when  the  exciting  voltage  on  the  terminals  of  the  shunt  alone 
is  Vat  the  corresponding  voltage  on  the  terminals  of  the  shunt  and 

rheostat  is   V9  X     *„     r  —  Va.-5S-=     The  loss  of  volts  over 


the  annatiire  when  warm  at  half-load  is  3,  and  at  full  load  6  volts  ; 
and  to  each  of  these  has  to  be  added  the  loss  over  the  brushes 
which  with  hard  carbon  as  their  material  may  be  taken  as  a  constant 
amount  *=  2  volts.  Curve  1  connects  Ea  or  Fj,  which  has  nearly 
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P          I        73 

the  same  value,  with  Vtt  .     B  „     *"  when  Ia  =  0.   Curve  2  connects 

MS 

p    i   p 

£0  and  Va  .    *  ,->     r  when  J0  has  the  value  A^  (=  181  amperes), 
•"a 

p       i     p 

and  curve  4  connects  £<,  and  Fffl      *  D        when  Ja  =  ^[2  (  =  356 

•"« 
amperes)     From  curve  2  is  obtained  the  dotted  curve  3,  connecting 

p     IP 
F6  and  FB      '  p     r,  when  7fl  =  ^j  amperes,  by  deducting  from 

•K-B 

the  ordinates  of  curve  2  the  loss  of  volts  over  the  brushes  and 
armature  resistance  ;  the  vertical  distance  between  curves  2  and 
3  is  thus  throughout  equal  to  A^Ra  +  -R&)  =  5  volts.  Similarly, 
from  curve  4  is  derived  the  chain-dotted  curve  5,  connecting  F6 

n      i     p 

and  Va      '         r  when  /0  =  A  2,  the  vertical  distance  between  the 

•"•« 
two  curves  being  then  8  volts. 

Now,  since    in    a    shunt-wound    machine    F6    is  the  same  as 
p    i    p 

Vu  -  -'  r,     r,  those  points  on  curve  5  (such  as  L  or  K)  for  which 

RS 

P     i    p 

the  ordmate  F6  =  the  abscissa  Va  .  -  "  „     f  are  the  only  values  of 

•*** 

voltage  which  the  machine  would  give  when  run  at  the  fixed  speed 
with  A  2  amperes  flowing  through  the  armature  ;  and  in  general 

P  I        TO 

those  points  on  any  curve  connecting  F6  and  Va  .    '  _     r,  for 

*^« 

which  ordinate  and  abscissa  are  equal,  give  the  only  possible  values 
of  the  terminal  voltage  for  the  particular  armature  current  .  Deduct- 
ing the  shunt  current  from  the  total  armature  current,  we  obtain  the 

230  volts 
external  current  ;   thus  at  point  K,  IB  =  =  5'75,  Ia  = 


nearly  355  75  amperes,  and  therefore  Ie  =  350  and  Ve  =  230  are 
simultaneous  values  of  external  current  and  terminal  voltage 
All  such  points  are  necessarily  passed  through  by  the  straight  line 
OH,  which  is  drawn  at  an  angle  of  45°  from  the  axis  of  abscissae, 
as  e.g.  K  and  I,  N  and  M  ,  D  and  0  ;  and  after  deduction  for  the 
shunt  current  these  may  be  plotted  as  part  of  the  external  charac- 
teristic, as  shown  by  the  corresponding  letters  in  the  full-line  curve 
of  Fig.  289.  As  the  current  is  increased,  the  two  points  at  which 
the  F6  curve  intersects  the  diagonal  draw  together,  and  the  maxi- 
mum current  is  that  given  by  the  Fj  curve,  which  is  ]ust  touched 
by  line  OH  as  a  tangent. 

§  10.  Deductions  from  characteristic  o!  shunt  dynamo.—  It 
will  be  seen  from  Fig.  289  that  for  the  shunt-wound  dynamo  running 
at  any  one  fixed  speed  there  is  a  maximum  value  for  the  external 
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current  which  it  can  give  Owing  to  the  heat  which  would  be 
generated  in  the  armature  winding  by  a  long-continued  passage  df 
this  maximum  current  it  may  be,  and  usually  is,  impossible  to  work 
the  machine  at  the  point  of  maximum  current ;  the  maximum 
current,  in  fact,  is  usually  more  than  double  the  working  current. 
Apart,  however,  from  the  question  of  the  heat  damaging  the  winding, 
it  is  for  another  reason  inadvisable  to  work  close  to  this  point. 
After  rounding  the  point  of  maximum  current  the  characteristic 
curve  descends  very  rapidly,  and  almost  in  a  straight  line  to  the 
origin.  Thus  in  the  diagram  (Fig.  289)  the  part  OQ  is  practically 
a  straight  line,  and  this  implies  that  for  an  external  resistance 

OR  volts 

=  777,  the  terminal  voltage  may  have  any  value  between 

OR  amperes  G        J  J 

zero  and  OS  volts,  the  external  current  correspondingly  varying 
between  zero  and  OR  amperes ,  apparently,  therefore,  the  machine 
might  give  widely  different  voltages  although  running  at  exactly 
the  same  speed  on  the  same  external  resistance.  But  in  reality 
the  flux  of  the  field  is  then  unstable  owing  to  the  voltage  on  the 
shunt  not  being  sufficient  to  magnetize  the  iron  properly  ,  hence 
if,  when  working  near  the  point  of  maximum  current,  the  resistance 
of  the  external  current  becomes  lowered  to  a  value  below  that  which 
corresponds  to  the  maximum  current,  the  machine  loses  its  magnet- 
ism altogether,  and  the  voltage  runs  down  to  zero.  The  practical 
importance  of  this  is  that  if  a  shunt-wound  machine  be  accidentally 
short-circuited  when  at  work,  or,  in  other  words,  if  Re  is  reduced 
almost  to  =  0,  the  armature  winding  is  not  burnt  up  by  the  con- 
tinued passage  of  an  abnormally  large  current ;  the  machine,  on 
the  other  hand,  becomes  demagnetized  and  gives  no  curient, 
although  the  driving  engine  may  be  running  at  a  speed  higher  than 
the  normal.1  Neither  will  a  shunt-wound  machine  excite  if  an 
external  circuit  of  abnormally  low  resistance  be  closed  on  it,  so 
that  it  is  unharmed  if,  when  running  alone,  its  terminals  are  short- 
circuited  through  an  accidental  misconnection  of  its  leads.  For  every 
value  of  the  external  current  except  the  maximum  there  are  two 
values  of  the  external  voltage,  and  which  of  the  two  voltages  is  ob- 
tained depends  entirely  upon  the  resistance  of  the  external  circuit ; 
this  latter  is  equal  to  V^I»  or  the  slope  of  the  line  to  any  point,  P,  on 
the  curve,  i.e.  to  the  tangent  of  the  angle  made  by  OP  with  the 
horizontal  axis  multiplied  by  the  ratio  of  the  scales  to  which  volts 
and  amperes  are  plotted,  or  simply  to  tan  a  when  Vt  and  /,  are 
plotted  to  the  same  scale.  The  slope  of  the  full-line  curve  between 
L  and  0  marks  the  critical  resistance  of  the  external  circuit  for  a 
speed  of  500  revolutions  per  minute  ;  at  this  value  the  magnetism 

1  Occasionally  a  complete  short-circuit  of  a  shunt  dynamo  will,  through 
certain  secondary  reactions,  end  in  magnetizing  its  field  slightly  in  the  reverse 
flirection,  so  that,  when  again  self-exerted,  its  polarity  is  reversed. 
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lines xlO 


4\ 


is  unstable,  and  at  any  lower  value  the  machine  will  fail  to  excite 
or  maintain  its  excitation. 

For  each  constant  speed  the  same  shunt-wound  dynamo  gives  a 
different  external  characteristic.  Thus  in  Fig  289  the  dotted  curve 
shows  the  external  characteristic  of  the  same  dynamo  at  a  constant 
speed  of  555  revolutions  per  minute  instead  of  500,  and  it  will  be 
seen  that  at  the  new  speed  the  maximum  current  is  increased  The 
higher  the  speed  the  less  is  the  slope  of  the  descending  branch  of 
the  curve  ,  or,  in  other  words,  the  smaller  is  the  critical  resistance 
which  the  external  circuit  may  have,  without  the  dynamo  losing  its 
magnetism 

§  11.  Instability  o£  magnetism. — Instability  of  the  magnetism 
requires  to  be  carefully  guarded  against  in  the  design  of  self -exciting 
dynamos  Figs.  289  and 
290  show  that  the  un-  ' 
stable  portion  of  the 
curve  between  L  and  0 
occurs  when  the  flux 
falls  on  the  initial  straight 
portions  of  the  curves  in 
Fig.  274,  where  the 
ampere-turns  over  the 
air-gaps  form  almost  the 
whole  of  the  excitation  ;  *  / 
hence  if  the  machine  is  l  / 
designed  so  that  the  / 

working  number  of  lines          <r    1MO 
falls  on  the  lower  part  of 
the  flux  curve  where  it 
descends  rapidly  towards 

the  origin,  the  magnetism  of  the  machine  as  a  self-exciting 
dynamo  will  be  unstable.  Even  if  the  field  hold  its  magnetism, 
a  very  slight  variation  of  the  speed  will  cause  a  large  variation  in 
the  voltage — a  result  which  is  always  undesirable,  and  especially 
so  if  the  machine  be  feeding  lamps  directly.  Thus  in  the  case  of  a 
shunt-wound  machine,  suppose  that  its  speed  is  raised  slightly,  the 
mcieased  E.M.F.  causes  an  increase  in  the  current  through  the 
shunt,  which  will  again  increase  the  flux  and  the  E  M.F.,  and  the 
lower  down  the  curve  of  magnetization  that  the  machine  is  worked, 
the  greater  is  the  effect  of  any  variation  m  the  shunt  current  upon 
the  E.M.F  ,  owing  to  the  magnet  being  less  saturated. 

A  measure  of  the  percentage  variation  in  the  voltage  which 
follows  from  a  certain  percentage  variation  in  the  speed  may  be 
obtained  by  the  following  construction.1  Let  0®  (Fig.  291) 
be  a  portion  of  the  flux  curve  containing  the  working  point 

1  Cp.  Poynder  and  Wimperis,  Engineering,  3rd  May,  1901. 
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corresponding  to  O  lines  at  which  it  is  desired  to  investigate  the 
effect  of  change  of  speed.  The  same  curve  with  a  different  scale  of 
ordinates  will  also  represent  the  voltage,  or  Ea  =  kN<&,  where  k 
is  a  constant  converting  lines  of  flux  into  volts  at  the  speed  of  N 
revs,  per  minute  At  the  point  O  draw  a  tangent  to  the  curve  ; 
let  it  cut  the  vertical  axis  at  <f>v  making  an  angle  a  with  the  horizontal. 
The  equation  to  the  tangent  line  is  <E>  =  fa  +  X  tan  a  ,  and  in 
the  shunt  machine  the  excitation  is  practically  proportional  to  the 
armature  voltage,  or  X  =  cEa,  where  c  is  some  constant  depending 
upon  the  field  winding  For  a  very  small  alteration  of  the  voltage 
the  working  point  may  be  taken  as  moving  up  or  down  the  tangent, 
and  for  a  very  small  alteration  of  the  speed  k  may  be  assumed 
constant.  Hence  Ea  =  kN(fa  +  c.E0tan  a).  Differentiating  with 
respect  to  the  speed,  the  rate  of  change  of  the  voltage  when  the 
speed  begins  to  alter  is 


whence     -jj£[  1  -foATtan  CM  =  k(fa  +  cEatan  a)  =  k<& 

Since  <D  =  fa  +  &NO  tan  a,  we  have  O  (1  -  kcN  tan  a)  =  ^ 

fa 
or  (1  -  kcN  tan  a)  =  ~ 

+.      ,  dEa        *» 

therefore  ~dN  =  kfa 

N 
Multiplying  both  sides  by  •=-,  and  substituting  &V<E>  for  Ea  on  the 

•E-o 

nght-hand  side, 


_ 
dN  X  E   ~  <D 


dE, 


Ea  _  fractional  change  of  voltage  _  0 

dN  ~~  fractional  change  of  speed     ~~  fa  '         •     \      / 

The  percentage  change  of  the  voltage  corresponding  to  a  given 
percentage  change  of  the  speed  is  thus  directly  given  by  the  ratio 
3>lfa,  and  this  must  not  be  allowed  to  exceed  a  certain  limiting  value 
if  uistabihty  of  the  voltage  is  to  be  avoided.  It  can  only  be  unity 
if  the  machine  is  separately  excited.  Fig.  291  illustrates  the  case 
of  the  21*  X  11*  dynamo  which  has  been  above  considered  when 
giving  220  volts  on  open  circuit  at  a  no-load  speed  of  515  revolutions 

*        «.     «  •    j       *i.       *        220  X  60  X  108 

per  minute  ;   the  flux  required  is  then  <Dfl  = 
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5  7  X  108  C  G  S  lines,  and  it  has  been  designed  to  work  on  a  fairly 
stable  part  of  the  curve  so  as  to  be  satisfactory  under  these  condi- 
tions which  would  have  to  be  met  in  practice.  The  ratio  <D/^i  =  2  04, 
and  a  1  per  cent,  variation  of  the  speed  implies  a  2  04  per  cent, 
variation  of  the  voltage .  As  the  working  point  approaches  the  origin , 
the  ratio  O/^x  rises,  and  in  practice,  in  order  to  avoid  instability, 
should  not  exceed  3,  so  that  the  change  of  the  voltage  becomes 
3  per  cent  for  a  1  pel  cent  vanation  of  speed  *  As  will  be  explained 
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FIG.  292. 

later,  it  is  especially  in  over-compounded  dynamos  that  the  safe 
limit  is  likely  to  be  approached  in  regard  to  the  open-circuit  voltage 
given  by  the  shunt  winding  As  a  matter  of  fact,  the  change  of 
voltage  for  any  change  of  speed  is  to  a  certain  extent  held  m  check 
by  the  hysteresis,  which  assists  in  maintaining  the  stability  of  the 
magnetism  ;  but  the  determination  of  the  ratio  Qlfa  affords  a  very 
useful  warning  to  the  designer  when  m  doubt  as  to  the  lowest  point 
on  the  flux-curve  at  which  it  is  safe  to  work. 
A  further  disastrous  consequence  of  designing  a  shunt-wound 
1  Cp.  Boucherot  (Trans  Intern.  Elect  Congress,  Stf.  Louis  1904,  Vol  1, 
p  669),  who  calls  the  ratio  -^r/-=r=-  the  kinetic  variation  of  voltage,  and 
recommends  that  its  value  should  be  limited  to  2 


160 
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machine  to  work  on  the  initial  straight  portion  of  the  flux-curve  is 
that,  even  when  the  external  circuit  is  open  and  the  machine  is  mn 
very  nearly  at  the  normal  speed  for  which  it  is  designed,  it  may  be 
difficult  to  reach  the  proper  excitation  When  the  flux  curve  is 
converted  into  a  voltage  curve,  the  diagonal  must  not  fall  too  near 
its  initial  part.  As  already  stated,  the  no-current  flux-curve, 
owing  to  the  presence  of  residual  magnetism,  really  ends  at  some 
point  on  the  vertical  axis  slightly  above  the  origin.  If  now  a 
number  of  voltage  curves  similar  to  those  of  Fig  290  are  plotted  foi 
several  speeds,  the  points  at  which  they  cut  the  diagonal  (Fig  292) 
give  the  voltages  for  the  different  speeds,  and  these  when  plotted 
as  in  Fig  293  show  that  there  is  a  crucial  speed  at  which  the  voltage 
'rapidly  rises.  Below  this  the  effect  is  almost  entirely  due  to  the 
residual  magnetism,  and  as  in  practice  this  is  very  small  it  has  been 

exaggerated  in  the  diagram  in  order 

aw  to  render  the  matter  clearer.   If  the 

/          dynamo  is  run  up  to  its  full  speed 
200  s  before  tthe  circuit  of  the  shunt  is 

/  closed,  then  on  closing  the  latter 

/  (and  neglecting  the  secondary  effects 

100  ,  from     self-induction)     the     rising 

I  voltage  follows  the  upper  curve  of 

60  /  Fig.    292,      the    voltage    at    the 

0 — ^Revs  pqr  min.          brushes  is  initially  higher  than  that 

100    200    aoo    400    600         corresponding  to  the  required  excita- 

FlG  293  tion,  and  up  to  a  certain  point  the 

surplus   ampere-turns   continue    to 

increase,  after  which  they  decrease  until  a  condition  of  stable  equili- 
brium is  reached  at  P.  If  the  dynamo  is  run  up  to  full  speed  with 
the  shunt  closed,  the  voltage  follows  the  diagonal  line,  and  a  rapid 
ma-ease  is  obtained  when  the  speed  reaches  the  crucial  value  which 
in  our  21*  X  11"  dynamo  as  a  shunt-wound  machine  is  about 
270  revolutions  per  minute.  This  crucial  speed  is  determined  by 
the  air-line,  and  is  easily  calculated  from  the  flux-curve  as  follows. 
In  the  shunt  machine  the  ampere-turns  are  themselves  dependent 
upon  the  voltage  at  the  brushes  which  is  nearly  proportional  to 
the  flux  at  any  given  speed  Hence  AT6  oc  flux  X  speed,  or  speed 

AT 
oc  3— '.    In  Fig.  294,  if  <X>  be  the  working  point  at  no-load  with  the 

AT 

designed  speed  N±,  JVj  oc  —~.  At  the  crucial  speed  2V0  the  ampere- 
turns  are  practically  proportional  to  the  air-gap  reluctance,  and  the 
ratio  of  the  two  is  given  by  any  point  on  the  air-line,  and  therefore 

by  point  (j>z     Hence  N0  oc  — •—  and  -=-?  =  -T-.    In  our  case  from 
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the  characteristic  curve  of  Fig  287  the  open-circuit  E  M  F.  at  500 
revolutions  per  minute  is  245  volts,  corresponding  to  <Dtt  =  6  54  x 

108,  so  that,  as  shown  in  Fig   294,  —  =  -r^  =  0  54     In  other 

1\  J  1  U    1 

O 

words,  the  crucial  speed  N0  =  Nt .  -7-  is  approximately  500  X  0-54 

9* 
=  270  revolutions  per  minute. 

The  crucial  speed  is,  in  fact,  immediately  derivable  from  the 
constructional  data  of  the  machine  as  follows.    On  open  external 
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circuit  at  the  normal  speed  the  armature  induced  E.M.F  is  Ea  — 
Is(Ra  +  RB  +  Rr),  and  is  also  ~-X  Ofl  X  Z  X  ^-X  10'8,  whence 


I.(R.  +  R,  +  Rr)  X  60  X  108 
------ 


-X-     The  M  M.F.  required 


over  the  single  air-gap  of  one  magnetic  circuit  is  equal  to  the  product 

K.I 

of  flux  X  air-gap  reluctance,  the  latter  being  —  -,  so  that  the  ampere- 

&g 

rr     / 

turns  of  air-gap  excitation  are  equal  to  the  flux  X     0-^-*-.    Hence 

1  'M/ttg 

for  the  particular  flux  fa  they  are  0-8  Klff  .  —  ,  and  this  is  also  equal 

">g 

to  IST,,  where   T8  is  the  number   of  shunt-turns  in   a  bobbin 
corresponding  to  one  pole.    The  crucial  speed  is  thus 

0-8^  .  lg(Ra+  RB  +  Rr)  x  60  X  10"       # 
"°-  aa    T..Z  Xl 

In  our  case  p  =  a,  and  Ra  +  RB  +  Rr  =  0-02  +  38-8  +  1-2  =  40-02 
ohms,  and  TB  =  1,650  ,  as  in  Chapter  XVI,  §  9,  the  constant  by 
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which  the  flux  must  be  multiplied  in  order  to  give  the  ampere- 

.    0-8  K  lg        0-8  x  1-09  X  0-795 

turns    of   air-gap    excitation    is -  = 

&g  838 

=  0-00083,  and 

T       83,000x4002x60      o 
0  ~         450  v  1  650         =         revolutions  per  minute. 

It  is  evident  from  Fig  292  that  the  crucial  speed  is  that  for  which 

7?      I    7? 

the  curve  of  Vb  in  relation  to  Va  .    *  ~     r  (assuming  that  there  is 

•*^» 

no  residual  magnetism  and  that  the  no-current  flux  curve  descended 
strictly  to  the  origin)  would  be  a  tangent  Lo  the  diagonal  at  the 
origin.  For  self-excitation  to  commence  there  must  be  some 
residual  magnetism,  but  in  order  to  reach  the  true  self-excitation 
that  is  required  the  condition  N1  >  N0  must  hold.  Failure  to 
excite  in  this  sense  is  seldom  to  be  feared  in  practice  with  any  but 
very  small  machines,  except  in  the  case  of  electroplating  and  similar 
dynamos  of  very  low  voltage  Yet  even  if  self-excitation  takes  place 
it  is  always  impoitant,  as  has  been  already  emphasized,  to  avoid 
instability  of  the  magnetism  and  to  design  the  machine  so  that  it 
attains  a  definite  and  high  degree  of  magnetism  when  self-exciting 
on  the  shunt  winding.  It  must  therefore  be  worked  fairly  high 
up  on  the  curves  of  flux,  and  in  Fig  274  the  best  portions  whereon 
to  work  fall  within  the  horizontal  lines  marking  5£  and  6£  million 
lines  respectively  These  portions  may  be  said  to  he  on  the  bend 
or  knee  of  the  curve,  but  it  must  be  remembered  that  the  apparent 
position  of  this  bend  depends  largely  on  the  relative  scale  to  which 
lines  and  ampere-turns  are  plotted  Another  advantage  of  working 
high  up  the  curve  is  that  the  difference  of  the  ampere-turns  of  the 
shunt  when  hot  and  when  cold  then  produces  but  small  effect  upon 
the  flux  and  E  M  F.  of  the  machine,  since  the  magnet  is  well  satu- 
rated Also,  the  vertical  distance  between  the  no-current  and  full- 
current  curves  decreases  as  the  total  flux  is  increased,  so  that  the 
vanation  in  the  voltage  of  the  machine  between  full-load  and  no- 
load  is  small  when  the  magnet  is  strongly  excited.  If,  however, 
the  working  flux-density  be  taken  too  high,  a  large  amount  of  copper 
will  be  required  on  the  field,  and  if  for  any  reason  the  actual  curve 
comes  below  the  predetermined  curve,  it  may  be  practically 
impossible  to  rewind  the  magnet  so  as  to  obtain  a  greater  flux, 
so  that  care  must  also  be  exercised  not  to  exceed  the  due  limit  in 
this  direction.1 

§  12.  Fall  of  volts  in  shunt-wound  dynamo,  and  its  regulation. — 
It  will  already  be  apparent  that  much  information  can  be  obtained 
from  the  shape  of  the  characteristic  curve  of  the  dynamo  ;  in  the 

1  Cp.  Miles  Walker,  The  Dtagnostng  of  Troubles  in  Electrical  Machines, 
pp  246  and  293. 
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case  of  a  shunt-wound  dynamo  run  at  a  constant  speed,  we  see  that 
its  E  M  F.  is  highest  when  the  external  circuit  is  open,  and  the  only 
current  flowing  is  that  through  the  shunt  When  the  external  circuit 
is  closed,  and  the  armature  current  is  swelled  by  the  addition  of  an 
external  current,  not  only  does  the  loss  of  volts  over  the  resistance  of 
the  armature  progressively  increase  as  the  armature  current 
increases,  but  the  demagnetizing  effect  of  any  back  armature 
ampere-turns  increases  Hence  not  only  does  the  exciting  voltage 
at  the  brushes  of  the  dynamo  fall,  but  the  flux  due  to  a  given  number 
of  shunt  ampere-turns  is  decreased.  Owing,  therefore,  to  the 
combined  effect  of  the  two  causes,  namely,  the  increase  of  any  back 
ampere-turns,  ATt,  and  the  loss  of  volts  over  Ra  +  R^,  the  character- 
istic gradually  falls  throughout  the  entire  working  range  of  the 
dynamo  If,  however,  the  armature  be  of  low  resistance,  the  drop  in 
volts  for  any  current  within  the  working  range  will  be  but  small,  and 
consequently  the  shunt-wound  dynamo  may  in  such  cases  be 
practically  regarded  as  giving  a  nearly  constant  voltage  when  run 
at  a  constant  speed 

The  shunt-wound  dynamo  of  Fig  289  has  been  above  designed  to 
work  high  up  on  the  flux-curve  of  a  well  saturated  field-magnet, 
so  that  it  affords  a  good  example  of  the  regulation  which  may  be 
obtained  under  favourable  conditions  with  simple  shunt  winding. 1 
By  "  regulation  "  in  the  present  connection  is  understood  the  degree 
in  which  under  different  loads  the  machine  approximates  to  a 
constant  voltage  at  .the  terminals  when  run  at  its  normal  speed  and 
without  alteration  of  the  rheostat  inserted  in  the  shunt-circuit , 
i  e.  it  is  the  nse  of  volts  when  the  full  load  is  switched  off  expressed 
as  a  percentage  of  the  full-load  volts.  From  Fig  289  it  is  seen 
that  if  the  rheostat  resistance  is  adjusted  to  give  230  terminal  volts 
at  full-load  and  at  the  normal  speed  of  500  revolutions  per  minute, 
the  switching  off  of  the  full-load  with  the  speed  maintained  constant 
will  cause  the  volts  to  nse  to  245 — an  increase  of  6£  per  cent.  In 
practice  this  rise  of  volts  is  magnified  by  the  difference  between 
the  no-load  and  full-load  speeds  as  fixed  by  the  governor  of  the 
prime  mover  When  a  dynamo  is  driven  by  an  engine  and  forms 
the  whole  or  a  considerable  portion  of  the  load  on  the  engine,  the 
greater  the  output  the  slower  will  be  the  speed  of  the  engine, 
even  though  it  is  governed  for  an  approximately  constant  speed 
This  difference  of  j  speed  between  full-  and  no-load  in  an  ordinary 
engine  vanes,  but  usually  ranges  with  a  good  governor  from  3  to 
4  per  cent  of  the  no-load  speed.  Its  effect  is  cumulative,  since  not 
only  does  removal  of  the  full  load  cause  the  E.M.F  to  nse  for  the 
same  flux,  but  the  excitation  is  thereby  increased,  which  again 
causes  a  further  nse  of  volts.  Since  any  such  rise  of  volts  is  detn- 
mental  to  the  good  working  of  a  central  station  or  other  installation 

1  Cp  Miles  Walker,  loc  cit.,  pp.  248-268 
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of  motors  and  lamps,  the  shunt  machine  is  almost  invariably  supplied 
with  a  rheostat  of  sufficient  range  to  enable  the  terminal  volts  not 
only  to  be  kept  constant  but  even  to  be  reduced  at  light  loads.  The 
least  favourable  conditions  requiring  the  highest  resistance  in  the 
rheostat  will  occur  when  the  machine  is  working  at  no-load  and 
before  it  has  become  in  any  way  heated  by  prolonged  running 
Thus  m  the  case  of  the  21"  X  11*  dynamo  above  considered  the 
necessary  resistance  which  the  rheostat  must  provide  is  to  be 
calculated  as  follows.  On  the  assumption  that  it  is  to  give  the 
reduced  voltage  of  220  at  no-load,  at  a  speed  of  515  revolutions  per 
minute,  or  3  per  cent,  above  the  full-load  speed  to  allow  for  the 
governor  range,  a  flux  of  5-7  X  106  lines  per  magnetic  circuit  will 
suffice,  and  from  Fig  274  this  is  obtained  with  5,800  ampere-turns 
per  pole,  or  with  a  shunt  current  of  3  42  amperes.  The  resistance 
of  the  shunt  when  cold  being  32  76  ohms,  IB(R,  +  Rr]  =  3  42 
(32  76  +  Rr)  =  220,  whence  Rr  =  31  74,  say  32  ohms,  which  will 
be  divided  up  between  a  number  of  intermediate  steps  proportionate 
to  the  degree  of  fineness  which  is  required  in  the  regulation,  and 
with  a  current-carrying  capacity  tapenng  approximately  from 
6  to  3-4  amperes. 

While  the  rise  of  volts  on  switching  the  full  load  off  vanes  in  a 
shunt-wound  machine  from  7  to  20  per  cent ,  it  is  evident  that  the 
fall  of  volts  on  switching  the  full-load  on  is  with  the  same  initial 
volts  m  the  two  cases  considerably  greater.  Indeed,  it  may  result 
in  the  machine  becoming  almost  demagnetized,  owing  to  the  resis- 
tance of  the  shunt  circuit  with  its  rheostat  fully  inserted  bearing 
a  high  ratio  to  the  resistance  of  the  external  circuit,  and  owing  to 
the  loss  of  volts  over  the  armature  resistance  and  brushes  with  the 
full  current. 

§  13.  Uses  of  shunt-wound  dynamos. — Large  continuous-current 
dynamos  for  central-station  work,  which  supply  current  at  220  or 
550  volts  to  a  network  of  mains,  are  often  shunt-wound  The 
voltage  at  the  station  end  of  the  feeders  to  the  network  is  in  such 
cases  conveniently  regulated  by  means  of  rheostats  For  the  direct 
lighting  of  incandescent  lamps  in  smaller  installations,  shunt-wound 
dynamos  are  not  so  suitable,  owing  to  the  necessity  for  constant 
attendance  in  order  to  regulate  their  E.M.F.  according  to  the  load, 
if  a  constant  voltage  is  to  be  maintained  on  the  lamps.  They  are, 
however,  frequently  used  in  conjunction  with  accumulators,  and 
in  such  cases,  by  means  of  a  supplementary  resistance  in  the  shunt, 
they  are  arranged  to  charge  accumulators  during  the  day  up  to 
about  130  volts,  and  at  night  to  work  in  parallel  with,  the  battery, 
lighting  incandescent  lamps  at  100  volts,  the  speed  under  the  two 
conditions  being  maintained  at  nearly  the  same  value. 

For  the  electro-deposition  of  metals,  shunt-wound  dynamos  are 
employed ,  for  a  single  electrolyte  bath  with  its  leads  only  some 
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four  or  five  volts  are  required,  but  several  baths  are  commonly 
worked  in  series  at  a  correspondingly  higher  voltage.  For  charging 
accumulators,  and  for  electrolytic  or  electrometallurgical  work, 
shunt-winding  is  alone  suitable;  if  the  voltage  of  the  dynamo 
becomes  less  than  the  E.M.F.  of  the  cells,  or  the  current  through  the 
electrolytic  baths  becomes  reversed  through  polarization  at  their 
electrodes,  the  direction  of  the  current  round  the  shunt  remains 
unchanged,  although  the  current  through  the  armature  will  be 
reversed.  The  result  is  that  the  machine  runs  as  a  motor  in  the 
same  direction  as  it  did  when  acting  as  a  generator,  and  therefore 
opposes  a  back  E  M  F.  to  the  discharge  from  the  cells  ;  this  back 
E  M.F  prevents  the  flow  of  a  large  current  which  might  burn  up 
the  armature  and  also  injure  the  cells. 

At  high  voltages  the  necessary  diameter  of  wire  for  a  shunt-wind- 
ing on  a  small  machine  becomes  very  small,  and  fine  wire  is  not  only 
expensive  in  itself,  but  the  time  and  trouble  of  winding  the  great 
length  of  it  which  is  required  become  very  considerable.  Hence 
the  maximum  voltage  for  a  small  machine  which  has  all  or  most  of 
its  excitation  provided  by  a  shunt-circuit  may  be  set  at  about 
500  volts,  but  in  large  generators  of,  say,  400  kilowatts  output  this 
may  be  raised  to  2,250  volts. 

§  14.  Determination  of  series  winding. — Series-winding,  although  common 
in  motors,  is  but  seldom  met  with  in  dynamos ;  yet  for  purposes  of  comparison 
with  shunt-winding  it  will  be  instructive  to  work  out  the  details  of  a  series 
winding,  its  necessary  size  of  wire  and  its  disposition,  especially  as  many  of 
the  practical  considerations  thereby  brought  to  light  mil  be  found  equally 
applicable  to  the  compound-wound  dynamo  that  has  later  to  be  discussed. 

Assuming,  then,  that  it  is  desired  to  convert  our  21*  x  11*  dynamo  into 
a  series-wound  machine  without  alteration  of  the  armature,  and  that  the 
terminal  voltage  is  still  to  remain  230  at  full  load,  an  addition  must  be  made 
to  the  armature  induced  E.M  F  in  order  to  cover  the  loss  of  volts  over  the 
senes  winding.  With  the  same  dimensions  of  pole  as  in  §  8,  we  know  that 
a  suitable  depth  of  coil  and  satisfactory  heating  conditions  will  be  attained 
if  we  allow  a  loss  of  about  1,280  watts  over  the  field-winding.  The  full  arma- 
ture current  now  becomes  available  externally,  but  as  this  differs  so  slightly 
from  350  amperes  the  latter  figure  will  be  again  taken,  so  that  the  external 
volts  and  amperes  forming  the  output  will  remain  unaltered  The  voltage 

expended  over  the  series-winding  must  therefore  not  exceed  ^^ — wa 

350  amperes 

o=  3  65  volts,  or  1  6  per  cent  of  the  terminal  volts.  When  this  is  added  to 
the  loss  of  5-9  volts  over  the  armature  resistance  and  the  constant  loss  of 
about  2  volts  over  the  brushes,  Ea  must  now  be  241-55,  and  at  the  same 
full  load  speed  of  500  revolutions  per  minute  the  required  flux  will  be 

$0  -  241  fcn^c™  10B  =  6  43  x  10',  which  will  from  Fig  274  necessitate 
™  450  X  5UU 

10,200  ampere-turns  per  pole 

Assuming  all  the  4  bobbins  to  be  connected  in  senes,  and  the  same  surface 
rise  of  temperature,  the  required  area  of  wire  is  therefore  by  equation  (125) 

002445  X  10,200  X  4  x  1-08  x  1-16       A  0, . 

3-65x1,000  -0344  square  inch, 

AT        10  200 
and  the  number  of  turns  per  coil  is  Tm  =  •-    •'  =  •   '        -* 29 J     A  single 
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round  wire  of  the  necessary  diameter  to  give  this  section  is  out  of  the  question 
owing  to  the  difficulty  of  winding  it  A  number  of  alternatives  are,  however, 
possible  Thus  in  a  4-pole  machine  two  of  the  4  bobbins  may  be  placed  in 
parallel  and  the  pair  in  series  with  the  remaining  pair ,  the  current  in  any 
turn  will  then  be  halved,  and  the  number  of  turns  doubled,  but  the 
section  of  each  wire  need  be  only  half  as  large  Or  all  the  bobbins  could  be 
placed  in  parallel,  when  the  current  in  each,  being  again  halved,  becomes 

350 

-j-  =  87  5  amperes     There  are,  however,  two  objections  to  any  parallel 

connection  of  the  bobbins,  and  these  become  of  increasing  importance  as  the 
number  of  parallel  paths  is  increased  In  the  first  place,  as  the  size  of  each 
wire  is  reduced  the  ratio  of  the  copper  area  to  the  space  occupied  or  the  value 
of  a  diminishes,  so  that  it  may  finally  become  impossible  to  find  room  for  the 
necessary  volume  of  copper  In  the  second  place,  owing  to  the  different 
location  of  the  several  bobbins  on  the  machine  they  may  be  differently 
affected  as  regards  the  effectiveness  of  their  cooling  surface,  so  that  even  if 
their  resistances  are  exactly  equal  when  cold,  they  differ  when  hot ,  the  total 
current  then  becomes  unequally  divided  between  them,  and  one  or  more 
magnetic  circuits  may  have  a  greater  number  of  ampere-turns  than  the 
remainder — a  result  which  is  especially  disadvantageous  with  lap-wound 
armatures  For  both  reasons,  therefore,  it  is  advisable  to  adhere  to  the 
arrangement  of  all  the  bobbins  in  series 

Returning,  then,  to  the  series  connection,  a  rectangular  strip  may  be  tried, 
double-cotton-covered  and  wound  on  flat-wise.  Six  layers  of  4  9  turns 
per  layer  will  give  the  required  number  of  turns  per  pole ,  the  thickness  of 

2*5* 

the  insulated  strip  must  not  exceed  —5-,  say  0  4*.  and  the  thickness  of  the 

b 

bare  copper  will  be  0  4  -  0-025  =  0  375*.  The  width  must  therefore  be 
0  915",  or  when  insulated  0-94*.  In  calculating  the  required  winding  length, 
especially  with  a  wide  stnp,  one  turn  must  always  be  added  to  the  actual 
number  which  each  layer  is  to  give,  since  the  space  lost  from  the  spiral  way 
in  which,  the  stnp  must  be  wound  amounts  to  the  width  of  one  turn  ,  hence 
in  our  case  (number  of  turns  +  1)  (width  of  insulated  wire)  =  (49  +  1) 
X  0  94  =  5  55*  Or  vice  versd,  in  calculating  the  number  of  turns  per  layer 
that  can  be  wound  within  a  certain  length  one  turn  must  be  deducted  from 

the  quotient       , .,      ,         T^T        •     If  the  stnp  be  wide  and  the  length 
u  width  of  insulated  wire  * 

of  coil  be  short,  this  loss  of  space  amounts  to  an  appreciable  percentage  of 
the  total  length  For  this  reason  the  proposed  use  of  rectangular  strip  wound 
flatwise,  although  it  has  in  itself  a  very  high  value  for  ff,  does  not  lend  itself 
conveniently  to  a  subdivision  of  the  bobbin  into  the  three  sections  with 
air-gaps  between  them  which  is  required  in  order  to  secure  the  best  results 
on  the  score  of  ventilation  Further,  the  copper  even  when  divided  into  two 
strips  each  0  1875*  thick,  wound  in  parallel,  will  be  troublesome  to  wind 
An  equivalent  section  of  copper  wound  on  edge,  say  2  45*  x  0  14*.  reduces 
the  above-mentioned  loss  of  space  very  considerably ;  the  winding  length, 
in  order  to  give  29J  turns  per  pole,  must  now  correspond  to  30  turns,  or  if 
the  neighbouring  turns  are  insulated  with  strips  of  calico  to  a  thickness  of 
0  160*.  the  length  must  be  30  x  0  16  =  4  8*  Whether  a  quarter  turn  can 
be  secured  depends  upon  where  the  wire  is  led  on  to  or  off  the  bobbins,  and 
a  hall-turn  is  usually  more  convenient  as  bringing  the  ends  to  the  opposite 
sides  of  each  bobbin  and  in  line  all  round  the  circle  of  the  poles  in  a  convenient 
position  for  connecting  together  In  spite  of  the  lower  value  of  ff  the  edgewise 
arrangement  requires  less  space  and  is  the  best  But  the  winding  of  a  wide 
strip  on  edge  calls  for  special  tools  and  skill  in  manipulation,  so  that  as  an 
alternative  a  thin  wide  stnp  wound  on  the  flat  may  be  tned  The  thickness 

2  5 
of  the  stnp  will  be  -=^  =  0  083*  when  insulated  with  calico  stnps  pasted  to 

one  side,  or  say  0-060*  bare.  The  necessary  width  is  then  5-75*,  and  this 
may  be  conveniently  divided  into  three  sections  each  1-9*  wide  The  sections 
of  each  bobbin  are  coupled  together  into  parallel  where  the  connections  are 
made  to  the  neighbonnng  colls  by  which  lie  several  bobbins  are  put  in  senes 
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Finally,  therefore,  each  pole  will  be  wound  with  three  sections,  each  containing 
29J  turns  of  a  copper  strip  1  9*  wide  X  0  060*  thick,  insulated  to  0-080* 
The  pint  area  of  the  threo  strips  is  19x3x0  06  =  0  342  square  inch, 

0  02445 
and  their  joint  resistance  per  1,000  yards  is     «o^  =  0  0716  ohm       The 


1  Ofi  v  4 
resistance  of  the  4  bobbins  in  series  is  f^fi—  ~  X  0  0716  =  0  00915 

when  cold,  or  0  00915  x  1-16  =  0  0106  ohm  when  hot  The  loss  of  volts  is 
0  0106  x  350  =  3  71,  and  of  watts  is  1,298  Our  original  allowance  for  the 
armature  E  M  F  ,  etc  ,  may  therefore  be  permitted  to  stand  The  weight 
of  wire  is  11  55  x  0  342  x  128  =  506  Ib  It  will  thus  be  seen  that,  in  spite 
of  the  greater  number  of  ampere-turns  which  are  required  on  the  field  for  the 
series  machine  to  give  the  same  terminal  volts  as  the  shunt-wound  machine, 
the  better  utilization  of  the  space  which  results  from  the  use  of  strip  as 
compared  with  round  wire  enables  the  same  size  of  bobbins  to  be  retained,  the 
weight  of  copper  contained  therein  being  greater 

Owing  to  the  higher  value  of  a  with  rectangular  stnp  copper  as  compared 
with  round  wire,  and  in  general  owing  to  the  fewer  turns  of  comparatively 
large  area,  the  current-density  in  series  winding  is  usually  lower  than  in  shunt 

E 
*' 


(a)  (b) 

FIG   295  — Regulation  of  series-wound  dynamo. 

coils,  since  the  watts  per  cubic  inch  of  total  space  should  be  the  same  for 
coils  of  similar  dimensions  If,  as  usual  in  continuous-current  dynamos,  the 
field-magnet  is  stationary,  the  current-density  in  the  series  winding  seldom 
exceeds  1,000  amperes  per  square  inch,  and  on  an  average  ranges  from  750 
to  800  amperes  per  square  inch 

Regulation  of  the  series  machine  is  effected  oither  (a)  by  a  diverter,  or  less 
frequently  (b)  by  alteration  of  the  number  o±  turns  through  which  the  external 
current  passes  (Fig  295).  In  the  latter  case  the  series  winding  is  divided  into 
a  number  of  sections  from  the  ends  of  which  leads  are  brought  out  to"  the 
contacts  of  a  regulating  switch ;  by  moving  the  lever  of  the  latter  the  groups 
of  sections  are  brought  into  action  or  cut  out  one  after  the  other.  This  method 
is,  however,  seldom  employed,  since  it  can  only  be  adapted  to  give  a  few  large 
steps  with  consequent  sparking  at  the  contacts 

A  more  gradual  change  can  be  obtained  with  a  diverter  (Fig  295a)  ,  this 
latter  consists  of  an  adjustable  resistance  connected  in  parallel  with  the 
senes  winding.  By  moving  the  arm  of  the  regulating  switch  over  the  contacts 
connected  to  the  resistance,  the  amount  which  is  in  parallel  with  the  senes 
winding  is  gradually  altered ;  thus  by  decrease  of  the  ohms  of  the  resistance 
a  gradually  increasing  proportion  of  the  total  current  is  diverted  away  from 
the  senes  coils,  and  the  field  is  correspondingly  weakened 

§  15.  External  characteristic  of  senes-wound  dynamo. — The  external 
characteristic  of  the  dynamo  when  senes-wound  as  described  in  §  14  for  a 
speed  of  500  revolutions  per  minute,  is  shown  in  Fig.  296  It  may  be  derived 
from  the  flux-curves  of  Fig  274  in  the  following  manner.  Taking  any  current, 
Jlf  multiply  it  by  Tw  the  number  of  turns  per  pole  in  the  senes-wmding, 
and  then  find  on  the  flux-curve  for  the  particular  current  1^  the  <Da  corre- 
sponding to  the  exciting  power,  IjTm.  Thence  Ea  =  *  jj^  ^ 
can  be  determined ;  the  loss  of  volts  over  the  resistance  of  the  armature, 
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brushes,  and  series-winding  =  Jj  x  (Ra  +  Rb  +  Rm),  so  that  Ve  corre- 
sponding to  a  value  of  Ja  =  /!  is  Ea  -  Ja  (Ra  +  #&  +  Rm),  and  the  corre- 
sponding point  on  the  external  characteristic  can  oe  plotted  Next,  take 
another  value  for  Je,  and  in  the  same  way  find  the  corresponding  value  of 
Vt>  and  so  on  until  sufficient  points  have  been  obtained  to  draw  in  the  curve 
If  only  three  or  four  flux-curves  are  to  hand  it  will  be  necessary  to  interpolate 
or  add  other  curves  in  order  to  determine  the  characteristic  throughout 
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FIG   296 — Characteristic  curve  of  series-wound  dynamo 

a  large  range  of  current  Thus  the  curve  for  fths  of  full  current  will  fall 
approximately  midway  between  the  curves  for  half  and  full  current,  but 
snghtly  nearer  to  the  former ;  the  back  ampere-turns  of  the  armature  are 
less  at  three-quarters  +>ia-n  at  full-load,  owing  to  the  decreased  current,  and 
the  proportion  of  leakage  is  thereby  decreased 

The  shape  of  the  external  characteristic  for  a  series-wound  dynamo  is 
widely  different  from  that  for  a  shunt  machine.  Since  the  external  current 
is  also  the  magnetizing  current,  it  resembles  in  the  mam  a  curve  of  flux. 
But  if  the  external  current  can  be  progressively  raised  by  lowering  the  resist- 
ance, a  point  is  always  finally  reached  at  which  the  terminal  voltage  decreases 
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as  the  external  current  is  increased,  although  this  point  is  usually  well  beyond 
the  working  range  of  current.  The  fall  of  the  external  characteristic  is  due 
to  the  loss  of  volts  over  the  resistance  of  the  armature  and  series  winding, 
and  to  the  demagnetizing  effect  of  any  back  ampere-turns  on  the  armature 
The  former  loss  is  directly  proportional  to  the  current,  while  the  effect  of  tho 
back  ampere-turns  increases  faster  than  the  current  On  the  other  hand, 
when  the  magnet  is  approaching  saturation,  if  the  external  current  is  increased, 
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FIG.  297  — Method  of  deriving  external  characteristic  of  scries-wouiid 

dynamo. 

the  increase  in  the  total  flux  is  by  no  means  proportional  to  the  increase  in 
the  exciting  power  of  the  field  ampere-turns  Hence  the  induced  EMF 
rises  less  and  less  rapidly  as  the  current  is  increased,  and  after  a  certain  point 
the  increase  in  the  induced  EMF.  does  not  so  much  as  compensate  for  the 
increased  loss  of  volts  over  the  resistances  of  the  machine ;  the  external 
characteristic  curve  therefore  attains  a  Tnjyinrrnim  height,  and  thence  bends 
gradually  downwards, 

If  the  brushes  have  a  fixed  position  the  descent  is  very  gradual,  as  in  the 
case  of  the  small  series-wound  dynamo  illustrated  in  Fig   297,  which  also 
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shows  how  the  external  characteristic  for  a  series-wound  dynamo  may  be 
graphically  constructed  The  open-circuit  flux-curve  of  the  dynamo  13 
first  converted  into  an  E  M  F  curve  for  the  given  constant  speed,  as  shown 
by  the  upper  dotted  curve  in  Fig  297  For  any  particular  value  of  the 
current  the  ampere-turns  required  to  balance  all  the  effects  of  armature 
reaction,  including  the  increased  leakage,  may  be  expressed  as  ft  A  T- 
where  k  increases  as  saturation  is  approached  ,  this  again  may  be  expressed 
by  the  equivalent  number  of  amperes  which  with  the  given  value  of  the  field 

k  AT 
turns  Tm  per  pair  of  poles  yield  k  ATa,  te    —=-a-     The  dotted  curve 

kAT 
marked  — =~  is  thus  drawn,  of  which  the  scale  in  amperes  to  the  right 

of  the  diagram  is  equal  to  the  horizontal  scale  of  abscissae  Inclined  to  tho 
horizontal  is  then  drawn  the  line  OL,  which  to  the  volt  scale  at  the  left  hand 
of  the  diagram  measures  the  loss  of  volts  over  the  resistances  of  the  armature, 
brushes,  and  series  coils  for  any  particular  current  The  induced  E  M  F 
of  the  armature  for  any  value  of  the  current  is  then  derived  by  finding  a 
series  of  points  such  that  their  horizontal  distance  from  the  upper  dotted 
curve  is  equal  to  the  corresponding  ordmate  db  of  the  curve  OM,  and  at  the 
same  time  such  that  they  fall  on  the  vertical  from  the  particular  value  of  the 
current  in  question  From  the  curve  of  the  armature  E  M  F  Ea  so  derived 
has  then  to  be  deducted  the  loss  of  volts  AC  corresponding  to  each  value  of 
the  current  If  the  brushes  are  given  a  greater  angle  of  lead  as  the  current 
is  increased,  the  back  ampere-turns  of  the  armature  then  rise  faster  than  the 
field  ampere-turns,  and  gradually  overpower  the  latter,  so  that  the  actual 
flux  may  diminish.  The  curve  of  the  armature  E  M  F  then  begins  itself  to 
bend  over,  and  the  descent  of  the  curve  of  the  external  voltage  is  rendered 
much  steeper 

The  external  characteristic  at  any  other  speed  is  obtained  by  simply 
altering  the  height  of  the  ordinates  ,  the  slide  rule  is  set  up  for  the  ratio  of 
the  speeds,  and  the  calculated  values  of  Ea  are  altered  in  proportion  to  the 
alteration  of  the  constant  speed 

§  16.  Uses  of  series-wound  dynamos. — Series-wound  dynamos  have  been 
chiefly  used  for  the  electric  transmission  of  energy  over  considerable  distances, 
when  one  or  more  generators  are  employed  to  supply  current  to  similar 
series-wound  motors  through  a  single  series  circuit  (Chap  XXIII,  §  2),  and 
also  for  high-potential  arc  lighting 

For  running  a  number  of  arcs  in  series  since  a  nearly  constant  current  is 
required,  the  drooping  external  characteristic  is  a  distinct  advantage,  and  on 
this  account  the  senes-wound  machine  is  worked  on  the  descending  portion 
of  the  curve  If  the  resistance  of  any  one  or  more  lamps  be  decreased  owing 
to  the  carbons  being  fed  together,  or  if  a  lamp  be  entirely  cut  out  of  circuit, 
the  momentary  increase  in  the  external  current  is  then  accompanied  by  a 
decrease  in  the  terminal  volts ,  this  helps  to  bring  the  current  back  to  its 
normal  strength,  and  although  it  cannot  be  sufficient  to  make  the  machine 
entirely  self-regulating  for  constant  current  at  varying  potentials,  it  tends 
in  the  right  direction,  and  leaves  less  for  the  automatic  constant-current 
regulator  to  do  Thus  in  the  constant-current  dynamos  as  formerly  used  for 
arc  lighting  the  drooping  characteristic  was  expressly  exaggerated 

§  17.  Compound  winding. — In  the  case  of  a  shunt-wound  dynamo 
with  armature  of  low  resistance  its  terminal  voltage,  although 
approximately  constant  over  a  considerable  range  of  current, 
necessarily  falls.  A  constant  voltage  over  the  full  range  of  a 
dynamo's  capacity  or  even  a  voltage  rising  with  the  load  is,  however, 
essential  for  most  purposes,  and  this  requirement  cart  be  closely 
fulfilled  by  the  comfiowid-woitnd  dynamo  (Fig  298)  If  a  dynamo 
be  shunt-wound  to  give  a  certain  voltage  at  no-load,  and  the  magnet 
be  in  addition  wound  with  a  certain  number  of  turns  connected 
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in  series  with  the  external  circuit,  then,  as  the  load  is  increased, 
the  current  flowing  through  the  series,  or  as  they  are  also  sometimes 
called  "  main,"  turns,  will  progressively  increase  the  excitation. 
Now  this  increase  in  the  excitation  may  be  made  not  only  to  balance 
any  increase  of  the  back  ampere-turns,  as  more  load  is  thrown  on, 
but  also  to  increase  the  total  flux  through  the  armature  As  a 


I      -"     I  I 

FIG   298 — Compound-wound  dynamo 
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consequence  the  induced  E  M  F  is  increased,  and  when  properly 
proportioned  this  increase  may  be  made  to  exceed  the  loss  of  voltage 
over  the  series-turns  sufficiently  to  compensate  for  the  increased 
loss  of  volts  over  the  armature  resistance  and  brushes.  Thus  while 
the  armature  E.M.F.  rises  with  the  load,  the  terminal  voltage  remains 
practically  constant,  however  the  current  be  varied  over  a  very 
considerable  range  The  external  characteristic  is  therefore 
practically  a  straight  line  throughout  the  entire  working  range  of 
current.  In  the  compound-wound  dynamo  the  shunt  may,  in 
fact,  be  regarded  as  providing  a  certain  initial  flux  and  voltage ; 
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these  latter  are  maintained  and  reinforced  against  the  combined 
causes  which  tend  to  reduce  them  by  means  of  the  series-turns, 
the  exciting  power  of  which  varies  directly  with  the  external  current. 

The  connections  of  a  compound-wound  dynamo  may  be  arranged 
m  two  slightly  different  ways,  shown  dia grammatically  in  Fig.  299 
By  the  first,  which  is  also  shown  in  Fig.  298,  and  is  known  as  the 
"  short-shunt  "  method,  the  shunt  is  placed  across  the  brushes  of 
the  machine,  and  the  voltage  acting  on  it  is  Vt  =  Ve  +  IeRm, 
the  current  flowing  through  the  series  winding  being  simply  the 
external  current  I6  By  the  second,  or  "  long-shunt  "  method,  the 
shunt  is  placed  across  the  terminals  of  the  external  circuit ;  the 
voltage  acting  on  it  is  then  V6,  while  the  whole  armature  current 
I  a,  =  1 6  +  Ia  flows  through  the  series  winding.  Of  the  two  methods 
the  first  is  the  more  common,  but  their  practical  difference  is  not 
very  important 

As  regards  the  winding  of  the  two  sets  of  magnetizing  coils 
on  the  magnet  bobbins,  the  series  may.  be  wound  over  the  shunt 
or  vice  versd,  but  it  is  more  convenient  that  they  should  form 
separate  coils  In  the  latter  case,  however,  care  must  be  taken  that 
the  equality  of  the  turns  on  each  pole  is  such  as  to  suit  the  necessities 
of  the  armature  winding.  Thus  in  the  multipolar  machine  the 
series-winding  may  be  confined  to  alternate  poles  if  the  armature  be 
wave-connected,  but  if  it  be  lap-wound  all  the  poles  are  preferably 
similarly  wound,  each  with  its  proportion  of  shunt  and  series-turns 

§  18.  Over-compounding. — A  constant  speed  and  a  required 
constant  voltage  have  been  tacitly  assumed  above  for  the  compound- 
wound  dynamo  ;  but  such  are  not  in  strictness  the  ordinary  con- 
ditions of  working,  owing  to  the  drop  in  speed  between  no-load  and 
full-load  which  results  from  the  governor  range,  and  which  averages 
from  3  to  4  per  cent,  of  the  no-load  speed.  Apart  from  this  mechan- 
ical lowering  of  the  speed,  there  is  also  the  electrical  loss  of  volts 
over  the  main  leads  between  the  dynamo  and  the  load,  which 
increases  in  direct  proportion  to  the  current  passing.  If,  therefore, 
a  constant  potential  is  required  at  the  far  end  of  the  line  (as,  for 
example,  in  a  factory  with  220-volt  incandescent  lamps  or  motors  run 
directly  from  a  dynamo  some  distance  away)  the  dynamo  must 
give  a  terminal  voltage  of,  say,  230  volts  when  supplying  full 
current  in  order  to  allow  for  the  loss  of  potential  over  the  leads. 
When,  however,  the  load  is  very  light,  the  dynamo  must  give  little 
more  than  220  volts,  and  for  any  external  current  between  zero 
and  the  maximum  the  external  voltage  should  rise  in  proportion 
from  220  to  230.  Hence  in  such  a  case  the  compound-wound 
dynamo  must  give  a  higher  voltage  at  full-load  than  at  light  loads, 
and  that  at  a  lower  speed.  The  desired  external  characteristic  is 
thus  a  straight  line,  not  horizontal,  but  slightly  inclined  upwards, 
or,  as  it  is  termed,  the  dynamo  is  to  be  over-compounded 
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§  19.  Example  of  calculation  of  compound  winding. — Let  us 

suppose  that  the  21"  X  II*  dynamo  of  Chapter  XVI,  §9,  has  to  be 
compounded  to  fulfil  the  following  conditions  :  at  500  revolutions 
per  minute,  Ve  =  230  volts  when  Ie  =  350  amperes,  and  at  515 
revolutions  Ve  =  220  when  Ie  =  0,  t.e  the  voltage  is  to  rise  by  10 
volts  while  the  speed  drops  about  3  per  cent  as  the  load  is  increased 
from  no-current  to  full-current 

To  give  the  required  voltage  at  no-load,  <D0  must,  as  in  §  11,  be 
5  7  X  106,  and  from  the  no-current  curve  of  Fig.  274  we  see  that  the 
shunt-winding  must  then  give  ATsi  =  5,800  ampere-turns  At 
full  load,  allowing  a  loss  of  8  volts  over  the  armature  and  brush 
resistances  (as  before),  and  of  1  volt  over0the  series-winding,  the 
induced  E  M  F  must  be  239  volts  ,  the  total  number  of  useful  lines 
to  give  this  E  M  F.  is  6  38  x  106,  and,  as  calculated  in  Chapter 
XVI,  §  9,  the  excitation  required  per  pole  to  give  this  flux  is  A  Tj  = 
9,750  ampere-turns.  At  full  load  the  exciting  voltage  on  the  shunt 
is  231,  if  the  machine  has  a  "  short-shunt  "  winding,  and  the 
ampere  turns  due  to  the  shunt  are  then 

V  231 

A Tn  =  ATal  X  ^  =  5,800  X  220  =  6,090 

The  ampere-turns  which  the  series-winding  must  produce  at  full-load 
are  therefore  ATf  -  AT,2  =  9,750  -  6,090  =  3,660,  and  the  number 

ATm      3,660 
of  series  turns  is  Tm  =  — ^—  =  -rrpr-  =  10£  per  pole. 

L  6  oOU 

Assuming  a  total  loss  of  about  1,280  watts  in  the  field,  and  a 
depth  of  winding  of  2  5  inches  as  in  the  previous  case  of  the  shunt 
machine,  we  have  still  to  settle  the  question  of  how  to  divide  the 
total  winding  space  between  the  shunt  and  series  coils  so  as  to  obtain 
the  best  results 

The  shunt  and  senes  coils  will  be  arranged  as  shown  in  Fig  281, 
with  the  senes  winding  in  a  section  below  the  shunt,  the  depth  of 
winding  being  in  both  cases  as  nearly  as  possible  the  same  so  as  to 
give  a  neat  appearance  to  the  complete  bobbin.  Under  these 
conditions  it  is  evident  that,  in  order  to  obtain  an  approximately 
uniform  temperature  nse  over  the  length  of  the  bobbin,  the  loss 
per  unit  length  of  winding  space  should  be  approximately  uniform  ; 
i  e  if  La  and  Lm  are  the  axial  lengths  of  the  shunt  and  series  coils 

W   '  W 
respectively,  and  W a  and  Wm  are  the  watts  lost  in  them,  -~  =  y-2*, 

•L'a         *-"tn 
L  W 

or  •=-*•  =  7=jA.    In  Chapter  XVI,  §  18,  it  was  shown  that  the  watts 

J"m        Wm 

m      *.„     ,       t     000002445       , 
in  any  coil  are  W  =  A*T  X  Jfl  X  «  X ,  and  since  a  =  a .  a^ 

U  ,  nr      (AT}*  X  la  X  ft  X  0-00002445 

=  or .  •=;»  we  have  in  general  W  =  -       —  , 
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or  in  the    present   case,    since   the   depth    and  the   length    of 

(AT)Z 
the    mean    turn    are    to    be    the    same,    W  oc  -  T    •  .    Hence 


L        AT      I — 
and  finally  j-  =  j~-    /  £«   The  total  winding  length 


of  the  coil  being  L,  the  correct  length  for  the  shunt  coil  is  thus  given 

L          AT      /cT  1 

by  the  relation  - — ~-  =  -j-^-J—,  or  La  =  L  X 


ff*  j    ,   '"m    la, 


With  copper  strip  for  the  series,  and  round  wire  for  the  shunt- 

winding,  am  will  he  higher  than  aa,  and  ./—will  be  greater  than 
_  'V  or. 

/085  ATaz       6,090 

unity,    say,    J  —  =  1  19       Since    jf-  =  3^5  =  1  66,   the 

fractions  of  the  total  winding  length  which  should  be  assigned  to 
the  shunt  and  series  respectively  are  0  665  and  0  335  If  any  great 
departure  from  this  ratio  be  contemplated,  the  tendency  should  be 
in  small  machines  to  assign  more  space  to  the  series-winding,  so 
as  to  reduce  its  loss  of  watts,  since  this  loss  has  the  indirect  effect 
of  increasing  the  necessary  armature  E  M.F  and  the  ampere-turns 
to  give  the  corresponding  flux  ,  *  m  large  machines  the  opposite 

1  The  sections  at  the  top  and  bottom  of  the  coil  will  actually  be  cooler 
than  the  central  section,  but  m  the  above  this  effect,  due  to  the  cooling  influ- 
ence of  the  end-surfaces,  has  been  neglected  On  this  latter  approximate 
assumption,  since  in  equation  (129)  the  second  term  on  the  left-hand  side, 
namely,  2LP  is  not  taken  into  account,  it  follows  at  once  that,  in  order  to 
satisfy  the  heating  conditions,  the  axial  length  of  any  coil  or  part  of  a  coil 
expressed  in  terms  of  the  ampere-turns  which  it  contains  is 

AT  X  10  "a 


and  since  in  our  present  case,  with  the  shunt  and  senes  coils  wound  abreast, 
the  only  difference  between  them  lies  in  tr,  we  have 


Further,  the  current-density  in  the  two  kinds  of  winding  is  then  inversely 
proportional  to  the  square  root  of  or  in  the  two  cases 

If  the  senes  coils  are  wound  over  the  shunt,  or  vice  versd,  there  is  a  further 
difference  in  that  the  mean  length  of  a  turn  and  the  mean  temperature  of  each 
division  of  the  coil  must  depend  upon  its  position  Let  tt,  ATt,  kt,  ot  refer 
to  the  inner  coil,  whether  shunt  or  senes,  t0,  AT0,  Ap,  a0  to  the  outer  coil, 
and  let  pt,  p0  be  respectively  the  inside  and  outside  penmeters  of  the  complete 
coil  ,  then  the  minimum  watts  with  a  given  space  to  be  filled  are  reached 
when  the  ratio  of  the  depths  is 


.       *o      Po 
With  circular  bobbins  of  which  the  inside  diameter  is.  d,  and  the  total  radial 
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course  is  better.  When  the  total  loss  of  about  1,280  watts  is  divided 
in  the  above  proportion,  the  respective  amounts  are  W3  =  850 
and  Wm  =  430  ;  the  latter  corresponds  to  a  loss  over  the  series 
winding  of  1  23  volts,  which  is  thus  higher  than  the  allowance 
that  has  been  made  above.  The  difference  is,  however,  but  a 
very  small  percentage  of  the  whole,  and  since  a  division  of  the 
winding  into  three  equal  sections  conduces  to  the  neat  appearance 
of  the  coil  as  a  whole,  the  total  winding  length  of  6*  will  be  divided 
between  the  shunt  and  senes  m  the  proportion  of  >J  :  £ 

The  resistance  which  the  shunt  wire  must  have  is  from  equation 
(124) 

220  X  100  „  rr    , 

co  ==     0rtA       ,       t  no       1  10  =  7-55  ohms  per  1,000  yaids 
5,800  X4xl08xll6  r  J 

and  the  necessary  gauge  is  therefore  to  be  obtained  by  the  use  of 
wire  0  064*  diameter  with  a  small  amount  of  0  072*  wire  wound  on 
one  of  the  two  sections  When  the  two  sizes  are  insulated  with 
12  mils  of  double  cotton  covering  to  0  076"  and  0  084*,  in  each  section 
of  2*  axial  length  there  will  be  25-2  and  22  8  turns  per  layer  respec- 
tively, while  the  required  depth  of  2£  inches  will  be  given  by  36 
layers  of  the  smaller  size  and  by  a  division  of  the  second  section 

Turns     Tunis      j   m 

per         per         £ds  Yards 

layer     section 

i.f  c  ^nn     36  layers  of  0  064      '    252        906         108         980 
iBt^  section   $25         ^        0064          2g.2        627         1Q1         635 


UO          „        0  072          22-8        228         1  225 


280 


Per  bobbin 1761  —  1615  280 

In  4  bobbins                                     .         .  7044  —  6460  1120 

to'  per  1,000  yards                  ...  —  —  7-6  6-01 

Resistance    .                           .  —  —  49 1  6  74 

55  84  ohms 


mto  25  layers  of  the  smaller  and  10  layers  of  the  larger  wire.  The 
radial  depth  of  the  25  layers  will  be  1  71*  and  the  mean  length  of 
a  turn  7r(9  875  +  1-71)  inches  =  1  01  yard.  Similarly,  the  depth 

depth  is  /,  the  ratio  —  =  •,-    _-  and  with  rectangular  bobbins  of  which  the 

#°  A  +  B 

two  inside  dimensions  are  A    and   B,  =  -3 — • — =j— - — ;       Since  the  ratios 

A  +  a  -f-  m 

—  and  —  vary  to  some  extent  111  opposite  directions,  the  ratio  of  the  depths 

'         P°  t         AT      I— 

reduces  approximately  to  ^-  =  ^  j~'~ /V  ~a  ^  b°*ore<     *u  actual  practice  a 

Wl  Wl        U  * 

large  percentage  difference  in  the  value  assigned  to  the  ratio  of  the  depths 
produces  but  a  small  percentage  difference  in  the  total  -watts,  so  that  even 
an  approximate  division  will  not  cause  the  watts  to  exceed  the  minimum 
appreciably 
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of  the  outer  layers  of  the  larger  wire  being  0-79",  the  mean 
length  of  a  turn  is  7r(9  875  +  342  +  0  76)  inches  =  1-225  yard. 

220 
When  hot,  Ra  =  55  84  x  116  =  65  ohms  ;  thence  7B1  =  -^=  =  3  38 

DO 

231 

amperes,  giving  A  TB1  —  5,950  and  745  watts,  while  Jsa  =  -5=-  =  3  55 

OD 

amperes,  giving  ATaz  =  6,250  and  820  watts  under  the  full-load 
condition.  There  is  therefore  a  small  margin  in  hand  The  total 
weight  of  the  smaller  wire  is  240  Ib  and  of  the  larger  53  Ib  ,  making 
293  Ib.  in  all. 

The  series  coils  are  to  consist  of  wide  copper  strip  wound  on  flat- 
wise, and  insulated  with  intervening  strips  of  thin  calico.  The  width 
may  be  nearly  equal  to  that  of  the  finished  section,  say,  1  9",  since 
the  whole  is  to  be  bound  over  with  cotton  tape  and  the  insulation 
beween  the  layers  need  not  extend  round  the  edges.  Since  the 
several  sections  of  series-winding  are  to  be  connected  in  series  from 
pole  to  pole,  in  order  that  the  start  and  finish  of  each  coil  may  be 
on  opposite  sides  of  the  pole,  there  will  be  10£  turns  per  section, 
and  the  depth  of  the  winding  will  correspond  to  11  turns.  The 

25 

thickness  of  each  turn  when  insulated  must  therefore  be  yr  =  0  227", 

and  allowing  27  mils  for  the  insulation  between  neighbouring  turns, 
the  copper  strip  is,  for  ease  in  winding,  best  divided  into  two 
thicknesses  of  0-100*  wound  together  in  parallel.  Its  area  is  there- 
fore 1  9  X  0-100  X  2  =  0-38  square  inch,  and  its  resistance  per 

0  02445 

1,000  yards  at  68°  F.  co'  =     _  Q0    =  0-0645.    The  total  length 

U  oo 

that  is  required  is  42  turns  X  1  08  =  45  4  yards,  and  its  resistance 
0-0454  X  0  0645  =  0  00293,  or  when  hot,  Rm  =  0  00293  X  1-16 
=  0-0034  ohm.  When  carrying  350  amperes,  the  loss  of  volts  over 
the  series  winding  is  thus  119,  and  of  watts  is  417,  while  the  weight 
of  the  series  winding  is  200  Ib.  The  total  loss  in  the  field-winding 
at  full  load  is  1,237  watts  or  1  55  per  cent  of  the  output ;  it  is 
rather  less  than  in  the  corresponding  shunt-wound  machine — a 
result  which  is  due  to  the  better  utilization  of  the  space  with  the 
rectangular  strip  of  the  series  winding,  while  the  a  of  the  shunt 
winding  has  been  kept  up  to  the  same  figure,  even  though  the  size 
of  wire  is  smaller,  by  the  employment  of  a  thinner  insulation.  The 
total  weight  of  wire  is  correspondingly  greater,  namely,  493  Ib. 

In  order  to  compensate  for  differences  of  temperature  of  the 
compound-wound  dynamo  it  is  convenient  to  insert  in  series  with 
the  shunt  a  rheostat,  just  as  in  the  case  of  the  simple  shunt  machine, 
but  of  much  smaller  range  The  difference  between  the  resistance 
of  the  shunt  itself  when  hot  and  when  cold  would  be  compensated 
by  the  addition  of  an  external  resistance  of  10  ohms  ;  but  since, 
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when  the  whole  machine  is  cold,  the  armature  voltage  which  is 
icquired  at  full-load  to  give  230  volts  at  the  terminals  will  be 
reduced  to  about  238,  and  only  9,500  ampere-turns  per  pole  are 
needed,  while  the  series  winding  still  gives  3,660,  the  shunt  current 

5,840  „  231 

must  be  reduced  to  y-gj  =  33  amperes  ;  whence  R,  +  Rr  =  -^ 

=  70  ohms.  The  maximum  resistance  of  the  rheostat  must  then 
be  at  least  70  -  55  =  15  ohms. 

§  20.  Necessary  imperfections  of  compound  winding. — Although 
a  dynamo  may  compound  perfectly  at  full  and  no-load,  it  will  not 

$ainC.G.S.lmesxl06 
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5*5      60 


IK 
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FIG   300. 


do  so  with  equal  accuracy  at  intermediate  points.  This  is  due 
partly  to  the  flux  curves  being  rounded  between  the  working  points 
of  no  and  full  load,  as,  e.g  between  the  limits  of  5  7  X  106  and 
6  38  X  106  lines  in  Fig.  274,  and  partly  to  the  fact  that  when  the 
brushes  have  to  be  given  forward  lead  in  the  absence  of  commutating 
poles,  the  back  ampere-turns  at  half-current  are  somewhat  less  than 
half  the  back  ampere-turns  at  full-current,  and  those  at  quarter- 
current  less  than  half  of  those  at  half-current,  and  so  on  1  The 

1  Even  if  the  brushes  are  retained  in  a  fixed  position  the  effect  of  the 
armature  reaction  in  increasing  the  leakage  helps  to  prevent  the  nse  of  the 
flux  in  the  compound-wound  machine  from  following  the  nse  of  the  current 
in  strict  proportion 
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effect  of  these  two  causes  is  seen  in  Fig  300,  which  shows  a  poition 
of  the  flux-curves  of  Fig  274  on  an  enlarged  scale  At  no-load 
(or  practically  no-load)  the  working  point  of  our  compound-wound 
dynamo  is  C,  and  at  full  load  F ,  since  the  length  GK  gives  the 
increase  in  the  ampere-turns,  when  the  current  is  increased  up  to 
full  load,  the  increase  m  the  ampere-turns  at  half-load  will  be 

GK 

GH  =  -7r,  and  the  corresponding  Ofl  on  the  half-cuiient  cuive  is 
fj 

HL.  But  for  perfect  compounding  only  EM  lines  are  then  required, 
and  the  result  is  that  the  voltage  is  rather  higher  than  it  should  be  , 
this,  of  course,  increases  the  shunt-current,  and  the  excess  voltage 
is  thereby  rendered  even  greater.  If  therefore  the  terminal  voltage 
is  correct  at  no-load  and  at  full  load,  it  is  higher  than  is  requned, 
not  only  at  half-load,  but  at  all  loads  between  zero  and  the  maximum 
The  excess  voltage  is  roughly  proportional  at  any  point  to  the 
vertical  distance  between  the  full  line  CLF,  and  the  dotted  line 
CMF,  from  which  it  will  be  seen  that  it  is  greatest  between  quarter 
and  half-load  In  order  to  minimize  this  imperfection,  a  compound 
machine  should  be  worked  as  far  as  possible  on  the  upper  part  of 
the  flux-curves  ,  the  higher  the  working  limits,  the  flatter  and  more 
horizontal  do  the  curves  become  ,  and  the  effects  of  the  unequal 
spacing  of  the  intermediate  curves,  and  of  the  increase  of  the  shunt- 
excitation,  are  lessened  But  in  slow-speed  machines,  e  g  m  an 
18-kilowatt  dynamo  running  at  250  revolutions  per  minute,  the 
percentage  loss  of  volts  over  its  electrical  resistance  may  amount  to 
about  8  per  cent,  of  the  terminal  voltage  (6  per  cent,  over  the 
armature  and  brushes,  and  2  per  cent  m  the  series  coils)  ;  allowing 
a  further  loss  of  3  per  cent,  m  the  leads  between  the  dynamo  and 
the  lamps,  and  also  a  decrease  of  5  per  cent,  in  the  speed  of  the 
engine  at  full-load,  it  will  be  found  that  <Da  at  full-load  is  1  11  X 
1  05  =  1  17  tunes  the  no-load  <J>0)  although  the  amount  of  over- 
compounding  is  not  great  In  such  a  case  it  is  practically  necessary 
to  work  the  machine  on  the  rounded  knee  of  the  magnetization- 
curve,  since  to  work  higher  up  would  require  an  excessive  amount  of 
senes  wire.  It  results  that  slow-speed  machines  and  those  which 
have  to  work  over  a  large  range  of  voltage  compound  more  or  less 
imperfectly,  and  the  terminal  volts  for  any  current  between  J  and 
f  of  full  load  may  be  from  3  to  4  per  cent,  too  high  In  machines 
running  at  comparatively  high  speeds  the  voltage  should  not  exceed 
the  required  amount  by  more  than  3  per  cent ,  even  at  the  point  of 
greatest  difference  1 

Machines  with  small  magnets  compound  less  perfectly  than  those 
with  large  magnets,  and  multipolars  with  their  greater  number  of 
smaller  magnetic  circuits  show  in  general  a  greater  percentage  rise 

1  Cp  Miles  Walker,  The  Diagnosing  of  Troubles  in  Electrical  Machines, 
p  273 
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at  intermediate  loads  than  would  large  2-pole  dynamos  Differ- 
ences of  temperature  also  considerably  affect  the  perfection  of 
the  compounding  of  a  dynamo  ;  if  worked  on  the  rounded  portion 
of  the  curve  at  no-load,  and  if  the  temperature  of  the  field-coils  rises 
during  working  50°  or  60°  F.,  a  machine  designed  to  compound  when 
hot  will  give  too  high  a  voltage  at  no-load,  and,  in  general,  as  the 
temperature  of  the  dynamo  changes,  the  relative  value  of  the  shunt- 
and  series-turns  is  altered.  Such  effects  can,  as  mentioned  above, 
be  compensated  by  inserting  a  small  variable  resistance  in  the 
shunt  circuit,  which  can  be  gradually  short-circuited  as  the  dynamo 
warms  up  during  working.  In  other  cases,  where  it  may  be  necess- 
ary to  alter  the  amount  of  compounding  to  meet  different  conditions, 
a  diverter  can  be  employed  just  as  with  a  series-wound  dynamo, 
or  the  series-turns  are  connected  at  intervals  to  contact-blocks, 
which  enable  some  or  all  of  them  to  be  short-circuited  by  the 
insertion  of  a  plug  Since  the  compound-wound  machine  is  usually 
required  to  excite  itself  on  open  circuit,  the  same  precautions  must 
be  taken  against  instability  of  the  magnetism  as  in  shunt  machines. 
Traction  generators  are  very  frequently  wound  to  give  500  volts 
at  no-load,  and  are  then  over-compounded  to  give  550  volts  at 
full-load,  so  as  to  balance  the  loss  of  volts  in  the  transmission  line. 
Compound  winding  is  also  largely  employed  in  the  dynamos  of 
isolated  installations,  as  for  driving  motors  in  a  factory  or  for  the 
lighting  of  steamships,  in  order  to  maintain  an  approximately 
constant  voltage  on  the  motors  or  lamps  undei  all  conditions  of  load. 
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CHAPTER  XVIII 

THE  FLUX-DENSITY  CURVE  ON  NO-LOAD 

I.  THE  SALIENT-POLE  MACHINE 

§  1.  The  determination  of  the  flux-density  curve  over  a  pole-pitch.— 

Given  a  salient-pole  umachine  under  design  with  a  total  number 
of  ampere-turns  AT1  of  excitation  on  each  pole,  it  is  not  possible 
to  pre-determine  the  spacial  distribution  of  the  flux,  i.e.  the  flux- 
density  over  a  complete  pole-pitch,  without  in  the  first  instance 
assuming  one  or  other  of  two  closely  related  sets  of  quantities  ; 
and  the  accuracy  of  the  assumption  must  subsequently  be  checked 
when  it  can  be  compared  with  the  final  result  obtained  by  its  means. 
If  found  to  be  inaccurate,  it  must  then  be  corrected  and  the  process 
repeated,  until  agreement  is  finally  reached.  The  necessity  for  the 
initial  judicious  guess-work  even  for  the  no-load  condition  follows 
for  the  reason  now  to  be  given,  and  the  same  necessity  also  holds 
when  the  armature  carries  current. 

In  Fig.  301  the  M  M.F.  of  a  field  coil,  ATf  in  ampere-turns,  is 
marked  in  a  circle  on  each  pole.  If  2  AT0  be  the  ampere-turns 
required  to  pass  the  flux  from  one  bifurcation  plane  CD  in  the 
armature  core  below  the  teeth  to  the  next  bifurcation  plane  EF, 
the  magnetic  potential  of  the  core  in  ampere-turns  will  be  +  AT0 
at  the  bifurcation  point  under  a  N.  pole,  and  -  AT9  at  the  bifurca- 
tion point  under  a  S.  pole.  Either  value  will  decrease  numerically 
as  we  proceed  from  the  bifurcation  plane  towards  the  interpolar 
plane  of  zero  potential,  and  at  each  point  x  the  potential  will  have 
some  lesser  value  ±_  AToa.  The  positive  and  negative  values  of 
the  magnetic  potential  at  the  surface  of  the  armature  will  under 
each  pole  be  numerically  higher  by  the  ampere-turns  expended 
over  the  reluctance  of  the  teeth  ATttt.  The  magnetic  potential 
of  the  N.  and  S.  pole-faces  will  then  be  respectively  +  ATr  and 
-ATr,  where 

ATr  =  AToa  -j-  ATta  -|-  AT09 
or  ATf- AT M  =  ATto  +  ATaa. 

If  2  AT 'y  be  the  ampere-turns  required  to  carry  the  flux  from  one 
pole  through  the  yoke  to  the  next  pole,  the  potentials  at  the  roots 
of  the  N.  and  S.  poles  are  respectively  -  ATV  and  +  ATt ;  as  the 
flux  passes  down  through  the  N.  pole,  its  potential  is  raised  by  the 
M.M.F.  of  the  exciting  coil  ATt  less  the  loss  ATm  over  the  pole 
from  -ATV  to  +  ATVt  while  as  it  passes  up  through  the  S.  pole, 
the  potential  is  correspondingly  raised  from  -  ATr  to  +  ATV. 

586 
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Hence  a  second  expression  for  the  potential  of  the  pole-face  as 
obtained  from  the  yoke  side  is 


All  the  above  symbols  have  reference  to  one  half  of  a  magnetic 
circuit,  corresponding  to  one  pole,  while  the  complete  circuit  calls 
for  Xf  =  2  ATf  ampere-turns  of  excitation. 

Now  ATV,  ATm  and  AToa  are  at  first  unknown,  since  the  total 
flux  has  not  been  exactly  determined  Either  then  the  total  flux 
must  be  assumed  from  which  to  calculate  ATV  and  ATm  and  thence 
to  determine  ATV,  or  ATP  must  itself  be  assumed  as  an  initial 
datum.  There  is  then  only  left  the  necessity  either  to  guess  the 
value  of  AT0  and  thence  by  gradual  reduction  of  it  step  by  step  as 


FIG.  301.— Magnetic  potentials  on  110  load  in  salieut-pole  machine. 

flux  is  removed  from  the  core  to  obtain  ATM,  or  to  assume  initially 
a  certain  distribution  of  the  flux  and  by  calculation  from  the 
gradually  increasing  core  density  to  estimate  provisionally  the  value 
of  ATCU  at  each  point  (cp.  Figs.  327  and  329)  In  both  cases  the 
correctness  of  the  assumptions  can  only  be  checked  at  the  end  of 
the  process,  but  it  is  surprising  how  quickly  such  "  trial  and  error  " 
solutions  converge  on  the  true  result. 

§  2.  The  core-density  curve  on  no  load.— On  no  load  from  con- 
siderations of  symmetry  the  plane  of  zero  magnetic  potential 
passes  radially  down  through  the  centre  of  the  interpolar  gap  between 
two  main  poles,  or  down  the  centre  of  a  commutatmg  pole  if  such 
be  present  (as  shown  dotted  in  Fig.  301).  Out  of  the  yoke  total 
ampere-turns  2ATV>  the  expenditure  will  be  similar  for  equal 
distances  on  either  side  of  the  zero  plane,  and  so  also  in  the  armature 
core  for  symmetrical  points  the  numerical  value  of  ±  ATen  will  be 
the  same,  Starting  from  the  bifurcation  plane  which  must  on 
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no-load  fall  in  line  with  the  centie  of  the  pole-face,  at  or  the  specific 
AT  per  cm.  length  of  path  increase  at  first  but  slowly,  but  as  the 
flux-density  in  the  armature  core  grows,  it  begins  to  rise  very 
rapidly  towards  the  pole-edge  and  then  remains  nearly  constant 
over  the  part  of  the  interpolar  gap  where  the  fringe  is  weak  (Fig. 
302)  Conversely  the  integral  of  the  curve  or  AT0tt  as  we  proceed 
in  the  opposite  direction  from  the  interpolar  line  of  symmetry  to 
the  pole-face  centre  rises  at  first  rapidly  and  then  becomes  nearly 
flat  under  the  pole. 

As  an  example,  in  an  8-pole  machine  with  toothed  armature  of 
diameter  45  ins.  =  114-2  cm.  with  a  pole-pitch  of  45  cm.  the  polar 
arc  was  33  cm  ,  leaving  an  interpolar  gap  of  12  cm  so  that  c  =  6. 
The  equivalent  air-gap  length  Klg=l'll  X  0-795  =  0-882  and 

AT/cm  AT 

LOO  .  -400 
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_  __  20        ZZ-5 

Cm  from 'irrterpolap  line  of  symmetry 

FIG  302. — AT.  over  half  magnetic  circuit  in  armature  core. 


with  a  normal  B,  =  8400,  AT0  =  5900,  while  from  Fig   303  for 

0-087  X  8400 
this    density    in   the    air-gap    ATt= ,7:== —  =582.     The 

total  flux  over  the  polar  arc  would  then  be  8400  X  33  =  277,000 
per  cm.  of  armature  core-length,  and  with  allowance  for  the  inter- 
polar fringe,  this  was  increased  to  294,000  as  the  actual  total  flux 
of  a  pole-pitch  per  cm.  of  core.  With  deduction  for  insulation  and 
air-ducts,  and  a  depth  of  core  4-5  ins.  —  11-4  cm  below  the  teeth, 
the  single  core-area  per  cm.  axial  length  of  core  will  be  taken  as 
11-4  X  0-9  x  0-83  =  8-5  cm*,  giving  a  maximum  density  in  the 
core  of  17,300,  for  which  the  at  per  cm.  =  72.  Thence  ATe  under 
a  pole  was  estimated  at  390.  The  magnetic  potential  of  a  pole-face 
was  thus  ATf  =  AT,  +  ATt  +  AT,  =  5900  +  580  +  390  «  6870. 
If  now  the  density  in  the  air-gap  at  intervals  of  2fc  cm.  over 
half  the  pole-pitch,  obtained  from  equations  (134)  and  (135)  of  the 
following  section,  be  entered  as  shown  in  column  2  of  Table  X,  the  flux 
collected  in  each  interval  is  given  in  the  intermediate  rows  ;  the 
actual  flux  in  the  core  at  the  points  x,  and  the  density  B9,  are  then 
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as  shown  in  the  4th  and  5th  column  respectively,  opposite  to  the 
values  of  x  The  average  at  over  a  section  is  given  in  the  inter- 
mediate rows.  The  teeth  of  the  armature  being  4  cm  long,  the 
mean  diameter  of  the  core  below  the  teeth  is  114-2-  (8  +  H-4) 
=  94-8  A  cm.  on  the  surface  of  the  armature  therefore  corre- 

94-8 

sponds  to  1  X  TTTTT  =  0-83  cm.  length  in  the  centre  of  the  core,  and 
r  114  2 

2|  cm  on  the  surface  correspond  to  2-07  in  the  core.  Multiply- 
ing the  average  at's  by  2-07,  and  summing  up  the  products,  the  value 
of  ATOX  at  each  point  x  is  reached  in  the  last  column. 

TABLE  X. 
AT0  OVER  ARMATURE  CORE. 


Flux  per  cm.  length 

X 

cm  ftoin 
intorpolar 

*,. 

ol  c 
Added 

»re 
Total  In 

Density 
Bo 

Specific 
at 

Average 
at  for 
section 

X207 

*Tm 

centre 
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arm.  core. 

22-5 

8370 

0 

0 

0 

395 

20,900 

0-4 

0-9 

20 

8374 

20,900 

2,465 

1 

394-1 

20,910 

M 

2-3 

17-5 

8382 

41,810 

4,930 

12 

391-8 

20,940 

1-5 

31 

15 

8,390 

62,750 

7,390 

1-8 

3887 

20,970 

2 

41 

125 

8,400 

83,720 

9,850 

3-1 

284-6 

21,000 

4 

8-3 

10 

8,410 

104,720 

12,360 

64 

376-3 

21,080 

11 

22-8 

7-5 

8,420 

125,800 

14,800 

18 

353-5 

16,100 

33 

68-5 

5 

3,500 

141,900 

16,700 

54 

285 

4,450 

€6 

137 

2-5 

1,000 

146,350 

17,250 

71 

148 

650 

715 

148 

0 

0 

147,000 

17,350 

72 

0 

§  8.  The  air-gap  flux-density  curve  on  no  load. — From  the 
bifurcation  plane  the  flux-density  in  the  air  up  to  a  distance  of  la 
from  the  pole-edge  is 

—  A  T     —  A  T 

•"•  •*  in      •"  •*  CJB 
_ 


1-257  ^-~~  .     (134) 


Kit 

where  $Rta  is  the  reluctance  of  the  teeth  corresponding  to  a  sq,  cm. 
of  cross-section  of  the  path  in  the  air-gap,  i.e.  for  a  peripheral 
width  of  1  cm.  on  the  armature  surface  and  an  axial  length  of  1  cm. 
along  the  armature.  No  attempt  is  here  made  to  determine  the 
actual  undulations  of  the  flux  curve  due  to  the  varying  density  over 
teeth  and  slots  at  the  armature  surface  or  at  any  other  level  in  the 
air-gap.  But  the  sraoothed-out  curve  of  density  is  obtained, 
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from  the  area  of  which  the  total  flux  is  correctly  obtained.  So 
important  is  the  varying  reluctance  of  the  iron  teeth  that  in  the 
toothed  armature  it  is  best  to  consider  the  effect  of  -f-  TAj>  and 
-  ATf  in  relation,  not  to  the  armature  surface,  but  to  the  cylindrical 
surface  of  the  core  at  the  level  of  the  bottom  of  the  slots.  Tins 
may  conveniently  be  done  by  calculating  the  equivalent  reluctance 
of  tooth  per  sq  cm.  of  path  in  the  air,  which  is  in  series  with  the 
single  gap.  Thus  if  Bga  is  the  average  density  over  a  tooth-pitch 

0  7 

Reluctance  / 

of tooth  / 

ip.n-srt  rm  ' 


-per-aq  cm 
of  path 
in  air 
0-6 


06 


0-4 


03 


02 


J 

/ 

/ 

/ 


0  2000  4000  6000  8000  10,000          JZ^OO 

FIG   303. — Tooth,  reluctance  per  sq.  cm   of  path  in  air-gap. 

in  the  air-gap,  the  centre  of  the  tooth-pitch  being  at  point  x,  the 
equivalent  tooth  reluctance  in  series  with  the  air-gap  is — 

__  mean  H  over  tooth  X  lt  __  1-257  ATM 

From  the  data  of  the  machine  dimensions  a  curve  such  as  Fig.  303 
(which  refers  to  the  machine  of  §  2)  can  be  plotted  for  the  tooth 
reluctance  per  sq.  cm.  of  air-gap  for  varying  gap  densities,  and  by 
reference  to  this  values  of  £„,  and  &&  which  are  in  agreement  can 
quickly  be  found  for  any  value  qf  1-257  <(AT±  -  ATott) 
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Within  the  mterpolar  legion,  it  has  been  stated  in  Chapter  XVI, 
§  6  (a)  that  the  counter  effect  of  the  adjacent  pole  dies  away  from 
its  value  on  the  interpolar  line  of  symmetry  very  nearly  to  zero 
at  the  opposite  pole-tip,  and  the  rate  of  this  decay  may  approxi- 
mately be  assumed  as  uniform  over  the  half  interpolar  zone  The 
resultant  flux-density  on  the  armature  surface  in  the  interpolar 
gap  for  any  distance  x  from  the  pole-corner  up  to  x  =  c  would  then, 
if  the  armature  surface  were  throughout  at  zero  potential,  be  closely 
represented  by 

(       m  m'         x) 

i    £&/    A.  J.  v    I    (.  ,        -rr-i      ~"    c.          i        vrl       *  ~  I 

*(fr-t-Klg    &+Kla    c) 

where  £  =  Q-9y  and  takes  into  account  the  inclination  of  the  pole- 
edges  to  the  armature  surface,  and  mf  is  the  correction  factor  for 

cfl. 

But  the  above  approximation,  as  also  the  accuiate  solution  of  the 
ideal  case  upon  which  it  is  based,  departs  fiom  the  actual  facts  in 
assuming  that  the  armature  core  is  throughout  at  zero  potential. 
In  reality  on  the  one  side  of  the  interpolar  line  of  symmetry  the 
armature  core  is  at  a  varying  positive  magnetic  potential  ATaa, 
being  the  ampere-turns  expended  over  the  ai  mature  coro  from  any 
point  x  up  to  the  interpolar  line  of  symmetry,  and  on  the  opposite 
side  it  is  at  a  varying  negative  potential-  A  Tem  The  effective 
AT  over  the  air-path  for  flux  from  one  pole  is  thereby  decreased 
to  (ATj,  -  AT0tt),  and  we  are  justified  in  assuming  that  the  counter 
effect  from  the  opposite  pole  is  proportionately  increased,  the 
effective  difference  of  potential  becoming  -  A  fv  -(  +  A  Toa)  = 
-  (ATV  +  AT0tt).  Next,  the  resultant  ATtu  required  by  the  tooth 
reluctance  is  that  corresponding  to  the  difference  between  the 
forward  component  flux  from  one  pole  and  the  counter  component 
from  the  adjacent  pole.  The  necessity  for  employing  two  different 
values  AT'ttt  and  AT"ta  in  the  numerator  for  each  component 
separately  is  at  once  avoided  by  inserting  in  the  denommatoi  of 
each  item  a  term  for  the  true  tooth-reluctance.  The  final  expression 
for  the  interpolar  fringe  from  x  =  0  to  x  =  c  thus  becomes  — 


m 


Kl,    - 


°1  .  *\ 
1)  ' 


An  approximate  allowance  for  «Jtto  can  alone  be  made  in  the  first 
instance,  but  as  soon  as  the  pole-comer  is  left  behind  the  density 
falls  so  quickly  that  the  tooth  reluctance  becomes  practically  almost 
a  negligible  quantity.  On  the  interpolar  line  of  symmetry  m  *=  m', 
cft<(8  vanishes,  and  also  AToa,  so  that  the  resultant  density  is  zero. 
No  lines  enter  or  leave  through  the  armature  surface,  but  the 
direction  of  the  real  flux  just  grazes  the  tooth-tip  tangentially 
(cp  Fig.  249). 
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In  this  manner  a  close  approximation  to  the  flux-density  curve 
over  a  pole-pitch  on  no-load  can  be  made  when  the  varying  undula- 
tions due  to  the  movement  of  slots  and  teeth  are  not  immediately 
required. 

II.  THE  NON-SALIENT-POLE  MACHINE 

§  4.  The  distributed  field-winding  o£  the  non-salient-pole  machine. 

— In  the  cylindrical  rotor  of  a  non-salient-pole  machine  the  exciting 
coils  are  embedded  in  slots  which  are  distributed  over  a  certain 
portion  of  its  periphery.  The  number  of  slots  and  the  fraction  a 
of  the  pole-pitch  over  which  they  are  spread  vary  in  different  makes, 
but  the  practical  range  of  variation  is  not  great  Concentration 
of  the  winding  in  a  single  slot  or  in  a  very  few  per  pole  would  be 
favourable  to  the  production  of  a  large  magnetic  flux  for  a  given 
value  of  the  ampere-turns  of  excitation.  But  the  possible  width 
and  depth  of  a  single  slot  are  limited ;  if  open  and  wide,  it  will 
cause  exaggerated  tooth  npples,  and  the  accumulated  mass  of  copper 
will  be  difficult  to  secure  mechanically  and  to  cool  effectively.  With 
an  increase  in  the  number  of  slots  the  intervening  teeth  greatly 
assist  in  conducting  the  heat  to  the  surface  where  it  may  be  carried 
away  by  air  driven  through  the  air-gap,  and  further,  when  the  slots 
are  partially  distributed,  a  greater  number  of  ampere-turns  can  be 
accommodated  per  pole  On  the  other  hand,  if  the  winding  is 
distributed  over  the  whole  of  the  pole-pitch,  the  inner  turns  are 
comparatively  ineffective,  so  that  nothing  is  gained  by  making  it 
extend  over  more  than  80  per  cent,  of  the  pole-pitch.1  A  com- 
promise must  therefore  be  struck,  and  usually  the  wound  fraction 
of  the  pole-pitch  falls  in  practice  between  the  limits  of  a  =  0-6 
to  a  =  0-8  with  from  6  to  10  or  12  wound  slots  per  pole 

In  these  circumstances  the  unwound  pole-centre  may  be  uniformly 
slotted  in  order  to  maintain  the  same  magnetic  relation  to  the  air- 
gap  as  holds  over  the  wound  portion,  but  more  usually  it  is  left 
unslotted  (Figs.  234  and  235)  as  giving  the  greatest  permeance,  or  it 
has  smaller  grooves  closed  by  magnetic  wedges  to  give  a  smooth 
surface,  such  grooves  being  used  for  purposes  of  axial  ventilation. 
On  the  average  then  it  may  be  said  that  two-thirds  only  of  the  pole- 
pitch  are  wound,  one-third  of  the  pole-pitch  forming  a  pole-centre 
which  in  a  minor  degree  acts  like  a  salient  pole,  and,  so  to  speak, 
holds  the  flux  more  or  less  bound  to  itself. 

§  5.  The  trapezium  of  M.M.F. — When  the  exciting  winding  is 
located  in  two  or  more  slots  per  pole,  the  sides  of  the  spacial  curve 
of  the  M.M.F  plotted  in  relation  to  one  pole-pitch  developed  on 
the  flat  are  stepped,  and  when  the  fraction  a  of  the  pole-pitch  Y 
only  is  wound,  the  curve  has  a  flat  top  extending  over  1  -  a  of  the 

1  Cp.  Dr.  S  P  Smith,  "  The  Non-salient  Pole  Turbo-alternator,"  Journ. 
I E  E,,  Vol  47,  p  563 
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pole-pitch.  In  the  extreme  cases  of  a  winding  perfectly  unifoimly 
distributed  over  the  pole-pitch  or  <j  =  1,  the  M.M  F.  curve  per  pole 
is  a  triangle,  of  height  ITmf2  in  ampere-turns,  where  7  =  the  excit- 
ing current  and  Tm  is  the  number  of  conductors  per  pole,  and  if  the 
winding  is  closely  concentrated  in  one  slot  per  pole,  it  is  a  rectangle  of 
the  same  height.  Between  these  two  limits  lie  all  the  intermediate 
cases  of  practice.  Since  the  M  M  F.  rises  steeply  at  the  same  rate 
within  each  slot  (when  uniformly  filled)  as  we  pass  from  one  wall  to 
the  other,  a  continuously  slopmg  line  may  without  much  error  be 

AT 
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FIG.  304.— The  M.M.F.  trapezium. 

substituted  for  the  stepped  sides,  as  shown  dotted  in  Fig.  304,  and 
a  regular  trapezium  of  M.M  F.  as  acting  on  the  half  magnetic  circuit 
corresponding  to  a  pole  is  obtained. 

§  6.  Allocation  of  the  M.M.F.  to  component  parts  of  the  magnetic 
circuit. — This  M.M.F.  has  then  to  be  allotted  in  proper  proportions 
to  the  several  parts  of  the  magnetic  circuit — stator  core,  stator  teeth, 
air-gap,  rotor  teeth  and  rotor  core,  As  in  the  case  of  the  salient- 
pole  machine  (§  1),  in  order  to  determine  the  shape  of  the  flux-curve 
either  the  AT  expended  over  rotor  and  stator  cores,  or  the  maximum 
flux  through  the  rotor  core,  must  provisionally  be  guessed  at  the 
outset. 

Of  the  two,  it  is  best  to  assume  the  former,  thence  to  determine 
approximately  the  total  flux,  and  lastly  to  check  the  first  as- 
sumption, before  proceeding  with  more  detailed  calculations.  From 
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FIG.  305  — Division  of  rotor  core  by  equipotential  surfaces  on. 
no  load. 
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FIG.  306. — Specific  AT  [cm.  over  rotor  core. 
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considerations   of  symmetry,   on    no-load   only   one   half  of   a 
pole-pitch  need  be  considered. 

Starting  from  a  point  opposite  to  the  pole-centre,  the  curves 
for  the  specific  AT  {cm.  for  the  stator  core,  and  for  its  integral  m  the 
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Fio.  307. — AT  expended  over  component  parts  of  the  magaetio 

circuit. 

reverse  direction  resemble  those  of  Fig,  302.  The  experiments  of 
Mr.  Carl  J.  Fechheimer  already  mentioned  in  Chapter  XIV,  §  12, 
show  that  in  a  deep  stator  core  the  flux  distribution  is  almost 
sinusoidal ;  if  therefore  the  stator  pole-pitch  is  divided  up  into 
small  sections,  each,  say,  5  electrical  degrees,  and  the  maximum 
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density  averaged  over  the  half  core-section  is  taken  as  the  starting- 
point,  the  value  of  the  density  at  each  step  of  5°  therefrom  is  found 
in  proportion  to  the  cosine  of  the  angle  in  electrical  degrees  ;  thence 
the  specific  AT  fern  is  obtained  from  a  B-H  curve  for  the  sheet-steel, 
and  when  summed  up,  ATom  for  any  distance  from  the  plane  of 
maximum  flux  or  zero  potential  The  ampere-turns  ATtl  for  the 
stator  teeth  opposite  the  centre  of  each  rotor  tooth  are  obtained 
from  a  curve  similar  to  Fig  303,  but  are  comparatively  unimportant, 
as  appears  from  Fig.  307. 

The  rotor  core  is  treated  by  division  into  sections  corresponding 
to  rotor  tooth-pitches  and  bounded  by  equipotential  surfaces  after 
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FIG   308. — ATg  and  Ba  of  non-salient-pole  rotor  on  no  load 

the  manner  of  Fig.  305.  The  specific  AT '/cm  or  at  for  each  section 
will  depend  on  the  density  of  the  flux  in  the  rotor  core  as  affected 
by  the  presence  or  otherwise  of  axial  ventilating  holes  or  ducts 
through  the  core  ;  but  usually  it  is  found  to  remain  fairly  constant 
from  the  plane  of  maximum  flux  up  to  the  last  tooth-pitch  before 
the  equipotential  plane  AA  across  the  neck  of  the  pole-centre. 
When  this  is  closely  approached,  the  density  and  the  specific  AT /cm 
rise  very  rapidly,  as  shown  in  Fig.  306  The  integral  again  yields 
a  continuous  curve  marked  as  ATez  in  Fig.  307  and  rising  very 
steeply  towards  AA,  over  which  it  remains  constant ;  for  the  further 
passage  of  the  flux,  the  unslotted  pole-centre  is  reckoned  as  a  single 
large  rotor  tooth  or  is  divided  up  mentally  into  rotor  tooth-pitches, 
as  4,  5,  6  in  Fig  307. 
The  AT  expended  over  each  rotor  tooth  increase  greatly  as  the 
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pole-centre  is  approached,  and  are  marked  as  ATtz  in  Fig.  307,  which 
also  includes  the  pole-centre  regarded  as  a  tooth. 

Adding  up,  then,  the  component  items,  AT01  +  ATtl  -f-  ATtz  + 
A  Toz  of  Fig  307  for  the  centre  of  each  rotor  tooth, *  and  deducting 
their  sum  from  the  corresponding  values  of  the  exciting  ampere- 
turns  of  Fig.  304,  the  differences  give  ATa  acting  on  the  air-gap 
opposite  each  rotor  tooth  (Fig.  308).  The  effective  length  of  this 
gap  has  two  values  according  as  it  exists  between  the  surfaces 
of  rotor  and  stator  where  both  are  slotted  or  between  the  slotted 
stator  surface  and  the  unslotted  surface  of  the  pole-centre,  to  which 
may  be  added  a  third  intermediate  value  for  the  tooth-pitch  at  the 
edge  of  the  pole-centre  which  is  only  slotted  on  the  one  side.  The 
values  of  Bga  thence  deduced  for  each  rotor  tooth  are  marked  by 
the  crosses  on  the  lower  full-line  curve  of  Fig.  308,  the  whole  of  the 
values  employed  in  Figs.  304,  306-8  being  derived  from  the  2-pole 
3000  kW.  3-phase  turbo-alternator  analysed  by  Mr.  S.  Neville  in  his 
paper  (Part  III)  supplementing  the  present  writer's  Part  I  on  the 
Flux-Wave  of  the  Turbo-alternator  m  Papers  on  the  Design  of 
Alternating  Current  Machinery  2 

§  7.  The  rotor  transverse  slot  flux.— The  difference  from  the 
analogous  case  of  the  salient-pole  machine  lies  mainly  in  the  addi- 
tional complexity  introduced  by  the  transverse  component  of  the 
flux  crossing  the  rotor  slots.  As  explained  m  detail  in  the  above- 
quoted  paper,  the  difference  of  magnetic  potential  in  ampere-turns 
acting  at  any  height  x  between  the  walls  of  a  rotor  slot  of  depth 
hw  below  the  wedge  may  be  expressed  as 

x  w. 

ATrl--AT6--!-(ATa'-ATtt)      .         .     (136) 

rtto  If 

where  ATr  are  the  ampere-conductors  of  one  rotor  slot,  and  AT9 
are  the  ampere-turns  expended  over  the  rotor  core  between  the 
centres  of  two  adjacent  teeth  for  which  ATaf  and  AT^  are  the 
ampere-turns  expended  over  their  reluctances  up  to  the  height  x  from 
the  bottom  of  the  slots.  Here  A  Ttt'  relates  to  the  tooth  farther  from, 
and^r,,,  to  the  tooth  nearer  to,  the  plane  of  maximum  rotor  flux. 
The  difference  of  potential  thus  varies  greatly  with  the  varying 
values  of  ATtt'  and  ATn.  Near  the  plane  of  maximum  flux  ATU' 
always  exceeds  ATtt  owing  to  the  increase  of  the  flux-density  as 
we  proceed  up  the  side  of  the  flux-curve,  but  for  the  unslotted 
pole-centre  ATtt'  will  not  so  greatly  exceed  AT9  or  may  even  be 
less  In  the  latter  case,  the  bracketed  term  is  negative,  and  the 
whole  term  with  its  sign  becomes  positive,  increasing  the  transverse 
component  due  to  ATt.  In  consequence  the  transverse  flux  may 

1  The  full  line  values  of  AT^  are  only  joined  up  by  dotted  lines  for 
convenience  in  following,  and  EIg.  307  must  only  be  read  on  tlie  centre  lines 
of  the  teeth. 

•  Pp.  240-252  (Pitman  &  Sons 
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be  greater  within  the  slot  at  the  edge  of  the  pole-centre  than  at  the 
centre  of  the  exciting  coil,  and  may  decline  to  a  minimum  in  an 
intermediate  slot.  Such  a  case  is  indicated  in  Fig.  309.  The 
difference  between  the  amount  of  the  flux  entering  one  side  and 
leaving  on  the  other  side  of  a  tooth  within  any  section  of  its  height 
is  added  to  or  subtracted  from  the  radial  component  flux  proceeding 
up  or  down  the  tooth,  and  is  thus  an  addition  to  or  a  deduction  from 
the  useful  flux  passing  through  the  air-gap  into  the  stator  surface. 


FIG.  309. — Rotor  slot  flux  on  no  load. 

The  several  items  of  the  transverse  M.M  F.  can  be  isolated  and 
considered  separately,  each  as  causing  its  own  component  in  the 
transverse  slot  flux.  But  of  these  items  the  first  two  can  be  grouped 
together  as  being  independent  of  the  tooth  reluctance  and  as  being 
a  nearly  constant  quantity  until  the  tooth-pitch  next  to  the  edge 
of  the  pole-centre  is  reached.  Here  the  rotor  tooth-pitch  tr  must  be 
interpreted  as  the  distance  only  from  the  equipotential  plane  AA 
to  the  next  lower  equipotential  surface,  and  the  high  value  of  the 
AT  jam.  over  the  part  next  to  A  A  forces  a  larger  amount  of  the  total 
rotor  flux  out  of  the  core  into  the  slot. 

To  deal  with  the  varying  item  of  the  tooth  reluctance  and  the 
varying  difference  of  potential  that  thence  arises,  each  tooth  is 
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best  divided  into  at  least  three  sections  of  height  decreasing  towards 
the  root  of  the  tooth  where  the  saturation  is  greatest,  as  shown  at"  , 
the  foot  of  Fig.  307.  It  is  then  simplest  to  calculate,  first,  the 
transverse  fliix  that  would  be  caused  by  ATU'  for  any  section  if  the 
opposite  wall  of  the  slot  were  at  zero  potential,  and  secondly  the 
transverse  flux  that  would  be  caused  by  ATa  for  the  similar  section 
if  the  wall  of  the  slot  formed  by  the  face  of  the  tooth  first  considered 
be  imagined  in  turn  to  be  reduced  to  zero  potential ; l  the  algebraic 
difference  of  the  two  fluxes  thus  found  will  then  be  the  actual 
component  due  to  ATtt'  -ATtt  for  the  considered  section  Lastly, 
deducting  this  flux  from  the  similar  quantity  for  the  next  slot 
nearer  to  the  plane  of  maximum  flux,  the  difference  is  the  flux 
added  to  or  subtracted  from  that  at  the  end  of  the  section  nearer 
to  the  rotor  core,  and,  if  positive,  it  is  added  thereto  within  the 
section.  The  process  is  fully  illustrated  by  a  worked  example  m 
Part  III  of  the  second  Paper  on  the  Design  of  Alternating  Current 
Machinery  and  need  not  here  be  repeated. 

§  8.  End-bell  leakage. — The  end-connections  of  the  exciting 
coils  are  retained  in  place  by  end-bells,  for  which  nickel  steel  is 
usually  employed  Since  this  material  is  magnetic,  and  the  edge  of 
the  bell  abuts  against  the  rotor  body  or  is  separated  therefrom 
only  by  a  small  intervening  air-gap,  lines  of  flux  escape  from  the 
tips  of  the  rotor  teeth  and  from  the  curved  tip  of  the  pole-centre 
into  the  end-bell.  They  are  thus  lost  so  far  as  any  useful  action 
is  concerned,  since  they  do  not  pass  through  the  air-gap  into  the 
stator,  but  complete  their  path  through  the  substance  of  the  end- 
bell  and  re-enter  the  tips  of  the  rotor  teeth  and  pole-centre  under 
a  pole  of  opposite  sign.  The  amount  of  this  true  leakage  is  very 
considerable,  and  thereby  a  further  difference  is  introduced  between 
the  non-salient-pole  and  salient-pole  cases. 

The  course  of  the  leakage  flux  over  a  half  pole-pitch  is  indicated 
with  a  few  eqmpotential  lines  in  Fig.  310,  which  shows  the  portion 
of  the  bell  at  one  end  developed  on  the  flat.  A  first  estimate  of  its 
total  amount  can  be  made  by  taking  a  somewhat  smaller  value 
than  |  ATr  as  acting  over  the  half  tooth-pitch  between  the  lines 
AB'  and  00.  From  the  AT '/cm  thus  obtained  the  density  for  the 
steel  employed  is  found,  and  this,  when  multiplied  by  the  area  of 
cross-section,  gives  a  figure  for  the  total  leakage.  Assuming 
certain  values  for  the  potentials  of  each  rotor  tooth  at  its  tip,  the 
process  is  continued,  and  the  difference  in  the  values  as  each  tooth- 
pitch  is  passed  is  regarded  as  the  leakage  of  the  tooth-pitch.  When 
the  AT  acting  on  each  tooth-pitch  has  reached  its  minimum,  trial 
must  then  be  made  as  to  how  nearly  the  remaining  flux  can  be  carried 
round  the  curved  paths  by  the  remaining  differences  of  potential, 
after  the  manner  of  Fig.  310.  Adjustment  of  the  equipotential 

1  Aa'proposed  by  Mr.  Neville  in  the  above  quoted  paper. 
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lines  by  raising  their  outer  ends  through  the  distances  D  to  D', 
F  to  F',  will  then  enable  a  reasonable  estimate  to  be  made  of  the 

2-75  3-1  3-2  3-3  34  35  3-6  3-7  3-839  4    5-5  Thickness 

of 

end-bell 
in  cm 


FIG.  310. — End-bell  leakage. 


maximum  flux  that  the  potentials  of  the  tooth-tips  and  pole-centre 
can  cause. J  Generally  the  section  of  the  end-bell  on  the  plane  of 
maximum  rotor  flux  becomes  saturated  to  a  density  of  some  18,000 

1  See  Papers  on  the  Design  of  Alternating  Current  Machinery,  pp  191-201, 
for  further  detaUs. 
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to  20,000  C.G.S.  lines  per  sq.  cm  The  longer  the  rotor  coie,  the 
less  the  percentage  loss  of  flux  by  leakage  into  the  end-bells. 

§  9.  The  fundamental  o!  the  flux-density  curve.— The  importance 
of  the  fundamental  Bgl  in  relation  to  the  E.M  F  has  been  empha- 
sized in  Chapter  IX,  §  14,  and  it  is  evident  that  it  is  mainly  depen- 
dent on  the  height  of  the  flux-density  curve  over  the  flat  portion 
corresponding  to  the  pole-centre,  and  that  when  this  has  been 
determined,  the  value  of  the  fundamental  follows  with  but  little 
lange  of  variation  for  a  given  ratio  a. 

If  the  AT  expended  over  the  rotor  and  stator  cores  and  teetJi 
increased  in  strict  proportion  to  the  distance  or  number  of  teeth 
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FIG.  311. — Hypothetical  flux-density  curve. 

passed  as  we  proceed  from  the  plane  of  maximum  flux,  ATau  and 
the  density  in  the  air-gap  would  rise  as  inclined  straight  lines  repro- 
ducing the  sloping  sides  of  the  trapezium  of  M.M.F.  On  reaching 
the  unslotted  pole-centre,  the  effective  air-gap  length  changes  from 
K'la  to  some  smaller  value  K"lff,  so  that  with  some  fuither  constant 
loss  of  AT  over  the  stator  core  and  teeth  and  rotor  pole-centre, 
deducted  from  ITJ2,  the  remainder  ATaa  will  add  a  rectangle  of 
flux  over  some  fraction  of  the  pole-pitch.  The  point  of  rapid  rise 
of  the  density  may  be  fixed  at  the  centre  of  the  slot  nearest  to  the 
unslotted  pole-centre.  If  ye  =  the  pitch  of  the  rotor  slots  in 
electrical  radians,  the  flat  portion  of  the  flux-density  curve  extends 
over  an  angular  width  in  radians  of  (1  -  a')rr  =  (1  -  o}n  +  yol 

and  each  sloping  side  over  a  width  a1  ^  «  a  \  -  £?,    That  is.  a'  »= 

*t          22 

9  ~  ~~>  or  ft  the  slots  are  pitched  as  for  a  number  s  per  pole, 
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a'  —  a--.    The  flux-density  curve  then  has  the  geometrical  shape 

o 

of  Fig.  311,  which  may  be  split  up  into  a  trapezium  of  height  Bg'  and 
a  rectangle  of  height  Ba",  the  two  together  making  up  the  height 


•"    man- 


The  general  expression  for  a  trapezium  in  which  the  height  Bff' 
extends  over  a  fraction  1  -a'  of  the  pole-pitch  (Fig.  312)  is 

1        ~  •7r       -"     -         X          (137) 


So,  =      Xf   sin  o£. 

and  the  general  expression  for  a  rectangle  of  height  B0"  extending 
over  the  same  fraction  of  the  pole-pitch  when  the  origin  is  at  a  point 


B* 

0         cr'f 

FIG.  312 
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distant  a'\1  of  the  pole-pitch  away  from  the  side  of  a  rectangle, 
i.e.  midway  between  two  rectangles,  is 


'^siD.3da+ .  .  .}    .     (138) 

The  value  of  Btt  for  the  combination  is  given  by  the  sum  of  the 
two  expressions,  and  the  amplitude  of  the  joint  fundamental  is 

.      .     (139) 

If  e.g.  we  assume  a  =  frds.  and  the  slots  are  pitched  as  for  12  per 

817 

pole,  as  hi  Fig.  308,  a'  =  —  -  —  =  — ,  and 


Bffl  =  -  0-866  Ba'  +  0-6088  B 


"  I 


1  See  Dr  S  P.  Smith  and  R.  S.  H  Bcralding,  "  The  Shape  of  the  Pressture 
Wave  in  Electrical  Machinery,"  Journ  I  EE  ,  Vol.  53,  pp.  211-14 
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Although  the  corners  of  the  rectangle  and  the  junctures  of  the  slop- 
ing sides  with  it  are  in  reality  rounded  off,  the  double  value  of  the 
flux-density  on  the  line  of  the  juncture  indicates  that  at  this  point, 
the  same  value  of  ATg  divided  by  K'lg  and  by  K"lg  yields  the  two 
values  Ba'  and  Ba  ^3.  If  the  ratio  of  the  two  values  of  the  effective 
air-gap  length  be,  as  usual,  about  0-955,  Bg'  =  0-956  Bg  max  and 
B/  =  0-0448  Bg  man  Thence 


0-027 1 


=  ~j  0-828  +  0-027  (B.^ 


=  l-09B 


But  the  above  case  would  only  be  reproduced  at  low  values  of 
Bg  maa.  When  the  teeth  become  highly  saturated,  the  sides  of 
the  curve  become  strongly  bowed  or  concave  to  the  horizontal 
axis,  owing  to  the  increasing  proportion  of  the  total  AT  expended 
over  their  reluctance,  and  the  height  of  the  rectangle  becomes 
proportionately  greater.  Both  effects  are  illustrated  in  Fig.  308, 
for  which  the  amplitude  of  the  fundamental  (shown  dotted)  1  is 
closely  8800  as  compared  with  Bg  maa  =  8200,  t  e.  Bgl  «  1-07 
Bg  maa>.  Hence  for  purposes  of  design,  Bgl  may  be  taken  as,  say, 
1-09  to  1-05  Bg  maa  over  the  working  range.  At  no  load  under 
full  load  excitation  —  a  condition  which  may  require  to  be  tested 
in  order  to  calculate  the  inherent  regulation  of  the  alternator  — 
Bgl  may  sink  to  equality  with  Bg  maa. 

§  10.  The  practical  process  of  design.  —  The  necessity  at  the  outset 
for  a  provisional  estimate  of  the  total  flux  has  been  stated  in 
§  6,  and  we  are  now  in  a  position  to  show  how  it  can  be  quickly 
made  and  immediately  checked,  and  the  value  of  Ba  mw  be  thus 
determined  for  a  given  excitation  or  vice  versd. 

Assuming  AT01  +  ATtl  ampere-turns  as  expended  over  the 
stator  core  and  teeth,  and  ATn  +  ATtt  for  the  corresponding  items 
in  the  rotor  core  up  to  the  equipotential  plane  AA  and  onwards 
up  to  the  surface  of  the  unslotted  pole-centre,  the  difference 
ITn/2  -  (ATA  +  ATtl  +  ATet  +  ATtt)  =  AT0  acting  between 
pole-centre  and  stator  face.  Dividing  by  0-8  K*lg,  the  density  Bg  mou 
is  found,  which  practically  will  hold  over  the  pole-centre  or  1  -  a' 
of  the  pole-pitch,  save  for  a  small  falling  off  towards  its  edges. 

Multiplying  Bg  maa  by  the  effective  air-gap  area  over  half  of  the 
pole-centre,  the  flux  in  the  single  section  of  the  stator  core  opposite 
to  the  pole-centre  edge  is  obtained,  The  same  value  of  A  Ta  divided 
by  0-8  K'la  gives  a  value  for  Bt'  at  the  juncture  of  rectangle  and 
trapezium  which  cannot  be  exceeded  and  when  the  rotor  teeth  are 
highly  saturated  will  not  be  reached.  Plotting  therefore  a  slightly 

1  The  amplitude  of  the  3rd  harmonic  shown  at  the  foot  of  th«  diagram  ia 
366  «  4-3  per  cent  of  the  fundamental*  , 
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smaller  value  at  the  distance  or'Y/2  from  the  origin  and  joining  it 
by  a  slightly  bowed  line  to  the  origin,  the  density  for  each  rotor 
tooth-pitch  can  be  read  off  and  the  flux  added  thereby  summed  up 
When  added  to  the  value  previously  obtained  for  the  stator  flux 
opposite  the  pole-centre  edge,  the  total  is  the  maximum  flux  across 
the  single  section  of  the  stator  core. 

To  this  must  then  be  added  the  estimated  maximum  leakage 
flux  in  a  single  section  across  two  end-bells,  one  at  each  end  of  the 
rotor,  and  lastly  the  transverse  flux  across  tooth  0  and  across  the 
air-gap  above  it.  The  total  is  then  the  maximum  flux  in  half 
of  the  rotor  core.1 

The  three  equipotential  surfaces  in  the  rotor  core  at  which  an 
estimate  of  the  total  flux  and  its  density  are  of  first  importance 
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FIG  313.  —  Curve  for  determination  of  AT0. 

are  (a)  at  the  surface  of  the  pole-centre,  (&)  across  the  neck  of  the 
pole-centre,  A  A,  and  (c)  across  the  plane  of  maximum  flux.  The 
first  and  the  third  are  now  determinable,  with  their  respective 
AT/cm  for  the  steel  employed.  To  find  (&),  there  must  be  added 
to  the  flux  from  the  pole-centre  face  the  corresponding  portion  of 
the  leakage  into  the  end-bells  from  the  pole-centre  and  also  the 
flux  which  is  afterwards  to  cross  the  slots  next  the  pole-centre  as 
transverse  flux  due  to  both  the  ampere-conductors  of  these  slots 
and  to  the  effect  of  the  different  reluctances  of  the  teeth  and  pole- 
centre  edge  on  either  side  of  these  slots  (as  shown  by  the  narrow 
compartment  marked  as  "  transverse  "  at  the  edge  of  the  pole-centre 
in  Fig.  305).  Thence  determining  the  density  for  the  estimated 
area  across  AA,  and  plotting  the  three  values  of  AT/cm  at  their 
correct  distance  apart  as  in  Fig.  306,  an  estimate  can  be  made  of 

1  More  accurately,  a  small  deduction  must  be  made  for  flux  forced  sideways 
out  of  the  rotor  core  into  slot  0-1  due  to  the  reluctance  of  the  rotor  core  and 
of  tooth  1.  For  this  refinement,  see  Papers  on  the  Design  of  Alternating 
Current  Machinery  (2nd  Paper,  Parts  I  and  III),  where  worked  examples  are 
given 
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A  roa  +  A  Ttz  which  mast  then  be  compared  with  the  value  originally 
assumed  for  it. 

When  a  sinusoidal  distribution  of  flux  is  assumed  in  a  stator  core , 
for  each  value  of  the  maximum  density  averaged  over  its  section 
the  average  value  of  ATjcm  =  atav  can  be  worked  out  and  from  the 
results  a  curve  connecting  maximum  density  and  atav  qan  be  prepared 
once  and  for  all.  The  value  read  off  this  curve  multiplied  by 

„ .          where  R  is  the  outer  radius  of  the  stator  core,  and  ha 

2p 

its  depth  behind  the  stator  slots,  will  give  AT01  for  a  half  magnetic 

7T 

circuit.     Still  further  to  simplify  the  calculation,  atav  X  o  *s  plotted 

m  Fig.  313  in  relation  to  Ba ,  this  value  is  the  average  per  1  cm  in  the 
quantity  (D-h0}j2fi,  so  that  the  abscissae  in  Fig]  313  only  require 
to  be  multiplied  by  (D-h0)l2p  in  cm  to  yield  AT01  per  pole 
directly  *  > 

1  As  suggested  by  Carl  J  Fechheimer,  Journ  Amer  I  E.E  ,  Vol.  39,  p.  673 
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Accumulators,  570 

Active  E  M  F  ,  87 

Aotivo  conductors,  20,  23,  29 

Admittance,  112 

Air-ducts,  278,  488 

Air-gaps  in  magnetic  circuit,  18  ,  fringe 
of,  19,  484  ,  induction  in,  47,  399, 
491,  505,  permeance  of,  in  smooth 
armatures,  482,  in  toothed  armatures, 
490,  496  ,  effective  area  of,  489,  496, 
505  ,  length  of,  326,  495 

Air-line,  530 

Air,  permeability  of,  12,  478 

Alternators,  simple  forms  of,  27,  29,  33  , 
types  of,  vid?  Disc,  Discoidal,  Drum 
and  Ring  ,  armature  reaction  in,  89  ; 
differential  action  in,  132,  142,  160, 
167 ,  efficiency  of,  286 ,  virtual 
E  M  F  of,  98,  100,  156,  166  ;  excita- 
tion of,  545 ,  polyphase,  148,  vide 
Quarter-phase,  Three-phase,  and  Poly- 
phase ,  power  of,  95  ,  windings  for, 
201  ;  curve  of  E  M  F  ,  150  ,  fre- 
quency of,  134,  146  ,  pull  on  wires  of, 
101 

Aluminium  wire,  536» 

Ampere-conductors  on  armature,  480  , 
maximum  per  pole,  472 ;  maximum 
per  unit  of  circumference  on  con- 
tinuous-current dynamo,  472 

Amperes,  virtual,  98,  101 

Ampere-turns  on  electromagnet,  9 ; 
relation  to  M  M  F.,  10  ,  relation  to 
H,  11,  476,  569 

Ampere-turns  of  armature,  back,  in 
continuous-current  dynamos,  480 

Ampere-turns,  of  field-magnet,  477 ; 
calculation  of,  in  multlpolar  magnet, 
478,  505  ,  for  air-gap,  482-496,  508, 
689  ,  for  armature  core,  507,  587,  595, 
604  ,  for  magnet  core,  509,  596  ,  for 
teeth,  497,  507,  590  ;  for  yoke,  509 

Analogy  of  electro-magnetic  and  electro- 
dynamic  equations,  60  ,  of  electro- 
magnet to  battery,  15  ;  of  inertia  to 
self-induction,  85,  116;  of  magnetic 
and  electric  circuits,  13,  400,  52 In 

Angle  of  lag,  50,  100  ,  effect  of,  in 
alternator,  100 

Anglo  of  lead  of  brushes,  480  ,  effect 
of,  530,  583 

Annealing  of  iron,  270,  405,  419 

Apparent  power  of  alternator,  98 

Arc  lighting,  dynamos  for,  576 

Area  of  field-magnet  wire,  533,  555 

Armature  ampere-turns,  480 

Armature  bars,  325,  346;  effect  of 
their  width,  63,  325 

Armature  conductors,  driving  of,  48, 
53,  325  ,  pull  on,  45,  48,  10 1.  Vide 
also  Armature  bars 

Armature  cores,  bolts  through,  279 ; 
function  of  iron  in,  29 ;  rotation  of, 


Armature  cores — (cotiid ) 
29 ;  construction  of,  from  iron  discs, 
269,  270-279  ,  flux-density  in,  395  , 
radial  depth,  395  .  length  of  path  in, 
507  ;  insulation  of,  327,  384  .  lamina- 
tion of,  268  ;  calculation  or  area  of, 
397,  507 ,  mechanical  strength  of, 
280  Vide  Toothed  armatures. 

Armature  hub      Vide  Hub. 

Armature  of  dynamo,  20 

Armature  reaction,  89,  480 

Armature  resistance,  393 

Armature  shafts,  289 ,  diameter  of, 
294,  300  ;  bending  moment,  290  , 
twisting  moment,  289 ;  equivalent 
moment,  294,  301:  deflection  of, 
294  ,  stiffness  of,  296  ;  centrifugal 
whirling,  296  ,  critical  speed,  297 

Armatures,  types  of,  vide  Closed-circuit, 
Disc,  Discoidal,  Drum  and  Ring, 
balancing  of,  298,  394  ,  speed  of, 
394  ;  proportions  of,  394  ;  weight  of, 
291 

Arnold,  Prof.,  468»,  526n 

Asbestos  paper,  320 

Axial  projection  of  end-connectors,  340 

Axial  types  of  dynamos,  23,  29 

B 

B  =•  induction,  4 

Back    ampere-turns    of    armature    in 

continuous-current     dynamos,     480 , 

effect   on   characteristic    curve,   530, 

577,  583  ;  effect  on  leakage,  481 
Back  E  M  F.  of  motor,  88.  61 
Beuly,  Prof.  F.  G  ,  Sin,  419,  426» 
Bakehtc,  320 

Balancing  of  armatures,  298,  394 
Ballistic  galvanometer,  4,  522 
Bar  conductors  for  armatures,  325,  34K 
Bar  winding   of  alternator,    202 ;    of 

drum  armatures,  346 
Barlow,  127 
Barrel-wound  armatures,  232,  332,  338, 

346 

Barrett,  Brown  &  Hadfield,  405»,  42 In 
Bearings,  304,  308,  311 
Beaitte,  R.,  404,  42 In,  427 
Behrend,  B   A.,  283« 
Belt,  pull  of,  292 
Bending-moment  of  shafts,  290,  292  , 

of  hub-arm,  287 
Bending-moment,  equivalent,  294,  301  ; 

at  journal,  302 

B-H.  curves.    Vtdf  Flux-density  curves. 
Binding-wire  of  armatures,  381 
Bipolar  dynamos,  253 
Bismuth,  12 
Blondel,  A,,  QSn 
Bobbins  of  field-magnets,  539.      Vide 

Field-magnet  coils 
Braiding  of  wires,  922 
British   Thomson   Houston    Co.,    '  7 

543 
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Brushes,  25,  33,  355  ,  polarity  of.  232  ; 
position  of,  175  ,  lead  of,  480,  vide 
Angle  of  lead  ,  number  of  sets  in 
wave  machines,  221 

C 

Campbell,  A  ,  406»,  422«,  514» 
Capacity,  109 
Carbon  brushes,  355 
Carbon  in  iron  or  steel,  405,  408 
Carter,  F   W ,  307»,  485,  493,  495 
Cast  iron,  405  ,   for  field-magnets,  409, 

436  ,  induction  in,  434 
Cast  steel,  405  ,   for  field-magnets,  407, 

434,  436 

Cellulose  acetate,  320 
C.G  S  lines,  5  ;  system,  9,  12,  85 
Centrifugal  force,  280,  296  ;  of  commu- 
tators, 359,  387,  371  ,    on  armature 
conductors,  381,  2 

Characteristic  curves  of  dynamo,  557 , 
shunt,  558  ;  series,  573  ,  compound- 
wound,  583 

Chattock's  potentiometer,  514» 
Chord-winding,  214,  224 
Circuit,    magnetic          Vide    Magnetic 

circuit. 

Circulating  currents  in  armature,  241  ; 
due  to  eccentricity  m  bore,  260,  465  , 
due  to  flaw  In  pole,  234 
Circumferential  speed      Vide  Peripheral 

speed 

Classification  of  dynamos,  23 
Clavton,  A    E  ,  154 
Clearance,  29 

Chnher,  R   C  ,  404,  421»,  427 
Clock  diagram,  104,  159 
Closed-circuit  armatures,  170,  175,  205 
Closed  curves  of  lines  of  induction,  7 
Cobalt,  12,  13 
Coefficient  of  friction,  303 
Coercive  intensity,  403,  406 
Coils  for  continuous-current  armature, 

333 

Collecting  rings,  33,  150 
Commercial  efficiency      Vide  Efficiency 
Commutatmg  poles,  441  ;    number  of, 
526    coils  for,  542  ,  leakage  with,  451, 
523 
Commutation,    process    of,    33,     175 , 

selective,  222,  246 
Commutator  pitch,  206 
Commutators,  34,  170  ;  of  closed- circuit 
armatures,  173  ,  construction  of,  175, 
352 ;    material  of  sectors,  358  ,    V- 
type,    353,    359  ,     shnnk-ring    type, 
368,    373 ;     number    and   width    of 
sectors,  253,  379  ;  rise  of  potential  in, 
180 ,     heating   of,    366 ;    peripheral 
speed    of,     368;     voltage    between 
sectors,  193,  253,  379  ;  mica  for,  378 
Compensating  winding,  45» 
Compound -wound    continuous  -  current 
dynamos,  576  ,  characteristic  curve  of, 
578      calculation  of,  579,  imperfec- 
tions of,   583,    uses  of,   578,   585; 
long-  and  short-shunt,  578  ,  tempera- 
ture effect  in,  582,  586  ;  wmding  for, 

582 

Compression  on  m}ca,  374 
Concentrated  alternator  wuiding;,  131, 
141 


Concentric  coils,  203 
Condensers,  109 
Conductance,  112 

Connectors       Vide  End-connections 
Conservation  of  energy,  61,  73 
Constant  current,  for  arc  lighting,  576 
Continuous-current     dynamos,     hetero- 
polar,  170  ,  homopolar,  26,  127-130  , 
types  of,  vide  Discoidal,  Disc,  Drum 
and  Ring,  Closed-coil,  and  Multipolar  , 
armature  reaction  in,  88,  480  ,  effici- 
ency of,  286  ;    E  M  F    of,    182-191  , 
excitation  of,  vide  Shunt,  Senes,  and 
Compound-wound  ,  uses  of,  170 
Contraction  coefficient  of  air-gap  area, 

494 
Conversion  of  energy,  2,  73  ,  m  toothed 

armature,  77 
Cooling   surface   of  field-magnet    coils, 

438,  556 

Copper  brushes,  355 
Copper  wire,  322  ,    resistance  of,  532 

Vide  also  Insulation 
Core,  iron,  of  solenoid,  9,  13 
Cores,  armature      Vide  Armature  cores 
Cores,  magnet,  ^0     Vtde  Field-magnets 
Cotton  covering  of  wires,  322,  330 
Cotton  tape,  319 
Creep  of  winding,    196-198,  203,  208  ; 

lap,  212,  216  ;  wave,  218 
Critical  damping,  123 
Critical  resistance  with  shunt  dynamo, 

562 

Critical  whirling  speed,  297 
Crucial  speed  of  shunt  dynamo,  566 
Current,  pull  due  to,  40  ,  self-induction 

due  to,  85 
Current-density  in   field-magnet    coils, 

573 

Curves,  characteristic  Vide  Charac- 
teristic curves 

Curves  of  E  M  F  of  rotating  loop,  137  , 
of  alternators,  33, 150  ,  of  unidirected- 
current  machine,  34  ,   of  continuous- 
current  machines,  171,  184 
Curves    of    induction    or    flux-density 

Vide  Flux,  Flux-densitv 
Curves  of  rate  of  change,  91 
Curves,  sine,  98 
Cutting,  of  linos,  54,  68 
Cycle,  magnetic,  415 

D 

Damping  of  oscillations,  116,  118,  122, 
297 

Definition  of  dynamo,  1  ;  of  permeability 
12 j  of  induction,  4  ;  of  pole-pitch, 
132,  138  ,  of  trailing  and  leading, 
52,  453  ;  of  hetero-  and  hon  opolar, 
23 

Deflection  of  shaft,  294  ,  of  commutator 
bars,  360  ,  of  yoke  ring,  466 

Derivative  machines,  239,  250  :  lap, 
242-4  ;  wave,  245 

Designing  of  multipolar  dynamo,  505 

Dettmar,  G  ,  304n,  490 

Dielectric  strength,  316 

Difference  of  potential.    Vide  Potential 

T>ifferential  action  m  heteropolar  alter- 
nator, 142,  162 ,  in  continuous- 
cnrrent  dynamos,  190  ,  in  homopolar 
alternator,  28,  132 
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Differential  factor,  ft*,  49,  156,  167 ;  for 
sinusoidal  EM.F's  161,  pitch,  or 
coil-span  factor,  163,  189 

Disc  alternators,  hcteropolar,  34  ,  homo- 
polar,  28 

Disc-winding,  34  ,  of  homopolar  dynamo, 
28 

Discoldal ring,  magnet  for,  35  ,  winding, 
Jo 

Discs,  iron,  for  armatures,  269 

Disruptive  strength,  316 

Distortion  of  field  by  armature  reaction, 
163 

Distributed  alternatorwindmg,  131, 141  , 
field-winding,  592 

Diverter,  573,  585 

Divided  alternator  coils,  144 

Douglas,  J    F    H ,  485«,  512»,  517« 

Drag,  magnetic      Vide  Pull 

Drift  of  electrons,  67 

Driving  of  core,  286  ,  of  active  conduc- 
tors, 48,  53,  325 

Drum  alternators,  heteropolar,  33,  150  , 
ratio  of  coil- width  to  pitch,  142  , 
E  M  F  equation,  165,  168  ,  winding 
of,  201  ,  turbine  driven,  444 

Drum  alternators,  homopolar,  27,  133  , 
ratio  of  coil-width  to  pitch,  28,  132  ; 
double  armature,  134 ,  EM  F 
equation,  136 ,  frequency  of,  134, 
field-system  of,  135 

Drum  armatures,  31,  36  ,  lamination  of 
core,  268  ,  core-discs  for,  269  ,  con- 
struction of,  270-279 

Drum  armature  -winding,  31,  36,  196, 
element  of,  198  ,  hand  of  winding  , 
233  ,  lap-winding,  vide  Lap-winding, 
wave-winding,  vide  Wave-winding ; 
number  of  independent  windings, 
206,  226 

Drum  continuous-current  dynamos,  174  ; 
E  M  F  equations,  190  ,  lap-wound, 
176,  196 ;  wave-wound,  176,  196  , 
multiplex  lap-wound,  216  ;  multiplex 
wuvc-wouud,  225  ;  chord-wound,  214, 
224  ;  rise  of  potential  in,  180  ,  equality 
aud  symmetry  of  parallel  paths,  194  ; 
hand-wound,  331  ,  former-wound,  331, 
barrel-wound,  332,  346,  349;  with 
involute  end-connectors,  342  ;  choice 
of  winding,  251  ,  ratio  pf  length  to 
diameter  of  armature  core,  395,  471  ; 
radial  depth  of  core,  395  ,  advantage 
of  multipolars,  253 

Duplex  winding,  179,  217 

Dynamo,  dual  nature  of,  1 , 20  ;  dc-finition 
of,  1  ;  as  generating  electric  pressure, 
1  ;  action  of,  20  ;  efficiency  or,  3, 286  ; 
output  of,  2 ;  simple  forms  or,  23  . 
classification  of,  22 ;  hetero-  and 
homopolar,  23  ;  unipolar,  24 

E 

Ebonite,  318 
Eccentricity  of  armature  in  bore,  260. 

453-4,  466 
Eddy-currants,   In  armature  bars,  63, 

380  ;    in  armature  cores,  268,  280 ; 

in  binding-wire,  381-2  ;  in  pole-nieces, 

326 

Effective  E.M  F.  and  current,  98 
Effective  resistance,  87 


Efficiency  of  dynamos,  3  ,  of  continuous- 
current  dynamos,  286 

Eickemever,  343 

Electro-dynamic  action,  39 

Electrolytic  work,  570 

Electro-magnet,  analogy  to  voltaic 
battery,  15  ,  in  dynamos,  19 

Electro-magnetic  induction,  54,  65 

Electro  motive  force,  its  laws  and 
causes,  54  ,  produced  by  line-cutting, 
54  •  as  rate  of  cutting,  59  ;  average 
and  instantaneous,  59  ,  direction  of, 
57 ,  with  rectilinear  motion,  56 : 
of  loop,  137  ,  as  rate  of  change  of 
line-linkages,  64  ;  (A)  as  duo  to  motion 
through  magnetized  ether,  66,  67,  83  , 
(B)  as  due  to  change  of  magnetic  state 
of  ether,  67,  71,  76,  83  ,  of  loop  in 
sinusoidal  field,  139  ,  of  heteropolar 
alternator  in  terms  of  fundamental 
and  harmonics  of  field,  156.  in  terms 
of  total  flux,  166  ,  comparison  of,  in 
alternators  and  continuous-current 
machines,  192  ,  of  toothed  armature, 
76 ,  of  self-induction,  vide  Self- 
induction  ;  impressed  and  resultant, 
87,  93,  108 

Electro-motive  force  equations,  59, 
62,  64 ,  of  homopolar  alternators, 
drum,  136 ;  of  continuous-current 
dynamos,  general,  189,  191  ,  of  lap- 
wound  drum,  218,  232  ;  of  wave- 
wound  drum,  227,  232 

Electrons,  drift  of,  68 

Electroplating,  dynamo  for,  570 

Element  of  drum  winding,  198 ;  ele- 
ment-pitch, 210 

Emde,  Fntz,  75n,  82» 

E  M  F  curve  of  alternators,  150  , 
analysis  of,  152 

End-bells,  384  ;   leakage  from,  599 

End-conneotions  of  drum  armatures, 
233,  332,  340.  343,  351,  383;  in 
alternators,  144 

End-play  of  shafts,  307 

Energy,  electro-magnetic,  of  field,  548 

Engines,  steam,  governor  of,  569 

Equal  E  M  F  's  in  parallel  paths  of 
armature,  195 

Equalizing  connections  on  armature,  236 

Etner,  66;  moving  or  stationary,  68, 
69  ;  stresses  in,  88,  96,  113 

Eureka  wire,  381 

Evershed,  S  ,  40  6 w,  424» 

Evoluto  end-conneotors,  332.  Vide 
Involute. 

Eunng,  Prof ,  theory  of  magnetism,  424, 
426  ;  hysteresis  tester,  421 

Excitation  of  field-magnets,  545.  vide 
Self-excitation,  Shunt,  Series,  Separ- 
ately-excited, Compound-wound ;  rela- 
tion to  M.M.F.,  9,  477,  vide  Ampere- 
turns. 

Exploring  coil,  4 

Extension  coefficient  of  air-gap  length,  495 

External  characteristic.  Vide  Charac- 
teristic curves. 

External  circuit,  1 

F 

Faraday,  M.,  3,  26,  54,  58,  64,  127 
Fechhefmer,  C.  /.,  430«,  595,  605« 
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Field,  magnetic,  4  ,  of  straight  current, 
6 ;  of  loop,  6  ,  of  solenoid,  7 ;  of 
toimd,  7  ;  with  iron  core,  9  ,  struc- 
tureless, 57,  70  ,  self-induced  E  M  F  , 
due  to  alteration  of,  85  ,  energy  stored 
up  in,  88,  96,  548 ,  symmetrical 
distribution  of,  in  dynamos",  453 
Field-magnets  of  dynamos,  20  ;  three 
parts  of,  20,  476;  multipolar,  146, 
439  ;  of  heteropolar  alternators,  146, 
149 ;  of  homopolar  alternators,  24, 
133:  material  of,  407;  comparison 
of  forged  iron  and  cast  steel  with 
cast  iron,  435 ,  composite,  435 ; 
salient-pole  and  non-salient-pole,  439, 
443 ;  comparison  of  two-  and  four- 
pole,  253  ,  induction  in,  434,  509  ; 
joints  in,  448 ,  leakage  from,  vide 
Leakage  ,  length  of,  437  ,  magnetic 
pull  on,  447,  454  ,  section  of,  436  , 
proportioning  of  areas,  449,  469 , 
shaping  of  pole-pieces,  469 ;  sym- 
metry of  field,  453  ,  throttling  of  lines 
in,  449 

Fisld-magnet  coils,  20,  436,  539  ,  cooling 
surface  of,  438 ,  spools  for,  540 , 
length  of,  438,  537  ,  wire  for,  532, 
536,  553,  572  Vide  Field-magnet 
winding,  Heating 

Field-magnet    winding,    calculation    of 
ampere-turns  for,  vide  Ampere-turns , 
size   of  wire,  530 ,  mean  length  of 
turn,  534  j  volume  of  coil,  538.  553  , 
on  non-salient-pole  machine,  592,  603  ; 
weight  of  wire,  534  ;  effect  of  heating 
on,   532 ,    two   sizes  of  wire,   550  ; 
self-induction    of,    549 ,     vide    Self- 
excitation,  Series,  Shunt,  Compound- 
wound,  Separately-excited 
Fischer  Hmnen,  465n 
Flank  fringe,  488 
Flat -ring.     Vtde  Discoidal  ring 
Fleming,  Prof   J   A  ,  Wn,  152» 
Fluctuation  of  E  M  F.  in  closed-circuit 

armatures,  172,  175,  186,  191 
Flux,  magnetic,  7,   10  ;    curves  of,  in 

dynamos,  526 

Flux-density,  7  ,  in  armature  core,  428 
507,  in  field-magnets,  434  ;  in  air- 
gap,  maximum  and  average,  46,  49, 
399  ,  in  slots,  52 ;  m  teeth,  398, 
411,  498,  curves  of,  401,  406,  use 
of,  479 

Flux-distribution  curves  on  no  load,  in 
salient-pole  machines,  586 :  in  non- 
salient-pole  machines,  592,  funda- 
mental of,  601 

Flywheel,    analogy    to    self-induction, 
85,    94  ,    weight    of,    as    increasing 
bending  moment,  292 
Force  on  conductor,  40  ;  equations  for, 
42  ;    on  loop,  44  ;   on  armature  con- 
ductors, 45  ,  on  toothed  armature,  50 
Forged  ingot  iron,  407,  434 
Form  factor,  50,  140 
Formers,  for  armature  coils,  331  •„  for 
field  magnet  coils,  539      Vtde  Field- 
magnet  coils  and  Winding 
Foucault  currents.    Vide  Eddy-currents 
Fourier's  theorem,  152 
Four-pole  machine,  its  advantage  over 
two-pole,  253  ;  design  of,  505 


Frequency,  145  ,  of  homopolar  alter 
nator,  134 ,  of  continuous-current 
dynamo,  432  ,  of  heteropolar  alter- 
nator, 146 

Friction  of  bearings,  303 
Fringe  of  air-gap,  19,  30,  482,  505 
Fundamental  equations  of  dynamo,  11, 

42,  49,  60 
Fundamental     of    flux-density     curve, 

163,  601 
Fundamental  of  E  M  F   curve,  165 


Goldschmidt.  R ,  522 
Governor  of  steam-engine,  569 
Gramme    winding,    31          Vtde    Ring 

winding 

Grouped  distribution  of  alternator  wind- 
ing, 131,  141 
Gun-metal,  as  a  magnetic  insulator,  13, 

400 
Gun-metal  hub  for  ring  armatures,  32 

H 

H,  magnetizing  intensity,  8 
Hague.  B  .  495» 
Half-closed  slots,  326,  495 
Hand  formula  for  direction,  of  lines, 
6,  7 ,    of  magnetic  pull,  41,  61 ,    of 
E  M  F  ,  57,  61 
Hand  of  winding,  233 
Harmonics  in  E  M  F    wave,   152  ,    of 

flux-wave,  163 
Harmonic  function,  116,  297 
Hay,  Dr.  A  ,  482,  492,  494,  497 
Heating    of    commutators,    355 ,    by 
eddy-currents,    280,   vide   Eddy-cur- 
rents ,      by     hysteresis,     415,     433 , 
of  field-magnet  coils,  437,  531,  538, 
555  ;  of  pole-pieces,  326 
Hefner  AUcncck,  von,  31 
Hele-Shaw,  Prof ,  482,  492,  494,  497 
Hemitropic  coils,  144» 
Henry,  86 
Henng,  Carl,  6Sn 

Heteropolar  alternator,  30,  34  ;  ratio 
of  pole  width  to  pitch,  141  ,  of  coil 
width  to  pitch,  142  ;  E  M.F  in  terms 
of  fundamental  and  harmonics  of 
field,  156,  165,  in  terms  of  total  flux, 
166 
Heteropolar  dynamos,  definition  of,  23  , 

continuous-current,  170 
Hobart,  H   M  ,  497» 
Holden,  427 

Homopolar  alternators,  drum,  27,  131  , 
disc,  28;  EMF.  of,  136,  useless 
flux  in,  135 ,  pole-pitch  m,  132 , 
types  of,  133  ,  frequency  of,  134 
Homopolar  dynamo,  definition  of,  23  , 
simple  forms  of,  24,  25  ;  with  field 
uniform  in  path  of  movement  (Class 
I.  i),  25,  68  ;  with  field  non-uniform 
in  path  of  movement  (Class  I  u),  26  , 
E.M.F  of,  79,  129,  continuous- 
corrent,  25,  127-130 
H&pktnson,  Drs.  /.  and  E  ,  on  magnetic 

circuit  equation,  522 
Horsepower,  286 
Home,  Prof,  G  W  O  ,  68*,  126» 
1  Hub   of  armature,  271 ;   strength  of, 
i      $85,  288  Jt  forcing  on  to  shaft,  289 
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Hysteresis,  magnetic,  414,  431  ,  energy 
lost  by,  415 ;  theory  of,  425 ,  in 
alternating  field,  417,  420  .  in  rotating 
field,  426 ,  tester,  421  ;  in  dynamos, 
395,  425,  432 

Hysteretio  constant,  419,  421 

Humming,  magnetic,  389 

I 

Impedance,  108,  112 
Imperfect  magnetic  circuit,  18 
Impressed  E  M  F  ,   87  ,    deduction   of 

curve  for,  93,  108 

Inductance,  86  ,  of  coil,  86  ;  of  circuit, 
102  ,   of  short-circuited  section,  194  , 
in  alternators,  102 
Induction,  electro-magnetic,  4,  54 
Induction,  magnetic,  4  ,  lines  of,  4,  6  , 
unit  of,  4,  59  ,   relation  of  hysteresis 
loss  to,  419  ;  in  armature  cores,  395, 
428,    507 ,     apparent    and    real    in 
toothed   armatures,   398,    501,   508  f 
in  air-gap,  47,  399,  505,  491  ,    dis- 
tribution of,  139,  163,  453  ,   in  field- 
magnets,  434   509 
Inductive  circuit,  92,  102 
Inductor  alternators,  134.    Vide  Homo- 
polar  alternators 

Inertia,  analogy  to  self-induction,  85, 116 
Inequality   of  E  M  F  "s   m   lap-wound 

multipolar,  234 
Ingot  iron,  407,  434,  435 
Input,  2 

Instability,  magnetic,  of  dynamo.  563 
Insulating  materials,  316 
Insulation,    of    armature    cores,    327 , 
between  lamina  of  armature  cores. 
270 ;    of  armature    bolts,   280  ,    of 
armature  coils,  329,  337 ;    of  copper 
wire,  22,  330  j  of  slots,  328,  331  ;  toss 
of  space  by,  328  ,    of  commutators, 
378  ,  of  magnet-bobbins,  540 
Insulation,  resistance  of  armature,  384 
Insulators,  magnetic,  13 
Intensity,  magnetizing,  401 
Intensity  of  field,  8 
Intensity  of  magnetization,  J,  404 
Interaction  of  two  fields,  43,  85,  89 
Interferric  gap      Vtde  Air-gaps 
International     Eleotrotechmcal     Com- 
mission, 532» 

Interpolar  fringe,  484,  505,  591 
Interpoles     Vtde  Commutating  poles 
Involute  end-connectors,  332,  342,  351 
Iron,  magnetic  properties  of,   12,  400, 
405,  421  ;  flux-density  curves  of,  406  , 
wrought  iron,  407  :  forged  ingot  iron, 
407  ;   cast  iron,  405  ;   for  armatures, 
409  ,  armature  discs,  269 

J 

Jakeman,  R.  G.,  553 
Joints,  effect  of,  m  magnetic  circuits, 

448 
Journals,  strength  of,  302  ;   length  of, 

306     Vtde  Friction,  Lubrication. 

K 

K,  air-gap  coefficient,  495 

K  of  alternator  E  M  F.  equation,  168 

Keeper  of  magnet,  20 

Keys  in  armature  slots,  326,  329,  380 


Kiloline,  59 
Kilowatt,  2 
Kirchhoffs  laws,  522n 
Kolben,  Dr.,  422,  423 


y,  ta  coefficient  of  self-induction,  86 
Lag    of    resultant     behind    impressed 
E  M  F  ,  93  ,  of  current,  97  ,  angle  of, 
50,  100,  102 

Lamination  of  armature  cores,  268  , 
of  armature  bars,  63  ;  of  poles,  326, 
474 

Lamme,  B   G  ,  130,  446» 
Lap  winding,  174,  180,  196,  212-218,  252 
Lasche,  Herr  0  ,  304»,  308,  311,  315w 
Lead  of  brushes,  480  ;  effect  of,  530,  583 
Leading  and  trailing,  52,  453 
Leakage,  magnetic.  16,  450  ,   in  multi- 
polar  dynamos,  451  ,  relation  to  size 
of  machine,  518  ;  with  commutating 
poles,  451,  523  ;    in  end-bolls,  599  ; 
relation    to    excitation,    521  ,     per- 
meance, 510,  512  ,  measurement  of, 

522  ;  as  affected  by  armature  reaction, 

523  ;    Hopkmson's  measurements  of, 
522 

Leakage  coefficient,  v,  520 

Lena's  law,  61 

Line-cutting,  as  cause  of  E  M  F.,  22, 

54,  70,  71,  78  ,  in  transformers,  74 
Line-integral  of  magnetic  force,  8 
Linen,  319 
Lines  of  force,  5 
Lines  of  induction,  4  ;  distinguished  from 

lines  of  force,  5  ,  as  closed  curves,  6  , 

properties  of,  45,- 
Line-linkages,  86 ;    rate  of  change  of, 

as  cause  of  E  M  F.,  64,  78 ,  in  toothed 

armature,    81 ;  in.    homopolars,    79  , 

and  self-induced  E.M.F  ,  91 
Linseed  oil,  321 
Livingstone,  R  ,  274n,  289»,  295»,  362n, 

364n,  372»,  469n 
Lohys,  410,  421,  423,  424 
Long-shunt   compound-winding,    578 
Loops  of  armature  winding,  formation 

of,  26,  31,  36 
Losses  in  dynamo,  3  ;    in  field-magnet 

coils,  437, 537, 555, 579  ;  in  armatures, 

505 ,    in   steel    sheets,   422.       Vtde 

Hysteresis,  Eddy-currents 
Lubrication  of  bearings,  306,  314 
Lulofs,  Dr  W  ,  260 

M 

Magnet,  electro,  19  ,  permanent,  406  ; 
of  dynamos  Vtde  Field-magnets 

Magnet-core,  section  of,  436  ,  length  of, 
437 

Magnetic  circuit,  10,  11,  14  ;  imperfect, 
18 ;  equation  for.  481  ,  different 
types.  439  ;  joints  in,  448 

Magnetic  field,  properties   of,    4,   45 
storage  of  energy  in,  88,  96  ;   funda- 
mental and  harmonica  of,  163 

Magnetic  humming,  389 

Magnetic  induction.     Vtde  Induction. 

Magnetic  instability,  563 

Magnetic  insulators      Vide  Insulators 

Magnetic  leakage.      Vtde  Leakage. 

Magnetic  potential,  8,  586 
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Q 

Quarter-phase  alternators,  148 

R 

Radial  types  of  dynamo,  23,  34,  128 

Radial  depth  of  armature  core,  395 

Rate  of  change,  curve  of,  9",  of  self- 
induced  lines,  92  ;  of  line-linkages,  64 

Rate  of  cutting  hues,  58  ,  average  and 
instantaneous,  59 

Ratio,  of  width  of  winding  or  of  held  to 
pitch  in  alternators,  132,  141  ,  of 
polar  aro  to  pole-pitch,  397 ,  of 
length  to  diameter  or  armature,  470  ; 
of  iron  +  air  to  iron,  501  ,  of  wound 
portion  of  rotor  to  pole-pitch,  592 

Reactance,  magnetic,  107 ;  capacity, 
109,  total,  112 

Reaction  of  armature  current  on  field, 
89,  480 ,  effect  on  characteristic 
curve,  576  ;  on  compounding,  583 

Reactive  component  of  current,  104 

Re-entrancy,  218n  ~ 

Refraction  of  lines,  483 
Regulation  of  voltage  of  series-wound 
dynamo,  573  ,  of  compound-wound 
dynamo,  583,  585  ,  of  constant- 
current  dynamo,  576 ,  of  shunt 
dynamo,  569 

Relative  movement  of  field  and  conduc- 
tor, 57,  71 

Reluctance,   11  ,    analogy  of,  to  resis- 
tance, 13  ;  of  teeth,  497,  508,  590 
Reluctivity,  11 
Remanence,  402 
Repetitions  of  E  M  F ,  conditions  for, 

237 

Rpsldual  magnetism,  402,  547 
Resistance,  effective,  87,  96 
Resistance  of  armature,  calculation  of, 
In  contuuious-currcnt  dynamo,  393  , 
increase  of,  by  heating,  532 
Rcaonaui'o,  electrical,  113  ,  mechanical, 

122,207 

Retentivity  of  iron,  402,  406 
Reversing  field,  190 
Reversing  poles       Vide  Commutatmg 

poles, 

Rheostat  iu  exciting  circuit,  553 
Ring  alternators,  heteropolar,  33 
Ring  dynamo,  34 
Ring-winding.  31 
Ripples  in  E.M.F.  wave,  151,  592 
Rise  of  potential,  in  closed-coil  arma- 
ture,   180 ;    in    commutator,    184  ; 
in  .UtornatOTb,  203 

Rise   of   temperature   in   dynamo,   of 
field-magnet    coils,    437,    531,    555, 
cffept  on  compounding,  585 
RMS.  values  of  alternating  functions,  98 
Roberts,  R.  /.,  369rt,  374 
Roetennk,  F   M.L  494w 
Rosenberg,  E  ,.2987*.  460n 
Rotary  converters,  28.,  192 
Rotation  of  conductor,  22 
Rotational  E.M  F  's,  73,  77 
Rotating-fleld  hysteresis  426 
Rotors,  22,  444  ;  neld-wjnding  of,  592 
transverse  slot  flux,   S97 ,    end-bell 
leakage,  599  ;  flux-density  curve,  601 


Salient  poles,  439,  446 

Saturation,  magnetic,  of  iron,  403 , 
of  teeth,  397 

Screening,  magnetic,  417 

Screw  analogy  for  direction  of  lines,  5, 
6  ,  for  E  M  F  ,  64 

Searle,  G   F    C  ,  45«,  50n 

Sectors  of  Lommutator  Vide  Com- 
mutator 

Segmental  discs,  269,  274 

Selective  commutation,  222,  246 

Self-excitation,  547,  568 

Self-induction,  E  M  F  of,  85  ;  analogy 
to  inertia,  85  ;  of  coil,  86  ,  of  alter- 
nator, 89  ;  as  rate  of  change  of  self- 
induced  linkages,  86,  91  ,  as  opposed 
to  capacity,  110  Vide  Inductance 

Separately  excited  dynamo,  545 

Series-wound  dynamos,  547  ;  uses  of, 
576  ,  characteristic  curve  of,  573  , 
field-winding,  for,  571  ,  regulation  of 
voltage,  573 

Shafts,  armature,  289  ,  bending  moment, 
290,  292 ;  twisting  moment,  289; 
equivalent  moment,  294,  301  ,  diam- 
eter of,  294,  300  ,  deflection  of,  294  , 
stiffness  of,  296  ,  centrifugal  whirling 
of,  296  ,  critical  speed,  297 

Shapers  for  armature  coils,  334 

Shielding,  magnetic,  50 

Shifting  of  brushes,  effect  of,  480 

Short-circuiting,  of  section  in  closed-coil 
armature,  170  ;  of  shunt  dynamo, 
562 

Short-shunt  compound-wound  dynamo, 
578  » 

Shrink-rings,  3687373 

Shunt-wound  dynamos,  546 ,  charac- 
teristic curve  of,  557  ,  uses  of,  570  , 
field-winding  for,  553,  549,  with  two 
sizes  of  wire,  550,  556,  581  ,  crucial 
speed  for,  666,  effect  of  short- 
circuiting,  562  ;  instability  of  mag- 
netism in,  563 ;  maximum  current 
from,  562 ,  regulation  of  voltage, 
569 

Siemens  winding  of  drum  armature,  31 
Vide  Drum  armature. 

Silicon,  steel  platqs  alloyed  with,  410, 
421,  423 

Silk  covering,  324 

Simplex  wave-winding,  220,  251 

Sine  curve,  rate  of  change  of,  98  ,  virtual 
value,  100 ;  assumption  of,  in  alter- 
nators, 98,  107 

Single-phase  alternator,  102,  147,  150  ; 
windings  for,  201 

Sinusoidally  distributed  field,  48,  139 

Slip-rings  in  homopolars,  26,  129 

Slot-opening,  326,  393 

Slot-pitch,  210,  326 

Slotted  armature.  Vtde  Toothed  arma- 
tures. 

Smttli,  Dr.  S.  P.,  162»,  238,  257-8, 
592n,  602ft 

Smooth  armature,  38,  79,  83,  151  ;  air- 
gap  permeance  of,  482 

Solenoid,  inductance  of,  86 

Space-factor,  323,  324  ;  of  field-magnet 
coils,  536  ;  of  armature  slots,  328 

Spacing  ripple,  151 
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Sparking  at  brushes,  253,  355  Vide 
Commutator  and  Commutation 

Speed  of  rotation,  394 

Spherical  bearings,  313 

Split-ring  commutator,  34 

Stalloy,  410,  421,  423,  424 

Stampings,  armature,  410 

Stator,  22,  150,  430 

Steel,  405 ;  castings,  405,  407,  434  , 
stampings,  409  ;  binding  -wire,  381 

Steinmetz,  Dr.  C   P  ,  420 

Steinmetz's  law,  419 

Storage  of  energy  in  field,  88,  96,  548 

Stream  lines,  482,  490 

Susceptance,  112 

Swinburne,  J  ,  on  hysteresis,  426 

Symmetrical,  armature  windings,  256 ; 
field  distribution,  453 

Synchronous  motor,  over-excited,  115 


Tangential  pull  on  armature,  46      Vide 

Torque. 

Taper  of  teeth,  397,  493 
Tapping  for  N  phases,  of  parent  machines, 

257  ,  of  derivative  machines,  259 
Temperature    of    dynamos    at    -work. 

437,  531  ,  of  field  coils,  531,  555  ,  of 

bearings,  308  ,    effect  on  hysteresis, 

432  ;  on  commutators,  355, 366     Vide 

Heating  and  Rise  of  temperature 
Terminals,  I,  20 
Tesla,  N.,  22n 
Testing  dynamos,  385 
Thompson,  S.  P ,  152«,  154,  162n,  406n 
Thornton,   Prof,    W    M,  396w,  428», 

432,  4&  t 

Three-phase  alternators,  149,  166 
Throttling,  magnetic,  449 
Toothed     armatures,     38,     269,     279 , 

binding  wire  for.  381  ;  coils  for,  334  ; 

E  M  F  of,  76,  82  ;  keys  for,  326, 380  ; 

humming  of,  389  ;   number  of  slots 

?er  pole,  195  ,  harmonics  in  E.M  F  , 
89  :  hysteresis  in,  429,  432  ;  force 
on,  50,  52  ;  solid  bars  on,  325  ,  reluc- 
tance of  teeth  in,  397,  497,  504  ,  wind- 
ing of,  338  ,  proportions  of  slots,  327  , 
insulation  of  slots.  326,  329 ;  air- 
permeance  of,  490,  496 ;  ampere- 
conductors per  pole,  472  ;  number  of 
sectors,  195,  254  :  repetitions  of 
E  M.F  in,  238 ;  eddies  in  pole-pieces, 
326  :  ripples  in  E.M  F.,  151  ;  ratio 
of  slot  to  tooth,  327 ;  ratio  of  copper 
to  slot  area,  328 ,  for  alternators  38, 
147 

Toroid,  7,  10 

Torque  on  armature,  39  ,  unit  of,  40  , 
calculation  of,  in  continuous-current 
machines  46,  in  alternating-current 
machines,  48,  101 ;  on  toothed 
armatures,  50 

Traction  generators,  302,  585 

Trailing  and  leading,  52,  453 

Transformation  of  energy,  66 

Transformer,  2,  65,  74;  EM.F.  of, 
76,  77,  83 

Transmission  of  energy,  380,  576 

Transverse  slot  flux  of  rotor,  597 

Trape/ium  of  M  M  F.,  592 

Triples  •winding,  210,  217,  243 


Tungsten  ^mti,  *uu 

Tunnel  armatures,  50,  326 

Turbines,  -water,  394;  steam,  383,  394, 
433 

Turbo-alternators,  142,  423,  430  ,  Inter- 
nal magnets  for,  444,  592  ;  rnd-bclls 
for,  599 

Turbo-dvnamos,  423,  433  ,  bearings  of, 
310  ,  end-bells  for,  384 

Twisted  armature  bars,  63 

Twisting  moment,  286,  289 

U 

Unbalanced  magnetic  pull,  454,  466 

Undamped  oscillations,  119 

Undivided  alternator  coils,  144 

Unidirected  current,  34 

Unipolar  dynamo,  24 

Unit,  exploring  coil,  4 ;  of  flux,  4 , 
of  magneto-motive  force,  10  ,  per- 
meability, 12  ;  of  inductance,  86 

V 

Vacuum,  permeahili+y  of,- 12 — " 
Varnishes,  insulating,  320 
Varnishing  of  armature  discs,  270 
Vector  diagrams  of  alternating  circuit, 

102 

Vector  of  magnetic  field,  4 
Vectors,  addition  of,  158 
Vector  polygons  of  E.M  F.,  184,  188 
Ventilation    of    armatures,    278 ,     of 

magnet  bobbins,  541,  555 
Vibration,  mechanical,  effect  on  residual 

magnetism.  406 ;  on  hysteresis,  431  ; 

of  shaft,  299  ,  « 

Virtual  E  M  F  or  current,  98 
Volt,  39  ;  virtual,  98, 
Voltage,  of  dynamo,  2,  60,  64,  76,  82, 

vide    E  M.F      equations ;      between 

commutator  sectors,  193,  263,  87* 
Vulcanasbest,  540 
Vulcanised  fibre,  318,  381 

W  - 

Walker,  Prof  Miles,  253»,  298«,  363w, 

384»,  393»,  396n,  411f»,  446»,  514n, 

568n,  584n 

Watt,  Dr.  T  F.,  491»,  494 
Watt,  2 

Wattless  E  M  F  ,  106 
Watts  per  rev  permin  ,  as  unit  of  tor  quo, 

40  ,   in  continuous-current  machines, 

47  ,   in  alternating-current  machines, 

48,  49,  169     as  determining  armature 

size,  40 

Wave  of  electric  force,  67,  71,  77 
Wave    winding,     174,     106,     218-231  , 

advantages  of,  222,  227,  251,  254  ; 

disadvantages  of,  222 ;  of  alternator, 

202 
Weight,  of  armature,  291 ;  of  copper  on 

field,  535,  549 
Westinghouse  Co-'s  salient-pole  rotor, 

446 

Whirling  of  shaft,  296    * 
Width  of  brush  contact,  217,  225,  257 
Width  of  coil,  in  alternator,  homopolar, 

28,  132  ;  heteropolar,  142.  148.    Vide 

Alternators  and  Differential  action. 
Width    of    conductor,    effect    of,    63, 

325 
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Winding  of  armatures,  26  ,    drum  and 
ring,  31      open-ended,  201  ,    closed- 
circult,  205  ,    lap,  212     Wve,  218  ; 
repetitions  in,  237.  hand-wound,  331 
former-wound,  331  ,  bar-wound,  346 
vide   Ring,  Disc,    Discoidal,    Drum! 
"*  *"IJ '•"      332,  549,  553, 


Wire,  copper,  resistance  of,  322,  532 
space  factor  of,  323,  536  ,   insulation 
of,  322,  535,  572 
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